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Abstract

This paper aims to demonstrate that some statistics originally developed in
cluster analysis for determining the number of clusters can be instead ap-
propriately used in image thresholding to select optimal thresholds. Three
highly-cited statistics, namely the Calinski-Harabasz index, the Gap statis-
tic and the Silhouette widths, are chosen and applied to real images and
simulated data, for illustrative purposes. The relationship between these
statistics and a commonly-used image-thresholding method, Otsu’s method,
is also briefly discussed.

Keywords: Calinski-Harabasz index, Cluster analysis, Cluster validity,
Gap statistic, Image segmentation, Image thresholding, Otsu’s method,
Silhouette widths, Unsupervised learning.

1. Introduction

The task of image segmentation is to partition an image into a number
of mutually-exclusive segments with each segment belonging to one of K
predetermined groups. In its simplest and most common case, the image is
partitioned into segments of two groups, the background and the foreground,
ie. K =2.

One of the techniques for image segmentation is image thresholding,
which partitions the range of intensities (or so-called gray levels) of image
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pixels into K mutually-exclusive intervals, by using K — 1 thresholds. This
technique is valid if the groups are distinct from each other in their inten-
sities. Such a simple technique is widely used in practice and has a long
history of research effort. This effort has resulted in a considerable number
of thresholding methods, of which nice surveys and comparative investiga-
tions can be found in Sahoo et al. (1988), Glasbey (1993), Trier and Jain
(1995) and Sezgin and Sankur (2004), among others.

Image segmentation, usually with no group label being given to any pixel
a priori, is an unsupervised learning task, and thus it can be accomplished
through cluster analysis (Jain et al., 1999).

In cluster analysis, one of the fundamental and the most-difficult problems
is to determine K, the number of groups (or clusters) (Xu and Wunsch, 2005;
Jain, 2010). In order to select an optimal K, tens if not hundred of statistics
have been developed to evaluate and compare clustering results over possible
values of K'; see comprehensive surveys and comparative studies by Xu and
Wunsch (2005), Milligan and Cooper (1985), Chiang and Mirkin (2010) and
Jain (2010), among others.

The aim, and the main contribution, of this paper is to demonstrate
that some statistics, which were originally developed in cluster analysis for
determining K, can instead be used in image thresholding to select an optimal
threshold ¢, or an optimal set of thresholds t when K is larger than two.

For illustrative purposes, three highly-cited statistics, namely the Calinski-
Harabasz index (Milligan and Cooper, 1985), the Gap statistic (Tibshirani
et al., 2001) and the Silhouette widths (Rousseeuw, 1987), are chosen and ap-
plied to real images and simulated data. The relationship between the statis-
tics and a commonly-used image-thresholding method, Otsu’s method, is also
briefly discussed. Some investigation into using many other K-determination
statistics for image thresholding, or more general image segmentation, may
be encouraged by the results presented in this paper.

2. Methods

2.1. Image thresholding

Consider an image X of N pixels with each pixel represented by its inten-
sity x;,1 = 1,..., N. A strictly-monotonically-increasing sequence of K — 1
thresholds, t = (¢1,...,tx_1), partitions the range [0,7T) of intensities in X,
and thus X itself, into K mutually-exclusive groups C;(t),...,Ck(t), where
Cr(t) ={i : thmy < x; < t,1 <i < N}withk =1,...,K, tp = 0 and
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txg = T. Therefore, the task of image thresholding is to select an optimal t
(denoted by t* hereafter), for an often-predetermined K.

As mentioned in section 1, we shall use the Calinski-Harabasz index, the
Gap statistic and the Silhouette widths, respectively, to select t*. These
statistics were originally developed in cluster analysis for determining K, the
number of groups.

2.2. The Calinski-Harabasz index

Using four hierarchical-clustering methods based on the single link, com-
plete link, group average and Ward’s minimum variance, respectively, Milli-
gan and Cooper (1985) compare thirty indices or procedures for determin-
ing K. From this comprehensive study with simulated data, the Calinski-
Harabasz index (CHI) was observed as the best statistic for determining K.

The CHI can be calculated as

SSa(K)/(K = 1)
) = S =K .

where SSw (K) and SSp(K) are the within-group and between-group sums
of squares, respectively, after the data have been divided into K groups. An
optimal K (denoted by K* hereafter), is obtained through maximisation of
CHI(K) over possible values of K.

It is apparent that the CHI is equal to the F' statistic that is used in the
one-way analysis of variance (ANOVA) to compare K groups of data. In
other words, K* is the K that provides the largest F' statistic.

In image thresholding, the two sums of squares SSy and SSp, and thus
the CHI, are functions of not only K but also thresholds t; hence, we rewrite
them as SSw (K, t), SSp(K,t) and CHI(K,t) for explicitness.

As the CHI is a function of both K and t, it can be used to select K*
and t* simultaneously:

(K*,t) = arg};{n:ax CHI(K,t) = arg};{nzax ;’5;(([[?3//((][5:[1()) . (2

For an image-thresholding task with a fixed K (e.g. in the common case
of image binarisation for which K = 2), it follows that the CHI can be used
to select t*:

te = argmax CHI(t) = argmax 55"9;((:))//((]}\?: Il()) . (3)
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This criterion, as both N and K are fixed, is equivalent to one of the most
widely-used thresholding methods, Otsu’s method (Otsu, 1979), which se-
lects t* that provides the maximum of the ratio between SSg(t) and SSw (t).
Otsu’s method is used by some commercial and free software, such as MAT-
LAB (The MathWorks, Inc.) and GIMP (www.gimp.org), as the method for
automatic image thresholding.

As the sum, SSy (t) + SSp(t), is a constant invariant to t, the criterion
in equation (3) is also equivalent to maximisation of SSg(t) or minimisation

of SSw(t) (Otsu, 1979; Kurita et al., 1992):

t, = argmax CHI(t) = argmax SSp(t) = argmin SSy (t) . (4)
t t t

In this paper, mainly for reasons of consistency and comparison with two
other methods to be described shortly, we adopt

t;, = argmax CHI(t) = argmax {—SSw (t)/N} . (5)
t t

2.3. The Gap statistic

The Gap statistic, developed by Tibshirani et al. (2001), is another highly-
cited statistic for determining K in cluster analysis.

The Gap statistic is a measure of the distance between the within-group
sum of squares of the observed data and that of the data sampled from an
appropriate null reference distribution. Hence, the K corresponding to the
largest Gap statistic can be selected as K*. The Gap statistic is defined as

Gap(K) = = 3" log{ S8} (K)} ~ log{SSuw (K} ()

where SSY,(K), b=1,..., B, is the within-group sum of squares for the b-th
data set sampled from the reference distribution. In Tibshirani et al. (2001),
a uniform distribution over the range of the observed data has been used as
the reference distribution.

Instead of using the largest Gap statistic, Tibshirani et al. (2001) select
as K* the smallest value of K such that Gap(K) < Gap(K +1)—sSk+1, where
Sk11 is an estimator of the standard deviation of log(SS% (K + 1)). This
selection is based on the consideration of sampling variation associated with
the B data sets and on the so-called ‘one-standard-error’ rule for selecting
a parsimonious model; empirically it works well (Tibshirani et al., 2001) for

4
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determining K. However, it involves performing cluster analysis for both K
and K + 1 groups. In image thresholding for K groups, it is desired not
to investigate a more complex case of K + 1 groups. Hence, we adopt the
criterion of using the largest Gap statistic for determining t.

As with the CHI, the B + 1 sums of squares SSY, and SSy, and thus the
Gap statistic, are functions of not only K but also t. Therefore, we can use
Gap(K,t) to select K* and t* simultaneously as

(K*,t") = argmax Gap(K,t)
Kt

= argmax
Kt

éZlog{SS&,(K,t)} - 1Og{SSW(K7t)}] , (7)

and, for image thresholding with a fixed K, select t* as

*

t;, = argmax Gap(t)
t

= argmax
t

%Z log{SSt, (t)} — log{SSw(t)}] : (8)

To use equation (8), we need to sample a uniform reference distribution
such that B data sets can be obtained to calculate log{55%,(t)}. In order
to derive a simplified, non-sampling way of selecting t*, we consider the fact
that image thresholding is usually a univariate technique; that is, we use a
single feature, the pixel intensity. The average log SS¥,(t) is an estimator
of the logarithm of the within-interval sum of squares for a partition of the
range [0,7") into K intervals, when for each intensity there are N/T" pixels.
Hence, based on the calculation of the sum of squares for a discrete uniform
distribution, a non-sampling approximation to equation (8) can be derived
as

*

t;, = argmax Gap(t)
t

K

N te —te 1) — (tp — th
— arginaxllog{fz(k kl) 12(k k 1)}

k=1

—log{SSw(t)}] , (9)

where, as defined before, t = (t1,...,tx_1),to =0 and tx =T.

5
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Tibshirani et al. (2001) mention that log{SSw } has an interpretation as
a log-likelihood based on a special Gaussian mixture. Indeed, maximisation
of —log{SSw(t)} for image thresholding is equivalent to maximisation of
log-likelihood based on a Gaussian mixture with equal variances and equal
proportions across the component (Gaussian) distributions, for any candidate
threshold t, and it is equivalent to Otsu’s method (Kurita et al., 1992).

However, given that there is also a term associated with SSY,(t) along
with —log{SSw(t)}, equation (9) may provide a t* different from that ob-
tained by Otsu’s method.

2.4. The Silhouette widths

The last highly-cited statistic, originally developed for determining K,
that we shall use in this paper for determining t, is called the Silhouette
widths (Rousseeuw, 1987).

In the context of image segmentation, the Silhouette width for the -th
pixel (represented by its intensity x;) is proposed to measure the difference
between its dissimilarity from other pixels in the same group and its dissim-
ilarity from the pixels in the ‘nearest-neighbour’ group. The dissimilarity
(or distance) between pixels is usually quantified by the difference in their
intensities.

For z;, its Silhouette width is defined as

b(x;, K) — a(x;, K)
max{a(z;, K),b(x;, K)}

s(x;, K) = (10)

where a(x;, K) is the average distance from z; to all other pixels in the same
group, and b(x;, K) is the minimum of the average distances from x; to all
pixels in each of the other groups. In other words, b(x;, K) is the average
distance from z; to all other pixels in the ‘nearest-neighbour’ group. The
value of s(x;, K) lies in the range [—1, 1], and a larger value implies a better
segmentation result.

Therefore, the average Silhouette width over pixels within a group can
be used to assess the group’s compactness and its separateness from other
groups. The overall average Silhouette width over all pixels in an image can
be used to select K* by maximisation of it over K.

In image thresholding, a(z;, K), b(x;, K) and thus s(z;, K) all vary with
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t. As with the CHI and the Gap statistic, we have

(K*,t*") = argmaxSI(K,t)

Kt
1N
= argmax — s(x;, K, t
Rt N; ( )
N
1 b(x;, K, t) — a(z;, K, t)
_ il 11
argl{r,lt}aXN; max{a(l'i7K>t)ab<xi7K7t)} 7 ( )

and, for a fixed K, an optimal t* can be defined as

N
1

ty = argmaxSI(t) = argmax — s(xi, t

5 gmax SI(t) = argt NZZI (i, t)

1 i b(z:,t) — alz;, t)

= argmax — :
gt N < max{a(z;, t), b(z;, t)}

(12)

Although the overall average Silhouette width, SI(t), and the CHI, CHI(t),
both consider two characteristics, namely compactness and separateness, of
the groups, they measure and combine the two characteristics in different
ways. The use of a(z;,t) and b(z;, t) and the combination of them makes the
Silhouette-width-based thresholding method take both characteristics into
consideration, as indicated by equation (12). In contrast, the use of the
within-group sum of squares SSy,(t) and the between-group sum of squares
SSp(t) makes the CHI-based thresholding method only consider the com-
pactness of the groups, as indicated by equation (5). The Gap-statistic-
based thresholding method mainly considers the compactness, measured by
log{SSw (t)}, as indicated by equation (9).

2.4.1. Fast computation of the Silhouette widths for image thresholding

In order to calculate the overall average Silhouette width SI(t), we need to
compute a(x;,t) and b(x;,t) for each pixel z;. This makes the computation
much more demanding than those for the CHI and the Gap statistic. To
store an N x N distance matrix is also an issue, where N = 65536 for an
image of 256 x 256 pixels. Fortunately, for image thresholding, SI(¢) can be
calculated fast by only computing a(x,t) and b(z, t) for each intensity z, and
it is only necessary to store an 7' x 1" distance matrix at most, where T" = 256
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for an 8-bit gray-level image. The reason is that we can rewrite equation (12)
as

| T
ts = argmaxSI(t) = Argmax ; {h(x)s(x,t)}

B 1 — b(z,t) — alz, t)
= argmax ) {h(x)max{a(x,t),b(x,t)}} ’ (13)

¢ =1
where h(x) is the frequency (i.e. the number of pixels) of the intensity z in
the image X, and, for x € Ci(t) (i.e. tx—y < x < 1), a(x,t) and b(z,t) can
be computed as follows:

alz, t) Z {h(g)lx —gl} (14)

geC

b(z,t) = Z {h(g)lx —gl} , (15)

le{k 1 k;—i—l} Nl
in which Ni(t) = >_ ¢ ) M(g) and the Euclidean distance is adopted.

Only groups Cr_1(t) and Cgi1(t) are considered in equation (15); this is
because, for an intensity x located in Ci(t), its nearest-neighbour group is
either Cy_1(t) or Cry1(t) in image thresholding. This can be further sim-
plified for image binarisation when there exist only two groups C;(¢;) and
Co(t1), which are the nearest-neighbour groups to each other. In this way,
the calculation for SI(¢;) is as fast as, if not faster than, those for CHI(¢)
and Gap(t;) in our experiments below.

3. Experimental Studies

For illustration, in this section we only deal with image binarisation (i.e.
K = 2), the most-common case of image thresholding, for simulated data
and real images. To select a single threshold t* (i.e. ] of t*) for these data
sets, we use equations (5), (9) and (13), in which ¢, ¢, and t% correspond
to the thresholds selected by the use of the CHI, the Gap statistic and the
overall average Silhouette width, respectively.



193

194

195

199

200

201

202

203

204

205

206

207

208

209
210

211

212

213

214

215

216

217

218

3.1. Simulated histograms

Similarly to Kurita et al. (1992) and Glasbey (1993), we build various data
sets, with each set containing simulated data from a two-component Gaussian
mixture. Hence, the data in different sets correspond to pixel intensities in
different types of virtual image of two groups (i.e. the background and the
foreground). In addition, in a virtual image X', the pixel intensity of one
group follows a Gaussian N(u1,0%) distribution and that of the other group
follows N(ug,03). The group proportions are m; and 7y with 7 + m = 1.

We set T' = 256, p; = 100, py = 150, and N = 256 x 256 as the size of
X. Since intensities are integers in the range [0,7"), we round, left-truncate
and right-censor the simulated data into [0,T").

In this setting, m; can be larger than, equal to or smaller than 7y, and
there are similar relationships between o7 and o5; their combinations lead to
nine types of simulated data and thus histograms constructed from the data.
Since some pairs of types are mirrors of each other, we retain five unique
types with parameter values shown in Table 1, and correspondingly build
five sets (denoted by Xj,. .., X5 hereafter), of simulated data.

T o 01 O9 t*C’ tZ’ t*S
X1 050 050 10 10 125 125 125
Xy 050 050 5 15 127 127 125
Xs 095 0.05 10 10 123 121 138
Xy, 095 005 5 15 126 125 132
X5 095 0.06 15 5 107 104 139

Table 1: Parameters of two-component Gaussian mixtures for five simulated data sets with
corresponding thresholds tf, t¢; and t§ selected by the use of the CHI, the Gap statistic
and the overall average Silhouette width, respectively.

For these five data sets, the statistics CHI(¢), Gap(t) and SI(t), all of
which have been rescaled to the range [0, 1], are plotted versus ¢ in the left-
hand panels of Figures 1-5. From these plots, we can observe that CHI(¢) is
often, although not necessarily, unimodal with the mode located away from
the ends of the intensity range (i.e. ty or tx), whereas Gap(t) and SI(t), in
particular SI(¢), may have their global maxima located at ¢y or tx.

Equation (9) shows that the Gap-statistic-based method may pull the
threshold obtained by the CHI-based method (i.e. Otsu’s method) further
away from the middle of the intensity range.
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Figure 5: For X5. Caption is as for A; in Figure 1.

Equation (13) shows that the SI-based method prefers larger b(x,t) and
smaller a(z,t) for the intensities = of the majority group. Hence, when the
two group sizes are very different from each other, the SI-based method may
favour an even more extreme partition to increase b(x,t) for the majority
group, in particular when the minority group has a flat and wide histogram
(i.e., a large variance of its intensity distribution). In this case, as shown in
Figures 3-5, a global maximum of SI(¢) may occur at an end of the intensity
range; to avoid selecting such a maximum as t*, we search for the local
maximum next to it. We define a point to be a local maximum if its value is
no less than those of three intensities in its nearest neighbourhood on both
sides; this characterisation works empirically in our experiments.

The histograms constructed from the five simulated data sets are plotted
in the right-hand panels of Figures 1-5, with corresponding thresholds tf,, ¢,
and t% superimposed.

From these plots, we can observe that, for data sets X;-X}, the three meth-
ods perform similarly well; in other words, the thresholding performances of
the Gap-statistic-based method and the SI-based method are comparable to
that of the popular Otsu’s method. For A%, the SI-based method performs
the best; one explanation of why Otsu’s method performs poorly in the case is
that, as mentioned in section 2.2, the CHI is simply an F’ statistic in ANOVA
or Student’s ¢ statistic for two-group comparison, which is not so reliable if

12



240

241

242

243

244

245

246

247

248

249

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

the two groups are of remarkably different group sizes and within-group vari-

ances. More discussion about this can be found in Xue and Titterington
(2010).

3.2. Real images

Here we choose five real, publicly-available images to demonstrate the
performance of the three binarisation methods, which are based on equations
(5), (9) and (13) by using CHI(¢), Gap(t) and SI(t), respectively.

The five images are ‘Bonemarr’, ‘Cameraman’, ‘Coins’, ‘NDT-image20’
and ‘NDT-imageb’. Two reasons why we choose these five images are as
follows. First, ‘Bonemarr’, ‘Cameraman’ and ‘Coins’, were used by the
MATLAB Image Processing Toolbox for demonstration or by the image-
thresholding literature including Sahoo et al. (1988), Sahoo and Arora (2004)
and Sahoo and Arora (2006), and ‘NDT-image20’ and ‘NDT-image5’ are two
nondestructive testing images used in a recent comprehensive survey (Sezgin
and Sankur, 2004) of image-binarisation methods. Secondly, these images
represent roughly four types of image that we mentioned in section 3.1 and
one case in which all three methods fail to provide an acceptable threshold,
as shown shortly.

In Figures 6-10, for each of the five images, we show its original version,
the curves for its statistics of CHI(¢), Gap(t) and SI(¢), its histogram with
corresponding thresholds ¢f,, t5, and t§ superimposed and its binarised ver-
sions based on t(, t5; and t%, respectively. The values of tf,, t5, and t% are
listed in Table 2.

te  to iy

Bonemarr 154 182 155
Cameraman 89 44 81
Coins 127 80 125

NDT-image20 80 39 69
NDT-image5 150 234 85

Table 2: Thresholds t¢, t§; and t% selected by the use of the CHI, the Gap statistic and
the overall average Silhouette width, respectively, for five real images.

Suppose that we are interested in separating large white cells (as Cy) from

other material (as C;) in ‘Bonemarr’, from Figure 6. We can observe that C,
and Cy are of similar sizes and different spreads. In this sense, ‘Bonemarr’ is

13



Figure 6: For ‘Bonemarr’. Upper row, from left to right: original image; CHI(t), Gap(t)
and SI(¢), all rescaled to the range [0, 1]; histogram with thresholds t},, t& and ¢ indicated
by dashed lines. Lower row, from left to right: binarised images by using tf, ¢ and t%,
respectively.
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similar to X5 in section 3.1, except that the two groups have much heavier
overlap.

aaaaaaaaa

— cn
-- Gap
si

Figure 7: For ‘Cameraman’. Caption is as for Figure 6.

The ‘Cameraman’ image has been widely used as a benchmark for bi-
narisation, although its histogram can be regarded as multi-modal to some
extent. If we assume that the cameraman and the camera in the image com-
pose the foreground C; and the rest composes the background Cs, the two
groups are of quite different sizes whereas their spreads are similar (note the
long tail of the histogram of C; as shown in Figure 7). This makes ‘Camera-
man’ similar to AXj3.

As shown in Figure 8, the histogram of ‘Coins’ is similar to that of Aj,
in the sense that the dark background (C;) contains many more pixels, and
has much more compact intensities, than the gray coins (C3). In contrast,
in the histogram of a light microscope image ‘NDT-image20’ of a material
structure as shown in Figure 9, the majority group of particles (Cy here) has
more variable intensities than the minority group of pores (C;), and thus the
histogram is similar to that of Xj.

In the four cases of ‘Bonemarr’, ‘Cameraman’, ‘Coins’ and ‘NDT-image20’,

15



Figure 9: For ‘NDT-image20’. Caption is as for Figure 6.
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te: and t§ are similar whereas t7, is further away from the middle of the in-
tensity range, as shown in Table 2 and Figures 6-9. All thresholds, t7, ¢
and t§, are located between the histogram modes for C; and C,, and produce
similar, reasonable binarisation results, although using t7, in general provides
better results, in particular for ‘Coins’ and ‘NDT-image20’.

Figure 10: For ‘NDT-image5’. Caption is as for Figure 6.

Here we also use ‘NDT-image5’, an infrared thermal image, to present an
example for which all three methods fail to find a reasonable threshold. From
Figure 10, we can observe a histogram very similar to that of A5, where the
minority group of a bright hole (Cy here) located in the centre of the image is
of extremely small size and small variance. In this case, the values of ¢}, and t§
are too small, while that of f, is too large, to extract the hole. Nevertheless,
an interesting phenomenon, that can be observed from the curve of SI(¢) in
Figurel0, is that its rightmost local maximum corresponds to a threshold
that can extract the hole very well, and its second rightmost local maximum
corresponds to ¢, the threshold obtained by Otsu’s method.
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4. Conclusions

It was our intention in this paper to demonstrate that some statistics
originally developed in cluster analysis for determining K, the number of
clusters, can instead be appropriately used in image thresholding to select
t*, the optimal thresholds. We chose three highly-cited statistics, namely
the CHI, the Gap statistic and the Silhouette widths, and applied them
first to simulated data and then to real images. The CHI-based method
is equivalent to Otsu’s method; the other two methods provide comparable
performance to that of Otsu’s method, which is encouraging. In the end, we
would emphasise that, instead of developing or recommending a particular
image-thresholding method, which is certainly important, it was more our
expectation that some investigation into using many other K-determination
statistics for image thresholding, or more general image segmentation, can
be encouraged by the results presented in this paper.
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