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Abstract

The purpose of this paper is to propose two new methods for histogram-based
image thresholding: one is based on parametric maximum-likelihood estima-
tion of skew-normal distributions, and the other is based on nonparametric
maximum-likelihood estimation of log-concave distributions. The main ad-
vantages of using these two methods are threefold. First, both methods are
natural generalisations of the classical Gaussian-based methods. Secondly,
both methods can take into consideration the skewness of the distributions of
individual classes. Thirdly, both methods are in line with Otsu’s method and
the minimum error thresholding (MET) method, based on the comparison of
maximum log-likelihoods, for determining an optimal threshold. Compared
with Otsu’s method and the MET method, the two methods demonstrate
comparable, if not better, performance for binarisation of real images and
simulated data presented in this paper. Limitations and extensions of the
methods are briefly discussed.
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1. Introduction

Image thresholding is a simple and widely-used technique for segmenta-
tion; it partitions a grey-level image into non-overlapped segments such that
each segment belongs to one of some predefined classes, which to some extent
can be identified by their grey levels (Sahoo et al., 1988; Pal and Pal, 1993;
Sezgin and Sankur, 2004).

Most thresholding approaches are proposed for binarisation of the image
into two classes, Cy and C;, based on analysis of the grey-level histogram
of the image. Typically, Cy will be defined by a range of dark grey levels
and C; by a complementary range of light grey levels. Also, typically, one
of the classes will represent the ‘object’ and the other the ‘background’.
Comprehensive overviews and comparative studies of histogram-based image-
binarisation approaches can be found in Sahoo et al. (1988), Lee et al. (1990),
Glasbey (1993), Trier and Jain (1995) and Sezgin and Sankur (2004), among
others.

Two of the most popular approaches are Otsu’s method (Otsu, 1979)
and Kittler and Illingworth’s minimum error thresholding (MET) method
(Kittler and Illingworth, 1986), both motivated by the results from statistical
classification and cluster analysis. More precisely, Otsu’s method was based
on Fisher’s linear discriminant analysis, using a within-class variance 0%,
and a between-class variance 0% (Otsu, 1979). The MET method was based
on the Bayes discriminant rule under the assumption that the within-class
grey-level distributions p(z|y) are normal (or Gaussian) distributions, where
y denotes the class indicator of a grey level z (Kittler and Illingworth, 1986);
for example y = 0 for z € Cy and y = 1 for x € C;. That is, the MET method
assumes that the grey levels of the N pixels in the image compose a sample of
N observations from a two-component Gaussian mixture distribution p(z).

Both Otsu’s method and the MET method can be derived from maximi-
sation of the log-likelihoods based on p(z|y) and p(z,y), respectively (Ku-
rita et al., 1992), under certain Gaussian assumptions about p(z|y). How-
ever, such assumptions may not be perfectly appropriate in some cases of
histogram-based image thresholding, in particular when the grey level of the
background or the object is far from being normally distributed. Typical of
such violation of the Gaussian assumption is a histogram with skewed com-
ponents; in other words, the grey-level distributions of the background and
the object are skewed, which can be very detrimental to the performance of
a thresholding method.
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In order to accommodate data that do not follow Gaussian distributions
for individual classes in some applications, other distributions, such as Pois-
son distributions (Pal and Bhandari, 1993) and certain distributions derived
from Rayleigh (Xue et al., 1999), Nakagami-gamma, Weibull and log-normal
distributions (Moser and Serpico, 2006), have been used to develop variants
of the MET method. These distributions can take the skewness into ac-
count to some extent; however, they do not include Gaussian distributions
as special cases, and thus lose some generality.

A generalisation of the Gaussian distribution is the exponential power
distribution, also known as the generalised Gaussian distribution. Recently,
Bazi et al. (2007), Fan et al. (2008) and Fan and Lin (2009) considered using a
finite mixture of generalised Gaussian distributions to fit the image histogram
for thresholding. However, the generalised Gaussian distribution employed in
their work for each component (or class) is a symmetric distribution, although
it covers distributions such as Gaussian, Laplace and uniform distributions.

In this context, this paper proposes two new methods for histogram-based
image thresholding: one is based on parametric maximum-likelihood estima-
tion of skew-normal distributions, and the other is based on nonparametric
maximum-likelihood estimation of log-concave distributions.

The main advantages of using the skew-normal-based method and the log-
concave-based method are threefold. First, both methods are natural gen-
eralisations of the classical Gaussian-based thresholding methods, because
Gaussian distributions are special cases of skew-normal distributions and
the latter in turn are special cases of log-concave distributions. Secondly,
both methods can take into consideration the skewness of the distributions
of individual classes, since both skew-normal distributions and log-concave
distributions can be skew. Thirdly, we shall show in section 3 that both meth-
ods are in line with Otsu’s method and the MET method, in the sense that
all the methods are based on the comparison of maximum log-likelihoods,
which are associated with different grey-level thresholds ¢, for determining
an optimal threshold ¢*.

The rest of this paper is organised as follows. Section 2 introduces the
skew-normal distribution and its parametric maximum-likelihood estimation,
and the log-concave distribution and its nonparametric maximum-likelihood
estimation. Section 3 presents four approaches to image thresholding, Otsu’s
method, the MET method and our skew-normal-based and log-concave-based
methods, and their relationships. In section 5, we provide empirical results
obtained from applying these methods to real and simulated data. A discus-
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sion about extensions and limitations of our methods is given in section 6.

2. Skew-normal distributions and log-concave distributions

2.1. Skew-normal distributions

2.1.1. Definition and some properties

The probability density function fg(X) of a random variable X, which
follows a univariate skew-normal distribution, denoted by SN(&, w, «) here-
after, on R with three parameters £, w and «, can be written as

fs<X=x>=%¢(x_f)q><a”’_f) , 1)

w w

where ¢(-) and ®(-) denote the density and distribution functions for the
standard normal N(0, 1) distribution, respectively. The parameters £, w and
a are the location, scale and shape parameters, respectively.

The properties of univariate and multivariate skew-normal distributions
have been systematically studied by Azzalini (1985), Azzalini and Valle
(1996) and Azzalini and Capitanio (1999), among others. Some properties
desirable for image thresholding are as follows.

First, the skew-normal distribution defined in equation (1) includes the
Gaussian distribution N(&,w?) as a special case when the shape parame-
ter v equals zero. This implies a ‘continuous’ transition from normality to
non-normality (Azzalini, 1985). Secondly, when o = 0, the N(&,w?) distri-
bution has no skewness; when |a| increases, the skewness (in absolute value)
increases. In addition, the sign of o determines the direction of the skew-
ness of fs(X = x). This implies that the shape parameter « regulates the
skewness of the skew-normal distribution. Thirdly, fs(X = x) is strongly
uni-modal, i.e., log fs(X = x) is a concave function of z. In other words,
the skew-normal distribution is a log-concave distribution and thus also en-
joys the properties of the latter, which will be discussed in more detail in
section 2.2.

2.1.2. Parametric maximum-likelihood estimation

Based on the parametric expression of the skew-normal distribution as in
equation (1), and given a sample of N, identically, independently distributed
(ii.d.) observations {z;}~% from class Cy, the log-likelihood function of the
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parameters s = (§{,w, @) can be written as

N N,
6(05):—Ny10gw—§2xi+leog{2<l> (a - >} : (2)

Due to the last term on the right-hand side of equation (2), there is no
closed-form solution to the maximum-likelihood estimation of fg (except for
the Gaussian distribution, i.e. « = 0), so numerical computation is usually
adopted.

The parameterisation of fs(X = z) given by (£,w, «) as in equation (1) is
easy to understand and convenient for interpretation of the parameters. How-
ever, with such parameterisation, the Fisher information matrix is singular
at a = 0 and the shape of the log-likelihood can be far from being quadratic.
Therefore, in order to overcome these problems, Azzalini (1985) proposes
a centred parameterisation, which is based on the standardised SN(0, 1, a)
distribution instead of the non-standardised SN(0, 1, «) itself. These two
schemes of parameterisation can be readily converted to each other. For sim-
plicity, we shall omit the centred parameterisation here, and refer to Azzalini
and Capitanio (1999) for more discussion of parameterisation and other issues
related to the parametric maximum-likelihood estimation of the skew-normal
distribution.

2.2. Log-concave distributions
2.2.1. Definition and some properties

The probability density function f;(X) of a random variable X, which
follows a univariate log-concave distribution on R, can be written as

fu(X = 2) = exp{de(z)} , (3)

where ¢.(z) : R — [—00,00) is a concave function of z.

Log-concave distributions include many commonly-used distributions, such
as Gaussian, Laplace, logistic distributions and some gamma, beta and Weibull
distributions (Walther, 2009; Cule et al., 2010). Log-concave distributions
can be skew, and skew normal distributions are special cases of log-concave
distributions (Azzalini, 1985; Gupta and Balakrishnan, 2010).

As a result of the nonparametric way they are defined, log-concave distri-
butions are quite flexible. In addition, log-concave distributions enjoy many
desirable properties, such as that they are invariant to convolution, product
and marginalisation and that their densities are uni-modal.
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Therefore, nonparametric maximum-likelihood estimation for log-concave
distributions, or more generally shape-constrained nonparametric density es-
timation, has attracted considerable research interest recently on theoretical,
methodological and computational aspects; see a recent review by Walther
(2009), for example.

2.2.2. Nonparametric mazximum-likelihood estimation
Based on the nonparametric expression in equation (3), and given i.i.d.
observations {z;}~% from the class Cy, the log-likelihood function of ¢.(-) is

E(ch) = Z¢C(w(i)) ) (4)

where z(; are the ordered observations, x(;) < ... < x(,), for optimisation
convenience.

It is not a trivial matter to maximise the log-likelihood function in equa-
tion (4) over all concave functions ¢.(-), as the function ¢.(-) is subject to
the constraints that it is a concave function and its exponential is a density
function (i.e. [, exp{¢.(z)} = 1). This leads to a constrained optimisation
problem, namely to maximise numerically the following objective function:

T ddao) - [ emfoda)ds, )

Y i—1 [2(1),%(vy)]

where replaces for computation of nonparametric maximum-
f[90(1)7$(Ny)} p fR p b

likelihood estimation.

This shape-constrained optimisation problem can be tackled by the use
of specific optimisation algorithms, such as an iterative convex minorant
algorithm (ICMA) by Walther (2002) and Rufibach (2007) among others, an
active set algorithm (ASA) by Diimbgen et al. (2007) and a version of Shor’s
r-algorithm by Cule et al. (2010).

The nonparametric maximum-likelihood estimation of a log-concave den-
sity f7.(z) results in a unique estimator ¢.(x) of the concave function ¢.(z),
where ggc(x) is piecewise linear with knots at a subset of the i.i.d. observa-
tions {z;},, and vanishes outside the empirical support of [Ty, z(n,] for
C, (Diimbgen and Rufibach, 2010).



e 3. Methods for selecting an optimal threshold

165 In this section, we shall first provide the original rules underlying Otsu’s
s method and the MET method for selecting an optimal threshold t*, then
17 present these two rules again but from the perspective of comparison of max-
s imal likelihoods, and finally propose the rule underlying our skew-normal-
160 based and log-concave-based methods for image binarisation.

170 The procedure of image binarisation can be described as follows. For
i an image X of N pixels, each pixel is represented by its grey level z;,1 =
w2 1,...,N. A grey-level threshold ¢ partitions the image into two classes Cy(t)
w3 and Ci(t), where Co(t) = {i : 0 < z; <t,1 <i < N}and Ci(t) ={i: t <
w x; < T,1 < i < N}, where T is the largest possible grey level of X (e.g.
s T = 255 for 8-bit grey-level images). That is, Cy(t) includes all the pixels
s with grey levels = less than ¢, and C;(t) consists of the remaining pixels.

wr 3.1. Otsu’s method and the MET method

178 With thresholding in mind, Otsu (1979) introduces three measures: o%(t) /o3, (t),
o 0(t)/od,(t) and o%(t)/o2(t), of which o,(t) is the (sample) within-class
w0 variance, og(t) is the (sample) between-class variance and o2 denotes the
o total variance such that o = o, (t) + o3(t), for a candidate t. The to-
12 tal variance 0% does not change with the threshold ¢ whereas the other two

13 variances do. Otsu (1979) suggests selecting the optimal threshold ¢* as
tr, = argmax oy(t) = argmax [ﬂo(t)m () {m(t) — uo(t)}z} , (6)
t t

e where mo(t) is the proportion and pg(t) is the sample mean of class Cy(t);
w5 m1(t) and p(t) are defined similarly for Ci(t). As 0% = od,(t) + o%(t) is
185 invariant to t, the criterion in equation (6) is equivalent to the selection of ¢*
187 as

ty = argfnin oy (t) = arg:nin {mo(t)ag(t) + mi(t)oi(t)} (7)
s where og(t) and o4(t) are the sample standard deviations within Cy(¢) and
1o Cy(t), respectively.
190 Kittler and Hlingworth’s MET method (Kittler and Illingworth, 1986)
1 selects t* as

thy = argmin {Wo(t) log ;283 mt)log 28 } ’ ®
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where in practice usually only a t with positive mo(t), m1(t), oo(t) and oy (t)
is a candidate threshold.

Otsu’s method and the MET method are two of the most widely-used
approaches to image thresholding. Research efforts have been made to in-
terpret and unify them from various perspectives (Kurita et al., 1992; Yan,
1996; Xue and Titterington, 2010b).

Kurita et al. (1992) show that the Gaussian-based Otsu method is equiv-
alent to the search for the threshold ¢ that provides the largest maximum log-
likelihood based on p(z|y; t), under the assumption that x|y ~ N(u,(t), o} (t))
represents the within-class Gaussian distributions with the class indicator y,
and o2(t) = o3(t) for any candidate ¢t. That is, the Gaussian-based Otsu
method selects an optimal threshold t7, that satisfies

t5 = argmax [{or(l)atx {ZlOgP Ty t H ; 9)

where population parameters 0o (t) = (uo(t), o3 (t), p1(t), 03 (t)) are estimated
through maximisation of the log-likelihood (i.e. by their sample estimators).
By abuse of notation, we use the same symbols for population parameters
and their sample estimators, when there is no ambiguity in the context.

Kurita et al. (1992) also show that Kittler and Illingworth’s MET method
is equivalent to the search for the threshold ¢ that provides the largest max-
imum log-likelihood based on the joint distribution p(x,y;t), under the as-
sumptions that x|y ~ N(u,(t),07(t)) and o3(t) is not necessarily to equal
o?(t) for any candidate t. In addition, p(x,y;t) is factorised as p(y; t)p(z|y; t).
That is, the threshold selection rule is

ty = argmax [max {Zlog{p Yi; O)p(i|ys; )}}] , (10)

O (t

where 6ar(t) = (mo(t), po(t), 03 (t), (1), 07 (¢)), in which mo(t) = p(y(t) = 0)
is the class prior for a candidate threshold ¢.

3.2. Our skew-normal-based and log-concave-based methods

As with the maximum-likelihood estimation of Gaussian distributions in
Otsu’s method and the MET method (Kurita et al., 1992) for image thresh-
olding, the maximum-likelihood estimation of skew-normal distributions and
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log-concave distributions can also provide a maximal likelihood for each can-
didate threshold ¢. These maximal likelihoods can then be compared so as
to select an optimal threshold ¢*, which leads to our skew-normal-based and
log-concave-based methods for image thresholding.

This characteristic, together with skewness, uni-modality, flexibility and
generality (in particular in including Gaussian distributions as special cases)
of skew-normal distributions and log-concave distributions, makes the para-
metric or nonparametric maximume-likelihood estimation of these distribu-
tions appropriate for histogram-based image thresholding.

Our skew-normal-based and log-concave-based methods use the same rule
as that in equation (10) for selecting an optimal threshold ¢*, except that we
assume a skew-normal distribution fs(x|y;t) or a log-concave distribution
fr(zly;t) instead of a Gaussian distribution for each class C,(t) and any
candidate ¢.

Therefore, our skew-normal-based rule for the selection of ¢* is

ts = argmax [Z log{m, (t) fs(x:|y:; t)}] : (11)

where, for a candidate ¢, fs(x|y;t) is the parametric maximum-likelihood
estimator of the skew-normal density of class C,(t) determined by ¢, and
my(t) is the proportion of pixels in C,(t). Similarly, our log-concave-based
rule for the selection of t* is

17 = argﬁnax [Z log{m,, (t)fL(xl|yl, t)}] , (12)

where fg(x]y;t) is the nonparametric maximum-likelihood estimator of the
log-concave density for class C,(t) determined by ¢.

4. Implementation of the methods

The image-thresholding methods compared in this work were implemented
in R, a free software environment for statistical computing and graphics
(www.r-project.org).

Our implementation, of Otsu’s method, the MET method, the skew-
normal-based method and the log-concave-method, is based on equations
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(7), (8), (11) and (12), respectively. For purposes of consistency, comparison
and illustration, we rewrite the equations briefly as

ty, = argminJp(t) (13)
thy = arginin Ju(t) (14)
ty = arginin Js(t) . (15)
t; = arg%nin Jr(t), (16)

where Jo(t) and Jy(t) are the terms to be minimised on the right-hand sides
of equations (7) and (8), and Jg(t) and Ji(t) are the additive inverses of the
terms to be maximised on the right-hand sides of equations (11) and (12).

For Otsu’s method and the MET method, the maximum-likelihood esti-
mators, namely the proportion, sample mean and sample variance for each
class, have closed-form solutions and thus are readily implemented. In con-
trast, for our skew-normal-based and log-concave-based methods, there are
no closed-form solutions for the estimation, and thus additional consider-
ation, as discussed below, is needed in order to accelerate the numerical
computation.

4.1. Our skew-normal-based method

The implementation of parametric maximum-likelihood estimation of uni-
variate and multivariate skew-normal distributions can be found in an R
package sn.

In the univariate case, with centred parameterisation, a gradient-based
optimisation algorithm is used for maximum-likelihood estimation; alterna-
tively, with direct parameters (£, w, a), an expectation-maximisation (EM)-
type algorithm is used. Both algorithms are very slow when we treat each
pixel separately, as there are N, pixels for class C, where N, is in general a
large number; for example, for an image of 256 x 256 pixels of two classes Cy
and C;, N = Ny + N; = 65536.

Fortunately, based on their grey levels, N pixels can be treated as grouped
data, such that there are at most 7'+ 1 groups and each group has h(x) pixels
(i.e., the frequency of grey level x is h(x) as displayed in the histogram of
the image). Hence, for class Cy(t), the log-likelihood function in equation (2)

10
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can be rewritten as

g(es;t):—zvologw—%;io{h 2}+Z{ log{ (ax;f)}]

(17)
where Ny = 20" h(x). The formula for class C; can be derived simi-
larly. This substantially improves the computational speed of the maximum-
likelihood estimation of the skew-normal distribution. Meanwhile, such com-
putation does not slow down when the image size becomes larger.

Therefore, in this study, we adopt a routine called msn.mle in the pack-
age sn for the estimation. This routine can deal with univariate grouped
data; it uses the method of moments to initialise parameters and a general
optimisation procedure, nlminb, to maximise the log-likelihood; it is fast and
robust in our experiments for image thresholding, although it may not con-
verge when ¢ is at the ends of the grey-level range (i.e., when a class has few
grey levels).

4.2. Our log-concave-based method

Two implementations of nonparametric maximum-likelihood estimation
of univariate log-concave densities can be found in an R package logcondens
(Dtimbgen and Rufibach, 2010), by using an ICMA and an ASA, respectively.
In this study, we use the implementation based on ASA, the most efficient
method to date (Walther, 2009). In the multivariate case, an implementation
can be found in an R package LogConcDEAD (Cule et al., 2009), which also
provides the univariate estimation but, unlike those of logcondens, by using
a version of Shor’s r-algorithm for optimisation.

As with the skew-normal-based method, using grey levels we can treat
the pixels as grouped data such that the computational load is substantially
reduced. More specifically, for class Cy(t), the log-likelihood function of ¢.(-)
in equation (4) can be rewritten as

e t) Z{h )oe(x)} . (18)

and the objective function in equation (5) can be rewritten as

NLO;{W)@(Q;)}— /O - exp{ee(a)}dr (19)

11
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Similar formulae can be derived for class C;(t). The computational speed is
invariant to the image size.

Some discussion about the limitations of the nonparametric maximum-
likelihood estimation of log-concave densities can be found in Walther (2009),
Diimbgen and Rufibach (2010) and in particular Cule et al. (2010). The
computation for nonparametric estimation is in general much slower than
that for its parametric counterpart; computational speed is also an issue for
our log-concave-based thresholding method.

In our experiments, with no additional effort being made to optimise the
computer program, the time taken by Otsu’s method, the MET method, our
skew-normal-based and log-concave-based methods is approximately in the
ratio 1:1:8:22 for some real images of 256 x 256 pixels and in the ratio 1:1:2:6
for some real images of 512 x 512 pixels.

5. Results

For illustrative purposes, in this section we apply the four binarisation
methods to four real images and twenty-five simulated data sets.

5.1. Real images
The four real images that we chose are ‘NDT-image5’, ‘NDT-imagel9’,

‘NDT-image20” and ‘Coins’. ‘NDT-image5’, ‘NDT-imagel9’ and ‘NDT-image20’

are three nondestructive testing (NDT) images adopted in a recent compre-
hensive survey (Sezgin and Sankur, 2004) of image-binarisation methods.
‘Coins’ was used by the MATLAB Image Processing Toolbox (The Math-
Works, Inc.) for demonstration of Otsu’s method and by some studies of
image thresholding including one of our recent pieces of work (Xue and Tit-
terington, 2010a).

to ty te 11
NDT-imageb 150 89 91 224
NDT-imagel9 167 194 190 204
NDT-image20 80 39 40 47
Coins 12795 79 79

Table 1: Thresholds tf,, t3,, t& and t} selected by the use of Otsu’s method, the MET
method and our skew-normal-based and log-concave-based methods, respectively, for four
real images.

12
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The values of tf), t3,, t5 and t} selected by the four methods are listed
in Table 1. In Figures 1-4, we show for each of the four images its original
version, its histogram with thresholds ty,, ¢}, t¢ and ¢} superimposed and
indicated by dashed lines, the curves for Jo(t), Ja(t) Js(t) and JL(t) (all of
which have been rescaled to the range [0, 1]), and its binarised images based
on tp,

v to and 7, respectively.

800 1000 1200

600
L

Intensity Threshold

Figure 1: For ‘NDT-imageb’. Upper row, from left to right: original image; histogram with
thresholds t3,, t}; t% and ¢} superimposed and indicated by dashed lines; Jo(t), Jas (%)
Js(t) and Jp(¢), all of which have been rescaled to the range [0,1]. Lower row, from left

*

to right: binarised images based on ty), 3, t$ and t7, respectively. Binarised images are
scaled down.

In the centre of ‘NDT-imageb’, an infrared thermal image for defect de-
tection as shown in Figure 1, the bright hole (as C;) is of much smaller size
and its grey level is of much smaller variance, compared with the inhomoge-
neous background (as Cp). In this case, only the log-concave-based method
achieves a reasonable threshold (i.e. t}), which is located in the histogram
valley between Cy and C;, while other three methods fail to extract the hole.

‘NDT-imagel9’ is a light microscope image of a material’s microstructure.
As shown by its histogram in Figure 2, the grey-to-dark material (Cy) and the
bright background (C;) are of similar sizes but with different variance in grey
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Figure 2: For ‘NDT-imagel19’. Caption is as for Figure 1.

level. Although the histogram for Cy can be regarded as being skew, which
leads to different curves for Jy/(t) and Jg(t), t3, and t§ are similarly located
between the histogram modes for Cy and C;, both producing nearly optimal
binarisation results. Otsu’s method and the log-concave-based method do
not perform well in this case: tf, is too small while ¢ is too large.

‘NDT-image20’ is another light microscope image intended to inspect a
material’s microstructure; ‘Coins’ is an ordinary picture. As shown in Fig-
ures 3 and 4, the histograms of these two images are of different types: for
‘NDT-image20’, the class of black pores (Cy) has a smaller size and more
compact grey levels than the class of grey particles (C;); for ‘Coins’, the
dark background (Cp) contains many more pixels, and has much more com-
pact, skewed grey levels, than the grey coins (C;). In both cases, the MET,
the skew-normal-based and the log-concave-based methods perform similarly
well, much better than does Otsu’s method. All thresholds, ty,, ¢, t& and ¢},
are located between the histogram modes for Cy and C;, but ¢}, is relatively
large.

We note that, in our experiments, the curve for Js(¢) is often close to that
for Jy(t), as shown in Figures 1-4. This implies that, for each of the four
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Figure 3: For ‘NDT-image20’. Caption is as for Figure 1.

Coins Coins

Frequency
Rescaled J

— otsu

Skew-norma}
-+ Log-concave|
T T T T T
150 200 250 50 100 150 200 250

Figure 4: For ‘Coins’. Caption is as for Figure 1.
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images, the value of the shape parameter « of the skew-normal distribution
obtained from the maximum-likelihood estimation is often approximately
zero (which corresponds to a nearly Gaussian distribution), except when the
histogram for a class is remarkably skew as shown in Figures 2 and 4.

5.2. Simulated histograms

Although some patterns may be observed from empirical studies by using
real images such as those presented in section 5.1, it is helpful to perform ad-
ditional studies on simulated data sets, in order to reach some more general-
isable, reliable and interpretable patterns and to provide a good complement
to the empirical studies.

Therefore, in this section, we present the results obtained from apply-
ing the four binarisation methods to 25 sets of simulated data from two-
component skew-normal mixtures. In each set, there are N = 256 x 256 data
points, and the data correspond to grey levels of all pixels in a virtual image
X of two classes, Cy and C;, with class proportions my and 7. For Cy, the
grey level follows a skew-normal SN(&y, wy, ap) distribution; for Cy, the grey
level follows SN(&1,ws, a1). All simulated data are rounded, left-truncated
and right-censored into the range [0,7], where T" = 255, as grey levels are
non-negative integers.

The reasons why we build 25 sets of simulated data are as follows.

First, we consider five types of skewness for a two-component mixture:
one type is for the case that neither component is skew (i.e. with oy =
ay = 0) corresponding to two Gaussian components, denoted by subscripts
G hereafter; the other four types are for cases in which both components are
skew, either left-skewed (i.e. with negative ) or right-skewed (i.e. with
positive «,), denoted hereafter by subscripts LL, RR, LR and RL where
R and L represents right-skewed and left-skewed, respectively. Here we do
not consider cases in which only a single component is skew, which are less
complicated than cases in which both components are skew.

Secondly, we consider the different relationships, namely larger than,
equal to and smaller than, between proportions my and m; and between stan-
dard deviations oy and o; for Cy and C;. There are nine combinations of the
pairwise relationships, but only five of them are unique since some pairs are
mirrors of each other (Xue and Titterington, 2010a). The data sets corre-
sponding to these five unique combinations are denoted by X, Xy, X3, Xy
and A5, respectively; their characteristics can be found in Table 2.

16



394

395

396

397

398

399

400

401

402

403

404

Therefore, in this paper the 25 data sets are denoted by Xiq, ..., Xs5rL,
respectively.

Furthermore, as with Glasbey (1993), Xue and Titterington (2010b) and
Xue and Titterington (2010a), we set po = 100 and p; = 140 for Cy and
Ci. We set o, = %4 for the skew-normal distributions. Then, based on the
properties of the skew-normal distribution that

o= E+wi/2/m, (20)
o = wy\/1—-20%/1, (21)

where 7 is Archimedes’ constant and 6 = a/v/1 + o2, we can obtain w, and
&y for class Cy, as listed in Tables 3-7 rounded to the nearest integers.

o 71 Op 01
Xy 0.5 05 10 10
X, 0.5 0.5 5 15
Xy 0.8 0.2 10 10
Xy 0.8 0.2 5 15
Xs 0.8 0.2 15 5)

Table 2: Five combinations of relationships between proportions mg and 7, and between
standard deviations oy and o1 used for data simulation in this paper.

ag a; wy w & & | tp ty ts 3
Xia 0 0 10 10 100 1401|120 120 120 117
X | -4 -4 16 16 112 152|121 125 123 116
XiRR 4 4 16 16 88 128 | 120 116 122 124
Xirr | -4 4 16 16 112 128 | 120 120 120 123
XirL 4 -4 16 16 88 152 | 121 121 121 123

Table 3: The shape parameters (o and «;), scale parameters (wp and wy) and location
parameters (& and &;) of two-component skew-normal mixtures for five simulated data
sets (Y@, XL, Xigr, XY1or and Xigp), with corresponding thresholds ¢§), ¢}, t§ and
t7. Note that X} corresponds to a two-component Gaussian mixture.

The histograms constructed from the first set of five data sets, X1q, ..., XirL,
are plotted in Figure 5, with corresponding thresholds ¢f), t},, t5 and t} su-
perimposed. From Figure 5, we can observe that, in this case of two classes
with equal sizes, equal variances but different types of skewness, all four
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methods provide reasonable thresholds, well located in the valley between
the two classes, although, when the directions of the skewness of the two

classes are the same, some thresholds are not perfectly located at the lowest
point of the valley.

Qg (1 Wy Wi 50 51 tz) t*M t*S t*L
Xog 0O 0 5 15 100 140|123 113 113 110
Xopr, | -4 -4 8 24 106 159 | 124 115 115 109
Xogr | 4 4 8 24 94 121|122 110 112 111
Xorp | 4 4 8 24 106 121|122 112 108 109
Xopp | 4 -4 8 24 94 159|124 114 114 112

Table 4: The shape, scale and location parameters for Xoc, Xorr, Xorr, Xorr and Xagry,
with corresponding thresholds ty,), 3, t5 and 7.

In the second set of five data sets, Xog, ..., XAorr, the two classes are of
equal sizes but with remarkably different variances. As shown in Figure 6,
in this case, t3,, t5 and ¢} are in general well located in the valley, while ¢,
moves towards the class with larger variance. Roughly speaking, the case of
‘NDT-imagel9’, as shown in Figure 2, falls into this category.

Qg (1 Wy Wi 50 51 t(*j t}sw t*S t*L
X 0 O 10 10 100 140|119 125 125 119
Xspr, | -4 -4 16 16 112 152 | 121 128 128 118
Xopr | 4 4 16 16 88 128|119 120 123 93
Xarp | -4 4 16 16 112 128 | 120 124 124 120
Xspp | 4 -4 16 16 88 152|119 124 124 123

Table 5: The shape, scale and location parameters for X3¢, Xsrr, X3rr, X3Lr and X3grr,
with corresponding thresholds ty,, t3,, t5 and 7.

In the third set of five data sets, X3q, ..., X3rL, the sizes of Cy and C; are
very much unbalanced but the variances of them are the same. In this case,
as shown in Figure 7, all four thresholds are in general well located between
the two modes of Cy and Cy, including ¢7, from Otsu’s method. Since Otsu’s
method is equivalent to the use of Student’s t-tests (Xue and Titterington,
2010b), it can in general be robust to a moderate violation of the assumption

of normality of the two within-class distributions when the two variances are
equal.
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Figure 6: Histograms for Xog, Xorr, Xarr, Xorr and Xogrr, with thresholds ty), t3,, t5
and t7 indicated by dashed lines.

Qg (1 Wy Wi 50 51 tz) t?\/[ tj;r t*L
Xic 0O 0 5 15 100 140|122 116 115 112
Xy, | 4 -4 8 24 106 159 | 123 117 112 110
Xurr | 4 4 8 24 94 121|121 113 113 112
Xorr | 4 4 8 24 106 121|121 115 108 110
Xyprp | 4 -4 8 24 94 159|123 116 125 116

Table 6: The shape, scale and location parameters for Xy, Xsrr, Xarr, Xarr and Xyrr,
with corresponding thresholds ty,, 3, t5 and 7.
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Figure 7: Histograms for Xsg, Asrr, Asrr, XAzpr and Xsgrr, with thresholds ty), t3,, t5
and t7 indicated by dashed lines.

Qg 1 Wy W
Xsa 0 0 15
Xepp | -4 -4 24
Xepp | 4 4 24
Xsrr | -4 4 24
Xosprp | 4 -4 24

& Gl to ty 1z &
100 140 | 114 130 130 133
119 146 | 112 135 135 126
81 134 | 115 126 124 134
119 134 | 113 131 131 132
81 146 | 115 128 128 133

iy

Cco 00 00 CO Ut

Table 7: The shape, scale and location parameters for X5, Xsrr, Xsrr, XsLr and Xsgr,
with corresponding thresholds ty,, 3, t5 and 7.
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Figure 8: Histograms for Xuaq, Xarr, Xarr, Xarr and Xygr, with thresholds tf), t3,, t§
and t7, indicated by dashed lines.
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The fourth set of five data sets, Xyq, ..., Xyrr, represent the cases in
which the sizes of Cy and C; are very much unbalanced and the minority class
Cy has a larger variance. In contrast, The last five data sets, Xsq, ..., XsrL,
represent the cases in which, for two very much unbalanced classes Cy and
C;, the majority class C; has a larger variance.

As shown in Figures 8 and 9, for the fourth and fifth five categories of
data, the MET, the skew-normal-based and the log-concave-based methods
perform similarly well, much better than does Otsu’s method. All thresholds,
tH, ty ts and t}, are located between the histogram modes for Cy and Cy,
but t7, moves towards the mode of the class with a larger variance.

Such patterns are also found in our empirical studies on real images
‘Coins’ and ‘NDT-image20’, as the case of ‘Coins’, as shown in Figure 4,
falls into the fourth category while the case of ‘NDT-image20’, as shown in
Figure 3, falls into the last category.

We also note that, for our simulated data, the skew-normal-based method
and the MET often provide similar thresholds, implying that, when the skew-
ness is moderate as in our experiments, the Gaussian mixture is a good ap-
proximation to the histogram; this may explain to some extent why, in com-
prehensive studies both for 40 NDT images and for 40 degraded document
images presented in Sezgin and Sankur (2004), the MET method performs
the best.

In summary, for the binarisation of four real images and twenty-five sim-
ulated histograms carried out in this paper, our skew-normal-based and log-
concave-based methods provide results comparable to, if not better than,
those obtained from the MET method, and provide in general better results
than that from Otsu’s method.

6. Discussion

6.1. Extensions of our skew-normal-based and log-concave-based methods

6.1.1. Multi-dimensional extensions

Some classical histogram-based image-thresholding methods can provide
multi-dimensional extensions, for applications in which a multi-dimensional
(often in practice two-dimensional) histogram, such as that of (grey level,
locally average grey level) and that of (grey level, grey-level gradient), is
involved.

To extend our one-dimensional skew-normal-based method to such a
multi-dimensional histogram, the parametric maximum-likelihood estimation
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of multivariate skew-normal distributions (Azzalini and Valle, 1996; Azzalini
and Capitanio, 1999) can be employed, the implementation of which can be
found in the R package sn.

Similarly, to achieve a multi-dimensional log-concave-based method, the
nonparametric maximum-likelihood estimation of multivariate log-concave
densities (Cule et al., 2010) should be employed, the implementation of which
can be found in the R package LogConcDEAD. We note that, if the dimension
of the histogram is high, then the speed of computation is an issue, and thus
prior to the estimation it is better to perform dimension reduction by using
a technique such as principal component analysis.

6.1.2. Multilevel extensions

For a multi-modal histogram, multilevel thresholding can be preferred for
certain applications. In this case, multilevel extensions of the binary skew-
normal-based (or log-concave-based) method proposed in this paper can be
obtained, either by exhaustive search if the number of thresholds is small,
or by using an EM-type algorithm for a finite mixture of skew-normal (or
log-concave) distributions.

The EM-type algorithm for a finite skew-normal mixture distribution can
be found in Lin et al. (2007) and Lin (2009), and that for a finite log-concave
mixture distribution can be found in Chang and Walther (2007) and Cule
et al. (2010). Both procedures are naturally analogous to cluster analysis
that is based on finite Gaussian-mixture models (Fraley and Raftery, 2002;
Melnykov and Maitra, 2010).

6.2. Limitations of the thresholding methods

6.2.1. Truncation of grey levels

The grey levels are positive numbers, truncated or censored into the fi-
nite range of [0,7]. Once a threshold t is fixed, the grey levels smaller than
t are assigned to class Cy, and the rest to C;. Hence, the grey levels used to
estimate parameters (such as mean and variance) of Cy are truncated into
[0,¢), and those for C; are truncated into [¢,7]. This is a characteristic of
histogram-based thresholding. However, the support of the Gaussian distri-
bution is infinite. This leads to biased estimators of mean and variance for
Otsu’s method and the MET method, because both methods provide nonzero
probabilities for the grey levels outside the empirical supports for the object
and the background, but both cannot use these grey levels for estimation.
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In order to mitigate the effect of truncation on the image-thresholding
methods that assume infinite (and thus overlapped) supports for the two
classes, truncated Gaussian distributions have been used (Lee and Yang,
1989; Cho et al., 1989).

It is interesting to investigate the truncation effect on the skew-normal-
based method, since, like the Gaussian distribution, the skew-normal distri-
bution also has an infinite support.

For the log-concave-based method, the situation can be even worse. Based
on nonparametric maximume-likelihood estimation, this method assigns zero
probabilities to the grey levels outside the empirical support of [0,¢) for Cy
and to the grey levels outside [t, T] for Cy, and does not use these grey levels
for estimation. Subsequently, the estimator fi,(z) = exp{¢e(z)} of fi(x)
is obtained such that f,(z) = 0 when z is outside the support (1), 2(n,)]
for class C,. Such a truncation characteristic of the estimator is in general
undesirable, as it provides no probability for unseen extreme observations to
occur.

There is a smoothed log-concave density estimator, through the convolu-
tion of fL(x) and a Gaussian kernel, which can extend the support of fL(x)
to be infinite (Diimbgen and Rufibach, 2010; Cule et al., 2010), but it does
not mitigate the truncation effect for image thresholding.

In practice, however, the truncation effect is often disregarded for various
reasons. Its investigation is certainly of research interest, but is beyond the
scope of this paper.

6.2.2. Model mis-specification

The performance of Otsu’s method and the MET method degrades when
the true distributions of the background and the object are far from being
Gaussian distributions. Similarly, the performance of our skew-normal-based
and log-concave-based methods also degrades when the true distributions are
far from being skew-normal or log-concave. Such a mis-specification problem
is associated with all model-based clustering techniques.

However, as mentioned in section 2, the skew-normal distribution and the
log-concave distribution include the Gaussian distribution as a special case
and can accommodate some skew distributions. This makes our methods
less sensitive than Otsu’s method or the MET method to the violation of the
assumption of a Gaussian distribution for each class.

In addition, when the true distributions f(z) of the background and the
object are not log-concave, the nonparametric maximume-likelihood estima-
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tors f (x) of f(x) may converge in certain norms to the log-concave densities
that are closest to f(x) in some sense (Cule et al., 2010).

6.3. Evaluation of image-thresholding methods

To evaluate and compare image-binarisation methods, a considerable
number of measures have been proposed (Sahoo et al., 1988; Sezgin and
Sankur, 2004; Zhang, 1996; Zhang et al., 2008). For real images, because in
general no pre-segmented image is available as ‘ground truth’, objective eval-
uation criteria, such as uniformity and shape measures, are often adopted.

However, such ‘objective’ evaluation prefers a method for which the rule
for selecting t* matches the evaluation criteria. For example, the grey-level
uniformity measure proposed by Levine and Nazif (1985) was used in com-
prehensive surveys and comparative studies such as Sahoo et al. (1988), Lee
et al. (1990), Zhang (1996) and Sezgin and Sankur (2004), among others.
However, this measure is essentially equivalent to Otsu’s rule for selecting
an optimal threshold (Ng and Lee, 1996) and thus always favours Otsu’s
method. Therefore, we opt not to use these quantitative measures to evaluate
the image-thresholding methods that are compared in this paper. Moreover,
for the simulated histograms and the real images shown in section 5, visual
perception provides reasonable comparison among the image-thresholding
methods, although there is ‘ground truth’ kindly provided by Sezgin and
Sankur (2004) for the NDT images.

7. Conclusions

Two new methods for histogram-based image thresholding have been
proposed: one is based on parametric maximum-likelihood estimation of
skew-normal distributions; the other is based on nonparametric maximum-
likelihood estimation of log-concave distributions. The two methods gener-
alised the classical Gaussian-based methods, considered the skewness of the
distributions of individual classes, and based the determination of an optimal
threshold on the comparison of maximum log-likelihoods. The experiments
presented in this paper, which applied the methods to real images and simu-
lated data, demonstrated that the two methods performed as well as, if not
better than, Otsu’s method and the MET method, two of the most popular
approaches to image thresholding.
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