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Abstract

It is a well-known result of estimation theory that biasetineators can outperform unbiased ones in
terms of expected quadratic error. In steady-state, maaptae filtering algorithms offer an unbiased
estimation of both the reference signal and the unknown parameter vector. In this correspondence,
we propose a simple yet effective scheme for adaptivelyirmathe weights of adaptive filters using an
output multiplicative factor. We give theoretical resutigat show that the proposed configuration is able
to provide a convenient biass variance tradeoff, leading to reductions in the filter megnare error,
especially in situations with a low signal-to-noise rat®NR). After reinterpreting the biased estimator
as the combination of the original filter and a filter with ctamg output equal to 0, we propose practical
schemes to adaptively adjust the multiplicative factop&iments are carried out for the normalized least-
mean-squares (NLMS) adaptive filter, improving its meanasg performance in stationary situations and

during the convergence phase.

Index Terms

Adaptive filters, biased estimation, bias-variance tréfideombination filters

I. INTRODUCTION

Adaptive filters are nowadays widely used in many signal msiog applications, such as system

identification or channel equalization, among many othaus, td their ability to track changing systems.
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Among the many existing algorithms for adaptive filtering,timis correspondence we consider those
which try to predict the value of a reference signal, sucheasttmean-squares (LMS), normalized LMS
(NLMS), recursive least-squares (RLS), or those based on affojeqgtions (AP).

No matter how sophisticated adaptive filtering algorithmsdoee, they are always subject to a com-
promise regarding their speed of convergence and steatly+sisadjustment. Using energy conservation
arguments [1], it is possible to derive expressions for thady-state error of many of the most widely-
used schemes. It is also well-known that, under some mildnaggons, most adaptive filtering algorithms
converge in the mean, i.e., they provide an asymptoticaibiased estimation of both the reference signal
and the true unknown parameter vector [1].

In this correspondence, we propose to reduce the steady+stan-square error (MSE) of adaptive
filters by biasing their weights towards zero. In this way, gan is obtained by exploiting a bias
variance tradeoff, as it is customary to do in the estimatiwory literature (see e.g., [2], [3]). Although
more sophisticated approaches are possible and can pdifemqiovide larger error reductions, here
we will illustrate the idea with one of the simplest schemeg could think of: We will introduce a
multiplicative factor in the range 0 to 1 at the output of tliagtive filter. This setup has been previously
studied in the estimation framework [3], and the main ctwitibn of this correspondence is the extension
of this idea to the adaptive filtering context. A performanoalgsis of the proposed configuration will
show that it can significantly reduce the error of the origifilér, especially in low signal-to-noise ratio
(SNR) scenarios. Therefore, the proposed scheme will offeromed robustness to the frequent situations
in which the SNR is not known or changes over time.

By reinterpreting the proposed configuration as the adagiebination of the original filter and a
filter with constant output equal to zero, we can use sevegarig#hms currently available in the literature
for adaptive filter combination [4]-[9] to adapt the outputltiplicative factor. Experiments are carried
out to illustrate the validity of the idea, and how it can bediso improve the MSE of adaptive filters
for a wide range of signal-to-noise ratios (SNRs) and adiapiapeeds of the original filters.

The methods used in this paper are related to the implementatiadaptive amplitudes in the neural
networks context [10], [11]. However, the motivation behitnem is rather different. Whereas adaptive
amplitudes in neural networks are introduced to facilitdte exploration of the error surface and to
accelerate the training phase, the methods in this papemenas a natural way to adaptively bias the
weight estimation of adaptive filters, thus reducing their MSE.

The rest of the correspondence is organized as follows: Naption introduces the configuration for

biasing adaptive filters, and Section Ill carries out its sgestdte analysis. Then, we present in Section
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Fig. 1. Block diagram for the proposed configuration of adaptive fikth bias.

IV some realizable schemes for adaptively adjusting theevalf the multiplicative factor. Experimental
evidence on the effectiveness of the biased configurationvisngn Section V. Finally, Section VI

summarizes the main conclusions of this work and discuss®e dines for further research.

[I. ADAPTIVE FILTERS WITH BIASED ESTIMATIONS

In this section we propose a configuration to bias the weighéslaptive filters. For general transversal

schemes, we shall assume the following adaptation rule:
w(n+1) = flw(n),u(n),d(n),q(n)], 1

wherew(n) are the filter weights at iteratiom, u(n) stands for the input regressdi) is the reference
signal,q(n) is a state vector, anid:| refers to the function which characterizes each particadptation
algorithm. Let us also define the output and error of the filtery@s) = w’ (n)u(n) and e(n) =
d(n) — y(n), respectively, where superscriptdenotes vector transposition.

Consider now the configuration of Fig. 1, in which the outputhad filter is multiplied by a constant
a € [0, 1] to produce a modified estimator of the reference signaly) = « y(n). The resulting scheme
can be considered as a new filter with weights(n) = aw(n) and output erroe, (n) = d(n) — yo(n).

The introduction of the multiplicative factor sets a tradeefjarding the bias and the variance of the
filter weight error. To see this, let us denote the weight sradithe unbiased and proposed configurations
by w(n) = wo—w(n) andw,(n) = wo—wq(n), respectivelyw, being the optimal stationary solution
(the Wiener solution) [1]. The Mean Square Deviation (MSD) @& ttonfiguration in Fig. 1 is defined

as the expected squared normvef(n), and it can be decomposed as:

E{[¥a(m)3} = BRL 0} E(Fa(n)} + B{[Fa(n) ~ B{Fam)}] [Fa(n) - BFam}}, @)

where the first and second terms are associated, respectivehe bias and the variance of the weight
estimation. Assuming by now that, for sufficiently largew(n) provides an unbiased estimation of the

optimal solution (i.e.lim, ., E{w(n)} = wy), it is clear that

lim E{wy(n)} = (1 — a)wq,

n—o0
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so that the proposed filter configuration is asymptoticallyséiafor anya # 1. Introducing this result

in (2) we obtain

Tim B{|[Wa(n)[3} = (1= a)?[wol3 +a® lim E{|W(n)|3}. 3)
— (. " —
Bias Term

Variance Term

In the light of this expression, it is clear that the variané¢he estimator can be reduced by decreasing
« at the cost of a larger bias. Thus, it makes sense to tacklertidem of finding the optimat to
provide an estimator with minimum square error.

In the following section we analyze the MSE of the configuraiiorrig. 1, and provide expressions
for the optimal value otx. We should mention here that the scheme we have just reviemestitutes
just one possibility (and maybe the simplest one) to esthbdi biasvs variance tradeoff in adaptive
filters, and that more sophisticated approaches can be mopay instance to benefit from structured

filter inputs.

IIl. M EAN-SQUARE PERFORMANCE ANALYSIS
A. Stationary data model and definitions

In the sequel we adopt the following assumptions:

Al. d(n) andu(n) are related via a linear regression modéh) = wlu(n)-+eg(n), for some unknown
weight vectorw, of length M/, and where:y(n) is an independent and identically distributed (i.i.d.)
noise with zero mean and varianeg, and independent af(m) for any n andm.

All. First and second order moments of the input regress@dn(n)} = 0 and E{u(n)u’ (n)} = R.

It is also convenient to introduce some notation and aduifioariables. We define the signal-to-noise
ratio in the reference signal as the quotient of the powerth®fsignal and noise componentsdm),

E{lwhu(n)]’} _ whRwq

E{e§(n)} g

To measure filter performance it is customary to use the eXd&s (EMSE), which is defined as the

SNR=

excess over the minimum MSE that can be achieved by any filteergfth A/, namelyo3. Rewriting

the filter error as
e(n) = d(n) — y(n) = [wo — w(n)]"u(n) + eo(n) = ea(n) + eo(n), 4)

where e, (n) is the so-calleda priori error of the filter, it can be easily seen that the EMSE of the

original filter is given byJex(n) = E{e2(n)}. The limiting value of the EMSE as — oo will be
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denoted as/ex(co). Expressions for the stationary steady-state EMSE of sevestdkwown adaptive
filtering algorithms, derived using energy conservatioruargnts, can be found in [1, p.269].
Similarly, we will denote in the sequel th& priori error and the EMSE of the biased scheme as

€a,a(n) = eq(n) —eg(n), andJexa(n) = E{e2 ,(n)}, respectively.

B. Steady-state performance

We study next the behavior of the proposed configuration. Ep laerivations as simple as possible,
while still illustrating the advantages of biasing adagffilters, we restrict the analysis to the stationary
case in whichwy, is kept unchanged. However, the analysis can be extendédsaihe minor modifica-
tions to tracking scenarios using e.g. the random-walk motlfl, Eq. (20.13)].

To obtain an analytical expression for the EMSE of the configumatve start by rewriting its error

as
ea(n) = d(n) — ay(n) = ald(n) —y(n)] + (1 — a)d(n)

= alea(n) + eo(n)] + (1 — a)[wg u(n) + eo(n)) ()

= [aeq(n) + (1 — a)wlu(n)] + eo(n).

Therefore, the term inside square brackets in the last litbeprevious expression can be identified as

the a priori error of the overall scheme, ,(n). Squaringe, »(n), and taking expectations, we obtain
Jexa(n) = a?Jex(n) + (1 — @)*wlRwo + 2a(1 — a)wl E{u(n)u” (n)[w, — w(n)]}. (6)

Note that this expression has been obtained without remutd any assumptions, and is therefore valid
both in steady-state and transient situations.

Next, we will consider how (6) simplifies in steady-state. Toqeed further, we will use the standard
assumption that, after the filter has completely converged) and u(n) are independent. Assuming

also that the original filter provides an unbiased estimatibthe optimal solutioh, we have that

lim E{u(n)u’ (n)[w(n) —wo]} =R [nlin;o E{w(n)} — Wo} =0,

n—oo

and the steady-state EMSE of the proposed scheme for biasptivaditering simplifies to

Jexa(00) = lim Jexo(n) = oz2Jex(oo) +(1- oz)2ngwo.

n—oo

(7)

1This asymptotic convergence in the mean condition holds for many of tis¢ important adaptive filtering algorithms, when

they operate under the conditions given in Subsec. IlI-A, and prdvildat the length of the adaptive filter(n) is at least).
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Comparing this expression to (3), we can match each of thadmwos that compose the EMSEy (o)
to the bias and the variance incurred by the adaptive filtehénetstimation of the optimal solution.
Finally, setting the derivative of (7) with respect doequal to zero, we find the optimal steady-state

value of the multiplicative factor:

= o) (8)

wl'Rw,

Introducing this result back in (7) gives the minimum steathte EMSE of the proposed configuration,
J*

ex,a

(c0). We should emphasize that although (7) and (8) hold true @ryadaptive filters providing
unbiased estimations in steady-state, parametesn potentially provide advantages in other situations,
since in the light of (6) it is clear that, for the optimal Jexn(n) < Jex(n) will always hold.

Finally, it is interesting to have a deeper look at the sitwregithat makev approach its limiting values
0 and 1. From (8), it is clear that — 1 when Je(o0) < wg Rwo. The opposite situation occurs for
Jex(o0) > wlRw,, with a — 0. For comparable/ex(co) and wl Rwy,, o will take intermediate values
in the interval[0, 1]. Since for most adaptive filtergy(oo) is proportional tas? [1], the situations where

a — 1 or a — 0 correspond, respectively, to the cases with large and ShNlls in the reference signal.

IV. ADAPTIVE ADJUSTMENT OF THE MULTIPLICATIVE FACTOR

In this section we present two practical algorithms for obiey the value of the multiplicative factor
a. It should be clear that the optimal value fercan change over time, which makes evident the need
for adaptive learning rules that adjust a time-varying peetera(n). By doing so, the biased filter will
show an improved performance when the SNR is unknown or tiamgivg.

The proposed scheme can be seen as the combination of the ofithe original filter and a second

filter with constant output equal to O,

Ya(n) = an)y(n) +[1 — a(n)] 0. 9)
During the last years such adaptive combinations havevetei lot of attention, and several algorithms
have been proposed for learningn) which, in this context, is usually referred to as a mixinggmaeter
[4]-[9]. Here, we pay attention to the normalized rules @sgd in [7] and [8], which are easier to adjust
than their non-normalized counterparts from [5] and [9hezsally for unknown or time-varying SNRs.

The normalized stochastic gradient rule proposed in [8] vemiby’

= an Ha eqlNn n
= a(n) + s ca(ny(n). (10)

paOeg(n)

aln 1) = aln) = 20 Daln)

Note that this adaptation rule could also have been directly derived asvaliwed LMS update to minimizeZ (n) [4].
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wherep(n) is a low-pass filtered estimation of the powenof) given byp(n) = Bp(n—1)+(1—3)y?(n).
Selection of3 is not critical for the appropriate performance of the altpon, and we will simply set it
to 0.9, as it was done in [7], [8].

Adaptation rule (10) allowsy(n) to lie outside the interval [0,1], something which can berected,
if necessary, by direct truncation. A more critical aspscthiat the gradient noise introduced due to the
adaptation oix(n) will increase the final MSE of the overall structure with regpecthe optimal value
studied in the previous section, what can eventually rasult degradation of the performance of the
original (asymptotically unbiased) adaptive filter(n).

To keepa(n) in the interval of interest and, more importantly, to reddbe gradient noise near

a(n) =0 anda(n) = 1, we can proceed as in [7] and definén) as the output of a sigmoid activation

function,
1
a(n) = sgma(n)] = T+ exp_a(n)]’ (11)
Then, at each iteration(n) is adapted according to
2
a(n+1) = a(n) — pa OeZ(n) Ha 804(71)’ (12)

p(m) da(m) " oy ) Gatn)
from which a(n + 1) is recovered using (11).

In practice,a(n) is truncated to an intervdl-a™,a™], so that adaptation rule (12) never gets stuck
because of the derivative of the sigmoid being too close tdo0guarantee that(n) can still reach
all values within the interval of interest, in this corresdence we propose to use a slightly different

activation fora(n),

_ sgMa(n)] — sgn—a"]
= sgnfa] — sgni-a*] 49

which is just a scaled and shifted version of the sigmoid.his tvay, a(n) attains values 0 and 1 for
a(n) = —a™ anda(n) = a™, respectively.

Fig. 2 depicts the above activation function as a functiom(f) for a™ = 4. Since the derivative of
the activation function enters (12), it can be seen that peed of adaptation of(n) decreases when
it approaches its limiting values. As a consequence, thdigma noise which propagates ig,(n) is
almost negligible fora(n) ~ 1, thus avoiding that the adaptation of the multiplicativetéa degrades
the performance of the original filter in this important callete that, in order to remove most of the
gradient noise in this situation, the exact shape of thevatadin function is not critical as long as it keeps
a small derivative near the extremescagfn). In the experiments section we will illustrate this advaeta

of the non-linear adaptation rule with respect to the diresg of (10).
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1

Fig. 2. Activation function fora(n) with o™ = 4.

The additional operations required for obtaining(n) and adaptingy(n) are 5 products, 1 division
and 3 sums, if (10) is used. Therefore, the order of complexityhe algorithm is similar to that of
the original (unbiased) filter. If (12) is used instead, it isoanecessary to compute the output of the

activation function and its derivative; alternativelygie values could also be read from a look-up table.

V. EXPERIMENTS

In this section we will investigate the behavior of the basersion of NLMS as compared with its
standard implementation. We have verified that analogoustsegre observed for other filtering schemes

such as LMS or RLS.

A. Steady-state behavior in stationary scenarios

First, we will analyze the behavior of the EMSE and multiplicatfactora(n) in steady state. The
experimental setup is as follows: The coefficients of a pianof length M = 16 are randomly generated
and scaled so thaww!Rw, = o2, whereo? is the power of the desired signal excluding the noise
component. Input regressotgn) are obtained from an i.i.d. Gaussian random proe€ss, so that
u(n) = [u(n),u(n —1),...,u(n — M + 1)]T. The variance ofi(n) is adjusted to getr(R) = 0.1. We
will consider SNRs in thé—25, 15] range, which can be obtained by adjusting either the noisepe?
or the scaling ofw, (i.e., modifyings2). We explore four logarithmically spaced step sizes for\ihé1S
algorithm: . = {0.03,0.1,0.3,1}. Step sizes for the adaptation of the multiplicative factsing (10)
and (12) have been fixed to get an appropriate behavior froin keaening rule, selecting, = 0.005
andu, = 0.1, respectively. Each point in the following figures has beemioled as an average over 100
independent realizations, and o&r 000 iterations after the filters have completely converged.

Fig. 3 shows the steady state behavior of the standard NLMS éilidrits biased counterpart when
we fix the signal power te2 = tr(R) and varys? so that SNRe [—25,15]. The top right panel shows

quite good agreement between the theoretically optimalevaf (o) from (8) and the average value that
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| - - -Standard NLMS— Biased NLMS [Eq. (10)] - - -Theoretical [Eq. (8)}—Estimated [Eq. (10)
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(c) Steady-state EMSE (d) Steady-statex(co)

Fig. 3. Steady-state behavior of the standard and biased NLMS filtedifferent SNRs, obtained by fixing? = tr(R) and
varying o2. Adaptive biasing is performed with rules (10) (top row) and (12) (bottow). EMSEs are displayed in subplots

(a) and (c), whereas theoretically optimal and averaged estimationscof are shown in subplots (b) and (d).

results from (10) after filter convergence. The top left pamawss that biasing the NLMS filter using
(10) can indeed be very beneficial in terms of steady-state EMSE. allvantage appears consistently
across a wide range of SNRs and step sizes, and is especialykable for low SNRs. Note that this
results especially useful in the frequent situations inclithe SNR is not known or changes over time.
In spite of this general good performance, we observe thatafge SNR and. = 0.03 the unbiased
scheme slightly degrades the performance of the original.filthis might be surprising, since the biased
version could selectv(n) = 1 and revert to standard NLMS. However, though we know from thge to
right panel thatv(co) is accurately determinedn average gradient noise is introduced by the adaptive

estimation ofa(n), thus degrading the EMSE of the biased scheme.
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Fig. 4. Steady-state behavior of standard and biased NLMS filters feretit SNRs, obtained by fixing? = 0.1 and varying
o2. Adaptive biasing is performed using rules (10) and (12). (a) EMS&ased and unbiased NLMS. (b) Excess over the EMSE

of a biased filter with optimal multiplicative facter*(co), for p = 0.3 and differenty, = {0.03,0.1,0.3} and pta = f14/0.05.
The arrow indicates the direction of increasing step sjzesand y.

Following our previous discussion in Section IV, we can aneent this problem by regarding(n)
as the output of the non-linear activation function (13) adapting it according to (12). The superiority
of this scheme is shown in Fig. 3(c), where the biased versioMLMS always performs better than the
standard one, achieving large EMSE gains for low SNRs [everib#tan those obtained using (10)],
and performing just like the original filter for high SNRs. Theluetion of gradient noise in this case is
critical, as we can conclude when comparing the results is.Rg(a) and (c). Note that the improved
behavior of (12) is obtained even thougti(co) estimation is not as accurate as in the previous case
[compare Figs. 3 (b) and (d)] due to the asymmetric gradieigenimtroduced by the sigmoid.

For the second set of experiments we explore the same SNRsydluemodifying the scaling ofv,
(thusco?) instead, while keeping the noise pows fixed to0.1. Fig. 4(a) depicts the steady-state EMSE
of biased and unbiased NLMS schemes in this case. Since the povger is fixed, the EMSE of the
standard NLMS remains constant, regardless of variatiortheénSNR. The performance of the biased
schemes can be discussed in very similar terms to those ndée previous case.

To get a deeper insight into the reasons that justify theeb&ghavior of learning rule (12) over (10),
Fig. 4(b) plots the excess EMSE that results from the applicatibthese schemes over the optimal
EMSE that would be obtained with*(cc). Thus, a level of O dB corresponds to an optimally biased

filter, and any excess on top of that is due to gradient noiskdratiaptation ofi(n). This figure explains
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|
©

“““ Standard NLMS A " —a for biased NLMS [Eq. (12)
=10 —Biased NLMS [Eq. (12)]
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-22 0
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Fig. 5. EMSE andx(n) time evolution for the biased and standard NLMS implementationg fer0.1. Multiplicative factor
a(n) is adapted according to (12), with non-linear activatipn & 0.1).

the positive effect of the sigmoid function at reducing thladient noise whem(n) is close to 0 or 1
(for small and large SNR, respectively), and shows that (£2pk the EMSE below that of the standard
NLMS for all SNRs. The figure illustrates also that, as expected,gradient noise introduced by the
adaptation ofx(n) grows for increasing:, and 1.

The bottom line of this subsection is that biased NLMS is ableutperform standard NLMS in steady
state in most situations, regardless of changes in the Isign@ise powersThis is especially useful in

situations where the SNR is not known a priori or changes edliptably

B. Convergence behavior

Next, we will analyze how the NLMS filter converges when suffers an instantaneous change, both
in the biased and standard configurations. The setup is asviolign) is a colored sequence obtained
from a first-order autoregressive model with transfer fuorcti/1 — 72/(1 — hz~'), h = 0.6, fed with
an i.i.d. Gaussian random process, whose variance is eélsct thattr(R) = 0.1. Plant coefficients
are initially selected as in the previous subsection, amd thanged at = 4000 andn = 8000. The
three sets of coefficients have been scaled to obtain diff@NiRRs in the reference signal (see Fig. 5),
keepingo? = 0.1 constant during the simulation. NLMS weights are adaptedh wit= 0.1, while the
output factora(n) follows (12) and (13), withy, = 0.1. Emsemble-average curves are obtained from
5000 independent realizations.

The EMSE evolution depicted in Fig. 5(a) is a good example of thamdges that can be obtained
with biased filters in scenarios where the SNR is time-varyifsg.illustrated in Fig. 5(a), both the

standard and biased versions of NLMS re-converge at sinpleeds after every perturbation wy,, but
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the biased version achieves lower EMSE during all the sinariaflhis shows that for this value @f,

the steady-state EMSE reduction of the biased scheme is raihebtat the cost of a slower convergence.
In principle, the speed of convergence could be degradedrfialery, was used to reduce the gradient
noise introduced by the estimation @fn). Note, however, that according to Fig. 4(b) the gradientenois
that appears fop, = 0.1 is already very small. In the right panel of Fig. &n) evolution is plotted.
Interestingly,«(n) decreases towards zero at the beginning of each re-comoerglying to cancel out
the initial meaningless predictions of NLMS. It is only as NLM&urss recovering track of the filter

weights thato(n) heads towards its steady-state value.

VI. CONCLUSIONS

Biasing the weights of adaptive filters can be an interestiy wf reducing their MSE. In this
correspondence, we have illustrated this idea with a vanpla yet effective configuration, consisting
in multiplying the filter output by a constant factor. Realil® schemes for adaptively learning this
multiplicative factor are proposed, providing both thdimad and experimental evidence about the benefits
of this approach.

We are currently working on more sophisticated biased seewhich exploit the structure of the

input regressors, as well as on the extension of these idefilets operating in tracking situations.
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