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method with the smoothing capabilities of a robust anisotropic
diffusion kernel. The main difference in the proposed method
from the SFS framework is the way how diffusion is applied
explicitly onto the vector Þeld while enabled with an outlier re-
jection mechanism. The robust diffusion kernel has the ability to
smooth the vector Þeld along its main ßow direction preserving
motion discontinuities. A new approach for detecting and seg-
menting vortices from smoothed optical ßows is proposed in this
paper by weighting several vorticity estimates from a speciÞc
area. The paper is structured as follows. Section II outlines the
stable ßuid solver algorithm while Section III describes the pro-
posed method for processing complex vector Þelds. Section IV
outlines the procedure for detecting vortices from smoothed
vector Þelds. Experimental results and their analysis are pro-
vided in Section V, while Section VI concludes the paper.

II. FLUID MOTION MODELLING USING

NAVIERÐSTOKES EQUATIONS

NavierÐStokes differential equations represent the framework
for modelling a large variety of phenomena and processes such
as those characterizing climatology, ocean currents, the water
ßow in a pipe, the movement of stars inside a galaxy, the blood
ßow, Þnancial asset pricing, etc. There are two ways to model
NavierÐStokes: implicit and explicit. The explicit model is gen-
erally used for the precise computation of ßuid dynamics and re-
quires massive computational complexity. The Von NeumannÕs
stability analysis, as shown in [8], demonstrates that the implicit
model of discretization when calculating NavierÐStokes equa-
tions is unconditionally stable.

Let us consider a ßuid whose density and temperature are
nearly constant and which is described by a velocity Þeld
and by a pressure Þeld . The moment conservation con-
ditions lead to the NavierÐStokes equation [8]. The Stable
Fluid Solver (SFS) method represents an implementation of
the NavierÐStokes methodology in an implicit scheme which
has been used for simulating smoke, clouds, liquids and other
visual effects in computer graphics scenes in [24] and [25].
In SFS, the scene is split into cells located on a grid, each
corresponding to a small volume of ßuid, while a particle is
associated to each grid location. The SFS method moves the
particles around according to a vector Þeld, where each vector
corresponds to a grid location and represents the motion of
the corresponding volume of ßuid. In the SFS framework, the
effect of the gradient of pressure in the NavierÐStokes equation
is neglected and consequently, the conservation of momentum
equation is applied as

(1)

where the change of velocityover time is represented with re-
spect to the advection, diffusion and the external forcing func-
tion , while is the kinematic viscosity, a constant character-
izing the type of ßuid. In the case of incompressible ßuids, we
also have the mass conservation

(2)

meaning that the divergence of velocity components is zero for
inÞnitesimal time steps. The density of a particle is considered

as constant between iterations, therefore the total mass of the
Þeld is conserved within the region. The conservation of mo-
mentum (1) was applied to the ßuid velocity and a similar equa-
tion was considered for the variation of ßuid density for visu-
alization purposes in graphics scenes in [26]. The differential
equation from (1) is constrained by boundary conditions. The
Fast Fourier Transform (FFT) was used while assuming peri-
odic boundary conditions in [24], [25].

The iterative SFS framework, implementing the NavierÐ
Stokes equations from (1) and (2), consists of the following
processing stages at each iteration :

1) add force: ;
2) advect: ;
3) transform: ;
4) diffuse: ;
5) conserve: enforce ;
6) inverse transform: .
The SFS algorithm starts with the calculation of the velocity

components [25]. For each iteration, the Þrst step
consists of adding the external forcing functionwhich deter-
mines the initial conditions in the processing cycle. The second
step represents the advection term in (1), which corresponds to
the following calculation:

(3)

The analysis of the advection process in real physics phenomena
is provided in [8]. Equation (3) represents the self-advection of
velocity and is implemented as an auto-feedback mechanism
in SFS. For each location on the image grid we trace its mid-
point backwards through the velocity Þeld over a time step
which will result into a new location on the grid for the respec-
tive vector according to (3). The velocity is then linearly inter-
polated at that location from the neighbouring velocity values
and the resulting vector is transferred back to the departing lo-
cation over the time step .

In the original SFS formulation, the third stage transforms
the velocity Þeld to the frequency domain using the Fast Fourier
Transform (FFT) [24], [25]. This replaces the requirement to set
speciÞc boundary conditions by extending the spatial repeata-
bility of the area under consideration and by applying FFT. The
fourth step is the diffusion, representing the decay of high fre-
quencies in the velocity Þeld, and is implemented in the Fourier
domain by solving the Poisson equation. The Þfth stage enforces
the local incompressibility which requires that the amount of
ßuid entering a speciÞc area should be equal with that exiting
that area. The Þnal stage projects the ßow back from the fre-
quency domain to the spatial-time domain using the inverse FFT
transform.

III. ROBUSTDIFFUSION HYBRID FLUID SMOOTHER

A. Employing SFS for Fluid Optical Flow Processing

Classical optical ßow estimation methods rely on gradient es-
timation or feature matching between consecutive frames and
are suitable to be used for estimating the movement of rigid ob-
jects [1], [2], [7]. However, in the case of ßuids, the local inter-
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Fig. 2. Effect of diffusion on outliers. (a) Initial signal. (b) Diffused signal.

with the entries , ,
, . The matrix from (5),

whose entries are components of the Hessian tensor of the local
vector Þeld, is used as a covariance matrix in the Gaussian
function, indicating the direction of diffusion. The eigenvector
corresponding to the largest eigenvalue ofprovides the local
main direction of the optical ßow. If the matrix from (5) is
not positive semideÞnite or if it is not symmetrical, its inverse
can be replaced by its pseudo-inverse and calculated using the
Moore-Penrose method. After considering an appropriate local
normalization, the explicit diffusion step is modelled by

(6)

where is the diffused value at location and calcu-
lated at iteration, is calculated according to (5), is the
vector at location within a neighborhood , centered
at location . This diffusion kernel is anisotropic and adapts to
the local structure of the optical ßow. SigniÞcant optical ßow
transitions are detected by the second derivatives forming the
entries of the matrix from (5). Implicitly, the Gaussian kernel is
aligned with the direction of the local ßow. The diffusion pro-
cesses vectors along the moving ßow and avoids smoothing over
important motion discontinuities. Such motion discontinuities
can represent regions of sources, sinks, vortices or hyperbolici-
ties in the ßow. However, diffusion does not deal properly with
outliers and in the following we provide an analysis of the bias
introduced when diffusing outliers.

C. Bias Introduced by Diffused Outliers

Let us consider the following 1-D signal:

(7)

This signal has an outlier of height at location , and
its discretized version is displayed in Fig. 2(a) when
and .

If we consider the implementation of expression (6) on 1-D,
the matrix becomes the second derivative and the resulting
diffused value at location is

(8)

where is the size of the diffusion window. The diffusion is
calculated at the center of the window which is considered at

. It can be observed that the second derivatives in
the signal from (7) are zero except for the locations

. After replacing (7) into (8), we obtain the following
result:

(9)

The bias at a site located at a distance ofpositions from that of
the outlier in the signal from (7) is evaluated as .
As a result, the second part of the right hand section of (9) rep-
resents the bias resulted from diffusing the outlier present in the
signal from (7). This situation could happen when diffusion is
performed on a vector Þeld where outliers are present near a
structural component. Such structural components in a vector
Þeld could represent regions of sudden change in the ßow di-
rection as well as sinks or sources. The second derivative de-
tects the edge, but not the outliers. Consequently, the outliers
will be diffused in their neighborhood. We assume a window
of and we apply diffusion repeatedly on the signal dis-
played in Fig. 2(a). The results produced by diffusing the signal
from (7) during several iterations are shown in Fig. 2(b). After
a certain number of iterations, the values of the diffused signal
in the outlierÕs neighborhood are stationary but they are always
biased with respect to the original signal.

Robust statistics operators, such as the median, have been
shown to improve the modelling capabilities when using
Gaussian functions on noisy data, particularly when outliers
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are present [3], [20]. In the proposed robust diffusion stage, the
median operator is applied onto the diffused outputs

(10)

where is the neighborhood centered at, denotes the
ranking of vectors, and is the rankedth diffused structural
vector. RobustiÞed diffusion kernels have been used to smooth
optical ßow from video sequences [33] and structural ßows rep-
resenting volumetric images [34]. Both marginal and vector me-
dian can be considered, each employing a different ranking cri-
terion. The marginal median calculates the median after con-
sidering the ranking separately along each dimension, while the
vector median orders the vectors according to the sum of their
Euclidean distances from each of them to all the other vectors
from the neighborhood. The two-step diffusion processing will
produce a properly smoothed vector Þeld obeying its underlying
ßow structure.

D. Stability Conditions in Optical Flow of Fluids

The diffusion is followed by advection, thus, ensuring a
simultaneously smoothed and advected estimate for the ßuid
movement. As explained in Section II, the self-advection term
represents the ability of the optical ßow vectors to move their
values from one position to another on a grid according to (3).
Under the conditions stated in Section III-A when applying
NavierÐStokes to image data we have to deÞne a series of
constraints. These constraints consist of the ßow initialization,
boundary conditions and the total ßow energy conservation.
Boundary conditions are represented by the margins of the
image, can be deÞned by non movable surfaces present in the
ßow or can be the result of image or motion segmentation
algorithms [3]. The physical boundary is represented by the
Von Newman condition which speciÞes the normal component
of the ßow at the boundary surface as

(11)

where represents the boundary andis its surface normal.
This means that only tangential velocities are allowed. In the
proposed methodology, the domain is marked with zero
values on the geometric grid representing the optical ßow
boundaries. The boundaries are reinforced at every stage of the
optical ßow computation in order to preserve the stability and
integrity of the numerical calculation. Since the proposed ßuid
optical ßow smoother incorporates both explicit and implicit
Þnite differencing schemes, the vector Þeld processing should
adhere to the stability criteria [8] under the conditions from
Section III-A.

The conservation of mass, as deÞned by (2), is applied in the
context of image sequences considering that requirements 2)
and 3) from Section III-A are fulÞlled. This means that the ßow
entering a speciÞc region should be equal to the ßow leaving
that region. We can observe that this condition characterizes in-
compressible ßuids and it can be applied in the context of im-
ages if we assume that the ßows perpendicular on the image

Fig. 3. Evaluation of� criterion when using a 5� 5 window, where the lo-
cation of each vector in the window is shown with a different marker according
to its corresponding set. The two sets from the Þrst neighborhood are indicated
by lines while the four sets of the second neighborhood are shown by triangles,
squares and circles, respectively.

surface sum up to zero, as speciÞed by the requirement 2) from
Section III-A.

After various processing stages, the vector Þeld may deviate
from the conditions required by the NavierÐStokes equations.
Computationally, the conservation of mass corresponds to en-
forcing data normalization. The conservation of mass is en-
forced after both the diffusion and advection stages by using
the HelmholtzÐHodge decomposition [25] of the velocity Þeld.
This decomposition consists of representing the optical ßow as
the sum of a mass preserving vector Þeld and a gradient vector
Þeld. According to the HelmholtzÐHodge decomposition, any
vector Þeld can be uniquely decomposed into

(12)

where has zero divergence and is a scalar Þeld.
If we apply the operator to (12) we obtain

(13)

This is the Poisson equation for the scalar Þeld, when the Neu-
mann boundary condition from (11) is fulÞlled. This condition is
applied on the vector Þelds and , representing the diffusion
and advection outputs, respectively, resulting in the normalized
vector Þelds of and , according to the scheme from Fig. 1.

The whole iterative process continues until the mean square
error (MSE) of the whole smoothed vector Þeld does not vary
by more than a predeÞned threshold from iteration to iteration.

IV. V ORTEX DETECTION IN SMOOTHED OPTICAL FLOWS

According to ßuid dynamics laws, a ßuid changes from lam-
inar to turbulent when viscosity is reduced. The motion of turbu-
lent ßows is characterized by speciÞc coherent pattern structures
such as vortices. Vortices in ßuid mechanics represent rotational
vectorial patterns of concentrated energy around a center, called
the vortex eye [27]Ð[29], [31]. The center is characterized by a
minimum in the pressure and by zero velocity. In the case of
turbulent air movements, such as storms, the vortex eye repre-
sents the storm center. The margins of vortices are character-
ized by shear motions sometimes diverging in different direc-
tions. Regions that are characterized by diverging motion ßows
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Fig. 4. Synthetic vector Þelds representing closed lid-driven cavity ßows. (a) Ground truth synthetic ßow. (b) Vector Þeld corrupted with noise� � ����.

form hyperbolicities representing saddle like areas in between
regions of high vorticity [28]. In the following, we assume that
the vectorial ßow representing ßuid motion has been smoothed
as explained in the previous section. The preservation of im-
portant motion discontinuities, such as vortices and hyperbolic-
ities, is ensured by the joint mechanism of the anisotropic dif-
fusion kernel and robust statistics. Consequently, the smoothed
vector Þelds can be segmented into regions of different topolog-
ical characteristics.

In the following, we describe how we can proceed to extract
salient patterns that are characteristic to turbulent ßows. De-
tecting and segmenting such vectorial structures is difÞcult due
to the complexity of the motion as well as to the presence of
noise in the data. Moreover, the criteria to be used should be
invariant to the reference coordinate system and should repre-
sent a monotonic measurement of the dominance of rotational
motion. Areas characterized by vorticity can be easily confused
with regions of high noise variance. The method described in
the previous sections provides a smooth ßow which is consistent
with the underlying motion in the image sequence. Major char-
acteristics of interest for turbulence patterns are their strength,
center, boundary, size and trajectory.

There are various ways to identify vortices in ßuid motion
but many of them are not objective. In the following, we rely on
studies performed in computational ßuid dynamics which de-
Þne a vortex as a set of ßuid trajectories along which the strain
acceleration tensor is indeÞnite over directions of zero strain.
This criterion identiÞes vortices as material tubes whose ele-
ments do not align with directions given by the strain eigenvec-
tors. It is very important to be able to detect regions of vorticity
for Galilean-invariant criteria [27], i.e., under afÞne coordinate
changes from frame to frame. The Galilean-invariant vortex de-
tection criteria use the velocity gradient decomposition [35]

(14)

where is the rate-of-strain tensor

(15)

and is the vorticity tensor

(16)

The -criterion deÞnes a vortex core as a region of space
where the vorticity is sufÞciently strong to cause the rate-of-
strain tensor to be dominated by the rotation tensor

(17)

where represents the Euclidean norm.
Another well-known Galilean-invariant criterion is thecri-

terion [32] which considers that the velocity gradient has com-
plex eigenvalues. The criterion is deÞned as

(18)

where is provided in (17). This criterion is invariant to coor-
dinate transforms. When we have regions of focus such
as those characterizing vortices.

The criteria deÞned previously for analyzing salient features
in ßuid optical ßows assume pointwise calculations. One as-
sumption considered when applying the previously shown cri-
teria is that vortex structures are smooth. In our approach, the
smoothness condition is ensured by the proposed methodology
employing the NavierÐStokes equations with a robust diffusion
kernel as described in the previous sections. Given the grid for
deÞning the vector Þeld localization, each criterion can be eval-
uated at a speciÞc location [27], [28]. However, in order to have
a reliable estimate we should use an integrating estimator which
combines several estimates from a speciÞc ßow region. In the
following, we assume that we calculate several valuesby
using (18) from sets of vectors symmetrically located at a dis-
tance from the vortex center. Due to the dependence of the
velocity on a distance from a center, in most motion discontinu-
ities, we propose to use an integrator in polar coordinates such
as

(19)
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Fig. 5. Smoothing of noisy artiÞcial vector Þeld. (a) SFSM (6 iterations). (b) Black (3 iterations). (c) Med-2DH (4 iterations). (d) MedH-SFS (5 iterations).

where is the area of integration which is deÞned by a speciÞc
distance from the center, and is a normalization constant. In
this representation, we consider circular areas of integration but
elliptical regions can be considered as well. Let us consider
the discretization of the ßow calculation on a grid and that the
area of integration is deÞned in the image by a running window.
In this window, we consider a setof four velocity vectors, sym-
metrically located at the extremes of a cross, window centered
which is used to calculate using (18). Each corresponds to
a symmetrical structure of a speciÞc orientation with component
vectors equi-distantly located at a certain distance from the pre-
sumed vortex center. In the case of a 55 vectors window we
consider all the vector sets resulted from rotating the 4-neigh-
borhood vector locations, with or depending whether
they are located at a distance of one or two intersite distances on
the grid from the vortex center. This will result in the calcula-
tion of six different measurement sets: two in the Þrst neighbor-
hood and four in the second order neighborhood of a presumed
vortex center. Consequently, locally evaluated valuesÕs are
performed according to (18). The measurement sets are shown
in Fig. 3 when aiming to estimate the vorticity at the center of
the window. The resulting criterion, for deciding the level of
vorticity by integrating the velocity values from the window is
denoted by and represents a sum of weighted from the
given neighborhood

(20)

where represents a weight corresponding to each of the 6
vector conÞguration characterizing a 55 vectors window. Let

us consider the distance between two consecutive sites on the
vector grid along and axes as equal to 1. The weights, repre-
sent the inßuence of each four-vector set onto the evaluation of
the vorticity, and are chosen as the inverses of the distance from
the center under study to each of the cross ends, representing
the radius of the circle which contains the locations of the four
vectors. For a 5 5 window, as shown in Fig. 3, the weights cor-
responding to each of the six conÞgurations are

(21)

Similarly, corresponding weights can be derived for vector con-
Þgurations corresponding to larger windows. A vortex is iden-
tiÞed when , while the boundaries of the vorticity area
are deÞned by . When using (20) we increase the con-
Þdence in evaluating the vorticity by considering integration on
a speciÞc area and by using the distance to the vortex center as
a weighting factor.

V. EXPERIMENTAL RESULTS

In the following we present the results when the proposed
methodology is evaluated on two artiÞcially generated vector
Þelds and on various image sequences. The Þrst synthetic
sequence is produced by the movement of air ßow generated
within a closed cavity. The synthetic ßow is created using the
vorticity-stream formulation of the NavierÐStokes equations
[8]. The air ßow within the cavity is modelled when the top
wall is moved with a constant velocity of 5 m/s following
a constant pressure of 2 bars acting in the upper-left corner
towards the right. In Fig. 4(a), we show the simulated vector
Þeld that visualizes the air ßow moving from left to right inside
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Fig. 6. HelmholtzÐHodge decomposition of a closed lid driven cavity laminar ßow after 1000 iterations.

the top area of a closed cavity according to the conditions
deÞned previously. This ßow was obtained after running the
NavierÐStokes equation for a thousand iterations. In order to
assess the smoothing capability of the proposed methodology,
we consider the corruption of the synthetic vector Þeld with
additive Gaussian noise. Fig. 4(b) shows the ßow degradation
after adding Gaussian noise with zero mean and variance

. The underlying motion of the ßow is barely recog-
nizable in this noisy vector Þeld. The results after smoothing
the noisy vector Þeld by using the modiÞed SFSM algorithm,
originally described in [26], after being adapted for usage on
vector Þelds as well as the Black algorithm [20], are shown in
Fig. 5(a) and (b), respectively. Fig. 5(c) shows the effects of
using the diffusion only framework, named shortly Med-2DH,
and described in [33], by applying (6) and (10) for smoothing
the noisy vector Þeld. The results provided by the robust hybrid
ßuid solver which is based upon the NavierÐStokes framework
while embedding the median of 2-D Hessian diffusion kernel
(MedH-SFS) algorithm, as described in Section III, are shown
in Fig. 5(d). The results from Fig. 5 are obtained at conver-
gence when the mean square error difference between vector
Þelds at two successive iterations is less than 0.01, while the
necessary number of iterations is provided in the parentheses
in the caption of each plot from Fig. 5. From these results, we
can observe that the vector Þeld smoothed and modelled by
SFSM is still noisy at convergence, while the noise has been
signiÞcantly reduced in the other smoothed vector Þelds. It can
be observed that MedH-SFS provides the best results and the
recovered ßow vortex can be easily identiÞed when compared
to the vector Þelds smoothed by using Black and Med-2DH
methods.

In the following, we illustrate how the HelmholtzÐHodge
decomposition works. The HelmholtzÐHodge decomposition,
which was outlined in Section III-D, calculated for the closed
cavity laminar ßow at the 1000th iteration is shown in Fig. 6.
The mass conserved incompressible ßow is obtained by
extracting the ßow gradient from the current vector Þeld. This
decomposition provides an exact solution by recovering the
swirling moving vector Þeld, represented by, which would
obey the mass conservation equation, as in (2). This vector Þeld
corresponds to the incompressible ßow shown in the middle

plot of Fig. 6. The third plot from Fig. 6 represents the deviation
of the actual optical ßow from that of the incompressible ßow.

The second artiÞcially generated data set represents a von
Karman vortex which was created using the Gerris method from
[36]. Fig. 7(a) depicts a snapshot of the simulated von Karman
vortex street which is modelled based upon the velocity-pres-
sure formulation of the NavierÐStokes. This snapshot shows a
vorticity map describing the turbulent wake behind the half-
cylinder and is taken at . The boundary conditions for
this simulation are represented as A, B, C, D, and G as shown
in Fig. 7(a). These conditions correspond to A:
while the gradient of all other physical quantities (pressure, vor-
ticity, etc) is zero; B, D, G: no-slip boundary condition as in (11)
and C: . The ground truth velocity Þeld corresponding
to the area cropped in Fig. 7(a) is shown in Fig. 7(b) and is
used for error estimation. Fig. 7(c) shows the von Karman mo-
tion ßow corrupted by additive Gaussian noise with variance
0.10. The noisy vector Þeld produced by the von Karman ßow is
smoothed using the Median of the Hessian Stable Fluid Solver
method (MedH-SFS) described in this study, SFS provided in
[24], [25] and described in Section II, SFSM algorithm from
[26] and the diffusion algorithm of TschumperlŽ and Deriche
(TD), described in [21]. From these results, we can observe that
the vector Þeld smoothed by SFSM is still noisy at convergence.
Fig. 8(a) and (b) represent the smoothed ßows obtained at con-
vergence using MedH-SFS and SFSM.

For evaluating the bias in the estimation of the local vector
orientation we consider the mean cosine error (MCE) between
the recovered smoothed ßow and the ground truth ßow. The
MCE is calculated as

(22)

where is the total number of vectors, is the ground truth,
and is the result achieved after smoothing the noisy vector
Þeld at location. The MCE is the normalized dot product be-
tween two vectors which provides the cosine of the angle be-
tween them, denoted as. The closer the MCE is to 1.0, the
more similar is the orientation of any pair of two corresponding
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Fig. 7. Representing von Karman ßows. (a) Von Karman vortex sheet. (b) Mo-
tion ßow extracted from the von Karman ßow. (c) Noisy von Karman ßow with
� � ����.

vectors to each other. The MCE results are provided in Fig. 10(a)
for the lid driven cavity ßow and in Fig. 10(b) for the Karman
ßow. The results from these plots include those provided by
SFSM described in [26], SFS from [24], [25] and described
in Section II, MedH-SFS representing the methodology pro-
posed in this study, Black algorithm [20], and when using the
robust diffusion only framework, named shortly Med-2DH as
described in [33], by applying (6) and (10) for smoothing the
noisy vector Þeld. It can be observed that SFS provides good
results for a vector Þeld corrupted with noise of small variance.
However, its performance deteriorates signiÞcantly when the
noise increases, because the corrupted vector Þeld departs sig-
niÞcantly from the NavierÐStokes underlying model. The robust
diffusion hybrid ßuid method MedH-SFS provides better results
than either SFS or SFSM in terms of MCE when considering ad-
ditive Gaussian noise as it can be observed from Fig. 10, which
indicates a better ßow trajectory. MedH-SFS is also better than
Black [20] and Med-2DH [33] anisotropic smoothers.

Another numerical measure consists of assessing the vortex
detection capability after smoothing the noisy ßows. The vor-
ticity detection error is calculated by using eitheror in
both the original and smoothed vector Þelds. The following de-
tection function, when using from (20), is deÞned as

for
otherwise

(23)

calculated for the vector from location, where denotes the
ground truth vector Þeld and represents the maximum

Fig. 8. Smoothing noisy von Karman ßows. (a) Smoothed noisy von Karman
ßow using MedH-SFS. (b) Smoothed noisy von Karman ßow using SFSM.

Fig. 9. Evaluating� and� after smoothing noisy von Karman ßows with
MedH-SFS. (a) Evaluation of�. (b) Evaluation of� .

vorticity value achieved for the ground truth vector Þeld when
using . The detection of a vortex is considered for a ratio
of at least 20% of the maximum vorticity in the ground truth
motion ßow. The vortex segmentation error is calculated as

(24)

where and are the index arrays of the orig-
inal and smoothed vector Þeld, respectively, corresponding to
vorticity and calculated according to the detection decision from
(23) while represents the number of vectors. This error mea-
sure represents the mis-detection of vorticity areas.
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Fig. 12. Smoothing optical ßows in ÒTornadoÓ image sequence. (a) Frame 341. (b) Initial BM optical ßow. (c) MedH-SFS smoothed ÒTornadoÓ ßow.

Fig. 13. Frames from Superstorm Andrea image sequence and their corresponding smoothed optical ßows. (a) Frame 5. (b) Smoothed ßow using MedH-SFS.
(c) Frame 12. (d) Smoothed ßow using MedH-SFS.

formation of the Superstorm Andrea.1 The data set consists
of 24 images, acquired at intervals of 30 minutes from each
other, covering a total period of 12 hours. Frames 5 and 12
from the Superstorm Andrea image sequence are shown in
Fig. 13(a) and (c), respectively, and display complex movement
of clouds above North America. The overlapping geodata in-
formation as well as the ßickering of lights inßuence negatively
the ability to extract a suitable optical ßow and signiÞcantly
increases the amount of noisy information. Another cause
which negatively affects the efÞciency of the proposed methods
is the presence of random bursts of clouds in the region under
observation. This is due to the fact that we actually observe a
3-D scene displaying complex motion by using a 2-D imaging
system which is not able to capture the vertical movements of
clouds. The smoothed optical ßows, corresponding to Frames
5 and 12, by Med-HSFS are shown in Fig. 13(b) and (d) when
considering a dense vector Þeld representation. Fig. 14(a) shows
the vorticity detection results when using after smoothing
the optical ßow, estimated from Frame 20, by using the Black

1The satellite image sequence of the Superstorm Andrea was obtained from
http://www.nrlmry.navy.mil/sat_products.html

algorithm, [20]. Fig. 14(b) and (c) identify the motion vorticity
characterizing the storm, by using the discriminantsand

from (18) and (20), respectively, both estimated from the
optical ßow smoothed by MedH-SFS. For calculating
we used 5 5 vector windows. Nine main concentrations of
vorticity energy are identiÞed on this map which are marked
with distinctive numbers. On the right side of the map, over
the Atlantic Ocean, we can observe a concentration of detected
vortices which represented the area of storm formation. It can
be observed from Fig. 14(c) that the weighted discriminant

from (20) provides compact and reliable regions when
compared to using from (18). From these results, we can
clearly observe the beneÞts of using a robust diffusion stage
integrated with NavierÐStokes equations that not only would
smooth the vector Þeld, but which also contributes towards
detecting vortices and other movement patterns characterizing
ßuid ßow.

VI. CONCLUSION

This paper introduces a new method based upon physics
principles for processing complex vector Þelds such as those
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Fig. 14. Finding vortices in the Superstorm Andrea sequence in frame 20 from Superstorm Andrea. (a) Vortex detection from the smoothed Andrea ßow using
BlackÕs algorithm based upon�. (b) Vortex detection after MedH-SFS smoothing using� criterion. (c) Vortex detection after MedH-SFS smoothing using�
criterion.

representing ßuid optical ßow. The vector Þelds are processed
by using NavierÐStokes equations following a set of stages
including: diffusion, advection and mass conservation. In this
study, we have considered the median of the local kernel outputs
in an explicit robust diffusion stage. The diffusion kernel, which
is Gaussian with the covariance matrix formed by the local
second order vector Þeld derivatives, ensures that smoothing
occurs along the structure of the motion Þeld preserving the
moving object boundaries as well as main ßow discontinuities
while reducing the impact of outliers. After modelling the
optical ßow by using the proposed joint computational ßuid
dynamics and robust diffusion methodology, we use a new
approach for identifying vorticity. Vortices are spatial regions
characterized by rotational movement where the Euclidean
norm of the vorticity tensor dominates that of the rate of the
tensor. Statistics of such estimates are considered by using
appropriate weighting for all the vector conÞgurations inside a
given window. The results of the proposed methodology can be
used for tracking ßuid ßow movement from image sequences.
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