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Abstract

In a variety of disciplines such as social sci-
ences, psychology, medicine and economics, the
recorded data are considered to be noisy mea-
surements of latent variables connected by some
causal structure. This corresponds to a fam-
ily of graphical models known as the structural
equation model with latent variables. While
linear non-Gaussian variants have been well-
studied, inference in nonparametric structural
equation models is still underdeveloped. We in-
troduce a sparse Gaussian process parameteriza-
tion that defines a non-linear structure connect-
ing latent variables, unlike common formulations
of Gaussian process latent variable models. The
sparse parameterization is given a full Bayesian
treatment without compromising Markov chain
Monte Carlo efficiency. We compare the stabil-
ity of the sampling procedure and the predictive
ability of the model against the current practice.
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tent space (with confidence regions) for ranking, clustgrin
and visualization; density estimation; missing data imaput
tion; and causal inference (Pearl, 2000; Spirtes et alQR00

This paper introduces a nonparametric formulation of
SEMs with hidden nodes, where functions connecting la-
tent variables are given a Gaussian process prior. An effi-
cient but flexible sparse formulation is adopted. To the best
of our knowledge, our contribution is the first full Gaussian
process treatment of SEMs with latent variables.

We assume that the model graphical structure is given.
Structural model selection with latent variables is a com-
plex topic which we will not pursue here: a detailed dis-
cussion of model selection is left as future work. As-
parouhov and Muthén (2009) and Silva et al. (2006) discuss
relevant issues. Our goal is to be able to generate poste-
rior distributions over parameters and latent variabldl wi
scalable sampling procedures with good mixing properties,
while being competitive against non-sparse Gaussian pro-
cess models.

In Section 2, we specify the likelihood function for our
structural equation models and its implications. In Sec-
tion 3, we elaborate on priors, Bayesian learning, and a
sparse variation of the basic model which is able to handle
larger datasets. Section 4 describes a Markov chain Monte

A cornerstone principle of many disciplines is that obser-Carlo (MCMC) procedure. Section 5 evaluates the useful-
vations are noisy measurements of hidden variables of inaess of the model and the stability of the sampler in a set of
terest. This is particularly prominent in fields such as so+eal-world SEM applications with comparisons to modern
cial sciences, psychology, marketing and medicine. Foalternatives. Finally, in Section 6 we discuss related work
instance, data can come in the form of social and eco-

nomical indicators, answers to questionnaires in a medical

exam or marketing survey, and instrument readings such a% THE MODEL: LIKELIHOOD

fMRI scans. Such indicators are treated as measures of la-

tent factors such as the latent ability levels of a subject irLet G be a given directed acyclic graph (DAG). For sim-
a psychological study, or the abstract level of democratiplicity, in this paper we assume that no observed variable
zation of a country. The literature on structural equationis a parent inG of any latent variable. Many SEM appli-
models (SEMs) (Bartholomew et al., 2008; Bollen, 1989)cations are of this type (Bollen, 1989; Silva et al., 2006),
approaches such problems with directed graphical modelgnd this will simplify our presentation. Likewise, we will
where each node in the graph is a noisy function of its partreat models for continuous variables only. Although aycli
ents. The goals of the analysis include typical application SEMs are also well-defined for the linear case (Bollen,
of latent variable models, such as projecting points in a [a1989), non-linear cyclic models are not trivial to define and
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Figure 1: (a) An example adapted from Palomo et al. (200%gntavariablel/ L corresponds to a scalar labeled as the
industrialization level of a countryPDL is the corresponding political democratization level. igatesYy, Ys, Y; are
indicators of industrialization (e.g., gross nationalgwot) whileYy, . . ., Y7 are indicators of democratization (e.g., expert
assessements of freedom of press). Each variable is adaruftits parents with a corresponding additive error ternfor
eachy;, and¢ for democratization levels. For instand@D L = f(IL)+ ¢ for some functiory(-). (b) Dependence among
latent variables is essential to obtain sparsity in the nm@ssent structure. Here we depict how the graphical depmde
structure would look like if we regressed the observed tdemon the independent latent variables of (a).

as such we will exclude them from this paper. much has been done on exploring nonparametric models
with dependent latent structure (a loosely related excep-
tion being dynamic systems, where filtering is the typical
application). Figure 1(b) illustrates how modeling can be
affected by discarding the structure among latents

Let X be our set of latent variables a’d € X be a partic-
ular latent variable. LeX p, be the set of parents f; in

G. The latent structure in our SEM is given by the follow-
ing generative model: if the parent setXf is not empty,

X; = fi(Xp,) + ¢, where¢; ~ N(0,v,) (1) 2.1 Identifiability Conditions

Latent variable models might be unidentifiable. In the con-
text of Bayesian inference, this is less of a theoreticaldss
than a computational one: unidentifiable models might lead
to poor mixing in MCMC, as discussed in Section 5. More-
over, in many applications, the latent embedding of the data
Themeasurement modeli.e., the model that describes the points is of interest itself, or the latent regression fioret
distribution of observation¥ given latent variables’, is  are relevant for causal inference purposes. In such appli-
as follows. For each’; € ) with parent seX p,, we have cations, an unidentifiable model is of limited interest. In

this Section, we show how to derive sufficient conditions

Y; = Ao + X, Aj + ¢, wheree; ~ N'(0,v,,) () foridentifiability.

N(m,v) is the Gaussian distribution with mean and
variancev. If X; has no parents (i.e., it is axogenous
latent variable, in SEM terminology), it is given a mixture
of Gaussians marginal

) Consider the case where a latent varialghas at least
Error terms{e; } are assumed to be mutually independenty, oo unique indicator¥; = {Yia, Yis, Yi,}, in the sense

and independent of all latent variablesth MoreoverA; 4t no element ig); has any other parent @ but X;. Itis

. . - N _ 7 nent
is a vector of linear coefficients; = [Aj1 ... Ajxp|I"- known thatin this case (Bollen, 1989) the parameters of the
Following SEM terminology, we say thaj; is anindicator  structural equations for each elemenpbfare identifiable

of the latent variables iX p, . (i.e., the linear coefficients and the error term variange) u

An example is shown in Figure 1(a). Following the nota- to a scale anql sign 01_‘ the latent variable. This can be re-
tion of Bollen (1989), squares represent observed vasableS0lved by setting the linear structural equation of (Sy)

and circles, latent variables. SEMs are graphical model¥® Yia = Xi + €. The distribution of the error terms
with an emphasis on sparse models where: 1. latent vari$ then identifiable. The distribution of; follows from a
ables are dependent according to a directed graph modél&convolution betvyeen _the opserveq distribution of an ele-
2. observed variables measure (i.e., are children of) ver{€nt ofY; and the identified distribution of the error term.

few latent variables. Although sparse latent variable mod- 2pn6ther consequence of modeling latent dependencies is re-

els have been the object of study in machine learning anducing the number of parameters of the model: a SEM with a lin-

statistics (e.g., Wood et al. (2006); Zou et al. (2006)), notear measurement model can be seen as a type of module network

- @ (Segal et al., 2005) where the observed children of a p&aticu
For simplicity of presentation, in this paper we adopt a fi- latent X; share the same nonlinearities propagated %m: in

nite mixture of Gaussians marginal for the exogenous vesab the context of Figure 1, each indicatsy € {Ya4,...,Y7} has a

However, introducing a Dirichlet process mixture of Gaassi  conditional expected value ofio + i1 f2(X1) for a given Xi:

marginal is conceptually straightforward. function f2(-) is shared among the indicators &t.



Identifiability of the joint of X can be resolved by mul- For eachkp,, the corresponding Gaussian process prior for

tivariate deconvolution under extra assumptions. For infunction values!:N = {fi(l), M Yis
stance, Masry (2003) describes one setup for the problemin
the context of kernel density estimation (with known joint £V | xEN ~ N(0,K;)

distribution of error terms, but unknown joint 9f). ) )
whereK; is a N x N kernel matrix (Rasmussen and

Assumptions for the identifiability of functiong(-), given W|II|ams 2006), as determmed b%N Each correspond-
the identifiability of the joint ofX’, have been discussed
in the literature of error-in-variables regression (Fad an ing 2, is given byf{*’ + (), as in Equation (1)
Truong, 1993; Carroll et al., 2004). Error-in-variables re MCMC can be used to sample from the posterior distri-
gression is a special case of our problem, wheyes ob- bution over latent variables and functions. However, each
served butX p, is not. However, since we havg, = sampling step in this model cost¥ N?), making sampling
X; + €, this is equivalent to a error-in-variables regres-very slow whenV is at the order of hundreds, and essen-
sionY;, = fi(Xp,) + €ia + Ci» Where the compound error tially undoable whenV is in the thousands. As an alter-
terme,,, + ¢; is still independent oX p, . native, we introduce a multilayered representation adapte
from the pseudo-inputs model of Snelson and Ghahramani
(2006). The goal is to reduce the sampling cost down to
O(M?N), M < N. M can be chosen according to the
available computational resources.

It can be shown that such identifiability conditions can be
exploited in order to identify causal directionality among
latent variables under additional assumptions, as disduss
by Hoyer et al. (2008a) for the fully observed chsa our
context, we focus on the implications of identifiabilty on

MCMC (Section 5). 3.2 Pseudo-inputs Review

We briefly review the pseudo-inputs model (Snelson and
3 THE MODEL: PRIORS Ghahramani, 2006) in our notation. As before, ¥t
represent thed’” data point for someX. For a set

Each f;(-) can be given a Gaussian process prior (RasX{ " = {xV,...,x™} with corresponding parent set
mussen and Williams, 2006). In this case, we call this clasX ;¥ = {X(l) 53{,”} and corresponding latent func-
of models the GPSEM-LV family, standing for Gaussian tlon valuesfl N, we define apseudo-inpuset XM =
Process Structural Equation Model with Latent Variables. Xz(-l)7 o XEM)} such that
Models without latent variables and measurement models
have been discussed by Friedman and Nachman (2000) £V xpN %M ~ N (Kinv K fi, Vi)

1

. . . ﬂ| o N(0, K ) 3

3.1 Gaussian Process Prior and Notation
Let X, be an arbitrary latent variable in the graph, with whereK; vy is a N x M matrix with eac(z)(y,k) _elg—
latent parentsXp,. We will use X(@ to represent the Ment given by the kernel fU”Ct'th(XP ,X;). Simi-
d*h X sampled from the distribution of random vecigy  larty, K M is a M x M matrix where elemen([j, k) is
and X? indexes itsi” component. For instancéigf) k:i(x7) %™ It is important to notice that each pseudo-

% ) i . S(d . . .
is the d'" sample of the parents of,. A training set of inputX (¥, d = 1,..., M, has the same dimensionality as
size N is represented aZ(V) ..., Z(M)}, whereZ is the ~ Xp,- The motivation for this is thaK; works as an alter-
set of all variables. Lower case represents fixed val- hative training set, with the original prior predictive nmsa
ues of latent variables, and'*N represents a whole set and variances being recoveredif = N andX; = Xp,.

1 N . .
(=M, xMY, Let k;.qns be thed row of K, ny. Matrix V; is
— a diagonal matrix with entry;. iven by v;. =

3Notice that if the distribution of the error terms is non- (? ) T . Wisdd .g. ] Y Visdd
Gaussian, identification is easier: we only need two uniqdé i ki (Xp . xp, ) — K. an K arkian . This implies that all la-
catorsY;, andYis: sincee;q, ¢;3 and X; are mutually indepen-  1ant function values £ (N1 are conditionally in-
dent, identification follows from known results derived hetlit- dependent $i i) y
erature of overcomplete independent component analysige(H P )
et al., 2008b).

“To see how the Gaussian process networks of Friedman an8.3 Pseudo-inputs: A Fully Bayesian Formulation
Nachman (2000) are a special case of GPSEM-LV, imagine a
model where each latent variable is measured without €ft@t ~ The density function implied by (3) replaces the stan-
is, eachX; has at least one observed chiidsuch thats = Xi. — garq Gaussian process prior. In the context of Snelson

The measurement model is still linear, but each structugahe . . .
tion among latent variables can be equivalently writteneimits and Ghahramani (2006), input and output variables are

of the observed variables: i.6¥; = f;(Xp,) + ¢ is equivalent observed, and as such Snelson and Ghahramani optimize
toY; = f;(Yp,) + &, as in Friedman and Nachman. %M by maximizing the marginal likelihood of the model.



This is practical but sometimes prone to overfitting, since4 INFERENCE

pseudo-inputs are in fact free parameters, and the pseudo-

inputs model is best seen as a variation of the Gaussian preve use a Metropolis-Hastings scheme to sample from our
cess prior rather than an approximation to it (Titsias, 2009 space of latent variables and parameters. Similarly to &ibb

sampling, we sample blocks of random variables while

pseudo-inputs since the inputs themselves are random vagonditioning on the remaining variables. When the corre-
ables. For instance, we show in the next section that th§P°nding conditional distributions are canonical, we sam-
cost of sampling pseudo-inputs is no greater than the codle directly from them. Otherwise, we use mostly standard

of sampling latent variables, while avoiding cumbersome@ndom walk proposals.

optimization techniques to choose pseudo-input values. InConditioned on the latent variables, sampling the parame-
stead we put a prior on the pseudo-inputs and extend thers of the measurement model is identical to the case of
sampling procedure. By conditioning on the data, a goodlassical Bayesian linear regression. We omit the expres-
placement for the pseudo-inputs can be learned, Sige  sions for simplicity. The same can be said of the sampling
and}_(z(.d) are dependent in the posterior. Moreover, it natu-scheme for the posterior variances of egctSampling the
rally provides a protection against overfitting. mixture distribution parameters for the exogenous vagsbl

is also identical to the standard Bayesian case of Gaussian
mixture models, and also omitted.

In our setup, there is limited motivation to optimize the

A simple choice of priors for pseudo-inputs is as fol-
lows: each pseudo-inpdtgd), d =1,...,M, is given
aN(ud,x¢) prior, independent of all other random vari- We describe the remaining stages of the sampler for the
ables. A partially informative (empirical) prior can be eas sparse model. The sampler for the model with full Gaus-
ily defined in the case where, for eadh,, we have the Sian process priors is simpler and analogous.

freedom of choosing a particular indicatiy with fixed

structural equatiolr; = Xy, + ¢, (see Section 2.1), imply- 4.1 Sampling Latent Functions

ing E[X] = E[Y,]. This means ifX}, is a parentX;, we

set the respective entry jif’ (recall ;¢ is a vector with an  In principle, one can analytically marginalize the pseudo-
entry for every parent aX;) to the empirical mean of,. functionsf!**. However, keeping an explicit sample of
Each prior covariance matrix¢ is set to be diagonal with  the pseudo-functions is advantageous when sampling la-
a common variance. tent variablesX”, d = 1,..., N: for each childX, of

Alternatively, we would like to spread the pseudo-inputs a).(i' only the corresponding factor for the conditional den-

g . . : (d) ;
priori: other things being equal, pseudo-inputs that ace to Sity of - needs to be computed (at’ M) cost), since
close to each can be wasteful given their limited numberfunction values are independent given latent parents and

imental design literature (Santner et al., 2003), is observed case of Snelson and Ghahramani (2006), who do

marginalize the pseudo-functions.

p(XEM) x det(D;) Pseudo-functions and functiorg;*"', £/} are jointly

Gaussian given all other random variables and data. The
conditional distribution off}:* given everything, except
itself and {fi(l), . .,fi(N)}, is Gaussian with covariance
matrix

the determinant of a kernel matrl?;. We use a squared
exponential covariance function with characteristic kng
scale of 0.1 (Rasmussen and Williams, 2006), and a
“nugget” constant that adds)—* to each diagonal term. g _ (qc—1 1 1T -1 _ —1\-1
This prior has support over[a- L, L] *7:| hypercube. We Si = (Kot KinrKinar (Vi 41 ve ) KanarK )
setL to be three times the largest standard deviation of obyhere v, is defined in Section 3.2 anHlis a M x M
served variables in the training data. This is the pseUdOrdentity matrix. The total cost of computing this matrix

input prior we adopt in our experiments, where we centefis (N /2 + M3) = O(NM?). The corresponding mean
all observed variables at their empirical means. is

Si x KinKina (Vi + L ve )xi
3.4 Other Priors wherex!*V is a column vector of lengthV.

We adopt standard priors for the parametric components dPVen thatf** is sampled according to this multivariate
this model: independent Gaussians for each coefficignt ~ Gaussian, we can now samﬁlg(l), SRR fi(N)} in parallel,
inverse gamma priors for the variances of the error termsince this becomes a mutually independent set with univari-
and a Dirichlet prior for the distribution of the mixture in- ate Gaussian marginals. The conditional variancﬁ(‘@fis
dicators of the exogenous variables. v, =1/(1/vi;qa+ 1/ve,), Wherev;.qq is defined in Section



3.2. The corresponding meamjgs(fﬁd)/vi;dd + x§d>/%), given the remaining variables. We propose each new la-

wherefl(td) = ki;dMK;]{ﬁi. tent variable valuagd)/ in parallel, and accept or reject it

. ... . based on a Gaussian random walk proposal centered at the
In Section 5, we also sample from the posterior distribution

(d) - "

of the hyperparametef3; of the kernel function used by current value:c(fi)/. We a(zdc)e Pt the mOYe W_Ith probability

K. andK;. ). Plain Metropolis-Hastings is used to min {1, hx (2, )/hx, (z; )} where, if X; is not an ex-

sample these hyperparameters, using an uniform proposafienous variable in the graph,

in [@®;, (1/a)0;]for0 < a < 1. ,
hx, (@) = e~ @1/

K2

d) | ¢ = d
4.2 Sampling Pseudo-inputs and Latent Variables x chexci P(fc( ) | fe, %e, 555 ))

xy.eve, PO 1 %5)
We sample each pseudo-inp:aid) one at a timed = ce¥es ¢
1.2, M. Recall thatx'? is a vector. with as many whereX, is the set of latent children of; in the graph,

entries as the number of parentsf. In our implementa- @ndY¢; is the corresponding set of observed children.
tion, we propose all entries of the ne‘aéfl)l simultaneously  The conditionap(f{? | f.,%.,z\”), which follows from

’ 3
using a Gaussian random walk proposal centerex 4t (3), is a non-linear function of!”, but crucially does not
with the same variance in each dimension and no correladepend on any(.') variable except point. The evaluation
i .

tion structure. For problems where the number of parentgs inis factor cost€?(M?). As such, sampling all latent
of X; is larger than in our examples (i.e., four or more par- 51,es forx. takesO(N M?)

ents), other proposals might be justified.

Ad) — (d) - . @ The case wherg; is an exogenous variable is analogous,
Let @,/ (x; ) be the conditional prior fok;”" given  given that we also sample the mixture component indica-
)‘cl(.\d), where(\d) ={1,2,...,d—1,d+1,...,M}. Given tors of such variables.
(

a proposed:id),, we accept the new value with probability
min { 1,4, /1:(x(") } where 5 EXPERIMENTS
li(il('d)) — ﬁg\d) (igd),) % p(ﬁ(d) | fi(\d),ii) In this_ evaluation_Secti(f’n we briefly illustrate t_h_e algo-
N 1/2 (FD KL D (205aa) rithm in a synthetic study, followed by an empirical eval-
[li= Vizad © ’ uation on how identifiability matters in order to obtain an

interpretable distribution of latent variables. We endthi
section with a study comparing the performance our model
in predictive tasks against common alternatives

andp(F¥ | £ x,) is the conditional density that fol-
lows from Equation (3). Row vectd;.qas is thed!” row
of matrix K;.xa7. Fast submatrix updates di(z‘]b and

KZ-;NMK;I{{ are required in order to calculatg-) at a . .

O(N M) cost, which can be done by standard Cholesky up-5'1 An lllustrative Synthetic Study
dates (Seeger, 2004). The total cost is therefd(®& M/*)  \ye generated data from a model of two latent variables
for a full sweep over all pseudo-inputs. (X1, X5) where Xy, = 4X2 4+ (o, V; = Xy + ¢ for

. . =(d) | s(\d) _ \ : —_———
The conditional densnw(fi( : | fi(\ )7 x;) is known to be SMATLAB code to run all of our experiments is available at
sharply peaked for moderate sizesdf (at the order of http://ww. honepages. ucl . ac. uk/ ~ucgt r bd/ .
hundreds) (Titsias et al., 2009), which may cause mixing °Some implementation details: we used the squared expo-

. o . i 5 _ 2
problems for the Markov chain. One way to mitigate this ”ef‘i'al kernel functionk(x,, x,) = anp(_2_1b|>_<p = Xq|") +
effect is to also propose a vallf_éd)/ jointly with x(?’ 10705, Whered,q = 1isp = g and 0 otherwise. The hyper-
prop 2R, y i prior for a is a mixture of a gammél, 20) and a gamm&10, 10)

which is possible at no additional cost. We propose theyjth equal probability each. The same (independent) psor i
pseudo-function using the conditioryaa(lﬁ(d) | f‘i(\d),gi)_ given tob. Variance parameters were given inverse gamma (2,
The Metropolis-Hastings acceptance probability for thisl) priors, and the linear coefficients were given Gaussiéorpr

- ) S i 0/-(d) @) with a common large variance of 5. Exogenous latent varg&able
variation is then simplified tenin {L L&)/ L(x; )} were modeled as a mixture of five Gaussians where the mixture
where distribution is given a Dirichlet prior with parameter 10n&ily,

, for each latentX; variable we choose one of its indicatdfsand
PPy = 70D fix the corresponding edge coefficient to 1 and intercept to 0 t
_ ICO IR —1 42 , make the model identifiable. We perfor20, 000 MCMC iter-
N 1/2 (f1 k?r;dIWKi-Mfl) /(2"71;dd) . ) . . . . .
x d=1Ydd ¢ : ations with a burn-in period 02000 (only 6000 iterations with

1000 of burn-in for the non-sparse GPSEM-LV due to its high

Finall ider th I for latent 'bJ’é&d) = computational cost). Small variations in the priors forflioents
Inally, consiaerthe proposalioriatent variaies *. For (using a variance af0) and variance parameters (using an inverse

each |atentlvaria§|9(i, thejget of latent variable instan- gamma(2, 2)), and a mixture of 3 Gaussians instead of 5, were
tiations {Xf ), Xi( ), e in( )} is mutually independent attempted with no significant differences between models.



1 =1,2,3andY; = X, +¢;, fori = 4,5,6. X; and all  inference algorithm.
error te_rms follow _standard Gaussians. Given a samp_le O,&n evaluation of the MCMC procedure is done by running
150 points from this model, we set the structural equations . . : .

) . and comparing 5 independent chains, each starting from a
for Y1 andY, to have a zero intercept and unit slope for

it urposes Observed tata ragansty s 071" PO, FOIOAgec (00T we e coner
shown in Figure 2(a), which suggests a noisy quadratic re\%Jvhich comgares the variability of a given mar ina’I 0s- ,
lationship (plotted in 2(b), but unknown to the model). We P Y 9 9 P

run a GPSEM-LV model with 50 pseudo-inputs. The oy Lerior \_N|th|n_ea_lch chain and bet_vveen chains. We calcu-
) @) (d) late this statistic for all latent variablgsXy, X, X3, X4}
pected posterior value of each latent pigif, ™, X, } for

) - , across all 333 data points.
d=1,...,150 is plotted in Figure 2(c). Itis clear that we _ _ _ .
were able to reproduce the original non-linear functional® comparison is done againsta variant of the model where
relationship given noisy data using a pseudo-inputs modethe measurement model ot sparse: instead, each ob-

served variable has all latent variables as parents, and no

For_ comparison, the output of the Gaussian process l,ater&)efficients are fixed. The differences are noticeable and
variable model (GPLVM, Lawrence, 2005) with two hid- illustrated in Figure 3. Box-plots of EPSR for the 4 latent

den variables is shown in Figure 2(d). GPLVM here as-,iaples are shown in Figure 4. It is difficult to interpret

sumes that the marginal distribution of each latent vaﬂ_eiabl or trust an embedding that is strongly dependent on the ini-
is a standard Gaussian, but the measurement model is NOfsji, ation procedure, as it is the case for the unidentiéiab

pargmetric. In theory, G.PLVM is as flgx.ible as GPSEM_' model. As discussed by Palomo et al. (2007), identifiability
LV in terms of repre;entlng Ot?se”"?d joints. However, 't,might not be a fundamental issue for Bayesian inference,
does not learn functional relationships among latent variy i is an important practical issue in SEMs.

ables, which is often of central interestin SEM applicagion

(Bollen, 1989). Moreover, since no marginal dependence EPSR distribution, consumer data
among latent variables is allowed, the model adapts itself -
to find (unidentifiable) functional relationships betwekea t 3 w
exogenous latent variables of the true model and the ob- s E
servables, analogous to the case illustrated by Figure 1(b) ]
As a result, despite GPLVM being able to depict, as ex-
pected, some quadratic relationship (up to a rotation, it i Q :

EPSR, 333 points

noisier than the one given by GPSEM-LV.

5.2 MCMC and Identifiability !

We now explore the effect of enforcing identifiability con-

straints on the MCM(_: procedgre. We consider_the datasei{“igure 4: Boxplots for the EPSR distribution across each of
Consumer, a study with 333 unlvers_lty studentsin Greece ¢ 333 datapoints of each latent variable. Boxes represent
(Bartholomew etal., 2008). Th? am of the study was ©the distribution for the non-sparse model. A value less than
identify the factors that affect willingness to pay more t0 1 1 j5 considered acceptable evidence of convergence (Lee,

consume environmentally friendly products. We selected2007), but this essentially never happens. For the sparse
16 indicators of environmental beliefs and attitudes, mea-.

X X X et ““model, all EPSR statistics were under 1.03.
suring a total of 4 hidden variables. For simplicity, we will
call these variableXy, ..., X4. The structure among la-

tents isX; — Xo, X3 — X3, Xo — X3, Xo — Xy. Full 53 Predictive Verification of the Sparse Model
details are given by Bartholomew et al. (2008).
. . . We evaluate how well the sparse GPSEM-LV model
All observed variables have a single latent parentin the cor ) :
performs compared against two parametric SEMs and

responding DAG. As discussed in Section 2.1, the correl . . )
sponding measurement model is identifiable by fixing theGPLVM' Thelinear S"P“““’?" equatlon mgdel is the SEM
where each latent variable is given by a linear combination

structural equation for one indicator of each variable toOf its parents with additive Gaussian noise. Latent vaeisbl
have a zero intercept and unit slope (Bartholomew et al., P '

2008). If the assumptions described in the references o 't:IOlIJt parentg;gz&w&y _thel samet rr:_lxtur_? of (jalifssmns
Section 2.1 hold, then the latent functions are also identifj 100" &s our "LV implementation. Thaadratic

able. We normalized the dataset before running the MCMCandel. mcIudgs all quadratic and linear terms, .plus first-
order interactions, among the parents of any given latent

"There was one latent variable marginally independent of ev-Var'able' This is perhaps the most common non-linear SEM

erything else. We eliminated it and its two indicators, aime  USed in practice (Bollen and Paxton, 1998; Lee, 2007).
the REC latent variable that had only 1 indicator. GPLVM is fit with 50 active points and thebf kernelwith
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Figure 2: (a) Plot of observed variablEsandY, generated by adding standard Gaussian noise to two latéables X
andX,, whereX, = 4X?2 + (5, (, also a standard Gaussian. 150 data points were generat@lot(bf the corresponding
latent variables, which are not recorded in the data. (c) ddsterior expected values of the 150 latent variable pairs
according to GPSEM-LV. (d) The posterior modes of the 15@smicording to GPLVM.
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Figure 3: An illustration of the behavior of independentiaisdor X{'” and X {**” using two models for th€onsumer
data: the original (sparse) model (Bartholomew et al., 2088 (unidentifiable) alternative where the each observed
variable is an indicator of all latent variables. In the writfiable model, there is no clear pattern across the inhigre
chains. Our model is robust to initialization, while thesaftative unidentifiable approach cannot be easily intézdre

automatic relevance determination (Lawrence, 2005). EacBostorf. The corresponding 11 non-binary observed vari-
ables that are associated with the given latent concepts are
used as indicators. The “Neighborhood” concept was re-
fined into two, “Neighborhood I” and “Neighborhood II”
due to the fact that three of its original indicators have
very similar (and highly skewed) marginal distributions,
which were very dissimilar from the othérsThe structure
The second is thAbalone data (Asuncion and Newman, among latent variables is given by a fully connected net-
2007), where we postulate two latent variables, “Size” andvork directed according to the ordAccessibility, Struc-
“Weight.” Sizehas as indicators the length, diameter andtural, Neighborhood II, Neighborhood.l Harrison and
Rubinfeld (1978) provide full details on the meaning of the
cators the four weight variables. We direct the relatiopshi indicators. We note that it is well known that thous-

sparse GPSEM model us&& pseudo-points.

We performed a 5-fold cross-validation study where the av-,
erage predictive log-likelihood on the respective test &et
reported. Three datasets are used. The first iCine-
sumer dataset, described in the previous section.

height of each abalone specimen, wiWeighthas as indi-

among latent variables @&ize — Weight.

The third is theHousing dataset (Asuncion and Newman,
2007; Harrison and Rubinfeld, 1978), which includes in-

vant for the housing market. Following the original study

ing to an index of neighborhood attractiveness; and “Acces:
sibility,” corresponding to an index of accessibility with

8The analysis by (Harrison and Rubinfeld, 1978, Table 1V)
also included a fourth latent concept of “Air pollution,” wh we

removed due to the absence of one of its indicators in the elec
dicators about features of suburbs in Boston that are relggynic data file that is available.

| J %The final set of indicators, using the nomenclature of the
(Harrison and Rubinfeld, 1978, Table V), we postulate UCI repository documentation file, is as follows: “Struetlihas
three latent variables: “Structural,” corresponding te th as indicatorsRM and AGE; “Neighborhood I” has as indica-

structure of each residence; “Neighborhood,” correspondtors CRIM, ZN and B; “Neighborhood II” has as indicators
INDUS, TAX, PTRATIO andLST AT "Accessibility” has

asindicatord)I.S andRAD. See (Asuncion and Newman, 2007)
for detailed information about these indicators. Follagviarri-
son and Rubinfield, we log-transformed some of the variables
INDUS, DIS, RAD andT AX.



ing dataset poses stability problems to density estimatiofieve that with larger sample sizes and denser latent struc-
due to discontinuities in the variableA D, one of the indi-  tures the non-sparse model should be the best, large sample
cators of accessibility (Friedman and Nachman, 2000). Irsizes are too expensive to process and, in many SEM appli-
order to get more stable results, we use a subset of the datations, latent variables have very few parents.

(374 points) wherét AD < 24. It is also important to emphasize that the wallclock sam-

The need for non-linear SEMs is well-illustrated by Figure pling time for the non-sparse model was an order of mag-
5, where fantasy samples of latent variables are generatedtude larger than the sparse case with = 50. The

from the predictive distributions of two models. sparse pseudo-inputs model was faster even considering
that 3000 training points were used by the sparse model
\ Abalone: Predictive Latent Variables . Housing: Predictive Latent Variables in the Abalone experiment, against 300 points by the non-

X 2 o sparse alternative.

o 6 RELATED WORK

Weight
Neighborhood |

Non-linear factor analysis has been studied for decades in
the psychometrics literatud® A review is provided by
Yalcin and Amemiya (2001). However, most of the clas-

sic work is based on simple parametric models. A modern

Figure 5:. S_cattgrpl_ots .Of 2000 fantasy samples taken fronApproach based on Gaussian processes is the Gaussian pro-
the predictive distributions of sparse GPSEM-LV models.CeSS latent variable model of Lawrence (2005). By con-

In contrast, GPLVM would generate spherical Gauss'ans‘struction, factor analysis cannot be used in applications
where one is interested in learning functions relatingnate
We also evaluate how the non-sparse GPSEM-LV behaveg,iaples, such as in causal inference. For embedding, fac-
compared to the_ sparse alternative. NOt'Ce that V\lbd(_a-_ tor analysis is easier to use and more robust to model mis-
sumer andHousing have each approximately 300 training gpecification than SEM analysis. Conversely, it does not
pointsin each cross-validation foldbalonehas over 3000  ponefit from well-specified structures and might be harder

points. For the non-sparse GPSEM, we subsampled all qf; jnterpret. Bollen (1989) discusses the interplay betwee
Abalone training folds down to 300 samples. factor analysis and SEM. Practical non-linear structural

Results are presented in Table 1. Each dataset was cheduation models are discussed by Lee (2007), but none of
sen to represent a particular type of problem. The data iguch approaches rely on nonparametric methods. Gaussian
Consumeris highly linear. In particular, it is important to processes latent structures appear mostly in the context of
point out that the GPSEM-LV model is able to behave as glynamical systems (e.g., Ko and Fox (2009)). However, the
standard structural equation model if necessary, while th€onnection is typically among data points only, not among
quadratic polynomial model shows some overfitting. Thevariables within a data point, where on-line filtering is the
Abalone study is known for having clear functional rela- target application.

tionships among variables, as also discussed by Friedman

and Nachman (2000). In this case, there is a substantial dif  cONCLUSION

ference between the non-linear models and the linear one,

although GPLVM seems suboptimal in this scenario Wherel.

. : : The goal of graphical modeling is to exploit the structure
observed variables can be easily clustered into groups. FBf real-world problems, but the latent structure is often ig
nally, functional relationships among variabledHousing '

nored. We introduced a new nonparametric approach for

are not as clear (Friedman and Nachman, 2000), with mu"SEMs by extending a sparse Gaussian process prior as a

timodal residuals. GPSEM still shows an advantage buF -
X ’ lly B dure. Although tandard MCMC
all SEMs are suboptimal compared to GPLVM. One ex- uty Dayesian procecure ougn a stancar

S i ; algorithm worked reasonably well, it is possible as future
planation is that the DAG on Wh|_ch the models rely is not, ork to study ways of improving mixing times. This can
adequate. Structure Iearnm_g might be necessary to malﬁee particularly relevant in extensions to ordinal variable
the most out of nonparametric SEMs. where the sampling of thresholds will likely make mixing
Although results suggest that the sparse model behavetiore difficult. Since the bottleneck of the procedure is the
better that the non-sparse one (which was true of somgeampling of the pseudo-inputs, one might consider a hy-
cases found by Snelson and Ghahramani, 2006, due to hdwid approach where a subset of the pseudo-inputs is fixed
eroscedasticity effects), such results should be integgre —-———— .
with care.Abalone had to be subsampled in the non-sparse__ Another instance of the “whatever you do, some-

ST . . ody in psychometrics already did it long before” law:
case. Mixing is harder in the non-sparse model since a‘:i}wjttp://www.stat.(:olumbia.edfellcook/movabIetype/archives/
datapoints{Xi(l), . ,Xi(N)} are dependent. While we be- 2009/01/alongstanding.html|

=Y 5 EY o T
Size Accessibility



Table 1: Average predictive log-likelihood in a 5-fold csegalidation setup. The five methods are the GPSEM-LV model
with 50 pseudo-inputs (GPS), GPSEM-LV with standard Gaumsprocess priors (GP), the linear and quadratic structural
equation models (LIN and QDR) and the Gaussian process lagable model (GPL) of Lawrence (2005), a nonparamet-
ric factor analysis model. F&balone, GP uses a subsample of the training data. The p-values lgvapaired Wilcoxon
signed-rank test, measuring the significance of positifferginces between sparse GPSEM-LV and the quadratic model,
are 0.03 (folcConsumet), 0.34 Abalone) and 0.09 Housing).

Consumer Abalone Housing
GPS GP LIN QDR GPL GPS GP LIN QDR GPL | GPS GP LIN QDR GPL
Fold1 | -20.66 -21.17 | -20.67 -21.20 -22.11 -1.96 -2.08 | -2.75 -2.00 -3.04| -13.92 -14.10 | -14.46 -14.11 -11.94
Fold2 | -21.03 -21.15 | -21.06 -21.08 -22.23 -1.90 -2.97 | -2.52 -1.92 -3.41] -15.07 -17.70 | -16.20 -15.12 -12.98
Fold 3 | -20.86 -20.88 | -20.84 -20.90 -22.33 -1.91 -5.50 | -2.54 -1.93 -3.65| -13.66 -15.75 | -14.86 -14.69 -12.58
Fold4 | -20.79 -21.09 | -20.78 -20.93 -22.03 -1.77 -2.96 | -2.30 -1.80 -3.40| -13.30 -15.98 | -14.05 -13.90 -12.84
Fold5 | -21.26 -21.76 | -21.27 -21.75 -22.72 -3.85 -4.56 | -4.67 -3.84 -4.80| -13.80 -14.46 | -14.67 -13.71 -11.87

and determined prior to sampling using a cheap heurisd. Ko and D. Fox. GP-BayesFilters: Bayesian filtering using
tic. New ways of deciding pseudo-input locations based Gaussian process prediction and observation modedsi-
on a given measurement model will be required. Evalua- tonomous Robot2009.

tion with larger datasets (at least a few hundred variableg)- D. l'-aWreUt(;]eé Probabilistic noln-t“netar PriBICipa' SOEBDF
remains an open problem. Finally, finding ways of deter- ﬁ?ﬁﬁﬁixﬁ Lea?rlei?%ageiggrisﬁs:lgsesn—lvgig 2%6”5‘? elna
mining the graphical structure is also a promising area of

research. S.-Y._ Lee. Structural Equation Modeling: a Bayesian Approach
Wiley, 2007.
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