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Abstract. We focus on the estimation of a probability distribution ogeset of
trees. We consider here the class of distributions compteeeighted automata
- a strict generalization of probabilistic tree automataisTclass of distributions
(called rational distributions, or rational stochastieetianguages - RSTL) has
an algebraic characterization: All the residuals (condgi) of such distributions
lie in a finite-dimensional vector subspace. We propose aodelogy based on
Principal Components Analysis to identify this vector qudrse. We provide an
algorithm that computes an estimate of the target residigaior subspace and
builds a model which computes an estimate of the targetilision.

1 Introduction

In this article, we focus on the problem of learning prohipdistributions over trees.
This problem is motivated by the high need in XML applicai@r natural language
processing to represent large tree sets by probabilistétetsoFrom a machine learning
standpoint, this problem can be formulated as follows. Ga&weample of trees indepen-
dently drawn according to an unknown distributi@ra classical problem is to infer an
estimate ofp in some class of probabilistic models [1]. This is a cladgitablem in
grammatical inference and the objective here is to find a gstidhate of the model's
parameters. A usual class of models is the class of probtabitree automata (PTA)
where the parameters lie |, 1].

Recent approaches propose using a larger class of remtsanthe class of ra-
tional distributions (also called rational stochastietienguages, or RSTL) that can
be computed by weighted tree automata - with parametels imence with weights
that can be negative and without any per state normalisatadition. This class has
two interesting properties: It has a high level of expressass since it strictly includes
the class of PTA and it admits a canonical form with a minimahiber of parameters
(see [2] for an illustration in the string case). It has nbtabe characterization that the
residuals of a rational distribution (a special kind of citiothal distributions) lie in a

* This work was partially supported by the ANR LAMPADA ANR-BMER-007 project and
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finite-dimensional subspace. This set of residuals spaastarnsubspack’” of the vec-

tor space of real values functions over tréésis finite dimensional and its dimension
corresponds to the minimal number of states needed by a teeigiee automaton to
computep. Thus, a goal of an inference algorithm might be to identiig subspac@’.
This was illustrated by the algorithm DEES [3, 4] which bsiliteratively a weighted
automaton computing an estimatepfHowever, the iterative approach presented be-
fore suffers from the drawback to rely on statistical tebts are done on fewer and
fewer examples when the structure grows.

In order to overcome this drawback, in this paper we invastighe possibility
of using Principal Component Analysis (PCA) to identify tta@get vector subspace
spanned by the residuals of a rational distribution, and tbhebuild a representation
from this subspace. PCA has already been used in grammiatieegnce for learning
rational string distributions in [5], and in another franteW in [6]. Another spectral
approach was proposed in [7, 8] for learning a class of Hiddarkov Models (HMM)
over sequences. In this paper, we show that consideringléiss of rational distri-
butions offers a natural framework for applying PCA to idBnthe target residuals
subspace. Moreover, we obtain a high gain of expressivesiress we are able to infer
classes of distributions that can not be computed by PTAs §hin in expressiveness
has unfortunately two main drawbacks: the class of ratidisfibutions is not recur-
sively enumerable and it is not decidable if a rational sediefines a distribution [9].
In spite of these strong constraints, we give some asynegator bounds and provide
pointwise convergence result.

The paper is organized as follows. Section 2 gives the piediries on trees and
rational tree series. Section 3 is devoted to our algorithhile the convergence prop-
erties are presented in Section 4. Some experiments argpdin the last section.

2 Preliminaries

In this section, we introduce the objects that will be usddilaing in the paper. We
mainly follow notations and definitions from [10] about tse€&ormal power tree se-
ries have been introduced in [11] where the main resultsapfS@me notations about
norms and matrices terminate this section.

2.1 Trees and Contexts

Unranked Trees Let F' be an unranked alphabet. The setuofanked treeover F
is the smallest sef’» satisfyingF’ C T, and for anyf € F, andty,...,t, € Tk,
f(tla"'at’m) GYWF

Ranked TreesLet F' = FyU- - -UF,, be aranked alphabet where the elemenfgiare
also called constant symbols. The setreksover F' is the smallest sef’» satisfying
Fy C Tr, and for anyf € Fy, and anyty, ..., tx € Tr, f(t1,...,tx) € TF.

Any tree defined over an unranked alphabetan be represented over a ranked
alphabetr® = Fy* U Fy* with only one binary symbaby, i.e. Fy* = {@(-,-)} where
@ ¢ F and constants that comprise all symbol$inF® = F. Figure 1(d) shows such
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a representation (called curryfication) of the tree of Féglic). Curryfication can be
formally defined by induction:

— curry(f(te, ..., tn)) = @(curry(f(t1, ..., th—1)), curry(t,))
— curry(f(t)) = Q(f, curry(t))
— curry(a) =afora € F

This particular class of ranked alphabet is in bijectionhwtite set ofunranked
trees[10], i.e. labeled trees in which any node may have an unbedimiimber of
children. Weighted automata on unranked trees are defind@]nwhere it is proved
that weighted unranked tree automataforare equivalent to weighted tree automata
on 9. As ranked trees are a particular case of unranked trees aighted ranked
tree automata can be seen as a particular case of weighteakedrtree automata, the
results still hold for any ranked alphabet.

Hence, without loss of generality, and in all the rest of tlager, we will only
consider a ranked alphabet equipped with constant symbdisvéh only one binary
symbol in the following of the paper. For convenience, wd ugle f for denoting the
binary symbol instead ofi.

Contexts Contexts are elementof Cr C Trs; wheres$ is a variable that appears
exactly once as a leaf in($ is a constant anl ¢ F'). Given a context € Cr and a
treet € T, one can build a tre€ft] € T by replacing the (unique) occurrenceoh

c by the tree.

Example 1.Let Fy = {a,b}, F} = {g(-)} andF> = {f(-,-)}. Thent = f(a, g(b)) €
Tr (Figure 1(a))c = f(a,$) € Cr (Figure 1(b)) and:[t] = f(f(a,g(b)),a) (Fig-
ure 1(c)).

f
/ N\ /\
! ! 1o
9/ \a $/ \a g/ \a f/ \@
| ! VA

(a) Treet  (b) Contextc (c) Treec[t] (d) Currified representation of the treg|

Fig. 1. An example of tree¢ = f(a, g(b)), contextc = f($,a) and their compositior[t] =
f(f(a,g(b)),a), as defined in Example 1. On the right a representatiohafer an alphabet
with only one binary symbaob and with the elements df seen as constant symbols.
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Definition 1. Thelengthof a tree or a context is the number of functional symbols used
to define it, including the special symlisol

Tk (resp.TI?k) will denote the set of trees of length(resp. length greater or equal
thank).

2.2 Tree Series

A (formal power) tree seriesn T is a mapping: : 7r — R. The vector space of
all tree series off » is denoted byR[T'»|. We denote by (T) the vector subspace of
R[Tr] of tree serieg such thay . r(t)> < oo. This vector subspace is equipped
with a dot productr, s) = >, ., 7(t)s(t).

Givenr € R[Tr], a residual of- is a seriess € R[Tr| such thats(t) = r(c[t]) for
somec € Cp. This series is denoted : ¢ — r(c[t]). One defines the set of residuals of
rby{ér|c € Cr}. Letc; be an enumeration @f 7, andt; an enumeration dfp. Given
r € R[Tr], one defines the (infinite) observation matiixof r by: (X), ; = r(c;[t;]).

T(Cl [tl]) N T(Cl [t]]) e

r(eilta]) ... r(eilts]) ...

Rational seriegseries computed by weighted automata) are the series Wiititea
rank observation matrix. The rank of the observation magrithe rank of the rational
series (i.e. the state number of a minimal automaton comgtitie series). From this
observation, one can define a canonical linear representattia rational tree series as
introduced in [3]. We give here a simpler definition:

Definition 2. The linear representation of a rational tree series oVeris given by:

— the rankd of the series, andlq, . . . ¢4} a basis ofR?.
— 7 €R%

— for eacha € F}, a vectora € R?.

— for f € F,, a bilinear mappingf € £(R%,R%;R9).

The linear representation is denoted (%, d, _, 7).

The mapping _ can be inductively extended to a mapping: Tr — R that
satisfiesf (t1,12) = f(t1,12) foranyt,, ty € Tr.

Finally, the value of-(t) is given by:r(t) = t"7 where denotes the transpose
operator.

Example 2.Let F = {q, f(+,-)} a ranked alphabet, consider the linear representation
(F,2,_,7)of the series such thatf{ey, e, } is a basis ofR?, 7 = (1, 0) and defined by
the following expressions:

Q:%+%v i(617€2):%+2%7 i(ei,ej):()for (17])7&(152)
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H(f(a, ) = f(a,0) 7 = fla,0) 7= (2L 4+ 22 2T

Rational tree series can be equivalently represented bghtexl tree automata
where the number of states of the automata corresponds @irttension of the lin-
ear representations. Indeed, a tree automaton is a taplé, 7, 5) where@, = and
0 are respectively the set of states, the terminal vector badransition function.
Let (F,2,_,7) be a linear representation and [et,...,e;) be a basis oR?. Let
Q = {e1,...,eq}. Any linear relation of the forny (e;,e;) = >_, a¥ ;e yields tod

N
transition rules of the fornf(e;, e;) 29, e andr(e;) is set tor "e;. See [4,13] for
more details.

Example 3.A weighted automaton computing the series in example 2 wbel@ =

{@1,02}, F = {a, f}, 6 defined by:
2/3 1/3 1/3 2/3
o 22, ¢, a 2, a2, f(q1, q2) 2, a1, f(q1,92) 25, g2z andr(q1) =1, 7(g2) = 0.

Let R[Cr] be the set of mappings: Cr — R. Forr € R[Tx] andt € T, one can
definetr € R[Cr]| by:
tr(c) = er(t) = r(c[t]).

Theér correspond to the rows of the observation maifiand thefr to its columns,
and one has the following equivalent properties:

1. r € R[Tr] has an observation matriX with finite rankd.
2. The vector subspace B{T'»] spanned by ¢r|c € Cr} has dimensior.
3. The vector subspace BfCr] spanned by{ir|t € Tr} has dimensiod.

Let us denote by, the set of contexts of length lower thanand let~, be the
equivalence relation ovéR[Cr] defined byf ~¢, ¢ iff Ve € Cy, f(¢) = g(c). One
definesR[C),] as the quotient vector spaBgC'’»|/ ~¢, , equipped with the regular dot

product(f, 9) = >_.cc, f(c)g(c).

2.3 Rational Distribution and Strong Consistency

Definition 3. A rational distribution(or rational stochastic tree languad®STL) over
T'r is a rational series computing a probability distribution.

In other words, a RSTL is a probability distribution that dag& computed by a
weighted automaton (or that admits a linear represenfatiocan be shown that there
exists some rational distributions that cannot be compbtedny probabilistic tree
automatonlt is undecidable to know whether a rational series givea liear repre-
sentation defines a probability distribution (see [2] foillustration in the string case).



6 Raphaél Bailly, Amaury Habrard, Frangois Denis

Definition 4. A strongly consistent stochastic tree languafmsstrongly consistent
distribution) over T is a probability distribution ovefl’» having a bounded average
tree size i.ey ., p(t)[t] < oc.

It can be shown (see [4]) that, if p is a rational distributi@ving a bounded average
tree size, there exists some constdnts C' and0 < p < 1 such that:

> plt) <Cpt.

teTzk

3 Principle of the Algorithm

Let p be rational distribution off’= (strongly consistent or not). We give first a general
algorithm that takes a sample i.i.d. accordingtas input. For this purpose, |ét, be
the set of contexts of length lower thatand let us make the assumption thap|c €
Cy,} and{¢p|c € Cr} span the same vector subspaceR@fr]. In other words, we
suppose that considering the €&t is sufficient to get the whole space of residuals.

Let V be the finite dimensional subspace/{Tr) spanned by the sdip|c €
Cy}. V* will denote the sef{tp|c,,t € Tr} C R[C,] - for convenience we still
denote by p the mappindp|c, . ITy, denotes the orthogonal projection oVerelatively
to the dot product inherited frory(Tr), and Iy« denotes the orthogonal projection
over V* relatively to the dot product inherited frofR[C,,]. Let S be a sample ofV
trees independently and identically drawn according snd letpg be the empirical
distribution on7» defined fromS. Vs denotes the vector subspace/8f7) spanned
by {¢ps|c € C,,}, andV¢ the subspace d&&[C),] spanned by{ips|t € Tr}.

We first build from.5' an estimate/g , of V* and then we show thatg ; can be
used to build a linear representation such that its assatiational series approximate
the targep. In this section, we implicitly suppose that the dimensiaf V* is known.
We will show in the next section how it can be estimated fromdhta.

3.1 Estimating the Target Space

Letd > 0 be an integer. The first step consists in finding dhéimensional vector
subspacé’s ; of Vg that minimizes the distance {@ps|t € Tr}:

Via= arg min Z ltps — My~ (tps)||>.
dim(W*)=d,W*CVg teTw

V¢ 4 can be computed using principal component analysis.

Let {t;} be an enumeration &, and{c;} be an enumeration a,,. Let X g the
empirical mean matrix defined byXs); ; = ps(ci[t;]), and letX be the expectation
matrix defined by(X); ; = p(ci[t;]).

V3 4 corresponds to the vector subspace spanned by fingt (normalized) eigen-

vectors (corresponding tblargest eigenvalues) of the mattifs = XsXJ. Ng will
denote the matrix’(STXs which corresponds to the dual problem of the PCA. We will
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denote byW™* = {wj,...,w}} the set of eigenvectors (ordered by decreasing eigen-
values) ofMg, and byW = {wy,...,ws} the corresponding eigenvectorsgf. W*
is the matrix with the vectorfwj, ..., w}} as columns - this matrix corresponds to the
projection operatofly -, while W is the matrix with vectorgws, . . ., wy} as columns,
because bothl” andW* are orthonormal.

Let \q,..., \q be the associated singular values; they also are the squateaf
the eigenvalues af/.

We recall here the relationships betweenih@ndw; eigenvectorsX sw; = \jw;
andX J w} = \w;. In particular,

Msw; = XsXJw = M Xsw; = Nw}.

3.2 Building the Linear Representation From the Dual Space

The eigenvectors found in the previous section form thesbakthe residual space.
In order to complete the linear representation, we now needefine, in the basis
{wy,...,w;}, the terminal vector, the mapping_ for the constant symbols and
the bi-linear operatof.

The idea is to identify, for any trete the mappingps to its projection on the space
spanned byV*, that isiW*W* " £p5. We shall see in next section that this identification
leads to a bounded error, decreasing as the size of the sgnopls.

— The vector space is the space spanned/ly
— Foreachu € Fy,a = W* "apg.

In order to defingf, we use a known relation between eigenvectors of the stdndar

and dual PCAw; =3, (?i)’“t}pg. We use the bilinearity of to obtain:

- i(w;ka w;‘) = Z1§k,zgd %W*Tf(tkvtl)ps-
— 7, = w}($), corresponding to the terminal weight of a tree in a bottgnptocess.
— Finally,r(t) =t".7.

The different steps of the algorithm are described in Alidoni 1.

4 Consistency

Let us consider the observation matiix defined by:X;; = p(c¢;[t,]), wherec; and
t; are respectively contexts and trees. Bdte a sample of siz&/ i.i.d. fromp. Xg is
defined as the empirical observation matrix built from the#ioal distributionpg. In
this section, we will bound the difference between thosertvadrices, and show how it
induces a bound for the convergence of the singular valugsrathe distance between
the estimate and the target distribution for a tree

First, here is a simple result straightforward from the s of empirical mean:
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Data: A sampleS of trees inT' i.i.d. according to a distributiop, a dimensionl and a
set of contexts”,, .
Result A linear representatior of a tree serie$F, d, _, 7).
Let X the matrix defined byX [i, j] = ps(ci[t;]);
M = XX [*variance-covariance matrix */;
(i, w;, w;) < square roots of eigenvalues &f in decreasing order and corresponding
eigenvectors, and eigenvectors in the dual;
Letw?,...,w be the eigenvectors corresponding to dHargest eigenvalues and let
W* = [wi,...,w}] be the matrix having the vectots’ as columns
Let__ be the operator defined by:
foreach f € Fdo
if a € Fothena = W*T(’zps;
if f € 72 then i(w;7 wy) = Zl<k,l<d WW*TJ%UW t1)ps;
end
(7)i =w;i(8);
return A = (F,d,_,7);
Algorithm 1: Building a linear representation corresponding to a sarfiad a
dimensiond.

Lemma 1. Letp a probability distribution ovefl'», andpgs its empirical estimate from
a sample of siz&/ drawn i.i.d. fromp, one has

B(lps —pl3) = Y Bls() —p)) = 3 LI o L

teTr teTr

Let C,, be the set of contexts of length lower or equal thait can easily be shown
that:

Lemma 2. Lett be a tree. There is at most contexts inC,, such thatt = c[t'] for
some tree’.

The previous lemma helps us to bound the occurrence numhbérexd in the matrix
X, which will allow us to use some concentration inequalithtond the error ovek'.
One denote§|| » as the Frobenius norm on matrices, atid = || X — Xg||r.

Lemma 3. Let X be a probability observation matrix restricted to the cotisebelong-
ing to C,,. Let X s the empirical estimator ok from a samples5 of sizeN. Then, one
has with probability at least — § (6 > 0):

Ax = |IX = Xgllr < \/% (1 + \/10g(%)> .

Proof. This proof uses a construction similar to the proof of Prapms19 in [8]. Letz
be a discrete random variable that takes valud%-irL_et X be a probability observation
matrix built from a setC,, of contexts as lines and trees frdfy as columns. One
estimatesX from N i.i.d. copies ofz; of z (i = 1,..., N).
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One associates to each variabje matrix X; indexed by contexts af',, and trees
of T such that

X;[j, k] = 1if 2; = ¢;[t;] and 0 otherwise.

From Lemma 2,X; has at most non null entries.

The empirical estimate oK is Xg = % Zf.vzl X;. Our objective is to bound
1Xs — X]|.

Let S’ be a sample that differs froi$i on at most one examplg.

Then,

2n
1 Xs = Xl[F = | Xs = X[lp| < [ Xs = XsrllF </ -
From McDiarmid inequality [14], one obtains:

Pr(|Xs — X||r 2 B(|Xs — X|[r) +¢) S e =
By Lemma 1 and Lemma 2 and by using Jensen'’s inequality, ibegoroved that
E(|Xs — X||r) < /2. By fixing§ = e~ =<, one gets the result. O

4.1 Singular Values Convergence

We use the previous result to show how one can assess thetadimension of the
target space. We will first recall some known result. Givembservation matrixX' of
rankd in the target space, and given its empirical estiméate we can rewriteX ¢ as

a sumX + FE whereE models the sampling error. We have the following result from
[15].

Lemma 4. (Theorem 4.11in [15]). LeK € R™*™ withm > n, and letXs = X + E.
If the singular values o and Xg are (\; > ... > A,)and As;1 > ... > Agp)
respectively, then

[Asi — Ni| < |[|E2,i=1,...,n.

Applied to our situation, this provides a valid way to asghsdarget dimension: let
d be the rank of the target rational serig&; be the observation matrix deduced from a
samplesS, |S| = N.

Theorem 1. Let A be the set of singular values &fs. Let A, be the subset of singular
values ofX ¢ greater thans. For a given confidence parametérlet d' = |A,| for

s = /7 (14 y/log(3)). With probability greater thar — 4, one hasi > d’.

Proof. Straightforward from Lemma 3 and Lemma 4: with probabilitgater thari —
0, the singular values i, match non-zeros singular values from the target observatio
matrix X . a
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Theorem 2. Let \; the smallest non-zero eigenvalueXof Let A be the set of singular
values ofX g. Let A, be the subset of singular valuesX§ greater thans. For a given

confidence parametér, letd’ = |A,| for s = /% (1 + y/log(5)). Suppose that

2
4dn 1
N > )\—3 <1+ \/1og(5)>

Then, with probability greater thah — §, one hasi = d'.

Proof. The conditionN' > 42(1 + y/log(%))? implies thats < 4, thus the corre-
d
sponding singular valugs 4 from X g satisfies\s 4 > 2s — || X — Xg||2. This quantity

is greater thas with probability at least — §. a

4.2 Bounds for the Estimation Error

We suppose here that the correct dimension has been foundilWet provide ex-
act bounds, but only asymptotic bounds, and we will often theeequivalence be-
tween norms of vectors and matrices - since the vector spamesdered are finite-
dimensional. Let us first introduce some notations cornegjmy to errors over the ob-
jects handled by our algorithm:

— A, = max||z—zgl|2 with 2 (resp.xs) a row or a column of the observation matrix
X (resp.Xg).

— A, = max |Jw — wg||2 with w (resp.wg) a left singular vector of the observation
matrix X (resp.Xg).

— Ay =max ||A — Agl||2 with X (resp.\g) a singular value of the observation matrix
X (resp.Xg).

- A = [[WWT — WsW| ¢ with W (resp.Ws) thed first singular vectors of the
observation matrixX” (resp.Xg).

Lemmab. Ay < Ax andA, < Ax.

Proof. Straightforward from Lemma 4 and the norm relatigh < ||| » for the first
inequality, and the definition oA, and A x for the second. O

The following corollary gives an asymptotic bound on theoewof the covariance
matrix used to compute the eigenvectors.

Corollary 1. Ay = ||M — Mg||r. One hag|M — Mg|lr < O(Ax)

Proof. One hag|M — Mg|p < XX T — XX + XX — XsXJ||r < (|X||F +
|XJ||F)Ax. Thus:
Ay < Ax Q|| X||r + Ax).
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In order to provide asymptotic bounds on the other errorsneed to introduce
some known results about eigenvectors and PCA from [16].Adéte a symmetric
positive Hilbert-Schmidt operator with positive eigenved \? > ... > A2 > 0.
6, = (A2 = \2,,), and lets, = inf(d,,d,_1). Let B be a symmetric positive Hilbert-
Schmidt operator such thaB|| » < §,/2 and that| B|| » < d4/2. The results from [16]
provide error bounds on projection operators and eigenov&cin our framework A
corresponds to the covariance mathik and A + B to the empirical onel/s. Let W/
(resp.Wg ) be the matrix of the! first eigenvectors ofd (resp.A + B ), andw, (resp.
wg,r) the corresponding-th eigenvector, we have the following results.

Lemma 6. (Theorem 2 - remark of [16]jw, — ws,|l2 < 2"23&.

r

Theorem 3. (Theorem 3 of [16])|WW T — WsW{ || r < ”B;JJF_

We are now able to provide asymptotic bounds for the two remagierrors.
Lemma 7. One hasqd, = O(Ax) andAp = O(Ax).
Proof. By using respectively Lemma 6 and Theorem 3, and from Casollaone has

A, < 4AX(2||X~||F + Ax)
< 5

= 0(Ax)

and
Ax (2| X]|Fr + Ax)

A <
big 5

— 0(Ax).
O

Let us denote\ = inf; 4 A;. We will now study some errors on the parameters of
the linear representation built by our algorithm. et (F, d, _, 7) be the target linear
representation equipped with the basis;, ..., w5} and letrs = (F,d,_g,7s) the
linear representation equipped with the bdsig ,, . .., wg ,} found by our algorithm
from a sample5. Let us define the following error bounds on the coefficients:

— A; = supy(1 — 7s)i,
- A, =sup,(a—ag); fora € Fy,
= Ay =sup; ;i (f(w], wp) — f (W5 ;w5 ,))i-

One can check the following lemma.

Lemma 8.

A, < dO(A,) < 24| X[ rO(Ax),

A, <20(Ax),
oA X X
2 < 28 ] 2+ 2158 4 8IEIE Gy 4]

! Recall that according to our notation thedenote singular values.
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All the mappings considered through the algorithm are ocomtis, thus the map-
ping deduced from the algorithm converges pointwisely tolwdhe target distribution
asAx tends to zero. We provide then the following result whichegia bound for the
estimation error.

Theorem 4. Letp be a rational distribution with ranki. Letn be the maximum length
of a context used in the algorithm.$fis a sample i.i.d. fronp, let rs be the mapping
deduced from the algorithm. There exiétsuch that for any) < ¢ < 1, for any tree
t of lengthk, if S is ani.i.d. sample of siz& then, with confidence at least— 0, one
has:

s (0) = p(t)] < Chi™y 2 og(5).

Proof. Let us prove the statement by induction/arLet us denotel;, a bound for the
error made for the estimate the coefficient ér a treet of heightk. One has:

A=A, =0(Ax)

Using f(u,v) = 3" cicq 2 1<ica(@)i(v); f(w], w}), with [u| + [v] = k — 1, one has:

1
Ay, = O(d?(|u|d® + Jv]d®*l + 1) Ax) < O(kd** Ax) = O(kd** log(g))
Then, sincen(t) = t*.7 andr4(t) = t%.7s, one has the conclusion. O

4.3 Strongly Convergent Case

In the case of strongly consistent distribution, one dodsneed to consider a finite
set of contexts to perform the algorithm: one has, with camfae greater thah — ¢,

[t] < %. One can provide a bound result for this special case.

Theorem 5. Letp be astrongly consisterrational distribution with rankd. Let.S be a
sample i.i.d. fronp, letrg be the mapping deduced from the algorithm. There exists
such that for any) < § < 1, for any treet of lengthk, if S is ani.i.d. sample of siz&/
then, with confidence at least- J, one has:

Irs(t) — p(t)| < Ckd** %

1
2(Z
log?(5).
Proof. One bounds the length of a tree drawn jaywith a confidence greater than

1-6/2N,
log(2NC/6)

< log(1/p)

(2NC/5
Thus, with confidencé — §/2, S has only trees of length lower théﬁ% By
replacingn in the previous result, one obtains the conclusion.
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5 lllustration

In order to illustrate the algorithm, we consider the disitionp defined by tree series
of Example 2.

To study the behavior our algorithm, we consider an obsemvanatrix 5 x 5,
built on the set of tree§” = {ti,t2,t3,t4,t5}, Wheret; = a, to = f(a,a), t3 =
f(a, fla,a)),ts = f(f(a,a),a),ts = f(f(a,a), f(a,a)) and the set of contexts

C ={3,1(a,%), f($,a), f(f(a,a),$), f($, f(a,a))}.

We generate i.i.d. samples fropof different sizes containing respectivelg?, 10* ,
105 and10° trees. On Figure 2, we show the different eigenvalues (ggolsingular
values) in decreasing order obtained from the differentdas

We can observe that the convergence of the computed seviesd® the target
value, and the convergence of singular values, is clc@elyﬁ) (in average values).

We also compared the average standard deviation of the lptitiea of the trees
in T obtained with our model, with rarklearned from the different learning samples,
with the theoretical standard deviation of the classicabpbility (binomial) estima-
tor. We have thap(t;) ~ 0.6666, p(tz) ~ 0.0741, p(t3) ~ 0.0329, p(ts) ~ 0.0082
andp(ts) ~ 0.0037. The values obtained are shown on Figure 3. The estimatad sta
dard deviation is, in majority (21/25), lower than the thetaral standard deviation of a
the binomial estimator: The algorithm seems to work betiantthe simple frequency
estimator for the task of density estimation.

Now, we consider the problem of the dimension estimate. €hersd singular value
Ay ~ 7.74-1073. Using the bound\ x to estimate the correct dimension (Theorem 2),
we can estimate that:

— For N = 109, the rank? is found with a parameter ~ 0.59 (confidence).41).

— For N = 2- 109, the rank2 is found with a parameter ~ 0.12 (confidence).88).
— For N = 3 - 109, the rank2 is found with a parameter ~ 0.02 (confidence).98).

t %102 103 7104 105 %106

t1[3.76.10~2 1.23.10 2 3.50.10 5 1.16.10 5 4.12.10 T
4.71.1072 1.49.10=2 4.71.10=% 1.49.10~% 4.71.10—4
t5]2.04.1072 6.77.1073 1.94.10~3 7.30.10~% 2.36.10~4
2.62.10~2 8.28.10~ 7% 2.62.10~ 7% 8.28.104 2.62.10~4
t31.63.1072 6.70.1073 2.13.1073 6.95.10"% 1.95.107%
1.78.10=%2 5.64.10=% 1.78.10~3 5.64.104 1.78.10—4
t4]9.01.1073 2.23.1073 6.93.107% 2.20.1074 5.73.107°
9.03.10~5 2.86.1077 9.03.10™4 2.86.104 9.03.10~7
t5(4.90.1073 1.51.1073 4.52.10~% 1.46.10~% 3.90.10~5
6.04.107% 1.91.1073 6.04.10=4 1.91.10~% 6.04.10~°

Fig. 2. Eigenvalues Curves - square  Fig. 3. Average standard deviation of treesfimea-
of singular values - (in logarithmic  sured from the-dimensional model learned on sam-
scale) for sample size dfo®, 10* , ples of sizel0?, 10%, 10%, 10° and10°. The standard
10° and10° trees (the lightest to the  deviation of the theoretical binomial estimator is in-
darkest). dicated initalics.
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6 Conclusion and Discussion

We have studied the problem of learning an unknown distidbyt from finite indepen-
dently and identically drawn samples. We have proposed aapgroach for identify-
ing rational distributions on trees, or rational stoclaste languages. Most classical
inference algorithms in probabilistic grammatical infece build an automaton or a
grammar iteratively from a samplg. Starting from an automaton composed of only
one state, then they have to decide whether a new state masideel to the struc-
ture. This iterative decision relies on a statistical teghwa known drawback: as the
structure grows, the test relies on fewer and fewer exampisgead of this iterative
approach, we tackle the problem globally and our algoritlomgutes in one step the
space needed to build the output automaton. That is, we leakeed the problem set
in the classical probabilistic grammatical inference feavork to a classical optimiza-
tion problem. This point offers the interesting opportyna apply classical results in
statistical machine learning theory to probabilistic gnaatical inference.

We have provided three types of results. First, we have gavessult for conver-
gence of eigenvalues which can be used for the estimatioheoflimension of the
target vector space, which is a crucial point in probaldigtammatical inference and
may allow to avoid costly cross-validation procedures.oBel¢c we have provided error
bounds for the convergence of the parameters of a lineagseptation. We have finally
obtained pointwise convergence results for the probgtaitimate of a tree.

One perspective would then to obtain@nrconvergence, probably restricted to the
case of strongly consistent stochastic tree languagegpantatain tighter bounds. We
finally need to experimentally study and compare our apgrdacexisting ones on
real data, this is a work in progress. Another perspectivelavoonsist in introducing
non linearity via the kernel PCA technique developed in [d7d by the Hilbert space
embedding of distributions proposed in [18, 19].
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