
This article appeared in a journal published by Elsevier. The attached
copy is furnished to the author for internal non-commercial research
and education use, including for instruction at the authors institution

and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party

websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright

http://www.elsevier.com/copyright


Author's personal copy

Large margin classifiers based on affine hulls

Hakan Cevikalp a,�, Bill Triggs b, Hasan Serhan Yavuz a, Yalc- ın Küc- ük c, Mahide Küc- ük c, Atalay Barkana d
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a b s t r a c t

This paper introduces a geometrically inspired large margin classifier that can be a better alternative to

the support vector machines (SVMs) for the classification problems with limited number of training

samples. In contrast to the SVM classifier, we approximate classes with affine hulls of their class

samples rather than convex hulls. For any pair of classes approximated with affine hulls, we introduce

two solutions to find the best separating hyperplane between them. In the first proposed formulation,

we compute the closest points on the affine hulls of classes and connect these two points with a line

segment. The optimal separating hyperplane between the two classes is chosen to be the hyperplane

that is orthogonal to the line segment and bisects the line. The second formulation is derived by

modifying the n�SVM formulation. Both formulations are extended to the nonlinear case by using the

kernel trick. Based on our findings, we also develop a geometric interpretation of the least squares SVM

classifier and show that it is a special case of the proposed method. Multi-class classification problems

are dealt with constructing and combining several binary classifiers as in SVM. The experiments on

several databases show that the proposed methods work as good as the SVM classifier if not any better.

& 2010 Elsevier B.V. All rights reserved.

1. Introduction

The support vector machine (SVM) classifier is a successful
binary classification method that simultaneously minimizes the
empirical classification error and maximizes the geometric
margin, which is defined as the distance between the separating
hyperplane and closest samples from the classes [2,8]. To do so,
SVM first approximates each class with a convex hull and finds
the closest points in these convex hulls [1]. Then, these two points
are connected with a line segment. The hyperplane, orthogonal to
the line segment that bisects the line, is chosen to be the
separating hyperplane. From the geometrical point of view, in the
separable case, the two closest points on the convex hulls
determine the separating hyperplane, and the SVM margin is
merely equivalent to the minimum distance between the convex
hulls that represent classes. However, convex hull approximations
tend to be unrealistically tight in high-dimensional spaces since
the classes typically extend beyond the convex hulls of their
training samples. For example, a convex hull constructed by
randomly sampled points from a high-dimensional hypersphere
can include only a negligible fraction of the volume of the sphere

even if the chosen samples are well spaced and close to the
surface of the sphere [3]. This situation may also be observed
when the low-dimensional data samples are mapped to a higher-
dimensional feature space through kernel mapping during
estimation of the nonlinear decision boundaries between classes.

As opposed to the convex hulls, affine hulls (i.e., spanning
linear subspaces that have been shifted to pass through the
centroids of the classes) give rather loose approximations to
the class regions, because they do not constrain the positions of
the training points within the affine subspaces. Therefore, they
may be better alternatives to convex hulls for some pattern
classification problems especially when the data samples lie in
high-dimensional spaces. In the context of classification, affine
hulls were first used as global classifiers of isolated word and
hand-written digits giving good classification performance
[11,14]. In these methods, each class is approximated with an
affine hull constructed from its training samples, and the label of a
test sample is determined based on the distance to the nearest
affine hull. Vincent and Bengio [26] used affine/convex hulls in a
local sense by constructing them using k-nearest neighbors of a
test sample for classification problems with complex nonlinear
decision boundaries. They report that affine hulls usually give
higher classification accuracy than convex hulls and that using
both models for classification significantly improves the k-nearest
neighbor classification performance [26]. We extended local
linear affine/convex hull classifiers to the nonlinear case in [4].
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mkucuk@anadolu.edu.tr (M. Küc- ük), atalaybarkan@anadolu.edu.tr (A. Barkana).

Neurocomputing 73 (2010) 3160–3168



Author's personal copy

More recently, we compared different convex class models for
high-dimensional classification problems, then found that affine
hull approximations are typically more accurate than convex hull
approximations [3]. These results are not surprising due to the
fact that high-dimensional approximations tend to be simple: For
a fixed sample size, the amount of geometric details that can be
resolved usually decreases rapidly as the dimensionality in-
creases. Therefore, affine hulls tend to be better models for
high-dimensional data approximations.

Besides the classification, approximations based on affine hulls
have also been used for dimensionality reduction. Mixtures of
principal component analyzers [12] use local affine hulls to
estimate nonlinear data manifolds. Similarly, locally linear
embedding [18] approximates the nonlinear structure of the
high-dimensional data by exploiting local affine hull reconstruc-
tions. Verbeek [25] combined several locally valid affine hulls to
obtain a global nonlinear mapping between the high-dimensional
sample space and low-dimensional manifold. Many applications
of affine hulls in the context of classification and dimensionality
reduction can be attributed in part to their simplicity and
computational efficiency. Finding distances from test samples to
affine hulls requires only simple linear algebra. On the other hand,
computing distances to nonlinear complex models can be
problematic. Even if the models are restricted to being convex
hulls, distance computations require the solution of a quadratic
optimization problem.

The classification methods using affine hulls or other convex
sets described above are ‘‘nearest convex model’’ classifiers and
they are instance-based in nature. In other words, decision
boundaries are not explicitly created during a training phase.
Instead, the decision boundaries remain implicit, and new
examples are classified online based on the distances to the
nearest convex class models. This paper investigates an alter-
native ‘‘margin between convex model’’ strategy that is based on
explicitly building maximum margin separators between pairs of
affine hulls. As a first example of the power of this approach, note
that the SVM itself is the maximum margin separator between the
convex hulls of the training samples of the two classes. One
motivation for replacing nearest-convex-model approaches with
margin-based ones is that for all of the above cited nearest-
convex-model classifiers, the decision boundaries (surfaces
equidistant from the two convex models) are generically at least
quadratic or piecewise quadratic in complexity. For example, for
affine hulls they are generically hyperboloids. Such decision
boundaries are more flexible than linear ones, but in high
dimensions when the training data are scarce this may lead to
overfitting, thus damaging generalization to unseen examples.
Linear margin-based approaches have fewer degrees of freedom,
so they are typically less sensitive to the precise arrangement of
the training samples. For example, for an SVM classifier, motions
of the SVM support vectors parallel to the SVM decision surface do
not alter the margin and hence do not invalidate the classifier,
whereas they do typically change piecewise quadratic decision
surface of the equivalent nearest convex hull classifier. Another
motivation for studying margin between affine hulls approach is
their potential flexibility and compactness. In linear case, affine
models allow each class to be fitted individually and represented
compactly, following which the linear separator between any two
classes can be found quickly by simple linear algebra.

In our preliminary work [5] we showed how to construct
maximum margin classifier that separates linear affine hulls.
Another study addressing the same problem was independently
given in [29]. Here we extend the method such that it can be used
when the class samples lie on nonlinear manifolds that cannot be
modeled with linear affine hulls. To this end, we map the samples
in each class into a much higher-dimensional feature space

through kernel mapping and then construct the linear affine hulls
in the mapped space. Since the problem is cast in a much higher-
dimensional space, it is more likely that class regions can now be
approximated with linear affine hulls. Although the constructed
linear affine hulls in the mapped space correspond to nonlinear
manifolds in the input space, finding the maximum separating
hyperplane between these nonlinear manifolds is still straightfor-
ward because of their linear nature in the mapped space. In case
of outliers, to allow soft margin solutions, we first reduce affine
hulls in order to alleviate the effects of those outliers and then
search for the best separating hyperplane between these reduced
robust models.

The rest of the paper is organized as follows: In Section 2, we
introduce the proposed method. Section 3 describes the experi-
mental results. Concluding remarks are given in Section 4.

2. Method

Consider a binary classification problem with the training data
given in the form {xi, yi}, i¼1,y,n, yiAf�1,þ1g, xiARd. To
separate classes, SVM classifier finds a separating hyperplane that
maximizes the margin, which is defined as the distance between
the hyperplane and closest samples from the classes. To do so,
SVM first approximates each class with a convex hull [1]. A
convex hull consists of all points that can be written as a convex
combination of the points in the original set, and a convex
combination of points is a linear combination of data points
where all coefficients are nonnegative and sum up to 1. More
formally, the convex hull of samples fxigi ¼ 1,...,n can be written as

Hconvex ¼ x¼
Xn

i ¼ 1

aixi

�����
Xn

i ¼ 1

ai ¼ 1,aiZ0

( )
: ð1Þ

Convex hulls of two classes are illustrated in Fig. 1. Following this
approximation, SVM finds the closest points in these convex hulls.
Then, these two points are connected with a line segment. The
plane, orthogonal to the line segment that bisects the line, is
selected to be the separating hyperplane as shown in Fig. 1.

In contrast to the SVM classifier, the proposed method
approximates each class (positive and negative classes) with an
affine hull of its training samples. An affine hull of a class is the
smallest affine subspace containing them. This is an unbounded,
and hence typically rather loose model for each class, thus affine
hull modeling can be a better choice than convex hull modeling

Fig. 1. Two closest points on the convex hulls determine the separating

hyperplane.
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for high-dimensional data. Affine and convex hulls of four
samples are illustrated in Fig. 2. The affine hull of samples
fxigi ¼ 1,...,n contains all points of the form

Pn
i ¼ 1 aixi withPn

i ¼ 1 ai ¼ 1. More formally affine hull of a class with samples
fxigi ¼ 1,...,n can be written as

Haff ¼ x¼
Xn

i ¼ 1

aixi

�����
Xn

i ¼ 1

ai ¼ 1

( )
: ð2Þ

Our goal is to find the maximum margin linear separating
hyperplane between affine hulls of classes. The points x which lie
on the separating hyperplane satisfy /w,xSþb¼ 0, where w is
the normal of the separating hyperplane, jbj=JwJ is the perpendi-
cular distance from the hyperplane to the origin, and JwJ is the
Euclidean norm of w. For any separating hyperplane, all points xi

in the positive class satisfy /w,xiSþb40 and all points xi in the
negative class satisfy /w,xiSþbo0, so that yið/w,xiSþbÞ40 for
all training data points. Finding the best separating hyperplane
between affine hulls can be solved by computing the closest
points on them. The optimal separating hyperplane will be the
one that bisects perpendicularly the line segment connecting the
closest points as in SVM classifier. The offset (also called
threshold), b, can be chosen as the distance from the origin to
the point halfway between the closest points along the normal w.
Once the best separating hyperplane is determined, a new sample
x is classified based on the sign of the decision function,
f ðxÞ ¼/w,xSþb.

Next, we will first show how to find the best separating
hyperlane for linearly separable affine hulls and then extend the
idea for inseparable case. After that, we explain kernelization
process. This is followed by introducing a second equivalent
formulation based on a variation of n�SVM [20]. Lastly we show
the relation between the proposed method and the least squares
SVM (LS-SVM) [24,23] and derive a geometric intuition for LS-
SVM.

2.1. Linearly separable case

Suppose that affine hulls belonging to the positive and
negative classes are linearly separable. The affine hulls of two
classes do not intersect, i.e., they are linearly separable, if the
affine combinations of their samples satisfy the ruleX
i:yi ¼ þ1

aixia
X

j:yj ¼ �1

ajxj for
X

i:yi ¼ þ1

ai ¼
X

j:yj ¼ �1

aj ¼ 1: ð3Þ

It should be noted that linear separability of data points does not
necessarily guarantee the separability of corresponding affine
hulls of classes. For linearly separable case, it is more convenient
to write an affine hull as

fx¼UvþljvARl
g, ð4Þ

where l¼ ð1=nÞ
P

ixi is the mean of the samples (or any other
reference point in the hull) and U is an orthonormal basis for the
directions spanned by the affine subspace. The vector v contains
the reduced coordinates of the point within the subspace,
expressed with respect to the basis U. Numerically, U can be

found as the U-matrix of the ‘‘thin’’ singular value decomposition
(SVD) of ½x1�l, . . . ,xn�l�. Here, ‘‘thin’’ indicates that we take only
the columns of U corresponding to ‘‘significantly non-zero’’
singular values lk; l is the number of such non-zero singular
values. This subspace estimation process is essentially orthogonal
least squares fitting. Discarding near-zero singular values corre-
sponds to discarding directions that appear to be predominantly
‘‘noise’’. As an alternative, samples can be fitted with some other
more robust subspace estimation processes such as L1 norm
based subspace fitting procedures described in [10,13]. But, we
will consider only the least squares fitting (L2 norm) in this study.

Now suppose that we have two affine hulls with point sets
fUþvþ þl

þ
g and fU�v�þl

�
g. (These can be estimated with

either L2 or L1 fitting and they may have different numbers of
dimensions l). A closest pair of points between the two hulls can
be found by solving

min
vþ ,v�

JðUþvþ þl
þ
Þ�ðU�v�þl

�
ÞJ2: ð5Þ

Defining U� ðUþ �U�Þ and v� ðvþv�
Þ, this can be written as the

standard least squares problem

min
v

JUv�ðl
�
�l
þ
ÞJ2: ð6Þ

If we take the derivative of the objective function (6) with respect
to v and equate it to zero, then we obtain

U>Uv�U>ðl
�
�l
þ
Þ ¼ 0: ð7Þ

Subsequently, we get the solution of the problem as
v¼ ðU>UÞ-1U>ðl

�
�l
þ
Þ. Taking the decision boundary

f ðxÞ ¼/w,xSþb,

w¼ 1
2 ðxþ�x�Þ ¼ 1

2ðI�PÞðl
þ
�l
�
Þ, ð8Þ

where P¼UðU>UÞ-1U> is the orthogonal projection onto the joint
span of the directions contained in the two subspaces, I�P is the
corresponding projection onto the orthogonal complement of this
span,1 and x+ and x� denote the closest points on the positive and
negative classes, respectively. Note that w lies along the line
segment joining the two closest points and it is half the line
segment’s size. The offset b of the separating hyperplane is given
by

b¼�w>ðxþ þx�Þ=2: ð9Þ

2.2. Inseparable case

A problem arises if the affine hulls of classes intersect, i.e.,
affine hulls are not linearly separable. If the affine hulls of classes
are close to being linearly separable and they overlap because of a
few outliers, we can restrict the influence of outlying points by
reducing affine hulls. Note that ignoring directions corresponding
to the overly small singular values during affine hull constructions
reduces the effects of noise and outliers up to some degree. But,
we will use a different approach here in order to cope with the
outliers. To this end, we use the initial affine hull formulation (2)
and introduce upper and lower bounds on coefficients ai to reduce
affine hulls inspired by the idea that is introduced to reduce
convex hulls in [1]. It should be noted that the reduced affine hulls
are not uniformly scaled versions of the initial complete affine
hulls. One may go further and choose different lower and upper
bounds, or define a different interval for every sample in the

Fig. 2. Comparison of convex and affine hulls of samples.

1 If the two subspaces share common directions, U>U is not invertible and the

solution for (v+ , v�) and (x+ , x�) is non-unique, but the orthogonal complement

remains well defined, giving a unique minimum norm separator w. Numerically all

cases can be handled by finding ~U , the U matrix of the thin SVD of U, and taking

P¼ ~U
> ~U .
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training set if a-priori information is available. For instance, if the
lower bound is set to zero, then the method will be equivalent to
the SVM classifier. Finding the closest points on the reduced affine
hulls can be written as a quadratic optimization problem

min
a

X
i:yi ¼ þ1

aixi�
X

i:yi ¼ �1

aixi

������
������

2

s:t:
X

i:yi ¼ þ1

ai ¼ 1,
X

i:yi ¼ �1

ai ¼ 1, �trairt, ð10Þ

where t is the user-chosen bound. This optimization problem (10)
can be written in a more compact form as

min
a

X
ij

aiajyiyj/xi,xjS

s:t:
X

i

aiyi ¼ 0,
X

i

ai ¼ 2, �trairt: ð11Þ

This is a quadratic programming problem that can be solved using
standard optimization techniques. Note that the Hessian matrix,
G¼ ½Gij� ¼ yiyj/xi,xjS, is a positive semi-definite matrix, thus the
objective function is convex and a global minimum exists as in
SVM classifier. Moreover, if the Hessian matrix is strictly positive
definite, the solution is unique and it is guaranteed to be the
global minimum.

Since the coefficients are bounded between �t and þt, the
solution is determined by more points and no extreme point or
noisy point can excessively influence the solution for well-chosen
t. Once we compute the optimal values of coefficients ai, the
normal and the offset of the separating hyperplane can be
computed as in the linearly separable case

w¼
1

2

X
i:yi ¼ þ1

aixi�
X

i:yi ¼ �1

aixi

0
@

1
A, ð12Þ

b¼�
1

2
w>

X
i:yi ¼ þ1

aixiþ
X

i:yi ¼ �1

aixi

0
@

1
A: ð13Þ

We call this method large margin classifier of affine hulls (LMC-
AH) since it uses affine hulls to approximate class regions and
finds the optimal separating hyperplane yielding the largest
margin between the affine hulls.

If the underlying geometry of the classes is highly complex and
nonlinear, and approximating classes with linear affine hulls is not
appropriate, we can map the data into a higher-dimensional space,
where the classes can be approximated with linear affine hulls.
Note that the objective function of (11) is written in terms of the dot
products of samples, which allows the use of the kernel trick. Thus,
by using kernel trick – i.e., replacing /xi,xjS with the kernel

function kðxi,xjÞ ¼/fðxiÞ,fðxjÞS where f : Rd-I is the mapping

function from the input space to the mapped space I – we can find
the best separating hyperplane parameters in the mapped space. As
a result, more complex nonlinear decision boundaries between
classes can be approximated by using this trick.

2.3. An equivalent formulation based on variation of n�SVM
classifier

The n�SVM formulation has been proposed as an alternative to
the classical SVM formulation [20]. A new parameter ru is
introduced in this formulation, and error penalty term C that
appears in classical SVM formulation is removed. Here, we
introduce an alternative formulation to find the best separating
hyperplane between affine hulls based on a variation of n�SVM

formulation. A major advantage of new formulation is that one
can relate the parameter t in (11) with the expected error bounds
and this may help us to find a more sophisticated procedure for
choosing unknown parameters that appear in both formulations.

The n�SVM optimization is formulated as

min
wu,bu,xu,ru

1

2
JwuJ2

�nruþ 1

n

X
i

xui

s:t: yið/wu,xiSþbuÞZru�xui, xuiZ0, ruZ0, ð14Þ

where wu represents the normal of the separating hyperplane, bu is
the offset, n is a user-chosen parameter between 0 and 1, and xui,
i¼1,y,n, are the positive slack variables. In this formulation, for
linearly separable case, there exist two parallel supporting
hyperplanes positioned such that all points in the positive class
satisfy /wu,xSþbuZru and all points in the negative class satisfy
/wu,xSþbur�ru as shown in Fig. 3. Therefore, classes are
separated by the margin 2ru=JwuJ and it is shown that n acts as
an upper bound on the fraction of margin errors and a lower
bound on the fraction of support vectors [20]. Moreover, the
decision function produced by n�SVM can also be produced by
classical SVM for appropriate choice of error penalty term C.

The n�SVM formulation can be interpreted as a maximal
separation between the reduced convex hulls of classes [9]. Since
we use affine hulls to model classes, we need to revise the
optimization problem to accommodate this change. To this end,
we first divide the objective function by n2=2, the constraints by n,
and make the following substitutions as in [9]

t¼ 2

nn
, w¼

wu

n , b¼
bu

n , r¼ ru
n , xi ¼

xui
n : ð15Þ

These modifications yield the equivalent formulation2

min
w,b,x,r

JwJ2
�2rþt

X
i

xi

s:t: yið/w,xiSþbÞZr�xi, xiZ0, ð16Þ

with the new decision function f ðxÞ � f uðxÞ=n.

Fig. 3. Illustration of the supporting and the best separating hyperplanes in

linearly separable case for n�SVM classifier.

2 Crisp and Burges [9] showed that the constraint ruZ0 in (14) is redundant

and hence it can be removed.
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Note that two affine hulls are linearly separable if they lie
parallel to each other in the given input space since affine hulls
extend to infinity in all directions. In this case, the supporting
hyperplanes yielding the largest margin between affine hulls will
entirely include them, so that all affine combinations of samples
belonging to the positive class satisfy /w,xaff

þ Sþb¼ r and all
affine combinations of samples belonging to the negative class
satisfy /w,xaff

� Sþb¼�r as illustrated in Fig. 4. Fig. 4 illustrates
affine hulls of two classes where the affine hull of the first class is
a line and the affine hull of the second class is a plane. Note that
affine hulls are linearly separable if they lie parallel to each other.
Therefore, all samples of classes and their affine combinations lie
on the supporting hyperplanes, which yield the largest margin
between the affine hulls. In case of outliers, we must construct
reduced compact affine hulls that will fit the data robustly.
Therefore, we should allow errors for outlier samples from all over
the input space, not just the ones near the decision boundary as

illustrated in Fig. 5. To do so, the inequality constraints in (16) is
replaced with equality constraints yið/w,xSþbÞ ¼ r�dixi, where
di is a term which takes values +1 or �1 based on the location of
outliers with respect to the supporting hyperplanes. This leads to
the new optimization problem

min
w,b,x,r

JwJ2
�2rþt

X
i

xi

s:t: yið/w,xiSþbÞ ¼ r�dixi,xiZ0: ð17Þ

To derive the dual, we consider the Lagrangian

Lðw,b,x,r,a,bÞ ¼ JwJ2
�2rþt

X
i

xi�
X

i

ai½yið/w,xiSþbÞ

�rþdixi��
X

i

bixi, ð18Þ

where biZ0. The Lagrangian L has to be maximized with respect
to ai, bi and minimized with respect to w,b,x, and r. The
optimality conditions yield

@L

@w
¼ 0-w¼

1

2

X
i

aiyixi,

@L

@b
¼ 0-

X
i

aiyi ¼ 0,

@L

@r
¼ 0-

X
i

ai ¼ 2,

@L

@xi
¼ 0-ai ¼

t�bi

di
-�trairt: ð19Þ

Thus, the dual of the optimization problem becomes

min
a

1

4

X
ij

aiajyiyj/xi,xjS

s:t:
X

i

aiyi ¼ 0,
X

i

ai ¼ 2, �trairt: ð20Þ

This optimization is equivalent to the one given in (11)—here 1/4
appears in the objective function, but rescaling objective function
with a positive constant does not change the solution. Therefore,
the new formulation based on modified n�SVM is in fact
equivalent to finding the best separating hyperplane between
the reduced affine hulls that represent classes. We call this
method n�LMC� AH. Due to the Karush–Kuhn–Tucker (KKT)
conditions, slack variables can occur only when ai ¼ 7t. To
compute offset b, we use the primal constraints and take equal
number of samples with coefficients aia7t from positive and
negative classes. Assume that there are l selected samples. By
using KKT conditions, we know that xi ¼ 0 for the samples with
aia7t. Thus, the offset will be

b¼�
1

2l

Xl

i ¼ 1

Xn

j ¼ 1

ajyj/xj,xiS: ð21Þ

This offset is not necessarily equivalent to the one given in (13).
Therefore, using geometrically inspired formulation and
n�LMC� AH formulation create separating hyperplanes with
the same normal, but the positions (perpendicular distances
from the origin) of these hyperplanes may be different. It is not a-
priori evident that which offset is the best and one can use other
principled methods to determine the best b for a given problem,
e.g., given w, b can be computed as value yielding the smallest
classification error on a validation set. As in the previous case,
extension to the nonlinear case can be done by using the kernel
trick.

Fig. 4. Optimal separating hyperplane between affine hulls of two classes. Note

that affine hulls lie on the supporting hyperplanes.

Fig. 5. To obtain better separating hyperplanes between affine hulls, we should

allow errors for outlier samples from all over the input space.
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2.4. Geometric interpretation of least squares SVM classifier

Least squares support vector machines (LS-SVM) was initially
proposed by Suykens and Vandewalle [24] for classification and
nonlinear function estimation and then new variants of this
method have been introduced [7,21,22]. The basic motivation was
to simplify the classical SVM formulation without losing much
generalization performance. To this end, inequality constraints in
the SVM classification formulation are heuristically replaced with
equality constraints,3 and the square of the slack variables are
used in the objective function. More formally the optimization
problem is defined as

min
w,b,x

1

2
JwJ2

þ
C

2

X
i

x2
i

s:t: yið/w,xiSþbÞ ¼ 1�xi, ð22Þ

where C is a user-chosen error penalty term as in classical SVM
classifier. It is shown that the solution is obtained by solving a set
of linear equations rather than solving a quadratic programming
problem [24]. Note that, in this formulation, for the linearly
separable case, there exist two parallel supporting hyperplanes
positioned such that all points in the positive class satisfy
/w,xSþb¼ 1 and all points in the negative class satisfy
/w,xSþb¼�1 where the margin between these hyperplanes is
given by 2=JwJ. As in n�LMC� AH formulation, this corresponds
to approximating each class with an affine hull instead of a
convex hull since all samples and their affine combinations are
forced to lie on the supporting hyperplanes. In LS-SVM, L2 norm
(squares) of the slack variables are used in the optimization, but
using L1 norm of the slack variables in the objective function may
be more appropriate for some applications since it allows more
robust fitting of data samples. If we use L1 norm of the slack
variables, new optimization problem becomes

min
w,b,x

1

2
JwJ2

þC
X

i

xi

s:t: yið/w,xiSþbÞ ¼ 1�dixi, xiZ0, ð23Þ

where di is a term which takes values +1 or �1. The Lagrangian
will be

Lðw,b,x,a,bÞ ¼
1

2
JwJ2

þC
X

i

xi�
X

i

ai½yið/w,xiSþbÞ

�1þdixi��
X

i

bixi, ð24Þ

under the constraint biZ0. The optimality conditions yield

@L

@w
¼ 0-w¼

1

2

X
i

aiyixi,

@L

@b
¼ 0-

X
i

aiyi ¼ 0,

@L

@xi
¼ 0-ai ¼

C�bi

di
-�CrairC: ð25Þ

Thus, the dual of the optimization problem becomes

min
a

1

2

X
ij

aiajyiyj/xi,xjS�
X

i

ai

s:t:
X

i

aiyi ¼ 0, �CrairC: ð26Þ

Similar to the previous cases, this is a convex quadratic
optimization problem with a global minimum. Due to the
Karush–Kuhn–Tucker (KKT) conditions, slack variables can occur
only when ai ¼ 7C. To compute offset b, we use the primal
constraints and take equal number of samples with coefficients
aia7C from positive and negative classes as in n�LMC� AH.
Assume that there are l selected samples. By using KKT conditions,
we know that xi ¼ 0 for the samples with aia7C. Thus, the offset
will be

b¼�
1

2l

Xl

i ¼ 1

Xn

j ¼ 1

ajyj/xj,xiS: ð27Þ

A new sample is classified based on the sign of the decision
function f ðxÞ ¼/w,xSþb. Nonlinearization can be done by
replacing the dot products /xi,xjS with the kernel function
kðxi,xjÞ ¼/fðxiÞ,fðxjÞS. We call this method as C-LMC-AH since it
uses error penalty term C. It follows from Proposition 6 of [20]
that for appropriate choices of C, the C-LMC-AH algorithm will
yield identical results to LMC-AH and n�LMC� AH classifiers.
More precisely, if n�LMC� AH classification leads to rZ0, then
C-LMC-AH method with C set a-priori to 1=run (or 1=rnn), leads to
the same decision function as n�LMC� AH [6,20].

2.5. Extension to the multi-class classification problems

To use the proposed methods in multi-class classification
problems, we can use most of the strategies adopted for extending
binary SVM classifiers to the multi-class cases. Here we will
discuss the most popular two strategies: one-against-one (OAO)
and one-against-rest (OAR). For a c-class classification problem,
the OAR strategy trains c binary classifiers, in which each classifier
separates one class from the remaining c�1 classes. All classifiers
are needed to be trained on the entire training set, and the class
label of a test sample is determined according to the highest
output of the classifiers in the ensemble. On the other hand, the
OAO strategy constructs all possible c(c�1)/2 binary classifiers
out of c classes. The decision of the ensemble is decided by max
wins algorithm: Each OAO classifier casts one vote for its
preferred class, and the final decision is the class with the most
votes. In addition to these we can also use directed acyclic graphs
[17] or binary decision trees [28] for multi-class classification.

3. Experiments

We tested4 the linear and kernelized versions of the proposed
methods LMC-AH, n�LMC� AH and C-LMC-AH (L1 norm based
LS-SVM) on a number of datasets and compared them to the SVM
classifier. For the linearly separable case, linear separator is
determined by using affine subspace estimation formulation, and
subspace dimensions are set by retaining enough leading
eigenvectors to account for 95–98% of the total energy in the
eigen-decomposition. For the inseparable and nonlinear cases, we
used quadratic programming formulations. Both one-against-rest
(OAR) and one-against-one (OAO) approaches are used for multi-
class classification problems and we report the results of
whichever yields the best.

We first tested the linear LMC-AH method on multiple and
single shot face recognition problems to demonstrate that affine
hull approximations are more appropriate than convex hull
approximations when the dimensionality of the input space is
high. To assess the generalization performances of kernelized

3 In fact, using equality constraints for nonlinear function estimation was

introduced earlier in [19]. 4 For software see http://www2.ogu.edu.tr/�mlcv/softwares.html.
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versions of the methods, we tested them on seven low-dimen-
sional databases chosen from the UCI repository.

3.1. Experiments on the honda/UCSD database

Honda/UCSD database [15] has been collected for video-based
face recognition and it consists of 59 video sequences belonging to
20 individuals. Each video consists of approximately 300–500
frames. It is a fixed database, so that 20 of the videos are allocated
for training and the remaining 39 for testing. Here, we consider
face recognition based on multiple images. In this scenario, face
recognition problem is defined as taking a set of face images from
an unknown person and finding the most similar set among the
database of labeled image sets. We used the cascade face detector
of Viola and Jones [27] to detect faces in each video sequence and
resized the detected face images to the gray images of size 40�40
followed by histogram equalization. Then, these images are used
to construct image sets of individuals. Some of the detected face
images are shown in Fig. 6. We used affine hulls and convex hulls
to model image sets, and used the distances between these
models as a similarity measure. In other words, computed
margins between linear affine hulls and convex hulls are used
to determine the label of the tested image sets.5 We performed
several experiments in order to test the robustness against
outliers. In the first experiment, we computed classification
rates based on the clean image sets. Then, we systematically
corrupted training and test sets by adding images from other
classes to each set. These images can be seen as outliers and the
changes in classification rates reflect the robustness of the
methods against these outliers. The results are given in Table 1.
As can be seen from the table, affine hull approximations yield
better results than convex hull approximations in all cases
except for the corrupted test where both models give same
results. Thus, affine hulls seem better and more robust models for
approximating image sets.

3.2. Experiments on the AR face database

The AR face dataset [16] contains 26 frontal images with
different facial expressions, illumination conditions and occlu-
sions for each of 126 subjects, recorded in two 13-image sessions
spaced by 14 days. For this experiment, we randomly selected 20
male and 20 female subjects. The images were down-scaled (from
768�576), aligned, so that centers of the two eyes fell at fixed
coordinates, then cropped to size 105�78. Some pre-processed
images are shown in Fig. 7. Raw pixel values were used as
features. For training we randomly selected n¼7,13,20 samples
for each individual, keeping the remaining 26�n for testing. This
process was repeated 10 times, with the final classification rate
being obtained by averaging the 10 results. The results are
presented in Table 2. Best results are obtained by OAR strategy for
both tested methods. The proposed method gives better
classification rates than soft margin linear SVM classifier in all
cases. The performance difference is more apparent for n¼7.
These results support our claims, suggesting that affine hulls can
be better models for representing classes in high-dimensional
spaces when the number of samples is limited.

3.3. Experiments on the UCI databases

In this group of experiments, we tested the kernelized versions
of the methods (quadratic programming formulations) on seven
lower-dimensional datasets from the UCI repository: Ionosphere,
Iris, Letter Recognition (LR), Multiple Features (MF)-pixel
averages, Pima Indian Diabetes (PID), Wine, and Wisconsin
Diagnostic Breast Cancer (WDBC). The key parameters of these
datasets are summarized in Table 3. We used the Gaussian
kernels, and all design parameters are set based on random
partitions of datasets into training and test sets. OAO strategy was
used for multi-class problems. Reported classification rates given
in Table 4 are computed by fivefold cross-validation. Although
being quite mixed, results indicate that generalization
performances of LMC-AH and n�LMC� AH methods compare
favorably with SVM classifier, whereas C-LMC-AH generally yields
the worst classification accuracy.

Fig. 6. Some detected face images from videos belonging to two subjects.

Table 1
Classification rates (%) on the Honda/UCSD database.

Methods Clean Corrup. training Corrupted test Corrup. training+test

LMC-AH 97.44 97.44 92.31 87.18
SVM 94.87 92.31 92.31 82.05

Fig. 7. Aligned images of one subject from the AR face database.

Table 2
Classification rates (%) on the AR face database.

Methods n¼7 n¼13 n¼20

LMC-AH 95.19 70.6 98.95 70.3 99.62 70.3

SVM 94.54 70.6 98.66 70.2 99.58 70.3

5 For the affine hull case we simply used the minimum distance between the

estimated affine subspaces using Eq. (6), whereas soft margin linear SVM

algorithm is used to determine the distances between convex hulls.
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4. Summary and conclusion

We investigated the idea of basing large margin classifiers on
affine hulls of classes as an alternative to the SVM (convex hull
large margin classifier). Given two affine hull models, their
corresponding large margin classifier is easily determined by
finding a closest pair of points on these two models and bisecting
the displacement between them. We also investigated another
formulation obtained by revising the n�SVM classifier. This
formulation yields a separating hyperplane with the same normal
as in our first formulation, but the offset is not necessarily the
same. This suggests that for a fixed hyperplane normal w in a
specific problem, there may be principled procedures to deter-
mine the best offset b. To allow soft margin solutions, we first
reduce affine hulls to alleviate the effects of outliers and then find
the best separating hyperplanes between these reduced models.
Such classifiers can also be kernelized, and extension to the multi-
class classification is straightforward using any of the standard
approaches such as OAO or OAR.

The experimental results provided useful insights on the
potential application areas of the proposed method. The proposed
method is much more efficient than SVM classifier in terms of
classification accuracy and real-time performance (testing time)
when the dimensionality of the sample space is high and affine
hulls are linearly separable (in this case solution is easily
determined based on subspace estimation which requires simple
linear algebra, whereas SVM formulation requires solving a
quadratic programming). For the low-dimensional databases
generalization performances of the proposed methods compare
favorably with SVM classifier but SVM is more efficient in terms of
testing time. This is because of the fact that all training data
points contribute to the affine hull models (almost all computed
ai coefficients are non-zero), thus the proposed quadratic
optimization solutions lack sparseness, and we need more
computations to evaluate decision functions. Nevertheless, some
pruning techniques can be employed to overcome this problem.
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Table 3
Low-dimensional databases selected from UCI repository.

Databases Number of classes Dataset size Dimensionality

Ionosphere 2 351 34

Iris 3 150 4

LR 26 20000 16

MF 10 2000 256

PID 2 768 8

Wine 3 178 13

WDBC 2 569 30

Table 4
Classification rates (%) on the UCI datasets.

UCI LMC-AH n�LMC� AH C-LMC-AH SVM

Ionosphere 93.7 72.9 93.7 72.9 93.4 72.3 92.9 73.2

Iris 94.7 72.9 94.7 72.9 95.3 73.8 95.3 73.8

LR 99.98 70.02 99.98 70.02 99.89 70.13 99.64 70.12

MF 98.4 70.4 98.4 70.4 97.8 70.3 98.0 70.4

PID 99.9 70.3 99.9 70.3 99.9 70.3 99.9 70.3

Wine 98.8 71.6 98.8 71.6 94.8 72.6 98.2 71.6

WDBC 96.0 72.5 96.0 72.5 94.9 73.0 97.6 70.7

H. Cevikalp et al. / Neurocomputing 73 (2010) 3160–3168 3167



Author's personal copy

Hakan Cevikalp received the M.S. degree from the
Department of Electrical and Electronics Engineering,
Eskisehir Osmangazi University, Eskisehir, Turkey, in
2001 and the Ph.D. degree from the Department of
Electrical Engineering and Computer Science, Vander-
bilt University, Nashville, TN, in 2005. He worked as a
post-doctoral researcher at LEAR team of INRIA Rhone-
Alpes in France in 2007 and Rowan University in USA
in 2008. He is currently working as an assistant
professor in the Department of Electrical and Electro-
nics Engineering, Eskisehir Osmangazi University,
Eskisehir, Turkey. His research interests include pat-

tern recognition, neural networks, image and signal processing, optimization, and
computer vision. He is a member of the IEEE.

Bill Triggs is a CNRS researcher who works mainly on
machine learning based approaches to understand
images and other sensed data. He leads the AI
(Apprentissage et Interfaces) team in the Laboratoire
Jean Kuntzmann (LJK) in Grenoble, France, and he is
also the deputy director of LJK, coordinator of the EU
research project CLASS on unsupervised image and
text understanding, and coordinator of the CNRS
partner of the EU network of excellence PASCAL 2.

Hasan Serhan Yavuz received the B.S., M.S. and Ph.D.
degrees from the Electrical and Electronics Engineering
Department of Eskisehir Osmangazi University, Eski-
sehir, Turkey, in 1999, 2002 and 2008, respectively. He
is in the academic staff of the Electrical and Electronics
Engineering Department of Eskisehir Osmangazi Uni-
versity. His research interests include pattern recogni-
tion, image and signal processing, fuzzy logic and
computer vision.
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