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Abstract

Most existing feature selection methods focus on rank-
ing features based on an information criterion to select the
best K features. However, several authors have found that
the optimal feature combinations do not give the best clas-
sification performance [8],[7]. The reason for this is that
although an individual feature may have limited relevance
to a particular class, when taken in combination with other
features it can be strongly relevant to the class. To over-
come this problem, we draw on recent work on the graph
embedding formulation of subspace learning where the pro-
jection matrix is constrained to be selection matrix [14] de-
signed to select the optimal feature subset. In this paper,
we derive a trace ratio (TR) criterion which selects fea-
tures using a subset-level score rather than a feature-level
score to perform feature selection. We apply the method
to the challenging problem of gender determination using
features delivered by principal geodesic analysis (PGA). A
variational EM (VBEM) algorithm is used to learn a Gaus-
sian mixture model on the selected feature subset and this is
used to design a classifier for gender determination. We ob-
tain a classification accuracy as high as 95% on 2.5D facial
needle-maps, demonstrating the effectiveness of our feature
selection method.

1. Introduction

High-dimensional data pose a significant challenge for
gender classification. The most popular methods for re-
ducing dimensionality are variance based subspace methods
such as principal component analysis (PCA) [17]. PCA is
an eigenvector method designed to model linear variation in
high-dimensional data. Buchala et al. [4] have applied PCA
to face images and explored which PCA components were
the most discriminating, using linear discriminant analysis
(LDA). Graf and Wichmann [10] applied PCA and LLE to
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3D range images of human heads, and used SVM as the
classifier for gender classification. Recently, a number of
authors have found that the face images possibly reside on a
nonlinear sub-manifold [5] [13]. However, the PCA fails to
discover the underlying structure, if the face images lie on a
nonlinear sub-manifold hidden in the image space. Some
nonlinear techniques have been proposed to discover the
nonlinear structure of the manifold, e.g., Wu et al. [18]
explored the use of principal geodesic analysis (PGA) to
recover fields of facial surface normals (needle maps) from
brightness images using a model-based shape-from-shading
technique [16]. Principal geodesic analysis (PGA) is an ex-
tension of PCA from Euclidean data to non-Euclidean data
which reside on a non-linear manifold and is hence applica-
ble to the analysis of directional surface normal data.

However, we found that the extracted PGA feature vec-
tors only capture sets of features with a significant com-
bined variance, it takes into account few considerations
about the special characters and manifold structures of face
images, and this renders them relatively ineffective for clas-
sification tasks. As a result, PGA is only suitable for di-
mension reduction and the PGA feature vectors probably
contain information that is redundant or irrelevant to gen-
der determination, and this limits the gender classification
accuracy. Hence it is crucial to identify a smaller subset of
features that are informative for classification and cluster-
ing. The idea underpinning feature selection is to select the
features that are most relevant to classification while reduc-
ing redundancy. Recently mutual information (MI) has been
shown to provide a principled way of measuring the mutual
dependence of two variables, and has been used by a num-
ber of researchers to develop information theoretic feature
selection criteria. For example, Batti [2] has developed the
Mutual Information-Based Feature Selection (MIFS) crite-
rion, where the features are selected in a greedy manner.
Given a set of existing selected features S, at each step it
locates the feature xi that maximize the relevance to the
class I(xi;C). The selection is regulated by a proportional
term βI(xi;S) that measures the overlap information be-
tween the candidate feature and the existing features. The



parameter β may significantly affect the features selected,
and its control remains an open problem. Peng et al [15]
on the other hand, use the so-called Maximum-Relevance
Minimum-Redundancy criterion (MRMR), which is equiv-
alent to MIFS with β = 1

n−1 . Yang and Moody’s [19] Joint
Mutual Information (JMI) criterion is based on conditional
MI and selects features by checking whether they bring ad-
ditional information to an existing feature set. This method
effectively rejects redundant features. Kwak and Choi [12]
improve MIFS by developing MIFS-U under the assump-
tion of a uniform distribution of information for input fea-
tures. The method calculates the MI based on a Parzen win-
dow, which is less computationally demanding and also pro-
vides better estimates.

However, there are two limitations for the above MI fea-
ture selection methods. Firstly, they assume that every in-
dividual relevant feature should be dependent with a tar-
get class. This means that if a single feature is consid-
ered to be relevant it should be correlated with the target
class, otherwise the feature is irrelevant [6]. So only a
small set of relevant features is selected, and larger feature
combinations are not considered. Hence, although a sin-
gle feature may not be relevant, when combined with ad-
ditional features it can become strongly relevant. The sec-
ond weakness is that most of the existing methods simply
consider pairwise feature dependencies, and do not check
for third or higher order dependencies between the candi-
date features and the existing features. For example, in [1]
there are four features X1,X2,X3,X4, the existing selected
feature subset is {X1,X4}, assume I(X2,C)= I(X3,C),
I(X2,X1|C) = I(X3,X1|C), I(X2,X4|C)= I(X3,X4|C) and
I(X1,X4,X2)� I(X1,X2)+ I(X4,X2), which indicates that
X2 has strong affinity with the joint subset {X1,X4}, al-
though it has smaller individual affinity to each of them. So
in this situation, X2 may be discarded, and X3 is selected,
although the combination {X1,X4,X2} can produce a bet-
ter cluster than {X1,X4,X3}.

To overcome the above problem, in this paper, we adopt
a graph-embedding view of feature selection by subspace
learning. The method selects the feature subset based on a
subset-level score rather than a feature-level score. It con-
sists of three steps, namely, i) we first use PGA to find
the principal geodesics that capture the largest statistical
variance in the 2.5D facial needle-maps. Then each facial
needle-map is represented by a parameter vector, referred to
as PGA feature vector, ii) we then construct two weighted
undirected graphs Gw and Gb in which each node corre-
sponds to each facial needle-maps which is represented by
the PGA feature vectors, iii) we further refine the extracted
PGA feature vectors by employing a trace ratio (TR) crite-
rion over the graph to locate the optimal feature set.

2. PGA on 2.5D Facial Needle-maps
Principal geodesic analysis (PGA) [9], is a generaliza-

tion of principal component analysis (PCA) from the Eu-
clidean space to Riemmanian manifolds. The goal of PCA
is to find a linear subspace of the space in which the data
lies, and maximize the variance of the projected data in the
subspace. In PGA, the notion of a linear subspace is re-
placed by that of a geodesic sub-manifold. A surface nor-
mal n can be represented as a point residing on a spher-
ical manifold n ∈ S2. A facial needle-map is a field of
N facial surface normals. It therefore may be considered
as a point on the manifold S2(N) =

∏N
i=1 S

2, which is
a special case of a non-linear Riemmanian manifold. In
Fig. 1, given u ∈ TnS

2, a non-zero vector on the tangent
plane to S2 at the point n n ∈ S2, there exists a unique
geodesic passing through n in the direction of u. The ex-
ponential map, denoted Expn, maps u to the point, de-
noted Expn(u), on the geodesic in the direction u at dis-
tance ‖ u ‖ from n. The log map, denoted Logn is the
inverse of the exponential map. Making use of exponen-
tial/log maps, the geodesic distance between two points n1
and n2 can be expressed as distG(n1, n2) =‖ Logn1(n2) ‖,
where distG(., .) is the geodesic distance between two
points. PGA makes use of the intrinsic means of the data
on the manifold and Lie group representation based on log
and exponential maps. The intrinsic mean is defined as
µ = argminn∈S2

∑N
i=1 distG(n, ni). To apply the PGA

to facial needle-maps, we first make use of the log map to
obtain the long vector representation of the faces in the tan-
gent plane passing through the intrinsic means. Then, we
compute the eigenvectors and the according eigenvalues of
the covariance of the long vectors. The leading d eigenvec-
tors from the projection matrix Φ = (e1|e2| . . . |ed). Given
a facial needle-map, we first obtain its long vector represen-
tation u = [u1, . . . , uN ] in the tangent plane, and then we
represent the face using its PGA feature vectors b = ΦTu.

Figure 1. The exponential map

3. Learning Gender Discriminating Features
After principal geodesic analysis, each face is repre-

sented by its d dimensional PGA feature vector. However,
not all of the PCA components are relevant to gender classi-
fication [4]. The irrelevant or redundant information limits



classification accuracy. As a result it is advantageous to se-
lect the most effective gender discriminating feature com-
ponents from the PGA feature vectors. We make use of
trace ratio (TR) criterion which selecting the features based
on a subset-level score rather than a feature-level score.

3.1. Graph-Embedding View of Feature Selection

The idea underpinning feature selection is to a) reduce
the dimensionality of the feature space, b) speed up and re-
duce the cost of a learning algorithm, c) obtain the feature
subset which is most relevant to classification. In this paper,
we demonstrate that these three tasks can be solved using
graph embedding method. The purpose of graph embedding
is to represent each vertex of the graph as a low dimensional
vector that preserves similarities between the vertex pairs.
The selected feature vector ȳ is given by ȳ = WTx where
WT is a column-full-rank matrix (usually determined by
the graph Laplacian and adjacent matrix). The embedding
can also be viewed as feature extraction. Feature selection
differs from feature extraction, since it attempts to select
the optimal feature subset in the original space. Graph em-
bedding can be used to discover both the geometrical and
the discriminative structure of the data manifold, where the
projection matrix WT play the role of a selection matrix
ΨT .

y = ΨTx . (1)

where Ψ ∈ Rd is a selection matrix. Let Ψi denote a m-
dimensional column vector:

Ψi = [0, . . . , 0, 1, 0, . . . , 0] . (2)

The binary selection matrix Ψ is defined as

Ψ = [ΨI(1),ΨI(2), . . . ,ΨI(m)] . (3)

where the vector I is a permutation of {1, 2, . . . , d} and d
is the dimension of PGA feature vector.

Suppose there are n facial needle-maps. The data
available to us is the set of PGA feature-vectors for
the needle maps, X = {x1, x2, . . . , xn}, where xi =
(F i

1, F
i
2, . . . , F

i
d) is the d dimensional feature-vector for the

i-th needle-map. In order to discover both geometrical and
discriminant structure of the data manifold, we construct
two weighted graphs to capture the similarity structure of
the data. The first is the intra-class or within class similarity
graphGw(X,Ww), while the second is the inter or between
class similarity graph Gb(X,Wb). We employ the trace ra-
tio (TR) criterion [14] over the graphs to locate the optimal
feature subset.

The within-class similarity graph Gw is characterized by
the weight matrix Ww and reflects the interclass compact-
ness of the data, while Gb can be regarded as a between
class penalty graph, characterized by the weight matrix Wb

which reflects the intraclass separability. Each facial nee-
dle map (represented by its PGA feature vector) is denoted
by a vertex in the weighted graph. The two weight ma-
trices (Ww)ij and (Wb)ij are respectively determined by
the within class and between class pairwise similarity of
the PGA vectors. When (Ww)ij is large, this implies that
data xi and data xj belong to same class and a small value
indicates they belong to different classes. Similarly, since
(Wb)ij represents the global between class affinity relation-
ships in the data, it provides a heavy penalty if data xi and
xj belong to different classes. These featres can be captured
if the weight matrices Ww and Wb are defined as follows

(Ww)ij =

{ 1
nc(i)

, if c(i) = c(j);

0, if c(i) 6= c(j).
(4)

(Wb)ij =

{ 1
n −

1
nc(i)

, if c(i) = c(j);
1
n , if c(i) 6= c(j).

(5)

where c(i) represents class label of data point xi, and ni
dentes the number of data in class i.

We work with the Laplacian matrices for the graphs Gw

and Gb. To this end let Db and Dw denote the diagonal ma-
trices of Wb and Ww, where (Db)ii =

∑n
k=1(Wb)ik and

(Dw)ii =
∑n

k=1(Ww)ik. The weighted within-class de-
gree of node i, i.e. (Dw)ii provides a natural measure of
the density of data in the proximity of the data point xi.
Since the more data points that are close to xi, the larger
the weighted degree (Dw)ii, the more important the point
xi. From the weight matrices Wb and Ww, and the degree
matrices Db and Dw, the corresponding between class and
within class Laplacian matrices are Lb = Db − Wb and
Lw = Dw − Ww respectively. The optimal feature sub-
sets should be the those for which the within class pairwise
affinities are large, while the between class separation is
large. These features are captured by selecting the set of
features that minimize

∑
ij ‖xi − xj‖2(Ww)ij and while

maximizing
∑

ij ‖xi − xj‖2(Wb)ij .

3.2. Trace Ratio Criterion of Feature Selection on
Subset-level

Given the n facial needle-maps X = {x1, x2, . . . , xn},
each data is a high-dimensional data, which is repre-
sented by their d dimensions of PGA feature vectors
{F1, F2, . . . , Fd}. To achieve the above tow objective func-
tions, an appropriate criterion could be defined by:

max

∑
i6=j ‖ ΨT (xi − xj) ‖2 Wb,ij∑
i6=j ‖ ΨT (xi − xj) ‖2 Ww,ij

=

max
tr(ΨTXLbX

T Ψ)

tr(ΨTXLwXT Ψ)
. (6)



For the sake of simplicity, we denote B = XLbX
T and

E = XLwX
T . Suppose the subset-level score in Equa-

tion(6) reaches the global maximum λ∗ if ΨI = ΨI∗ , that
is to say,

max
tr(ΨT

I∗BΨI∗)

tr(ΨT
I∗EΨI∗))

= λ∗ . (7)

and

max
tr(ΨT

I BΨI)

tr(ΨT
I EΨI))

≤ λ∗,∀I . (8)

From Equation(8), we can derive that

maxtr(ΨT
I (B − λ∗EΨI) ≤ 0,∀I . (9)

Note that tr(ΨT
I∗(B − λ∗EΨI∗) = 0 and let

f(λ) = maxtr(ΨT
I (B − λEΨI),∀I . (10)

then we have f(λ∗) = 0. As f(λ) is a monotonically de-
creasing function, finding the global optimal λ∗ can be con-
verted into te problem of locating the single root of equation
f(λ) = 0. Here, we define score of the i− th feature as

score(Fi) = ΨT
i (B − λE)Ψi . (11)

The function f(λ) can be rewritten as

f(λ) = max

m∑
i=1

ΨT
I(i)(B − λE)ΨI(i),∀I . (12)

Thus f(λ) equals to the sum of the first m largest scores.
The task of subset-level based feature selection is to seek

the feature subset with the maximum score according to
Equation(7). The root can be located using an iterative
procedure to update λ and thus find the root of equation
f(λ) = 0.

4. Classification
After finding the gender discriminating PGA feature

components, we apply the variational EM (VBEM) algo-
rithm [3] to fit a mixture of Gaussians model to the selected
feature subset. After learning the mixture model, we use the
a posteriori probability, see Equation(13), to classify faces
with respect to gender. Given the needle-map of a test face,
we first compute its selected feature vector b through princi-
pal geodesic analysis and feature selection. Then we com-
pute its a posteriori probabilities rf and rm, the mean vec-
tors b̂f ,b̂m, and the precision matrices Λf , Λm. If rf > rm
then the face is classified as female. Otherwise, the face is
classified as male. The posterior probabilities are given by

rnk ∝ πk|Λk|
−1
2 exp{1

2
(xn − µk)T Λk(xn − µk)} . (13)

where k = 1, . . . ,K is the mixture component, n =
1, . . . , N denotes the data index. Model parameters πk, µk

and Λk are respectively a priori probability, the mean of
selected feature vectors and precision matrices of the kth

component. In the variational Bayesian EM (VBEM) algo-
rithm, all of these model parameters are characterized by
hyper-parameters, which take into account the uncertainty
in the parameter estimation. The parameters rnk are called
posteriori probability because they represent the responsi-
bility the kth component takes in explaining the nth obser-
vation. The posteriori probability can be arranged into a
matrix R = (rnk) and will have to satisfy the following
conditions:

0 ≤ rnk ≤ 1 . (14)

5. Experiments and Comparisons
5.1. 2.5D Facial Needle-maps

The data set used to test the performance of our pro-
posed algorithm is the facial needle-maps extracted from
the Max-Planck database of range images, see Fig. 2. It
comprises 200 (100 females and 100 males) laser scanned
human heads without hair. The facial needle-maps (fields
of surface normals) are obtained by first orthographically
projecting the facial range scans onto a frontal view plane,
aligning the plane according to the eye centers, and then
cropping the plane to be 256-by-256 pixels to maintain only
the inner part of the face. The surface normals are then
obtained by computing the height gradients of the aligned
range images. We then apply the principal geodesic anal-
ysis (PGA) method to the needle maps to extract features.
Whereas PCA can be applied to data residing in a Euclidean
space to locate feature subspaces, PGA applies to data con-
strained to fall on a manifold. Examples of such data are
direction fields, and tensor-data.

Figure 2. Examples of Max - Planck needle - maps

5.2. Gender Classification Results

Using the feature selection algorithm outlined above, we
first make use of subset-level trace ratio criterion (S-TR) to
find the gender discriminating feature subset from the lead-
ing 10 PGA features, and compare the results with empir-
ical feature selection. Then, by selecting a different num-
ber of features from the leading 30 PGA feature compo-
nents, we compare the gender classification results from



subset-level trace ratio criterion (S-TR) with those obtained
using feature-level feature selection methods, namely a)
Maximum-Relevance Minimum-Redundancy (MRMR), b)
Mutual Information Based Feature Selection (MIFS). The
data used are the PGA feature vectors extracted from the
200 Max-Planck facial needle maps. We randomly select 20
female faces and 20 male faces from the 200 Max-Planck
data as test data. The remaining 160 are used as training
data.

First, we empirically select the gender discriminating
features by examining the distribution of the leading 10
PGA feature components (denoted bi, i = 1, . . . , 10) of the
200 facial needle-maps where the first 100 data to be fe-
male, and the following 100 to be male. We normalized
the value of PGA feature component by its corresponding
eigenvalue and then calculate the normalized mean values
of female and male respectively, which are shown in Ta-
ble. 1. We rank the feature based on the feature-level score,
the result is {F1, F5, F6, F2, F9, F10, F4, F8, F3, F7}

bnorm1 bnorm2 bnorm3 bnorm4 bnorm5

F -0.620 -0.252 -0.048 0.085 0.376
M 0.620 0.252 0.048 -0.085 -0.376

bnorm6 bnorm7 bnorm8 bnorm9 bnorm10

F -0.364 0.031 0.051 0.154 0.092
M 0.364 -0.031 -0.051 -0.154 -0.092

Table 1. Mean values of the leading PGA feature components

We then apply subset-level trace ratio criterion (S-
TR) to find the gender discriminating feature subset
from the leading 10 PGA feature components, and com-
pare the results with empirical feature selection based
on feature-level score. The selected feature subset is
{F1, F6, F5, F2, F9, F3, F8, F7, F4, F10} which is differs
slightly from empirical feature selection.

To explore the data in more detail, we visualize the 1st,
5th, and 6th eigenmodes by showing the mean face together
with its deviation along the 1st, 5th and 6th eigenmodes.
The visualization is shown in Fig. 3, and by inspection it
seems plausible the three eigenmodes do convey some gen-
der information. Turning our attention to the 1st eigenmode,
the faces from left to right become more solid in appearance
becoming larger and “squarer”, while the cheeks become
thinner. These are all masculine characteristics. In the case
of 5th component, the faces become more oval and the eyes
wider. These are feminine characteristics. In the case of
the 6th component, the faces again have more masculine
appearance from left to right. Fig. 3 therefore indicates that
the gender discriminating features selected using the subset-
level trace ratio criterion (S-TR) are at least to some degree
consistent with human perception.

For the above experiments, we select the gender dis-
criminating features only from the leading 10 PGA feature

Figure 3. Visualization of the 1st, 5th and 6th eigenmodes. From
top to bottom are the 1st, 5th, 6th eigenmodes. The columns are
according to the deviation from the mean, from left to right are
λ = −30, λ = −20, λ = 0 (the mean face), λ = 20 and λ = 30,

components. However, on the base of cumulative reason,
there are probably additional non leading features that are
important for gender discrimination. Therefore, in the fol-
lowing experiments, we extend our attention to the lead-
ing 30 features. In Fig. 4, we compare the performance
of the three criterion functions. For the selected feature
subsets, we apply the variational EM algorithm [3] to fit
a mixture of Gaussians model to the d-dimensional feature
vectors of the training data set of 160 needle maps. After
learning the mixture model, we use a posteriori probabil-
ity, see Equation(13), to perform gender classification of 40
test faces and we compare the performance of the three cri-
terion functions. At small dimensionality there is little dif-
ference between the different methods. However, at higher
dimensionality, the features selected by S-TR clearly have a
higher discriminability power than the features selected by
MRMR and MIFS. The ideal size of the feature subsets for
MIFS and MRMR is 4 or 5, where an accuracy 87% and
92.5% respectively are achieved. However, for S-TR we
obtain the highest accuracy of 95% when nearly 10 features
are selected. This means that with both MRMR and MIFS
there is a tendency to overestimate the redundancy between
features, since they neglect the possible feature combina-
tions. As a result some important features can be discarded,
which in turn leads to information loss.

Our proposed method therefore leads to an increase in
performance at high dimensionality. By considering higher
order dependencies between features, we avoid premature
rejection on the basis of redundancy, a well documented
problem known to exist in MRMR and MIFS [11]. This
gives feature sets which are more informative to our classi-
fication problem.

We illustrate the learning process and the classification
results using the selected feature subset. The learning pro-



Figure 4. Average classification accuracies:S-TR shows significant
benefit compared to criteria of MRMR and MIFS

cess of the EM step in the VBEM algorithm is visualized in
Fig. 5 by showing the models learned, a) on initialization,
b) on convergence. Each stage is visualized by showing the
distribution of the 1st and 6th PGA feature components as
a scatter plot. From Fig. 5, it is clear that on convergence
of the VBEM algorithm (after 50 iterations), the data are
well clustered according to gender. We see that after conver-
gence, only two components survive. In other words, there
is an automatic trade-off in the Bayesian model between fit-
ting the data and the complexity of the model, in which the
complexity penalty arises from components whose parame-
ters are forced away from their prior values.

The gender classification accuracy achieved using the se-
lected feature subset obtained by S-TR method is 95%. The
classification results are shown in the Fig. 6, where the first
20 faces are female and the remaining 20 are male. The
misclassified faces (the facial needle-maps) are visualized
on the top. These two are faces are females misclassified
as males and all male faces are correctly classified. It is
clear from the figure that adequate gender separability pro-
vided by the selected feature subset, as the unsupervised na-
ture of the VBEM algorithm and Gaussian mixture models.
In addition, the misclassified faces from the mixture model
classifier are at least to some degree ambiguous for human
judgement too.

6. Conclusions
This paper presents subset-level trace ratio criterion (S-

TR) for feature selection. The proposed method offers two
major advantages. First, the S-TR criteria takes into ac-
count feature interactions which selecting features based
on subset-level, overcoming the problem of overestimated
redundancy. As a result the features associated with the
greatest amount of joint information can be preserved. Sec-
ond, the variational EM algorithm and a Gaussian mixture

Figure 5. VBEM of K = 8 learning process visualized on 1st
and 6th PGA feature components, in which the ellipses denote the
one standard-deviation density contours for each components, and
the density of red ink inside each ellipse corresponds to the mean
value of the mixing coefficient for each component. The initial
number of component isK = 8, during the learning process, some
components whose expected mixing coefficient are numerically
indistinguishable from zero are not plotted

model are applied to the selected feature subset improving
the overall classification.
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