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method with the smoothing capabilities of a robust anisotropés constant between iterations, therefore the total mass of the
diffusion kernel. The main difference in the proposed methdekld is conserved within the region. The conservation of mo-
from the SFS framework is the way how diffusion is appliechentum (1) was applied to the Ruid velocity and a similar equa-
explicitly onto the vector beld while enabled with an outlier retion was considered for the variation of Buid density for visu-
jection mechanism. The robust diffusion kernel has the ability tdization purposes in graphics scenes in [26]. The differential
smooth the vector Peld along its main Row direction preservimguation from (1) is constrained by boundary conditions. The
motion discontinuities. A new approach for detecting and seBast Fourier Transform (FFT) was used while assuming peri-
menting vortices from smoothed optical 3ows is proposed in thiglic boundary conditions in [24], [25].
paper by weighting several vorticity estimates from a speciPcThe iterative SFS framework, implementing the NavierD
area. The paper is structured as follows. Section Il outlines tBeéokes equations from (1) and (2), consists of the following
stable Ruid solver algorithm while Section Il describes the pregrocessing stages at each iteration :
posed method for processing complex vector Pelds. Section IX) add force: | = ¢ + f(At);
outlines the procedure for detecting vortices from smoothe®) advect: »( ) = a v( 1( ,—At))
vector Pelds. Experimental results and their analysis are pra) transform:”, = FFT( »);
vided in Section V, while Section VI concludes the paper. 4) diffuse: "3(z) = "2(z)/(1 + vk?At);
5) conserve: enforc¥ - 3 = 0;
II. FLUID MOTION MODELLING USING 6) inverse transform: ; = FFT~1("3).
NAVIERDSOKES EQUATIONS The SFS algorithm starts with the calculation of the velocity

NavierbStokes differential equations represent the framewadmponents o = (u,, u, ) [25]. For each iteration, the Prst step
for modelling a large variety of phenomena and processes swansists of adding the external forcing functibmhich deter-
as those characterizing climatology, ocean currents, the watgnes the initial conditions in the processing cycle. The second
Bow in a pipe, the movement of stars inside a galaxy, the blostép represents the advection term in (1), which corresponds to
Row, Pnancial asset pricing, etc. There are two ways to modiet following calculation:
NavierbStokes: implicit and explicit. The explicit model is gen-
erally used for the precise computation of Buid dynamics and re-(.vV) = (uz % + uy %7 Uy % U, %) . ®
quires massive computational complexity. The Von NeumannOs 9 Iy 9 dy
stability analysis, as shown in [8], demonstrates that the impli
model of discretization when calculating NavierbStokes eq
tions is unconditionally stable.

Let us consider a Buid whose density and temperature

:ﬁ)e analysis of the advection process in real physics phenomena
18 provided in [8]. Equation (3) represents the self-advection of
velocity and is implemented as an auto-feedback mechanism

ar . . : : .
nearly constant and which is described by a velocity Peld MESFS. For each location on the image grid we trace its mid-

and by a pressure bel. The moment conservation Con_point backwards through the velocity beld over a time stéy

. . . hich will result into a new location on the grid for the respec-
ditions lead to the NavierbStokes equation [8]. The Sta Vile . L . L
Fluid Solver (SFS) method represents an implementationqgﬁ‘e vector according to (3). The velocity is then linearly inter

: . L .polated at that location from the neighbouring velocity values
the NavierbStokes methodology in an implicit scheme Wh@\%d the resulting vector is transferred back to the departing lo-

has been used for simulating smoke, clouds, liquids and other,

visual effects in computer graphics scenes in [24] and [Zﬁation over the time Step?.
nputer grap . "In the original SFS formulation, the third stage transforms
In SFS, the scene is split into cells located on a grid, eaﬁp

corresponding to a small volume of Ruid, while a particle I-?evelocny peld to the frequency domain using the Fast Fourier

associated to each grid location. The SFS method moves thraé\n_sform (FFT) [24], [2.51' This replaces.the requwement to set
. . ecibc boundary conditions by extending the spatial repeata-
particles around according to a vector beld, where each veczﬁr

corresponds to a grid location and represents the motion gty of the area ungler <_:onsideration z_;md by applying FF.T' The
the corresponding volume of Ruid. In the SFS framework tf§urth step is the diffusion, representing the decay of high fre-

) O . ' " quencies in the velocity beld, and is implemented in the Fourier
_effect of the gradient of pressure in the NaV|erDStokes equa’tg)onmain by solving the Poisson equation. The bfth stage enforces
IS neg_lect_ed ano_l consequently, the conservation of moment 18 local incompressibility which requires that the amount of
equation is applied as Ruid entering a specibc area should be equal with that exiting
9 =—( V) +uV? +f 1) that area. The bnal stage projects the Bow back from the fre-
ot quency domain to the spatial-time domain using the inverse FFT

where the change of velocityover time is represented with re-transform.

spect to the advection, diffusion and the external forcing func-

tion £, while v is the kinematic viscosity, a constant character- lll. RoBUSTDIFFUSIONHYBRID FLUID SMOOTHER
izing the type of Buid. In the case of incompressible Ruids, we

also have the mass conservation A. Employing SFS for Fluid Optical Flow Processing

V. -0 ) Classical optical Row estimation methods rely on gradient es-

timation or feature matching between consecutive frames and

meaning that the divergence of velocity components is zero fare suitable to be used for estimating the movement of rigid ob-
inbnitesimal time steps. The density of a particle is considergtts [1], [2], [7]. However, in the case of Ruids, the local inter-
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Fig. 2. Effect of diffusion on outliers. (a) Initial signal. (b) Diffused signal.

with the entries , , If we consider the implementation of expression (6) on 1-D,
, . The matrix from (5), the matrix becomes the second derivative and the resulting

whose entries are components of the Hessian tensor of the Iaiffised value at location is

vector beld, is used as a covariance matrix in the Gaussian

function, indicating the direction of diffusion. The eigenvector

corresponding to the largest eigenvalue gérovides the local

main direction of the optical Bow. If the matrix from (5) is

not positive semidepPnite or if it is not symmetrical, its inverse ®)

can be replaced by its pseudo-inverse and calculated using the

Moore-Penrose method. After considering an appropriate local

normalization, the explicit diffusion step is modelled by

where s the size of the diffusion window. The diffusion is
calculated at the center of the window which is considered at
. It can be observed that the second derivatives in
6) the signal from (7) are zero except for the locations
. After replacing (7) into (8), we obtain the following

result:

where is the diffused value at location and calcu-

lated atiteration, is calculated accordingto (5), isthe

vector at location within a neighborhood , centered —

atlocation . This diffusion kernel is anisotropic and adapts to _ _ _
the local structure of the optical Bow. SignibPcant optical Row 9)
transitions are detected by the second derivatives forming the

entries of the matrix from (5). Implicitly, the Gaussian kernel igpq pias at a site located at a distance pdsitions from that of
aligned with the direction of the local Bow. The diffusion proshe gutlier in the signal from (7) is evaluated as

cesses vectors along the moving 3ow and avoids smoothing oxer, result, the second part of the right hand section of (9) rep-

important motion discontinuities. Such motion discontinuiti§gsents the bias resulted from diffusing the outlier present in the
can represent regions of sources, sinks, vortices or hyperboligisna| from (7). This situation could happen when diffusion is
ties in the Bow. However, diffusion does not deal properly Withe formed on a vector beld where outliers are present near a
outliers and in the following we provide an analysis of the biagy,ctyral component. Such structural components in a vector
introduced when diffusing outliers. peld could represent regions of sudden change in the Row di-
rection as well as sinks or sources. The second derivative de-
tects the edge, but not the outliers. Consequently, the outliers

C. Bias Introduced by Diffused Outliers will be diffused in their neighborhood. We assume a window
of and we apply diffusion repeatedly on the signal dis-
Let us consider the following 1-D signal: played in Fig. 2(a). The results produced by diffusing the signal

from (7) during several iterations are shown in Fig. 2(b). After
a certain number of iterations, the values of the diffused signal
@) in the outlier®s neighborhood are stationary but they are always
biased with respect to the original signal.
This signal has an outlier of height at location , and Robust statistics operators, such as the median, have been
its discretized version is displayed in Fig. 2(a) when shown to improve the modelling capabilities when using
and . Gaussian functions on noisy data, particularly when outliers
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are present [3], [20]. In the proposed robust diffusion stage, the

median operator is applied onto the diffused outputs A ® ,v
, ‘
. ’
\ :
~ . ~D v’~. . “‘- I!! PRd A
3 = Me ian( 2,(1‘)-/77(Zc)) (10) ."'*'m, A
. . . . —f =1 o
wheren(z.) is the neighborhood centeredzt (¢) denotes the Ry
ranking of vectors, and? ., is the rankedth diffused structural e OV B -~,....,~
vector. Robustibed diffusion kernels have been used to smooth ‘ G v
optical Bow from video sequences [33] and structural Rows rep- ;'! ‘\‘
resenting volumetric images [34]. Both marginal and vector me- v e A

dian can be considered, each employing a different ranking cri-
terion. The marginal median calculates the median after con- 3 Evaluation of terion wh a5 wind Here the |

S . : . . . 3. Evaluation of , criterion when using a & 5 window, where the lo-
Slde”ng the_ ranklng separately along eac_h dimension, while ation of each vector in the window is shown with a different marker according
vector median orders the vectors according to the sum of thgilts corresponding set. The two sets from the Prst neighborhood are indicated
Euclidean distances from each of them to all the other vectdwgines while the four sets of the second neighborhood are shown by triangles,
from the neighborhood. The two-step diffusion processing wiiflua"es and circles, respectively.
produce a properly smoothed vector beld obeying its underlying
Bow structure.

surface sum up to zero, as specibed by the requirement 2) from
. . ) ) Section IlI-A.
D. Stability Conditions in Optical Flow of Fluids After various processing stages, the vector Peld may deviate

The diffusion is followed by advection, thus, ensuring from the conditions required by the NavierDStokes equations.
simultaneously smoothed and advected estimate for the R@Mputationally, the conservation of mass corresponds to en-
movement. As explained in Section II, the self-advection terfArcing data normalization. The conservation of mass is en-
represents the ability of the optical Row vectors to move thefrced after both the diffusion and advection stages by using
values from one position to another on a grid according to (351_e HelmholtzBPHodge decomposition [25] of the velocity Peld.
Under the conditions stated in Section IlI-A when applying his decomposition consists of representing the optical Bow as
NavierDStokes to image data we have to debne a seriedhgfsum of a mass preserving vector beld and a gradient vector
constraints. These constraints consist of the Row initializationeld. According to the HelmholtzBHodge decomposition, any
boundary conditions and the total Bow energy conservatiofgctor Peld 3 can be uniquely decomposed into
Boundary conditions are represented by the margins of the s— L4V (12)
image, can be debPned by non movable surfaces present in the 3 4 1

Bow or can be the result of image or motion segmentatiqfhere , has zero divergenc€ - , = 0 andgq is a scalar beld.

algorithms [3]. The physical boundary is represented by thewe apply theV- operator to (12) we obtain
Von Newman condition which specibes the normal component

of the Bow at the boundary surface as V. 5=V (13)
0 This is the Poisson equation for the scalar keldhen the Neu-
on 0 =0 (11) mann boundary condition from (11) is fulblled. This condition is

applied on the vector beldsg and 5, representing the diffusion

where( represents the boundary ands its surface normal. and advection outputs, respectively, resulting in the normalized
This means that only tangential velocities are allowed. In tivector belds of 4, and ¢, according to the scheme from Fig. 1.
proposed methodology, the domaih is marked with zero  The whole iterative process continues until the mean square
values on the geometric grid representing the optical Raevror (MSE) of the whole smoothed vector Peld does not vary
boundaries. The boundaries are reinforced at every stage ofhlggnore than a predebned threshold from iteration to iteration.
optical Bow computation in order to preserve the stability and
integrity of the numerical calculation. Since the proposed Ruid V-V ORTEXDETECTION IN SMOOTHED OPTICAL FLOWS
optical Bow smoother incorporates both explicit and implicit According to Buid dynamics laws, a Buid changes from lam-
Pnite differencing schemes, the vector beld processing shoudr to turbulent when viscosity is reduced. The motion of turbu-
adhere to the stability criteria [8] under the conditions frorfent Rows is characterized by specibc coherent pattern structures
Section llI-A. such as vortices. Vortices in Ruid mechanics represent rotational

The conservation of mass, as debned by (2), is applied in thextorial patterns of concentrated energy around a center, called
context of image sequences considering that requirementstt vortex eye [27]D[29], [31]. The center is characterized by a
and 3) from Section IlI-A are fulblled. This means that the Bominimum in the pressure and by zero velocity. In the case of
entering a specibc region should be equal to the Bow leavigbulent air movements, such as storms, the vortex eye repre-
that region. We can observe that this condition characterizes énts the storm center. The margins of vortices are character-
compressible Buids and it can be applied in the context of inzed by shear motions sometimes diverging in different direc-
ages if we assume that the Bows perpendicular on the imdgms. Regions that are characterized by diverging motion Rows
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Fig. 4. Synthetic vector belds representing closed lid-driven cavity Bows. (a) Ground truth synthetic Bow. (b) Vector beld corrupted with-noigé .

form hyperbolicities representing saddle like areas in betweand(2 is the vorticity tensor
regions of high vorticity [28]. In the following, we assume that
the vectorial Bow representing Buid motion has been smoothed 1
as explained in the previous section. The preservation of im- Q=-[V —(V )T (16)
portant motion discontinuities, such as vortices and hyperbolic-
ities, is ensured by the joint mechanism of the anisotropic dif- The Q-criterion dePnes a vortex core as a region of space
fusion kernel and robust statistics. Consequently, the smoothveltere the vorticity is sufbciently strong to cause the rate-of-
vector Pelds can be segmented into regions of different topolagrain tensor to be dominated by the rotation tensor
ical characteristics. 1

In the following, we describe how we can proceed to extract Q=-[9*-1S)?]>0 a7
salient patterns that are characteristic to turbulent Rows. De-
tecting and segmenting such vectorial structures is difecult dweere| - | represents the Euclidean norm.
to the complexity of the motion as well as to the presence of Another well-known Galilean-invariant criterion is tiecri-
noise in the data. Moreover, the criteria to be used should tegion [32] which considers that the velocity gradient has com-
invariant to the reference coordinate system and should reppéex eigenvalues. Tha criterion is dePned as
sent a monotonic measurement of the dominance of rotational 3 5
motion. Areas characterized by vorticity can be easily confused A= (Q) + (det v > (18)
with regions of high noise variance. The method described in

he previ ions provi mooth Row which is consi : . . o .
the previous sections provides a smooth o eh s co SSt(\?erereQ is provided in (17). This criterion is invariant to coor-

with the underlying motion in the image sequence. Major chatr: ;
acteristics of interest for turbulence patterns are their streng?}'{]ate transforms. Whe@ > 0 we have regions of focus such

center, boundary, size and trajectory. aS_;EgSCtiifef:?;ZC;irrlélgg ;/gvrr:ﬁj for analyzing salient features
There are various ways to identify vortices in RBuid motion P y yzing

but many of them are not objective. In the following, we rely off! Buid optical Bows assume pointwise calculations. One as-

studies performed in computational Buid dynamics which d l_Jr_np_tlon considered when applying the previously shown cri
i : . . eria is that vortex structures are smooth. In our approach, the

Pne a vortex as a set of Ruid trajectories along which the strain o
: slgnoothness condition is ensured by the proposed methodology

This criterion identibes vortices as material tubes whose e eeq;Egy;gg dtglseci\ilsg('jeirl?tshtgk?:\ﬁgssat;r;fi;\::;h gir\?ebnutsrt]:'ﬁ:ﬁ'?;
ments do not align with directions given by the strain eigenvea- P : g

tors. It is very important to be able to detect regions of vorticitngergg? ;h: \éi?;%rlzsgi:)onc‘[”g';]at['g g]’ i'agvr;;\/r'etreri'r?gr%aer: ?Oeﬁ;/\?el'
for Galilean-invariant criteria [27], i.e., under afbne coordinate” . P! ' " ! . .

. . i a reliable estimate we should use an integrating estimator which
changes from frame to frame. The Galilean-invariant vortex de-

tection criteria use the velocity gradient decomposition [35] ?;E@'i?gs \;C’VivggiluemsgTr?;?ivzocr;?uiftic;?/eerg\llvv;elgfs%yln the

using (18) from sets of vectors symmetrically located at a dis-
tancer from the vortex center. Due to the dependence of the

V =5+Q (14)  velocity on a distance from a center, in most motion discontinu-
) . ities, we propose to use an integrator in polar coordinates such
wheresS is the rate-of-strain tensor as

S=1[V +(v )] (15) A= %/Am r (19)
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Fig. 5. Smoothing of noisy artibcial vector beld. (a) SFSM (6 iterations). (b) Black (3 iterations). (c) Med-2DH (4 iterations). (d) MedH-SF®(jtera

whereA is the area of integration which is debPned by a specilas consider the distance between two consecutive sites on the
distance from the center, arid is a normalization constant. In vector grid along andy axes as equal to 1. The weights, repre-
this representation, we consider circular areas of integration Isent the inBuence of each four-vector set onto the evaluation of
elliptical regionsA can be considered as well. Let us considehe vorticity, and are chosen as the inverses of the distance from
the discretization of the Bow calculation on a grid and that thike center under study to each of the cross ends, representing
area of integration is debned in the image by a running windothe radius of the circle which contains the locations of the four
In this window, we consider a seof four velocity vectors, sym- vectors. For a % 5 window, as shown in Fig. 3, the weights cor-
metrically located at the extremes of a cross, window centersgbponding to each of the six conbgurations are

which is used to calculat&; using (18). Eacll\; corresponds to 111 1 1
a symmetrical structure of a specibc orientation with component i= L—= - == } (21)
vectors equi-distantly located at a certain distance from the pre- v VaiVE Vo

sumed vortex center. In the case of & 5 vectors window we  Similarly, corresponding weights can be derived for vector con-
consider all the vector sets resulted from rotating the 4'neigbgurations Corresponding to |arger windows. A vortex is iden-
borhood vector locations, with/4 or w/8 depending whether tiped whenA 4, > 0, while the boundaries of the vorticity area
they are located at a distance of one or two intersite distancespg debned byA , = 0. When using (20) we increase the con-
the grid from the vortex center. This will result in the calculapdence in evaluating the vorticity by considering integration on
tion of six different measurement sets: two in the brst neighbg{specibc area and by using the distance to the vortex center as
hood and four in the second order neighborhood of a presumg@;eighting factor.

vortex center. Consequently, locally evaluated valie®s are

performed according to (18). The measurement sets are shown

in Fig. 3 when aiming to estimate the vorticity at the center of V. EXPERIMENTAL RESULTS

the window. The resulting criterion, for deciding the level of |n the following we present the results when the proposed
vorticity by integrating the velocity values from the window ismethodology is evaluated on two artibcially generated vector
denoted byA 4 and represents a sum of weightad from the  pelds and on various image sequences. The brst synthetic

given neighborhood sequence is produced by the movement of air RBow generated
6 within a closed cavity. The synthetic Row is created using the
; iA vorticity-stream formulation of the NavierbStokes equations
Ay==— (20) [8]. The air RBow within the cavity is modelled when the top
> i wall is moved with a constant velocity of 5 m/s following
=1

a constant pressure of 2 bars acting in the upper-left corner
where ; represents a weight corresponding to each of thet@wards the right. In Fig. 4(a), we show the simulated vector
vector conbguration characterizing a & vectors window. Let Peld that visualizes the air 3ow moving from left to right inside
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Fig. 6. HelmholtzbHodge decomposition of a closed lid driven cavity laminar Bow after 1000 iterations.

the top area of a closed cavity according to the conditiopéot of Fig. 6. The third plot from Fig. 6 represents the deviation
debned previously. This Bow was obtained after running tloéthe actual optical Bow from that of the incompressible Row.
NavierbStokes equation for a thousand iterations. In order torhe second artibcially generated data set represents a von
assess the smoothing capability of the proposed methodologgrman vortex which was created using the Gerris method from
we consider the corruption of the synthetic vector beld wifl36]. Fig. 7(a) depicts a snapshot of the simulated von Karman
additive Gaussian noise. Fig. 4(b) shows the Row degradatirtex street which is modelled based upon the velocity-pres-
after adding Gaussian noise with zero mean and variarsigre formulation of the NavierbStokes. This snapshot shows a
o2 = 0. 5. The underlying motion of the Bow is barely recogvorticity map describing the turbulent wake behind the half-
nizable in this noisy vector beld. The results after smoothimylinder and is taken @ = 5.1 . The boundary conditions for
the noisy vector peld by using the modiped SFSM algorithrihis simulation are represented as A, B, C, D, and G as shown
originally described in [26], after being adapted for usage on Fig. 7(a). These conditions correspond to A= (1,0) m/
vector belds as well as the Black algorithm [20], are shown while the gradient of all other physical quantities (pressure, vor-
Fig. 5(a) and (b), respectively. Fig. 5(c) shows the effects ti€ity, etc) is zero; B, D, G: no-slip boundary condition as in (11)
using the diffusion only framework, named shortly Med-2DHand C: P = 0. The ground truth velocity bPeld corresponding
and described in [33], by applying (6) and (10) for smoothintp the area cropped in Fig. 7(a) is shown in Fig. 7(b) and is
the noisy vector beld. The results provided by the robust hybrided for error estimation. Fig. 7(c) shows the von Karman mo-
Buid solver which is based upon the NavierbStokes framewdidn Row corrupted by additive Gaussian noise with variance
while embedding the median of 2-D Hessian diffusion kern@l10. The noisy vector beld produced by the von Karman Row is
(MedH-SFS) algorithm, as described in Section Ill, are shovamoothed using the Median of the Hessian Stable Fluid Solver
in Fig. 5(d). The results from Fig. 5 are obtained at convemethod (MedH-SFS) described in this study, SFS provided in
gence when the mean square error difference between ve¢®dl, [25] and described in Section Il, SFSM algorithm from
Pelds at two successive iterations is less than 0.01, while {26] and the diffusion algorithm of TschumperlZ and Deriche
necessary number of iterations is provided in the parenthe$€B), described in [21]. From these results, we can observe that
in the caption of each plot from Fig. 5. From these results, vike vector Peld smoothed by SFSMis still noisy at convergence.
can observe that the vector beld smoothed and modelledFg. 8(a) and (b) represent the smoothed Rows obtained at con-
SFSM is still noisy at convergence, while the noise has beeargence using MedH-SFS and SFSM.

signibcantly reduced in the other smoothed vector belds. It carFor evaluating the bias in the estimation of the local vector
be observed that MedH-SFS provides the best results and dhnientation we consider the mean cosine error (MCE) between
recovered Bow vortex can be easily identibed when comparée recovered smoothed Row and the ground truth Bow. The
to the vector belds smoothed by using Black and Med-2DMCE is calculated as

methods.

In the following, we illustrate how the HelmholtzbHodge L . L p
decomposition works. The HelmholtzPHodge decomposition, 1.;1 i 121 co ()
which was outlined in Section IlI-D, calculated for the closed MCE = T2 - i3 (22)

cavity laminar Row at the 1000th iteration is shown in Fig. 6.

The mass conserved incompressible Royis obtained by wherel is the total number of vectors,; is the ground truth,
extracting the Bow gradient from the current vector beld. Thamd “; is the result achieved after smoothing the noisy vector
decomposition provides an exact solution by recovering tlireld at locatiort. The MCE is the normalized dot product be-
swirling moving vector beld, represented by, which would tween two vectors which provides the cosine of the angle be-
obey the mass conservation equation, as in (2). This vector belegen them, denoted #s. The closer the MCE is to 1.0, the
corresponds to the incompressible Row shown in the middigre similar is the orientation of any pair of two corresponding
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Fig. 8. Smoothing noisy von Karman ows. (a) Smoothed noisy von Karman
Bow using MedH-SFS. (b) Smoothed noisy von Karman Row using SFSM.

Fig. 7. Representing von Karman Rows. (a) Von Karman vortex sheet. (b) M
tion Bow extracted from the von Karman Row. (c) Noisy von Karman Bow wit|
o2 = 0.10.

vectors to each other. The MCE results are provided in Fig. 10(
for the lid driven cavity Bow and in Fig. 10(b) for the Karman
Bow. The results from these plots include those provided
SFSM described in [26], SFS from [24], [25] and describe
in Section I, MedH-SFS representing the methodology prJ
posed in this study, Black algorithm [20], and when using th:
robust diffusion only framework, named shortly Med-2DH as
described in [33], by applying (6) and (10) for smoothing the )
noisy vector peld. It can be observed that SFS provides good
results for a vector Peld corrupted with noise of small variandgg- 9. Evaluatingh andA , after smoothing noisy von Karman Sows with
. . L edH-SFS. (a) Evaluation ak. (b) Evaluation ofA 4.
However, its performance deteriorates signibcantly when e
noise increases, because the corrupted vector beld departs sig-
ib ly f he NavierbStok lyi [.Th - .
n ca_nty romt € havier Stokes under ylng_mode © rObli/”cé;[rtlcr[y value achieved for the ground truth vector beld when
diffusion hybrid Buid method MedH-SFS provides better results . . . . .
. . S ing A 4. The detection of a vortex is considered for a ratio
than either SFS or SFSM in terms of MCE when considering ags . L
o . ) . . .oRat least 20% of the maximum vorticity in the ground truth
ditive Gaussian noise as it can be observed from Fig. 10, Whlr%otion Bow. The vortex segmentation error is calculated as
indicates a better Bow trajectory. MedH-SFS is also better than ' 9
Black [20] and Med-2DH [33] anisotropic smoothers.
Another numerical measure consists of assessing the vortex L
detection capability after smoothing the noisy Rows. The vor- El [Ii,0(Aa) = Lis(Aa)]
ticity detection error is calculated by using eith&ror A 4 in Asp= - -100 (24)
both the original and smoothed vector belds. The following de- Z Iio(AL)
tection function, when using. 4 from (20), is debned as !

1=

1, forAs>0. Auyx wherel; o(A4) andI; s(A 4) are the index arrays of the orig-

0. otherwise ’ (23) inal and smoothed vector Peld, respectively, corresponding to
vorticity and calculated according to the detection decision from

calculated for the vector from locatianwhereO denotes the (23) while L represents the number of vectors. This error mea-

ground truth vector beld a4 , 174 represents the maximumsure represents the mis-detection of vorticity areas.

Lio(As) =

7
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Fig. 12. Smoothing optical Bows in OTornadoO image sequence. (a) Frame 341. (b) Initial BM optical Bow. (¢) MedH-SFS smoothed OTornadoO Row.

@ (®)

(d

Fig. 13. Frames from Superstorm Andrea image sequence and their corresponding smoothed optical Rows. (a) Frame 5. (b) Smoothed Row using MedH-SF
(c) Frame 12. (d) Smoothed Row using MedH-SFS.

formation of the Superstorm AndréaThe data set consistsalgorithm, [20]. Fig. 14(b) and (c) identify the motion vorticity

of 24 images, acquired at intervals of 30 minutes from eacharacterizing the storm, by using the discriminantsand
other, covering a total period of 12 hours. Frames 5 and 124 from (18) and (20), respectively, both estimated from the
from the Superstorm Andrea image sequence are shownojtical Bow smoothed by MedH-SFS. For calculating,

Fig. 13(a) and (c), respectively, and display complex movememé used 5< 5 vector windows. Nine main concentrations of
of clouds above North America. The overlapping geodata imerticity energy are identiPed on this map which are marked
formation as well as the Rickering of lights inBuence negativelyith distinctive humbers. On the right side of the map, over
the ability to extract a suitable optical Bow and signibcantiyhe Atlantic Ocean, we can observe a concentration of detected
increases the amount of noisy information. Another causertices which represented the area of storm formation. It can
which negatively affects the efbciency of the proposed methdols observed from Fig. 14(c) that the weighted discriminant
is the presence of random bursts of clouds in the region undgy from (20) provides compact and reliable regions when
observation. This is due to the fact that we actually observecampared to using\ from (18). From these results, we can
3-D scene displaying complex motion by using a 2-D imagingjearly observe the benebts of using a robust diffusion stage
system which is not able to capture the vertical movementsiofegrated with NavierbStokes equations that not only would
clouds. The smoothed optical Bows, corresponding to Franmsooth the vector beld, but which also contributes towards
5and 12, by Med-HSFS are shown in Fig. 13(b) and (d) wheletecting vortices and other movement patterns characterizing
considering a dense vector beld representation. Fig. 14(a) sh@ui Zow.

the vorticity detection results when usiny after smoothing

the optical Bow, estimated from Frame 20, by using the Black VI. CONCLUSION

1The satellite image sequence of the Superstorm Andrea was obtained frorﬁrh?S paper intrOduqes a new method based upon physics
http://www.nrimry.navy.mil/sat_products.html principles for processing complex vector belds such as those
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Fig. 14. Finding vortices in the Superstorm Andrea sequence in frame 20 from Superstorm Andrea. (a) Vortex detection from the smoothed Andrga Row usin
BlackOs algorithm based upon (b) Vortex detection after MedH-SFS smoothing usingriterion. (c) Vortex detection after MedH-SFS smoothing using
criterion.

representing (3uid optical 3ow. The vector Pelds are processed3] M. Bertalmio, A. Bertozzi, and G. Sapiro, ONavierDStokes, Ruid dy-

by using NavierbStokes equations following a set of stages namlc‘f_, and lr;%ge an?e video lrlpalzrlct)l(:r)llg,a’n;r)¢i 155153 ggg; 6C20m_

H S H : : B puter Vision and Pattern Recognition, , vol. 1, pp. ) .

including: diffusion, ladvectlon and_mass conservation. In th'séu] N. Hageman, A. Toga, K. Narr, and D. W. Shattuck, OA diffusion

§tUdyu We.h_aVe ConS“_jere_d the median of Fhe |Qca| kernel OUFpUt tensor imaging tractography algorithm based on NavierDStokes Buid

in an explicit robust diffusion stage. The diffusion kernel, which mechanics,QEEE Trans. Med. Imag., vol. 28, no. 3, pp. 348D360,

is Gaussian with the covariance matrix formed by the local . ¥aé 200;’_- E Memin. and P. Perez. OD imation of Ruid Bows.6

. . H . Corpettl, E. Memin, an . rerez, ense estimation or [sut OWS,

second order vector peld derlvatlves,.ensures that sm.oothlnéj1 IEEE Trans, Pattern Anal. Mach. Intell., vol. 24, no. 3, pp. 3650380,

occurs along the structure of the motion beld preserving the  mar. 2002.

moving object boundaries as well as main 3ow discontinuities [16] A. Cuzol, P. Hellier, and E. Memin, OA low dimensional Buid motion

while reducing the impact of outliers. After modelling the 7] gSI:TatOHQ’éLEJ- fﬂomp_m- g%,]vol.g_s, no. 3, PIIJ- 325_’9349{_ 20?_7- ot
. : e : H . Heas an . Memin, ree-dimensional motion estimation or at-

optlcaI_Bow by using th_e pr_oposed joint CompUtatlonal Buid mospheric layers from image sequenc#BEE Trans. Geosci. Remote

dynamics and robust diffusion methodology, we use a new e, vol. 46, no. 8, pp. 238502396, Aug. 2008.

approach for identifying vorticity. Vortices are spatial regions [18] P. Perona and J. Malik, OScale-space and edge detection using

Charactenzed by rotatlonal movement Where the Euc“dean anisotropic dlﬁUSIOn,@EEE Trans. Pattern Anal. Mach. Intell., vol.

norm of the vorticity tensor dominates that of the rate of the g 2N 7 PP: 6299639, Jul. 1990. - . :

e . h ~ [19] G. Unal, H. Krim, and A. Yezzi, OStochastic differential equations
tensor. Stansu_cs c_>f such estimates are conS|de_red .by.usmg and geometric BowsfBEE Trans Image Process., vol. 11, no. 12, pp.
appropriate weighting for all the vector conbgurations inside a 1405D1416, Dec. 2002. _ .
given window. The results of the proposed methodology can bel20] M. J. Black, G. Sapiro, D. H. Marimont, and D. Heeger, ORobust

. . . anisotropic diffusion,@EEE Trans. Image Process., vol. 7, no. 3, pp.
used for tracking Buid Bow movement from image sequences. 421D432, Mar. 1998.

[21] D. Tschumperle and R. Deriche, OVector-values image regularization
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