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ESTIMATION OF HIGH-DIMENSIONAL LOW RANK
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Suppose that we observe entries or, more generally, linear combi-
nations of entries of an unknown m x T-matrix A corrupted by noise.
We are particularly interested in the high-dimensional setting where
the number m7T of unknown entries can be much larger than the sam-
ple size N. Motivated by several applications, we consider estimation
of matrix A under the assumption that it has small rank. This can
be viewed as dimension reduction or sparsity assumption. In order
to shrink towards a low-rank representation, we investigate penalized
least squares estimators with a Schatten-p quasi-norm penalty term,
p < 1. We study these estimators under two possible assumptions —
a modified version of the restricted isometry condition and a uniform
bound on the ratio “empirical norm induced by the sampling opera-
tor/Frobenius norm”. The main results are stated as non-asymptotic
upper bounds on the prediction risk and on the Schatten-g risk of
the estimators, where g € [p,2]. The rates that we obtain for the
prediction risk are of the form rm/N (for m = T'), up to logarithmic
factors, where r is the rank of A. The particular examples of multi-
task learning and matrix completion are worked out in detail. The
proofs are based on tools from the theory of empirical processes. As
a by-product we derive bounds for the kth entropy numbers of the
quasi-convex Schatten class embeddings SIJ,VI — S, p < 1, which
are of independent interest.

1. Introduction. Consider the observations (Xj,Y;) satisfying the model
(1) Y, =tr(XjA") + &, i=1,..,N,

where X; € R™T are given matrices (m rows, T columns), A* € R™*7T is an
unknown matrix, tr(B) denotes the trace of square matrix B and &; are i.i.d. random
errors. Our aim is to estimate the matrix A* and to predict the future Y-values based
on the sample (X;,Y;),i=1,...,N.

We will call model (1) the trace regression model. Clearly, for T = 1 it reduces to
the standard regression model. The “design” matrices X; will be called masks. This
name is motivated by the fact that we focus on the applications of trace regression
where X; are very sparse, i.e., contain only a small percentage of non-zero entries.
Therefore, multiplication of A* by X; masks most of the entries of A*. The following
two examples are of particular interest.

(i) Point masks. For some, typically small, integer d the point masks X; are defined
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as elements of the set

d
Xy = {Zeki(m)e;i(T) 1<k <m,1 <I[; <T, with (k;, l;) # (kir, 1) for i # i/},
i=1

where ex(m) are the canonical basis vectors of R™. In particular, for d = 1 the
point masks X; are matrices that have only one non-zero entry, which equals
to 1. The problem of estimation of A* in this case becomes the problem of
matriz completion or collaborative filtering; the observations Y; are just some
selected entries of A* corrupted by noise. An important feature of the real-
world matrix completion problems is that the number of observed entries is
much smaller than the size of the matrix: N < mT', whereas m1’ can be very
large. For example, mT is of the order of hundreds of millions for the Netflix
problem.

(ii) Column or row masks. If X; has only a small number d of non-zero columns
or rows, it is called column or row mask, respectively. We suppose here that
d is much smaller than m and 7. A remarkable case d = 1 is covering the
problem known in Statistics and Econometrics as longitudinal (or panel, or
cross-section) data analysis and in Machine Learning as multi-task learning.
In what follows we will designate this problem as multi-task learning, to avoid
ambiguity. In the simplest version of multi-task learning, we have N = nT
where T is the number of tasks (for instance, in image detection each task ¢ is
associated with a particular type of visual object, e.g., face, car, chair, etc.),
and n is the number of observations per task. The tasks are characterized by
vectors of parameters a; € R™, t =1,...,T, which constitute the columns of
matrix A*:

A" = (a} - a}).

The X; are column masks, each containing only one non-zero column x(*)
R™ (with the convention that x(**) is the tth column):

X;e{(0---0x®90...0), t=1,...,T, s=1,...,n}.
t

The column x(~*) is interpreted as the vector of predictor variables correspond-
ing to sth observation for the tth task. Thus, for each i = 1,..., N there exists
a pair (t,s) witht=1,...,7, s=1,...,n, such that

(2) tr(X!A*) = (af)'x"*).

If we denote by Y% and £ the corresponding values Y; and &, then the
trace regression model (1) can be written as a collection of T" standard regres-
sion models:

y®s) = (a;‘)’x(t’s) +&®9 t=1,...,T, s=1,...,n.

This is the usual formulation of the multi-task learning model in the literature.

For both examples given above the matrices X; are sparse in the sense that they
have only a small portion of non-zero entries. On the other hand, such a sparsity
property is not necessarily granted for the target matrix A*. Nevertheless, we can
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always characterize A* by its rank r = rank (A*), and say that a matrix is sparse if
it has small rank, cf. Recht et al.(2007). For example, the problem of estimation of
a square matrix A* € R™*™ ig a parametric problem which is formally of dimension
m? but it has only (2m — r)r free parameters. If r is small as compared to m, then
the intrinsic dimension of the problem is of the order rm. In other words, the rank
sparsity assumption r < m is a dimension reduction assumption. This assumption
will be crucial for the interpretation of our results.

Estimation of high-dimensional matrices has been recently studied by several
authors. To mention just a few, Meinshausen and Biithlmann (2006) investigated
the Lasso in view of estimation of inverse covariance matrices and sparse high-
dimensional graphical models. Bickel and Lewina (2008) considered the problem of
estimating a covariance matrix of p variables from n observations by either band-
ing or tapering the sample covariance matrix, or estimating a banded version of
its inverse. Their estimates are shown to be consistent in the operator norm with
the explicit rates when (logp)/n tends to zero. Ravikumar et al. (2008) studied the
problem of estimating both the covariance matrix and the inverse covariance matrix
by minimizing an ¢;-penalized log-determinant Bregman divergence. In these papers
sparsity is characterized by the number of non-zero entries of a matrix. Amini and
Wainwright (2009) considered principal component analysis in the high-dimensional
regime "large p, small n” under the additional assumption that the maximal eigen-
vector is sparse.

Candes and Recht (2008), Candes and Tao (2009) considered the non-noisy set-
ting (& = 0) of the matrix completion problem under conditions that the singular
vectors of A* are sufficiently spread out on the unit sphere or ”incoherent”. They
focused on exact recovery of A*. In particular, Candés and Tao (2009) showed that
under “strong incoherence condition” exact recovery is possible with high probabil-
ity if N > C rmlog®m with some constant C' > 0 when we observe N entries of a
square matrix A* € R™*™ with locations uniformly sampled at random. Candes and
Plan (2009) explored the same setting in the presence of noise, proposed estimators
A of A* and evaluated their Frobemus norm ||A — A*||p. They established bounds
on ||A — A*||% of the order m3 when A* € R™*™ and the noise is i.i.d. Gaussian.
Moreover, they argued that, under their assumptions, even the oracle cannot achieve
better rate in the Frobenius norm than 7m?/N, which is rather pessimistic. Indeed,
m? > N is a standard assumption in the matrix completion setting. Thus, nothing
reasonable can be achieved for the Frobenius norm in matrix completion problem,
and it makes sense to analyze other distance measures.

In this paper we consider the class of Schatten-p estimators /l, i.e., the penalized
least squares estimators with a penalty proportional to Schatten-p norm, cf. (4). We
study their convergence properties with respect to the prediction risk

N
do.v (A, A7) = N723 "t (X[(A - A7)

i=1

and to the Schatten-q risk. For the prediction risk, we prove three types of results.
First, under mild assumptions on the masks X; we obtain bounds involving the
Schatten-p norm of A*. Second, essentially under no assumption on X;, we show
that Schatten-p estimators with p sufficiently close 0 achieve faster rates of con-
vergence. This result is proved for square matrices A* € R™*™ whose eigenvalues
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4 A. ROHDE AND A.B. TSYBAKOV

are not exponentially large. Third, we obtain bounds under the Restricted Isometry
(RI) condition on the masks X;, which is a rather strong condition, and with no
assumption on A*. The bounds for the Schatten-q risk of A are derived only in this
third case, because in the first and second case the assumptions on X; are so mild
that identifiability is not guaranteed.

The main goal of this paper is to establish achievable rates of convergence of the
estimators in the trace regression problem. For the reason of space, we do not provide
lower bounds showing that the obtained rates cannot be improved. We rather give
here a heuristic motivation. Assume for simplicity that A* is a square m x m matrix
with rank (A*) = r. As mentioned above, the intrinsic dimension (the number of
parameters to be estimated to recover A*) is then (2m — r)r, which is of the order
~ rm if r < m. It can be shown that under suitable assumptions including, for
example, the normality of &, (1) is a regular model with Fisher information matrix
I(0) where 6 is the vector of ~ rm parameters to be estimated. For the lower bounds,
we leave only the parameters, which are entries of the matrices with orthonormal
rows and columns in the singular value decomposition of A*. Due to the linearity of
the model, the prediction risk ci27 N (fl, A*)2 of an estimator A can be expressed, up
to a constant factor, in the form (6 —0)'1(0)(0 — ) where 6 = O(A) is some statistic.
The standard minimax lower bound for the latter quantity in a regular model is
m% ~ rm/N. Thus, the rate that we would like to obtain for the prediction
risk is of the order rm/N. The dimension reduction principle is expressed here by the
fact that, if the rank r is small, we have rm/N < m?/N, where m?/N is the rate of
estimation for a matrix of full rank. As discussed above, the case m? > N is often of
interest, so that the rate m?/N makes no sense, whereas 7m /N is meaningful. The
main message of this paper is to show that the suitably tuned Schatten estimators
attain the rate rm/N up to logarithmic factors.

Finally, it is useful to compare the results for matrix estimation when the sparsity
is expressed by the rank with those for the high-dimensional vector estimation when
the sparsity is expressed by the number of non-zero components of the vector. For
the vector estimation we have the linear model

Y, = X|B +&, i=1,...,N,

where X; € RP, 3 € RP and, for example, & are i.i.d. N(0,1) random variables.
Consider the high-dimensional case, p > N. (This is analogous to the assumption
m? > N in the matrix problem and means that the nominal dimension is much
larger than the sample size.) The sparsity assumption for the vector case has the
form s < N, where s is the number of non-zero components, or the intrinsic dimen-
sion of 3. Let B be an estimator of 3. Then the optimal rate of convergence of the
prediction risk N ! Zf\;l(XZ’(B — B))? on the class of vectors 8 with given s is of
the order s/N, up to logarithmic factors. This rate is shown to be attained, up to
logarithmic factors, for many estimators, such as the BIC, the Lasso, the Dantzig
selector, Sparse Exponential Weighting etc., cf., e.g., Bunea et al. (2007), Koltchin-
skii (2008), Bickel et al. (2009), Dalalyan and Tsybakov (2008). Note that this rate
is of the form W = %> up to a logarithmic factor. The general interpre-
tation is therefore completely analogous to that of the matrix case. An interesting
difference is that the logarithmic risk inflation factor is inevitable in the vector case
(cf. Foster and George, 1994), but not in the matrix problem, as our results reveal.
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The paper is organized as follows. In Section 2 we introduce the notation, some
definitions and basic facts about the Schatten quasi-norms. Section 3 contains the
definition of Schatten-p estimator and the main results about its rates of convergence
expressed via bounds on the stochastic term of the risk. Section 4 concretizes different
bounds on the stochastic term. In Section 5 they are combined with the theorems
from Section 3 to provide final bounds for two examples: (i) multi-task learning and
(ii) matrix completion with i.i.d. entries sampled uniformly at random. Sections 6
and 7 are devoted to the proofs.

2. Notation and preliminaries. We will write |- |2 for the Euclidean norm in
R? for any integer d. For any matrix A € R™*7 we denote by Ay for 1 <j<m
its jth row and write A(. ;) for its kth column, 1 < k < T. We denote by o1(A) >
o9(A) > -+ > 0 the singular values of A. The (quasi-) norm of some (quasi-) Banach
space B is canonically denoted by | - ||5. In particular, for any matrix A € R™*7
and 0 < p < oo we consider the Schatten (quasi-)norms

min(m,T") 1/p

lAlls, = < 3 aj<A>p) and [Alls. = o1(A).

J=1

The Schatten spaces S, are defined as spaces of all matrices A € R™*T equipped
with quasi-norm [|A||s,. The Schatten-2 norm coincides with the Frobenius norm:

/
1Alls, = V@A) = (Y a3) "
2%

where a;; denote the elements of matrix A € R™*T Recall that for 0 < p < 1 the

Schatten spaces S, are not normed but only quasi-normed, and || - ng satisfies the
inequality
3) lA+ B <A +1BIG,

for any 0 < p < 1 and any two matrices A, B € R™*T cf., e.g., Gohberg and Krein
(1969).
Let £ : R™7T — RN be the linear mapping defined by

A (tr(X]A), ..., tr(XNA)) /VN.
Then
N
IL(A)3=N"1> " t?(X]/A).
=1

We say that £ satisfies the Restricted Isometry condition RI (r,v) for some integer
1 <r < min(m,T) and some 0 < v < oo if there exists a constant d, € (0,1) such
that

(1=0r)|Alls, < v[L(A)l2 < (1+6,)[|Alls,

for all matrices A € R™*T of rank at most r.

A difference of this condition from the Restricted Isometry condition introduced
by Candes and Tao (2005) in the vector case or from its analog for the matrix
case suggested by Recht et al. (2007), is in the presence of factor v. This factor is
introduced to account for the fact that the masks X; are typically very sparse, so
that they do not induce isometries with coefficient close to one. Indeed, v will be
large in the examples that we consider below.
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6 A. ROHDE AND A.B. TSYBAKOV

3. The estimator and its rates of convergence. In this paper we study the
estimator A defined as a solution of the minimization problem

1 N 2
n min (53 (v - w(X()* + AL, )

AeRmxT
i=1

with some fixed 0 < p < 1 and A > 0. In other words, we consider a penalized least
squares estimator with a penalty proportional to Schatten-p norm. The case p =1 is
of outstanding interest since the minimization problem is then convex and thus can
be efficiently solved in polynomial time. We call A the Schatten-p estimator. Such
estimators have been recently considered by many authors motivated by applications
to multi-task learning and collaborative filtering (Argyriou et al. (2007, 2008, 2009),
Bach (2008), Abernethy et al.(2009)). These papers discussed connections of (4) to
other related minimization problems, along with characterizations of the solutions
and computational issues, mainly focusing on the convex case p = 1. Also for the
non-convex case (0 < p < 1), Argyriou et al. (2007, 2008) suggested an algorithm
of approximate computation of Schatten-p estimator. However, for 0 < p < 1 the
methods can find only a local minimum in (4), so that Schatten estimators with
such p remain for the moment mainly of theoretical value. In particular, analyzing
these estimators reveals, which rates of convergence can, in principle, be attained.
The statistical properties of Schatten estimators are not yet well understood.
To our knowledge, the only previous study is that of Bach (2008) showing that for
p = 1, under some condition on X/s (analogous to strong irrepresentability condition
in the vector case, cf. Meinshausen and Biithlmann (2006), Zhao and Yu (2006)),
rank(A*) is consistently recovered by rank(A) when m, T are fixed and N — oo.
Our results are of a different kind. They are non-asymptotic and meaningful in the
case mT > N > max(m,T). Furthermore, we do not consider the recovery of the
rank, but rather the estimation and prediction properties of Schatten-p estimators.
In what follows we will use the notation

da.v (A, A') = |£(A = A)2

where A and A’ are any matrices in R™*7. Unless the reverse is explicitly stated,
we will tacitly assume that the X; are non-random matrices.
We start with a simple observation. By definition of A,

N
A 1
—Z P r(XGA)T FANAG, < 5 D0 (Y- tr(XA7)° 4 A4
i=1

i=1

Using that Y; = tr(X[A*) + &, this can be transformed by a simple algebra to:

p
Sp)”

In the sequel, inequality (5) will be referred to as basic inequality and the random

variable N
% Z fitI’ ( (121 - A*)/Xz)
i=1

A

N
(5) daw(4 A7) < Z r((A-ayx) + A(ll4])%, ~ |
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ESTIMATION OF HIGH-DIMENSIONAL LOW RANK MATRICES 7

will be called the stochastic term. In Section 4 we will show that under suitable
conditions for any 0 < p < 1 the stochastic term can be bounded with probability
close to 1 as follows:

(6)
1 al 10 A * J 7 A oA*\2 -1 A *
TGt (XA = A) | < STocpendan (A, A7)+ A— A% V8 >0,
i=1

where I;, denotes the indicator function and 0 < 7 < o0 is a parameter depending
on m,T and N. We will derive explicitly the values of 7 for different examples.
From (5) and (6) with § = 1/2 and A = 47 we get

] A A%)2 A A*|P P AP
dov (4,42 < sr(|A - A%g, + 14", ~ IAIE, ).
This and (3) yield
(7) dyn (A, A7) < 167 A" .
Thus, we have the following result.

THEOREM 1. Let A* € R™T and let 0 < p < 1. Assume that (6) holds with
probability at least 1 — € for some ¢ > 0 and 0 < 7 < oco. Let A be the Schatten-p
estimator defined as a minimizer of (4) with X = 47. Then (7) holds with probability
at least 1 — €.

The bound (7) depends on the magnitude of the elements of A* via [|A*[|s,. The
next theorem shows that under the RI condition this dependence can be avoided,
and only the rank of A* affects the rate of convergence. Moreover, for small 7 the
rate becomes faster.

THEOREM 2. Let A* € R™*T with rank(A*) < r, and let 0 < p < 1. Assume that
(6) holds with probability at least 1 — e for some e >0 and 0 < 7 < co. Assume also
that the Restricted Isometry condition RI ((2+ a)r),v) holds with some 0 < v < o0,
with a sufficiently large a = a(p) depending only on p and with 0 < §(a44), < do for
a sufficiently small 59 = do(p) depending only on p.

Let A be the Schatten-p estimator defined as a minimizer of (4) with A\ = 4.
Then with probability at least 1 — & we have

(8) 622,]\/'(14a14*)2 S Clr’rﬁyf__ppa
9) JA—A%l5, < CorrTrvEs, Vqelp2],

where C1 and Cy are constants, Cy depends only on p and Cy depends on p and q.

Proof of Theorem 2 is given in Section 6. The values a = a(p) and dy(p) can be
deduced from the proof. In particular, for p = 1 it is sufficient to take a = 19.

We can compare Theorem 1 with Theorem 2 assuming that p = 1 and all the
singular values of A* are uniformly bounded by a constant. Then the bound (7) is of
the order 77, whereas (8) is of the order r72v. Clearly, (8) decreases faster as 7 — 0
but there is an additional scaling factor v.
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8 A. ROHDE AND A.B. TSYBAKOV

In general, the bounds of Theorem 2 depend on the positive powers of factor v
which can be large. For example, we will see below that in the multi-task learning
setup v is of the order VT. The resulting bounds turn out to be rather rough. The
reason is that the masks X; are sparse. The sparser are X;, the larger is v. The
extreme situation corresponds to matrix completion problems. Indeed, let the X; be
point masks with d = 1 which are i.i.d. and uniformly distributed on

{ek(m)eg(T) 1<k<m,1<1< T}

(this was the setting considered in Candés and Recht (2008), Candes and Tao (2009),
Candes and Plan (2009)). Then, introducing the notation (5,(;2 = I{X,=e; (m)e}(T)} for
any matrix A € R™*T we have

N N
mT|L(A)]; = %g = %;kzaklékl
mT
(10) = > et o)
k,l i=1

with probability 1. Note that E(mTT Zf\;1 5,&?) = 1 for all k,1, and Zk,l a2, =

\|A||k292 So, the RI condition, if it holds, is naturally scaled by v = vmT, which
is a very large value. What is more, to make this condition hold with probability

close to 1, we need at least that the random variables mTT ZZ]\L 1 5,(31) were close to

their expectations. But this is only possible if N is larger than mT, since 5,2) are
i.i.d. Bernoulli(1/(mT)) variables. So, nothing can be done under the requirement
N < mT which is intrinsic for matrix completion problems. We see that Theorem 2
and, in general, the argument based on the restricted isometry or related conditions
is not well adapted for such settings.

Motivated by this, we suggest another approach described in the next theorem.
For simplicity we focus on the symmetric case m = T and Gaussian errors &. We
will also need the following condition.

ASSUMPTION 1. There exists a constant ¢y < oo such that

IL(A)5 < ol AlI3,

for all matrices A € R™*T,

Note that Assumption 1 is not restrictive when the masks X; are sparse. For ex-
ample, (10) immediately implies that for the above special case of matrix completion
problem Assumption 1 holds almost surely with ¢y = 1.

THEOREM 3. Let &y, ..., &N beii.d. N(0,02) random variables, and assume that
m=T>1, N >em, and Assumption 1 hold. Let A* € R"™*™ with rank(A*) < r
and the mazimal singular value o1(A*) < (N/m)C" for some 0 < C* < oco. Set

= (log(N/m))~", ¢ = (26 — 1)(26)k~ Y251 where k = (2 — p) /(2 — 2p) and

() r = (o) ()
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ESTIMATION OF HIGH-DIMENSIONAL LOW RANK MATRICES 9

for some ¥ > C? and C a universal positive constant independent of r, m and N.
Then the Schatten-p estimator A defined as a minimizer of (4) with A = 47 satisfies:

R P rm N
< - -
(12) da v (A, A")? < Co) 1og(m)

with probability at least 1 — C exp(—9Im/C?) where the positive constant Cs is inde-
pendent of r, m and N.

PROOF. By Lemma 2, inequality (6) holds with probability at least 1—C exp(—dm/C?).
We then use (7) and note that, under our choice of p,

T < 60<N£p)

for some constant ¢ < co, which does not depend on m and N, and

A%, < rloa(AP <7(=) " =exp(C)r.

O

Finally, we give the following theorem quantifying the rates of convergence of the
prediction risk it terms of the Schatten norms of A*.

THEOREM 4. Let &y,...,EN be i.i.d. N(Ol 02) random variables and let Assump-

tion 1 hold. Then the Schatten-p estimator A has the following properties.
(i) Let A* € R™T p =1, and \ = 41 where

B co(m+T)
T =80 N .
Then
R . T
(13) by (A, A7) < Coc?) a5/ "

with probability at least 1 — 2exp{—(2 —log5)(m + T)} where C > 0 is an absolute
constant.
(ii) Let A* € R™*™ 0 <p <1, and X = 47 where 7 is given in (11). Then

~ “ N B 1-p/2
(14) do (A, A7) < Clatg (%)

with probability at least 1—C exp(—9m/C?) where the constant C > 0 is independent
of r, m and N.

Proof is straightforward in view of Theorem 1 and Lemmas 4, 2.
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10 A. ROHDE AND A.B. TSYBAKOV

4. Bounds on the stochastic term. In this section we present bounds on the
stochastic term leading to (6). The proofs are given in Section 7. The first bound
is obtained under the Bernstein condition and it applies for the case p = 1. We say

that the random variables &;, i = 1,..., N, satisfy the Bernstein condition if
1

15 ElgG)' < Zlle?H'? 1=2,3....

( ) 12112}5\[ |£l‘ - 9 o ) ’ ’

with some finite constants o and H.

LEMMA 1. Let the i.i.d. zero-mean random variables & satisfy the Bernstein
condition (15). Let also either

N
(16) max %;rxi<j,.>% < 82, and
i—
(17) 1<j<m Li<N Xigole < Hrow
or the conditions
(18) lglsz(TNZ|X < S%, and
(19) max | X p)le < Heo

1<k<T,1<i<N

hold true with some constants Syrow, Hrow, Scol, Heor- Let D > 1. Then, respectively,
with probability at least 1 — 2/mP~1 or at least 1 — 2/TP~1 we have

(20) \sz@tr (A-a)| < rld-ars,

where T = Crowy/m(logm)/N if (16) and (17) hold or T = Cey\/T(logT)/N} if

(18) and (19) hold. Here

logm / logT
Crow: <\/2DJ2S7%ow+2DHrowH ng )7 Ccol: < 2DU2S§01+2DHCOZH ]g\f )

The second bound applies in the case 0 < p < 1. It is given in the following
lemma.

LEMMA 2. Let &1,...,&n be dd.d. N(0,0%) random wvariables, 0 < p < 1 and
m =T(= M). Let Assumption 1 hold with some constant co < co. Set ¢,; = (2K —
1)(26)6~ Y51 where k = (2 — p) /(2 — 2p). Then for any fized § > 0, 9 > C? and

M 1-p/2
r=cl0/p) 2 (5)
we have
* d - * —1 A * || P
(21) ‘—Z{ztr (A—a7)| < Sdan(A, AN 4767 | A— A

with probability at least 1 —C exp(—9IM/C?) for some constant C' = C(p, cy,0?) > 0
which is independent of M and N and satisfies supy,<,C(p,co,0) < oo for all
q<1.
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ESTIMATION OF HIGH-DIMENSIONAL LOW RANK MATRICES 11

We finally give a bound on the stochastic term when p = 1 for a special case
of matrix completion problem discussed in the previous section and considered by
Candes and Recht (2008), Candes and Tao (2009) in the noiseless case and by Candes
and Plan (2009) in the presence of noise. The following lemma allows one to treat
the random noise under different conditions than in Candes and Plan (2009), and
shows that there are some unusual effects.

LEMMA 3. Let the i.i.d. zero-mean random wvariables & satisfy the Bernstein
condition (15). Assume that mT(m +T) > N and that X; are point masks, which
are i.i.d. uniformly distributed on

{6k(m)eg(T) 1<k<m,1<1< T}

and independent from &1,...,&n. Then, for any D > 2 and

m+T
N

(22) 7 = (40v10D + 8HD)
we have (20) with probability at least 1 — 4exp{—(2 —log5)(m + T)}.

Note that the concentration rate in Lemma 3 is faster than in the first lemma
of this section. Indeed, it is exponential rather than polynomial in the dimension.
The same effect is observed in the next lemma which provides a value of 7 under
Assumption 1.

LEMMA 4. Let &y, ..., &N be i.i.d. N'(0,02) random variables, and let Assumption
1 hold. Then, for any

co(m +T)

23 > 8
(23) T > 80 ~

we have (20) with probability at least 1 — 2 exp{—(2 —log5)(m + T')}.

Lemma 4 can be compared with Lemma 1. First note that the assumptions of
Lemma 1 are not directly comparable with Assumption 1, provided that we con-
sider the latter with ¢y independent of m and T'. If m and T have the same order of
magnitude, the bound of Lemma 4 is better. On the other hand, if m and T differ
dramatically, for example, m > T', then Lemma 1 can provide a significant improve-

ment. Indeed, the “column” version of Lemma 1 guarantees the rate 7 ~ 4/ &NgT

which in this case is much smaller than /%;. In all the cases, the concentration rate
in Lemma 4 is faster than in Lemma 1, but one should note that the latter result
holds for a larger class of error distributions.

5. Examples: matrix completion, multi-task learning. 1. MATRIX COM-
PLETION. As discussed in Section 3, for matrix completion problems the restricted
isometry argument as in Theorem 2 is typically not applicable. We will therefore use
Theorems 1 and 3. Note that the bound of Theorem 4 is too coarse in the context
of matrix completion. Indeed, it can be replaced by the following corollary, which is
an immediate consequence of Theorem 1 with p = 1 and Lemma 3.
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12 A. ROHDE AND A.B. TSYBAKOV

COROLLARY 1. Let the i.i.d. zero-mean random variables &; satisfy the Bernstein
condition (15). Assume that mT(m +T) > N and that X; are point masks, which
are i.i.d. uniformly distributed on

(24) {ek(m)eg(T): 1<k<m, 1§l§T}

and independent from &1,...,En. Let T be given by (22) with some D > 2. Then the
Schatten-1 estimator A defined with A = 41 satisfies:
m+T

(25) da, v (A, A*)? <160 A%||s, —5—

with probability at least 1 —4 exp{—(2—log5)(m+T)}, where C = 40/10D+8HD.

We see that the rate of convergence in Corollary 1 is substantially faster than in
Theorem 1. This is not surprising because the matrix completion masks (24) are the
sparsest possible; they contain only one non-zero entry.

If we assume that the maximal singular value o1(A*) is bounded from above by
some constant, then it is easy to see that for m = T the bounds of Corollary 1
achieve the optimal rate ”intrinsic dimension/sample size” ~ rm/N.

The next corollary follows immediately from Theorem 3 and the remarks before
it.

COROLLARY 2. Let &1,...,&n be di.d. N(0,02%) random variables, and assume
thatm =T > 1, N > em and that the X; are point masks, which are i.1.d. uniformly
distributed on

{ek(m)eg(m) 1<k<m,1<1< m}

and independent from &1, ...,&n. Let A* € R™*™ with rank(A*) < r and the maxi-
mal singular value o1(A*) < (N/m)" for some 0 < C* < 0o. Set p = (log(N/m))~1,
cx = (26 — 1)(26)k =Y @51 where k = (2 —p) /(2 — 2p) and

ﬁ)l—pﬂ

™= ca(/p) (5

for some ¥ > C? with a universal constant C > 0, independent of v, m and N. Then
the Schatten-p estimator A defined as a minimizer of (4) with X = AT satisfies:

7 1 *\ 2 @ E
(26) dav (A, A7) < Oy T2 log (m)

with probability at least 1 — C exp(—9Im/C?), where the positive constant Cs is also
independent of r, m and N.

Note that the bound of Corollary 2 achieves the optimal rate rm/N, up to log-
arithmic factor. This holds under weaker condition on A* than the boundedness of
o1(A*) needed to obtain the rate rm/N from Corollary 1 as discussed above.

2. MULTI-TASK LEARNING. For multi-task learning we can use both Theorem 2
and Theorem 3. Theorem 2 imposes stronger assumptions on the masks X;, namely
the restricted isometry (RI) condition. Nevertheless, the advantage is that Theorem
2 covers the computationally easy case p = 1.
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ESTIMATION OF HIGH-DIMENSIONAL LOW RANK MATRICES 13

Let us first discuss the form of the RI condition in the context of multi-task
learning. Using the analog of (2) for a matrix A = (a1 - --ar) we obtain

N
LB = NP u*(XjA)

T n
— NI Z Z CL;X(t’S) (X(t’s))/at

t=1 s=1
T

= ’_Ti1 Z CLQ\I/tCLt
t=1

where U, = n~ 13" x(t9)(x(#*))" is the Gram matrix of predictors for the tth
task. These matrices correspond to T separate regression models. The standard
assumption is that they are normalized so that all the diagonal elements of each W,
are equal to 1. This suggests that the natural RI scaling factor v for such model is
of the order v/T. For example, in the simplest case when all the matrices ¥, are just
equal to the m x m identity matrix, we find

LA =T lzat‘l’tat T A3,

Similarly, we get the RI condition with scaling factor v ~ /T when the spectra of
all the Gram matrices ¥;, t = 1,..., T, are included in a fixed interval [a,b] with
0<a<b<oo.

We now concretize the bounds for the stochastic term. The first approach is to
use Lemma 1. Note that we can choose the best of the two bounds corresponding
either to the "row” conditions (16), (17) or to the ”column” conditions (18), (19).
Interestingly, the two bounds are of different order of magnitude. To explain this,
assume for simplicity that all the elements of vectors x(»*) are uniformly bounded in
absolute value by a constant xy. Then for the row norms we have max; ; \X,-(ﬁ) l2 <z
because each row of X; contains only one non-zero entry. Thus, we can take Sy, =

23, Hyow = T, and the "row” version of Lemma 1 gives 7 ~ \/ml?vgm \/mlogm On

the other hand, the ”column” version of Lemma 1 leads to a coarser bound. Indeed,
the columns of X; can contain m non-zero entries, so that their norms can be only
bounded by zg+/m, and thus S.,; = :B(Q)m,le = xgy/m. The ”column” version of

Lemma 1 then gives 7 ~ \/ % = \/ %. Discarding the logarithmic factors,
this is larger in order than 7 obtained from the "row” version. With this best 7, we
get the following immediate corollary of Theorem 2 with p = 1.

COROLLARY 3. Let the i.i.d. zero-mean random variables &; satisfy the Bernstein
condition (15). Consider the multi-task learning problem with rank(A*) < r. Assume
that all the elements of vectors xt%) are uniformly bounded in absolute value by a
constant xg. Assume also that the Restricted Isometry condition RI (21r,v) holds
with some 0 < v < 00, and with 0 < 21, < &g for a sufficiently small dg. Set

1 1
— 4y <a\/ + 2DH\/ Ogm) mn Oﬁm
n
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14 A. ROHDE AND A.B. TSYBAKOV

for some D > 1. Let A be the Schatten-1 estimator with this parameter \. Then with
probability at least 1 — 2/mP~' we have

. . [logm 2mlogm
A A* 2 < /.2 1
dQ’N( , ) < Cyrv < + T T
A ; logm \ 7/ mlogm\ %>
4= 2, < cgrn (1 R (TERN T vg ey

where the constants C| and C), do not depend on m,T and n.

Some comments may be useful here. As discussed above, the right scaling factor v
for multi-task learning is of the order v/7T". This and the natural assumption logm <
nT transform the bounds of Corollary 3 (with ¢ = 2) to:

(27) JQVN (A,A*)2 < Ci’ m%,
1, . w12 rmlogm
(28) ZIA - a3, < oy AT

where the constants C7 and C% do not depend on m,T and n. The bounds (27),
(28) look similarly to those obtained for the Group Lasso estimator in multi-task
setting by Lounici et al. (2009). The main difference is that the sparsity index s
appearing in Lounici et al. (2009) is now replaced by rm. At first sight, this seems
natural because s and rm are some quantities characterizing the dimension of the
problem. In Lounici et al. (2009), the columns a; of A* were supposed to be sparse,
with the sets of non-zero elements of cardinality not more than s. Here the sparsity
is characterized by the rank r of A*, and thus the intrinsic dimension of A* is of
order rm, as discussed in the introduction.

However, comparing parameter s of Lounici et al. (2009) to our rm is not fair.
Indeed, in our case rm characterizes the number of unknown parameters to be
estimated. In Lounici et al. (2009) the number of unknown parameters is of the
order sT (s parameters in each of T' columns), not s. This suggests that the bounds
(27), (28) are, in fact, too coarse, as compared to their analogs in Lounici et al.
(2009). Indeed, the next results show that they can be improved by the factor of T'
under somewhat more restrictive condition on X/s.

COROLLARY 4. Let&y,...,&n bedi.d. N(0,0%) random variables. Consider the
multi-task learning problem with rank(A*) < r. Assume that the spectra of the Gram
matrices Yy are uniformly in t bounded from above by a constant ¢; < co. Assume
also that the Restricted Isometry condition RI (21r,v) holds with some 0 < v < o0
and with 0 < d21, < 0 for a sufficiently small &g. Set

C1 (m + T)

A =320 T

Let A be the Schatten-1 estimator with this parameter . Then with probability at
least 1 — 2 exp{—(2 — logb)(m +T)} we have

m+T>

CZQ’N(A,A*)2 < 6_'101027“V2< T

m+T
nT?

N _ q/2
14— 4[5, < Czc‘{/%qw?ff( ) , Vael[l2]
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ESTIMATION OF HIGH-DIMENSIONAL LOW RANK MATRICES 15
where Cy is an absolute constant and Co depends only on q.

Proof of Corollary 4 is straightforward in view of Theorem 2, Lemma 4, and the
fact that, under the premises of Corollary 4, we have

T
LA =T71) ap¥ar < (e1/T)|AJE,
t=1

for all matrices A € R™*T 5o that Assumption 1 holds with ¢y = ¢1 /7.
Taking in the bounds of Corollary 4 the natural scaling factor v ~ /T we obtain
the following analogs of (27) and (28)

S . r(m+T)
29 Gy (A a"? < ¢ TmtT)
(29) on (A, A%)° < ¢4 T
L . * 12 ~ T(m+T)
(30) FlA=A5, < Co =7,

where the constants C’l and C’g do not depend on m,T and n. We see that the rates
in (29) and (30) are strictly better than in (27) and (28). Moreover, due to Corollary
4, the probability for (29) and (30) to hold converges exponentially to 1 if either m
or T tends to co. In the case of (27) and (28), Corollary 3 assures only polynomial in
m convergence of the probabilities. Note, however, that the assumptions of Corollary
4 are more restrictive.

A remarkable fact is that the rates in Corollary 4 are free of the logarithmic
inflation factor. This is one of the differences between the matrix estimation problems
and vector estimation ones, where the logarithmic risk inflation is inevitable, as first
noticed by Foster and George (1994).

Note also that for m = T the bounds (29) and (30) achieve the optimal rate
"intrinsic dimension/sample size” ~ rm/N (N = nT in the multi-task learning).

Finally, we give the following corollary based on application of Lemma 2.

COROLLARY 5. Let &1,...,&n be di.d. N(0,0%) random variables, and assume
that m =T > 1, n > e. Consider the multi-task learning problem with A* € R™*™,
rank(A*) < 7 such that the mazimal singular value o1(A*) < n® for some 0 <
C* < oo. Assume that the spectra of the Gram matrices VU, are uniformly in t
bounded from above by coT where co < 0o is a constant. Set p = (logn)™!, ¢, =
(26 — 1)(26)k =5 where k = (2 — p)/(2 — 2p) and

N e
n
for some ¥ > C? and a universal constant C > 0, independent of r, m and n. Then
the Schatten-p estimator A with this parameter X satisfies

(31) do.n (A, A*)? < C30 % log 1

with probability at least 1 — C exp(—19m/C?) where the positive constant Cs is inde-
pendent of v, m and n.
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16 A. ROHDE AND A.B. TSYBAKOV

Corollary 5 follows from Theorem 3. Indeed, it suffices to remark that, under the
premises of Corollary 5, we have

T
LA =T aiPa; < cof| A3,
t=1
for all matrices A € R™*™, so that Assumption 1 holds.
Since m = T', we can write (31) in the form

A~ ~ % Tm
(32) dy N(A, A%)? < Cy T logn

Clearly, this bound is better than (27) for large T'. Moreover, it achieves the optimal
rate ”intrinsic dimension/sample size”~ rm/N, up to logarithms (recall that N =
nT in the multi-task learning).

Another remark concerns the possible range of m. In (27) we need at least rm < n
to get a reasonable bound. So, the ”dimension larger than the sample size” framework
is not covered by Corollary 3. In contrast to this, the bounds of Corollary 4 (for
m ~ T) and Corollary 5 make sense when the dimension m is larger than the
task sample size n; we only need the condition m < exp(n) for Corollary 5 to be
meaningful, and no condition on the dimension m in Corollary 4.

Note also that, on the difference from Corollaries 3 and 4, Corollary 5 holds when
the RI assumption is violated and under a weaker condition on the masks X;. The
price to pay is to assume that the singular values of A* do not grow exponentially
fast. Also, the estimator of Corollary 5 corresponds to p < 1, so that no efficient com-
putational algorithms are actually available. Therefore, Corollary 5 remains mainly
of theoretical interest.

6. Proof of Theorem 2. We first give two lemmas on matrix decomposition
needed in our proof, which are essentially provided by Recht, Fazel and Parrilo
(2008) (subsequently, RFP(08) for short).

LEMMA 5. Let A and B be matrices of the same dimension. If AB' =0, A’B =0,
then
|A+ B, = IAI% + IBIG, ¥p>o.

PROOF. For p =1 the result is Lemma 2.3 in RFP(08). The argument obviously
extends to any p > 0 since RFP(08) show that the singular values of A+ B are equal
to the union (with repetition) of the singular values of A and B. ]

LEMMA 6. Let A € R™T with rank(A) = r and singular value decomposition
A = UAV'. Let B € R™T be arbitrary. Then there exists a decompositon B =
B1 + By with the following properties:

(i) rank(B) < 2rank(A) = 2r,

(ii)) ABL =0, A'By =0,

(iii) tr(B{B2) = 0.

(iv) By and By are of the form

Ell Bl2 ! 0 0 !
B = - By = - .
1 U< le 0 )V and 2 U< 0 322 Vv

The points (i)-(iii) are the statement of Lemma 3.4 in RFP(08), the representation
(iv) is provided in its proof.
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ESTIMATION OF HIGH-DIMENSIONAL LOW RANK MATRICES 17

ProoOF OF THEOREM 2. First note that there exists a decomposition A=A0 4
A® with the following properties:

(i) rank(A® — A*) < 2rank(A*) = 2r,
(i) A*(A®)Y =0, (A*) AP =0,
(iii) tr((A® — A*)A?)) = 0.

This follows fromALemma 6 with A = fl* and B = A— A*. In the notation of Lemma
6 we have By = A — A* and By, = A®.

From the basic inequality (5) and (6) with 6 = 1/2 we find
~ A * 2 _ A * A
(33) (1= Ifpaper)/2dan (A, A7) < 22Pr| A= A+ ar(|Al, — I1A)E,).
In particular, for the case p =1
~ A % 2 ~ * A
(34) do (A, A7) < orlA— ATl + ar(JlAl — A5, ).
For brevity, we will conduct the proof with the numerical constants given in (34),
i.e., with those for p = 1. The proof for general p differs only in the values of the
constants, but their expressions become cumbersome.
Using (3), we get
7 A ) 2 A * * A A
(35)  dow(A, A7) < 27| A A% + dr| AT, F2r| AP — 4r) Al .
By (3) again and by Lemma 5,
JAIG > A7+ AD|5 —A® — A%
— AT, + AP — 4D — A7 |
since (A*) A®) = 0 and A*(A®) = 0 by construction. Together with (35) this yields
(36)  don(A,AN? < 20| AD — AL — 20| AD | 4 4r| AD) — A%
from which one may deduce

(37) do,n(A, A7) < 67| AN — A*|[%  and

(38) IAPG < 3 AW — A%|[% .

Consider now the following decomposition of the matrix A®@ | First recall that A®?

is of the form
. 0 0
A?) = - ',
U< -y )v
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18 A. ROHDE AND A.B. TSYBAKOV

Write Bogy = WlA(ng)Wé with diagonal matrix A(ng) of dimension 7’ and W{W; =
WiWs = Iy for some 7' < min(m,T). In the next step, W and W are comple-
mented to orthogonal matrices W; and W of dimension min(m,T) x min(m,T).
For instance, set

W = % e Rmin(m,T)Xmin(m,T)
W;

Y

0
w4 Y S
in R™*T and proceed analogously with Wj. In particular, W{W; = Wi, =

where * complements the columns of the matrix ( ) to an orthonormal basis

Imin(ﬂuT) xmin(m,T)- Also

A 0 0 /(0 0 § -
AQ) — U( Z >V’ = UW ( - )W’V’ = UW1DW3V'.
0 WiA(Bo)W} L0 A(Bw) ) 2 e

We now represent A®?) as a finite sum of matrices A = Zﬁl 121;2) with

AP = uw, D,V

0 0
po= (o)

where the 7' x r’ diagonal matrix A; has the form A; = diag(\;I{;cz,3). We denote
here by I the set of ar indices from {1,...,min(m,T)} corresponding to the ar
largest in absolute value diagonal entries of A, by I the set of indices corresponding
to the next ar largest in absolute value diagonal entries A;, etc. Clearly, the matrices
A,(f) are mutually orthogonal: tr((flf))’ﬁlgz)) = 0 for j # k and rank(flgg)) < ar.
Moreover, AEZ) is orthogonal to A — A*.

Let o1 > 09 > ... be the singular values of A(Q), then o1 > ... > 04 are the

singular values of 141(12), Ogr41 = ... = 02qp those of flg), etc. By construction, we

have Card(I;) = ar for all i, and for all k € [;11:

. 1 P\ /P
o < mino; < (— g a-> .
jel; ar “ J
JEL;

and

Thus,
1 2/p
2 P
o < ar(— a-)
Z ko= arz J
keli.i,_l jEL,’

from which one can deduce for all 7 > 2:
R 1/2 11 1/p 11, 4
14D, = < 3 gg> < (ar)? p<zg§’> = (ar)? 7 | AP | o
kEIi+1 je]z

and consequently

o 11 o
Z|A§2)||SQ < (ar)? pZ|A§2)

7>2 7>1

Is,
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ESTIMATION OF HIGH-DIMENSIONAL LOW RANK MATRICES 19

Because of the elementary inequality z/? + y'/P < (x + y)l/ P for any non-negative
z,2yand 0 <p <1,

SIAP N, = X (Tat) " < (T X et)” < (Xet)” = 142,
3>2 §>2  kel; §>2 kel; k
Therefore,
. 1_1
S IAP s, < (@)= |A® || g
j>2
< 31/”((17")%_% AWM _A*Hsp (using inequality (38))

31/”((17“)%_%(27‘)%_% | AW — g*

IN

I,
whereby the last inequality results from rank (121(1) — A*) < 2r and

GXA" < GXA"

k<2r <2r

Finally,

(39) >

Jj=2

1 1
~ a 5 =
A§'2)||sg = 31/p(§>2 :

AWM — A% g,

We now proceed with the final argument. First note that rank((fl(l) —A¥) —1—/152)) <
(2 4 a)r. Next, by the triangular inequality, the restricted isometry condition and

the orthogonality of 121;2) and A — A* we obtain

vy (A, A) = v|L(A- A",

v L(AD -4+ AP) [, v | L(4P) ],
jz2

(1 B 5(2+a)r) || AW — 4 + AgQ) || Sy (1 + 5‘17’)

Y

v

i(2)
A4; I Sa
s

JAD = A g, (1= bara) — (1 +8.,)372(2)F77).

<

Y

(40)

Recall that 0
a = min{keN: k> (67/V2)25 }.

1 1
Then 1 —3Y7(a/2)2" 7 > 0. Now, 6(244)r = 0ar, and thus

1

1 1 1
. . Un(OVI S (1 gun(9)ER) _
(1= Barar) — (1+8,)37(2) 7 > (1 31/ (%) ) Wireay > 0

whenever .
1 a\z— 3
5(2+a)r < 5(1 _31/p<§)2 p).

Thus, there exists a universal constant x = k(p) such that

2

(41) oy (A, A7) > k]| AD — a7 |2
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20 A. ROHDE AND A.B. TSYBAKOV
Now, the inequalities (37) and (41) yield

(42) w[AD —a*[|% < 62| AN — A% ||% < 6mR(2r)! P2

AW —Atg,

where the latter inequality results from the fact that we have rank (121(1) — A*) < 2r,
which implies

(43) ||A(1) _A* HSp < (2r)1P2 || AW — g ”SQ'
From (41) and (42) we obtain
(44) /{H/l(l) — A" ng < 612 (2r) P2,

Now, from (37), (43) and (44) we find

D 2p

(45) cZg,N(A, A*)2 < 67(2r) P2 || AL — 4% H;;Q < 27‘(67)ﬁ/€_ﬂy2—?.

This proves (8). It remains to prove (9). We first demonstrate (9) for ¢ = 2, then for
q = p, and finally obtain (9) for all ¢ € [p, 2] by Schatten norm interpolation.
Using (39), (40), (45), we find

(1= By | AV = A% 4 AP ||, < vy y (A, 4) + (14 0) 3
j>2

i(2)
4; I Sa

12
< C\rr2ryrr

for some constant C' = C'(p) > 0. This and again (39) yield

JA—ar|g, < AW — A+ A7 || g, + >
j=2

~ 1 2
AP, <O rrrrurs

for some constant C' = C’(p) > 0. Thus, we have proved (9) for ¢ = 2. Next, using
inequalities (3) and (38) we obtain

A—A*||§,p <

A0 x|+

APl <4

A(1 || P

AWM — 4| .-
Combining this with (43) and (44) we get (9) for ¢ = p. Finally, (9) for arbitrary
q € [p, 2] follows from the norm interpolation formula

2(a—p)

AL < A2 4] 2
1Al < TAlls™ Alls™

cf. Lemma 10 of the Appendix with 6 = Zg:z;.

7. Proofs of the Lemmas.

PrROOF OF LEMMA 1.. First observe that, by the trace duality,

A— A

Mg,

N
(46) S an(xi(A - 49) | < Is,
=1
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ESTIMATION OF HIGH-DIMENSIONAL LOW RANK MATRICES 21

where M = % Zf\il & X;. Furthermore,

IM|ls.. = sup |[Mu|s < y/m max sup ‘u’ﬁj|,
ueRT: lsjsm  eRT.
lul2=1 |ul2=1

with vectors 7j; = N~} Zf\il §iXi(j,)- Consequently, for any ¢ > 0,

1
P(IMls. > 0™ < p(vm

A

Tils > t mlogm
N gligin Njl2 =

1<y N

logm
S ‘
mlgégﬁlp(mla_t\/ N )

To proceed with the evaluation of the latter probability we use the following con-
centration bound (Pinelis and Sakhanenko, 1985).

IN

LEMMA 7. Let (1,..., N be independent zero mean random variables in a sep-
arable Hilbert space H such that

N
1
(47) D EGIy < 5Z!BQLH, 1=2,3...,
=1

with some finite constants B, L > 0. Then

N
P(H;@

72

S L
H_:z)_ exp 257 1 20l Va>0

Setting (; = & X;(;.), H = RT, note first that, by the Bernstein condition (15),

N N
STEIGI, = Bl Xl
=1

=1

N
1
< Slto?H'? < mjaxz | X, |§> max | X(;,) 5
i=1 ’

1
< ' B2[}72
—_— 2 b

where B? = 0252, N and L = H,,,H, i.e., condition (47) is satisfied. Now an
application of Lemma 7 yields for any ¢ > 0

N
logm 1
P(|7l, > t -P(| =X« ty/1
<‘77]|2 Z N ) ( \/sz;ﬁ ) > ogm)
N(1 2
< 20w | - (logm)t
2B?% + 2tL\/Nlogm
N (log m)t?
= 2exp| — .
20252,,N + 2tL\/Nlogm
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22 A. ROHDE AND A.B. TSYBAKOV

Define ¢t = \/2D0252,,, + 2DLy/ %™ for some D > 1. Then

42 _ _ logm
T > D, where B =202S%,, L=2L N

With this choice of ¢,

I
IED<|77j|2 >t Oirm> < 2exp(— Dlogm) = om P

and therefore P(|M|[s.. > Trow) < 2m'™P, where

1 1
Tow — <N/2D02530w + 2DHme\/ Ojgvm> \/m ]ngm .

Similarly, using [|[M[[s,, = sup,—1 |v'M]|z, and assuming (18) and (19), we get
P(M||s. > Teot) < 2T, where

logT TlogT
Teol = (\/2DU256201+2DH00IH\/ ng ) ]Vg .
O

For the proof of Lemma 2 we will need some notation. The pth Schatten class of
M x M-matrices is denoted by S]]y , and we write

B(S)) = {AeR™M 4], <1}

for the corresponding closed Schatten-p unit ball in RM*M  For any pseudo-metric
space (7,d) and any € > 0 we define the covering number

N(T,d,e) = min {Card(%) : To C T and inf d(t,s) <e forallte 7'}.

s€To

In other words, N (T, d, 5) is the smallest number of closed balls of radius ¢ in the
metric d needed to cover the set 7. We will sometimes write N'(T ]| - [, ¢) instead
of N'(T,d,¢) if the metric d is associated with the norm || - ||. The empirical norm

| - ||l2,n corresponds to 0?27]\/, i.e., for all A € RMXM
| X
4By = 5 S tr(AX;)
j=1

ProOoOF OF LEMMA 2. First note that we cannot rely the proof directly on the
trace duality and norm interpolation (cf. Lemma 10), i.e., on the inequalities

A— A

IN

Indeed, one may think that we could have bounded here the Ss-norm of M in the
same way as above, and then the proof would be complete if we were able to bound

M,

1 .
¥ Gt - 4), s,
i=1

i el e
(48) A=Ar|g, T A= A5 Mg -

IN
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ESTIMATION OF HIGH-DIMENSIONAL LOW RANK MATRICES 23

from above ||A — A*[|3, by dy N (A, A*)? times a constant factor. Unfortunately, this
is not possible. Even the Restricted Isometry condition cannot help here because
A — A* is not necessarily of small rank. Nevertheless, we will show now that by
other techniques it is possible to derive an inequality similar to (48) with cfz’ N(/l, A¥)
instead of ||A — A*||s,.

Since
v i &itr(B'Xi) J5 X, atn(B'X))
Slg)xM 1_2% 2% - SupM 1_2% )
pek 1Bllo,n " IBlls,” BeB(S)) I1Bly "

the expression on the LHS of (21) is not greater than

VM A -2 2 =5
do n (A, A%)' 7757 || A—a* || T
NN 2.n (4, A7) I 5, penD

—2
(M/p)" N~V 5L, Gitr(B'X,)
p—2 1—_P
((M/p) 2 || Bll2n) 27
Due to the linear dependence in M of the e-entropies of the quasi-convex Schatten
class embeddings SZ])W < SM (cf. Corollary 6) and the fact that the required bound
should be uniform in M and in p for p \ 0, we introduced an additional weighting

p—2
by (M/p) 2 . Now define

Gup = {A€RMA (M/p) % A e B(si}.
By the entropy bound of Corollary 6 and Assumption 1,

o5 A (Gatpr dav-€) < ToBN (Gatps VD |- lsnse) < paole)(e/va) =7,

whence

’ j 305 2—p g-.p
(49) /0 \/10gN(gM,p,d27N,6) de < ¢ pao(p)2_2p5 2-p .

We remark that due to the order specification of g in Corollary 6, the expression

D 2_
(PR p
(50) " "pao(p)g - %

is uniformly bounded as long as p stays uniformly bounded away from 1. Note that
for p = 1 the entropy integral on the LHS in (49) does not converge.

CraM 1. For any q € (0,1), there exist constants ¢(q) and ¢ (q), such that for all
0<p<gq, all0 <0< \/cy and uniformly in M and N:

N

1 T2

51 P su — tr(X'B)| > T| < ¢(q)ex (—>

o o |77 ) ) < e (-
Bll2,n<6

for all T > c’(q)élfﬁ.
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24 A. ROHDE AND A.B. TSYBAKOV

Proof of Claim 1. The bound is essentially stated in van de Geer (2000) as Lemma
3.2 (further referred to as VG(00)). The constant in VG(00) depends neither on the
| - ||2,n-diameter of the function class nor on the function class itself and is valid, in
particular, for € = 0, in the notation of VG(00). The uniformity in 0 < p < ¢ follows
from the uniform boundedness of (50) over p € (0, g|. The required case corresponds
to K = oo in the notation of VG(00). Its proof follows by taking ¢ = 0 and applying
the theorem of monotone convergence as K — oo, since the RHS of the inequality
is independent of K.

Cram 2. For any q € (0,1), there exists a constant C(q) such that for any 0 <
P=q

T i Ete(BX)

1B,

(52) IP’( sup

BegM,p

> T) < C(q) exp ( —TQM/C(W)

for allT > C(q).
Proof of Claim 2. First observe that

p=2 p—2
sup || Allz,nv < Veo sup [[Alls, < Veo(M/p) 2 sup [Alls, = Ve (M/p)

A€Gm p A€Gmp AeB(SM)

where the last inequality follows from B(S)') C B(S3"). Define the decomposition
of QM,p

p—2

) —2 —2
Gy = {A €y 2 Va(M/p) 5 < Aoy < 2% Ve(M/p) B |, keN.

Then by straightforward peeling-off the class Gy, we obtain for all 7' > ¢/(q)

L SN &tr(B'X))
(o | ] = )
BeGMp 1Bllo,n "
> 1 N k=2 p=2.1__P
< Y P osup | =) &u(B'X;)| =T(2" @ \Ja(M/p) )
k=1 \BeG{; \/szl
—2 p—2_ _ 2p
S T2(2"5 eo(M/p) )
< D clg)exp ( - >
kz_:l c(q)?
o0
T?M2+C
(53) < ) _clg)exp ( - 42‘)((”)
= qc(q)

with the definition

p

Co(q) = Oir;iéq o 2"

It remains to note that the last sum in (53) is bounded by C(q)exp ( - T2M>
whenever 7' > C(q) for some suitable constant C(q).

In particular, the result reveals that the LHS of (21) is bounded by
A R . e M /2
(54) do,n (A, A*) 77 ||A—A*||§pp\/19/p<N>
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with probability at least 1 — C exp(—9M/C?) for any V4 > C(q).
We now use the following simple consequence of the concavity of the logarithm
which is stated, for instance, in Tsybakov and van de Geer (2005) (Lemma 5).

LEMMA 8. For any positive v, t and any kK > 1, 6 > 0 we have
otV @F) < (§/2)t + 671/ (21 2/ (26-1)
where ¢, = (2K — 1)(2,{)5—1/(%—1).

Taking in Lemma 8

) R K b M\ 12
t= dy (A A, v= A A% ;p”\/iﬁ/p<ﬁ> |
and k = (2 — p)/(2 — 2p) shows that for any 6 > 0
(54) < (6/2)don(A, A" 4 77 M| A - A7|%

with probability at least 1 — C' exp(—9M/C?). O

PROOF OF LEMMA 3. In view of (46), it suffices to evaluate the norm || M| g of

the matrix M = % Zf\il & X;. This is a random matrix with non-i.i.d. entries, so
the standard results on maximal eigenvalues of subgaussian matrices (cf. Mendelson
et al. (2007), Vershynin (2007)) do not apply. However, due to the specific structure
of the matrix, we can adapt the argument to our case. Note first that

/
HMHS = max |[Muly = max v'Mu,
o ueST-1 veSm—1 yeST-1

where 8™~ ! is the unit sphere in R™. Therefore, denoting by M,, and My the
minimal 1/2-nets in Euclidean metric on S™~! and ST~! respectively, we easily get

HMHS <2 max [Mu|s <4 max |v'Mul.
ueEMT Mm,UGMT

Now, Card(M,,) < 5™, cf. Kolmogorov and Tikhomirov (1959), so that by the union
bound, for any ¢ > 0,

(55) P(HMHSOO 27) < 5T max ]P’(’U’Mu‘ 27’/4).
vEMm , ueMp

It remains to bound the last probability in (55) for fixed u,v. Let us fix some
ve S ue ST and introduce the random event

1 & , S5(m+T
A:{N;(uXiv)Qg%}.

Note that E(u'Xiv)? = 371, ML, ufofP(Xy = ex(m)ey(T)) = (mT) Hul3 |U‘2 =
(mT)~!, and consider the zero-mean random variables 1; = (u/X;v)? — E(u' X;v)? =
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26 A. ROHDE AND A.B. TSYBAKOV

(u/ X;v)? — (mT)~t. We have |n;| < 2max;(u/X;v)? < 2Jul3|v[? = 2 (as.). Further-
more,

Therefore, using Bernstein’s inequality and the condition (m + T)/N > (mT)™! we
get

C N(4(m + T)/N)?
(56) P (A°) < 2exp <_2(mT)_1 +(4/3)(4(m +T)/N >>
<2exp(—2(m+T)),

where A€ is the complement of A. We now bound the conditional probability

N
IP’<|U/Mu| > /4 'Xl, - XN) _ IP’<‘% S X0
=1

Note that conditionally on X7,..., Xn, the & (v X;v) are independent zero-mean
random variables with

N
Y E <\§i(u'X¢v) :
i=1

where we used the fact that |u/X;v|'=2 < (|ula|v|2)' "2 = 1 (a.s.) for I > 2. This and
the Bernstein condition (15) yield that, for (Xi,...,Xn) € A,

27/4‘X1,...,XN>.

N
<o 7XN> < E|§1‘l Z ’u/XiU‘Qa Vi> 27
=1

N
il
ZE(!&(U’XWW --.,XN) < SBMH'
i=1
with B2 = 5(m + T)o?. Therefore, by Lemma 7, for (X1,..., Xy) € A we have

N%7r2/1
(57) P(‘U/Mu‘ ET/4‘X17-‘-7XN> < 2exp <— 7°/16 > '

1002(m+T)+ NTH/2

For 7 defined in (22) the last expression does not exceed 2 exp(—D(m+T)). Together
with (55) and (56), this proves the lemma. O

PROOF OoF LEMMA 4. We act as in the proof of Lemma 3 but since the matrices X;
are now deterministic, we do not need to introduce the event A. By Assumption 1,

1
~ Z (W X;0)? = |L(vu)[3 < col[vu|[3, = co
=1

for all v € S™ 1 u € ST-!. Hence, NZZ’J\LI &i(u/'Xv) is a zero-mean Gaussian
random variable with variance not larger than copo?/N. Therefore,

N72
P( |v'Mul| > 7/4 < 2 —_ .
(‘v U‘_T/ > < exp< 326002>

For 7 as in (23) the last expression does not exceed 2exp(—2(m + 7). Combining
this with (55) we get the lemma. O

imsart ver. 2009/12/15 file: AR_AT_09.tex date: January 3, 2010



ESTIMATION OF HIGH-DIMENSIONAL LOW RANK MATRICES 27

Appendix. Here we derive bounds for the kth entropy numbers of the embed-
dings S]])W — SM for 0 < p < 1, where S[],V[ denotes the pth Schatten class of real
M x M-matrices. Corresponding results for the ng < [M-embeddings are given first
by Edmunds and Triebel (1989) but their proof does not carry over to the Schatten
spaces. Pajor (1998) provides bounds for the Szj)\/f < S embeddings in the con-
vex case, p > 1. His approach is based on the trace duality (Holder inequality for
p~t+¢ ! =1) and the geometric formulation of Sudakov’s minoration

eVIogN(A, |- |2,6) < cEsup(G,t)
teA

with a d-dimensional standard Gaussian vector and an arbitrary subset A of R?. Here
|-|2 is the Euclidean norm in R% and (-, -) is the corresponding scalar product. Guédon
and Litvak (2000) derive a slightly sharper bound for the I, < l,-embeddings than
Edmunds and Triebel (1989) with a different technique. In addition, they prove lower
bounds. We adjust their ideas concerning finite ¢, spaces to the non-convex Schatten
spaces.

We denote by e (id]],\f[r) the kth entropy number of the embedding S;;V[ < SM for
0<p<r< oo, ie., the infimum of all ¢ > 0 such that there exist 2¥~! balls in
SM of radius ¢ that cover B(Sy ). For the general definition of kth entropy numbers
ex(T : F — E) of bounded linear operators 7' between quasi-Banach spaces F' and
E we refer to Edmunds and Triebel (1996).

Recall that a homogeneous non-negative functional || - || is called C-quasi-norm, if
it satisfies for all 2,y the inequality ||z +y|| < C'max (||z]],|y[|). Finally, any p-norm
is a C-quasi-norm with C' = 21/P (cf., e.g., Edmunds and Triebel 1996, page 2). We
will use the following lemma.

LEMMA 9 (Guédon and Litvak, 2000). Assume that || - ||; are symmetric C;-
quasi-norms on R™ for i = 0,1, and for some 6 € (0,1), || - |lo is a quasi-norm on
R” such that ||z|g < ||z||§||lz||}~0 for all z € R™. Then for any quasi-normed space
F, any linear operator T' : F' — R™, and all integers k and m, we have

0 1-6
emik 1 (T:F = Ey) < (Coem(T L F Eo)) <C’16k (T:F — El))

where Ey stands for R™ equipped with quasi-norm || - ||, t € {0,6,1}.
Recall also the following simple fact.

LEMMA 10 (Interpolation inequality). For 0 <p < q <r < oo let § € [0,1] be

such that
6 1-06 1

p r q

Then, for all A € R™*T

0 1-0
[Alls, = Al 1Al

PROOF is immediate in view of the inequalities
[
q_ g (1-0)q P\ P ry
Soag = aal < (3a) " (D af)
J J J

valid for any non-negative a;’s.
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28 A. ROHDE AND A.B. TSYBAKOV

PRrROPOSITION 1 (Entropy numbers). Let 0 < p < 1, p < r < oo. Then there
exists an absolute constant B independent of p and r, such that for all integers k and
M we have

euliaft) < min 1ot ()"

with 1/p—1 1/p—1)(1/p—1
a(Bop,r) < 21+1/r<§) /p— /T( 1 )( /p=1)(1/p— /?")'
p l-p
PROOF. The fact that e (id)%.) is bounded by 1 is obvious, since B(S2) c B(SM).
Consider the other case. We start with » = oo and then extend the result to r < co
by interpolation. Fix some number L > M and let D = D(M, L, p) be the smallest
constant which satisfies, for all 1 < k < L,

(58) ex(id)l) < D<%>l/p.

Let us show that o = sup,, ;, D(M, L, p) is finite. Since [|-||s,, p < 1, can be viewed as
a quasi-norm on RM : (isomorphic to RM>*M) TLemma 9 applies with F = Ey = SZZ)V[ ,
By =8SY 0 =p, Eg =5 and m = 1. This gives
1-p
(59) en(idyh) < 4 (elid)l))

Here the factor 4 follows from the relations C; = 2 and C} < 2. Now, (59) and
the factorization theorem for entropy numbers of bounded linear operators between
quasi-Banach spaces (see, e.g., Edmunds and Triebel 1996, page 8), with factorization
via SM| leads to the bound

er(idyle) < ejapym (idyy) eppn (idc )
1-p
(60) < Alenpu(idi)) e (i),

where for any = € (0,00), [x] denotes the smallest integer which is larger or equal
to x. Proposition 5 of Pajor (1998) entails

log N (B(SY), | - llswre) < eM/e, Ve>0,
and hence
(61) ex(id)l,) < ¢ M/k

with constants ¢ and ¢’ independent of M, £ and k. Note that, in contrast to the [/ —
1M _embedding, for which the k’th entropy numbers are bounded by ¢’k~!log (1 +
M/k) with some ¢’ > 0 and logy M < k < M (see, e.g., Edmunds and Triebel 1996,
page 98), we have in (61) not a logarithmic but linear dependence of M in the upper
bound. Plugging (58) and (61) into (60) yields

ek (idi)‘floo) < 4(1)((]\4)}%)1/10) 1-p CliM

1-—p pk
/ 1- 1
_ %(%p)( p)/le_p<%> /p.
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Thus, by definition of D,

P 4_0’( 1 )(1—19)/79

p

)

L=p
which shows that D is uniformly bounded in M and L. This proves the proposition
for r = oo.

Consider now the case r < co. In view of Lemma 10 with 6 = p/r, we can apply
Lemma 9 with F = Ey = SZJQ\/[, By =8SM 0=p/r, Eg=SM and m = 1. This yields

ol+1/r (ek (id;;\f[oo»
oy

ex(id3}) o

IN

21+1/TD17})/T

IN

O

COROLLARY 6. For any p € (0,1), there exists a positive constant ag(p) such
that for all integers M > 1 and any € > 0,

2p

log N (B(S;"), |l - llsz ) < aolp) Me 7.
Moreover, ag(p) = O(1/p) for p \, 0.

ProOOF. The result follows by transforming the entropy number bound of Propo-
sition 1 into an entropy bound. Specification of the constant in Proposition 1 yields

alp) = 0(E(14 1)) ~ o

as p N\, 0. ]
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