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Consider an i.i.d. sequence of random variables whose distribution f?

lies in one of a nested family of models (Mq)q∈N, Mq ⊂ Mq+1. The smallest
index q? such that Mq? contains f? is called the model order. We establish
strong consistency of the penalized likelihood order estimator in a general
setting with penalties of order η(q) log log n, where η(q) is a dimensional
quantity. Moreover, such penalties are shown to be minimal. In contrast to
previous work, an a priori upper bound on the model order is not assumed.

The local dimension η(q) of the model Mq is defined in terms of the
bracketing entropy of a class of weighted densities, whose computation is a
nonstandard problem which is of independent interest. We perform the req-
uisite computations for the case of one-dimensional location mixtures, thus
demonstrating the consistency of the penalized likelihood mixture order es-
timator. The proof requires a delicate analysis of the local geometry of the
mixture family Mq in a neighborhood of f?, for q > q?. The extension to
more general mixture models remains an open problem.

1. Introduction. Let (Xk)k∈N be a sequence of random variables whose dis-
tribution f? lies in one of a nested family of models (Mq)q∈N, indexed (and or-
dered) by the integers. We define the model order as the smallest index q? such
that the true distribution of the model lies in the corresponding model class. Model
order estimation from observed data is a statistical problem of significant practical
interest. On the one hand, the model order typically determines the most parsimo-
nious representation of the true distribution of the underlying model (for example,
it might determine the parametrization of the model which has the smallest possible
dimension). On the other hand, in many cases the model order has a concrete in-
terpretation in terms of the modelling of the underlying phenomenon (for example,
the estimation of the number of distinct clusters in a data set, or the estimation of
the number of regimes in an economic time series). For these reasons, order estima-
tion problems appear in a wide variety of applications. Typical examples of order
estimation problems include Markov order estimation, hidden Markov model or-
der estimation, and mixture model order estimation. From both the theoretical and
practical prespective, a challenging problem is to develop strongly consistent or-
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der estimators which can be applied in a general setting and which do not suffer
from restrictive assumptions which are rarely satisfied in applications, such as the
availability of an a priori upper bound on the model order.

In this paper, we focus on independent and identically distributed sequences
(Xk)k∈N and on penalized likelihood order estimators of the form

q̂n = argmax
q∈N

{
sup

f∈Mq

`n(f)− pen(n, q)

}
,

where `n(f) is the log-likelihood of the sequence (Xk)k≤n with distribution f and
pen(n, q) is a given penalty function. In this setting, we aim to determine which
penalties pen(n, q) give rise to strongly consistent order estimators (that is, such
that q̂n → q? a.s. as n → ∞). The investigation of strong consistency requires
a detailed understanding of the fluctuations of the likelihood ratio statistic. The
guiding motivation for this paper was to obtain an understanding of mixture order
estimation problems, where the behavior of the likelihood ratio statistic is notori-
ously complicated due to a fundamental lack of identifiability. However, the main
results of this paper establish consistency and inconsistency results for model order
estimation problems in a very general setting, going far beyond the problem of mix-
ture order estimation. In addition to these general results, we will obtain specific
results for mixture models which require a rather delicate analysis of their geo-
metric structure. The latter sheds light also on other statistical problems in mixture
models (such as hypothesis testing) and is of independent interest.

1.1. Previous work. There are two main approaches towards studying strong
consistency of the penalized likelihood model order estimator.

The first approach (which forms the foundation also for this paper) stems from
the observation that the likelihood ratio statistic can be approximated by the square
of an empirical process. In regular parametric models, this follows by a simple
Taylor expansion argument, similar to the one used in the chi-square theory of
likelihood ratio tests. The situation is more delicate in non-identifiable models, but
such a correspondence was nonetheless obtained in a very general setting by one of
us [10] (see also [17] for related results). Once this equivalence is established, the
law of iterated logarithm implies directly that the likelihood ratio statistic has path-
wise fluctuations of order log log n, thus giving rise to strongly consistent penalties
of order pen(n, q) ∼ log log n. This approach has been employed in a variety of
order estimation problems: for ARMA models in [14], for regular parametric mod-
els in [19], for Markov order estimation in [9], and for mixture order estimation
in [15, 4]. However, the drawback of this approach is that the law of iterated loga-
rithm only applies to the likelihood ratio statistic for a single model class, so that
one has no control over the fluctuations of the likelihood ratio statistic uniformly
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in the model order. For this reason, the results in the above references must assume
that one has prior knowledge that the true model order is upper bounded by some
known constant. As is pointed out in [7], this restriction is unsatisfactory as such
an upper bound is rarely available in practice.

The second approach is entirely different in nature and is based on the approx-
imation of penalized likelihood order estimators by minimum description length
(MDL) order estimators, which can be studied using techniques from information
theory (see [3], Chapter 15 for a primer). This approach was employed for the hid-
den Markov model order estimation problem in [9, 11, 5], and for Gaussian or Pois-
son mixture order estimation in [5]. In contrast to the first approach, the information
theoretic approach does not require an a priori upper bound on the model order. On
the other hand, the strongly consistent penalties obtained through this approach are
typically of order pen(n, q) ∼ log n and grow rather rapidly in the model order
q. Therefore, such penalties are substantially larger than those obtained through
the first approach, and are therefore expected to be suboptimal in most cases (it
should be noted that small penalties are highly desirable in practice, as they min-
imize the probability of underestimating the order). In addition, the computations
involved in the information-theoretic approach are specific to particular families of
densities (such as discrete distributions [9, 11] or Gaussian mixtures and Poisson
mixtures [5]) and do not appear to admit a general consistency theorem that applies
simultaneously to a large class of order estimation problems.

The inadequacies of these approaches was highlighted in the work of Csiszar and
Shields [7, 6], who present a detailed study of the Markov order estimation prob-
lem. They establish consistency of the BIC Markov order estimator pen(n, q) =
1
2 dim(q) log n, where dim(q) is the dimension of the parameter space of the model
of order q, without a prior upper bound on the order. The analysis in these papers
is very delicate, however, and relies heavily on the availability of an explicit ex-
pression for the maximum likelihood estimator for Markov chains. Such explicit
expressions are rarely available in more general order estimation problems.

Recently, one of us has shown [24] that penalties of order log log n already lead
to strongly consistent estimators for Markov order estimation, even in the absence
of a prior upper bound. This refinement of the results of [7, 6] requires an en-
tirely different method of proof: the key idea is to use martingale concentration
inequalities and techniques from empirical process theory to obtain a law of iter-
ated logarithm for the likelihood ratio statistic which holds uniformly in the model
order. In particular, this approach does not rely on an explicit expression for the
maximum likelihood estimator, and is therefore much more generally applicable.

1.2. Contributions of this paper. The goal of this paper is to investigate which
penalties give rise to strongly consistent model order estimators in the i.i.d. setting.
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Our main contributions are threefold.
First, Theorem 2.4 establishes in a very general setting that the penalized like-

lihood model order estimator with penalty of order η(q) log log n is strongly con-
sistent in the absence of a prior upper bound. Here η(q) is a dimensional quantity
related to the bracketing entropy of a certain weighted class of densities Dq derived
from the model class Mq. The proof of this result is inspired by the method devel-
oped in [24] for Markov order estimation, though we follow a somewhat different
approach here to obtain a much more widely applicable result.

Second, Theorem 2.10 shows that penalties of the form C η(q) log log n give rise
to inconsistent order estimators when the constant C is chosen sufficiently small.
This implies that penalties of order log log n are in fact minimal when the aim is to
achieve strong consistency. Thus our results essentially characterize those strongly
consistent penalties which minimize the probability of underestimating the order.
The main ingredient of the proof of is an exact characterization of the fluctuations
of the generalized likelihood ratio test, which may be of independent interest.

Finally, we aim to apply our general results to the mixture order estimation prob-
lem. The key difficulty here is to compute the bracketing entropy of the weighted
model classes Dq. To our knowledge, this has hitherto remained an open problem:
despite that one may find various claims [15, 4, 1] that the bracketing numbers
are polynomial, no proof supports these claims. Moreover, as we aim to establish
results that hold uniformly in the model order, it is of key importance that the con-
stants that appear in estimated on the bracketing entropies are independent of the
model order. The computation of entropies of weighted model classes appears to be
a nonstandard problem in empirical process theory,1 and the lack of identifiability
in mixture models makes this a novel and rather delicate problem.

In Theorem 2.12, we establish explicit (polynomial) bounds on the bracketing
entropies of the weighted classes Dq in the case of one-dimensional location mix-
tures. The requisite assumptions are mild and easily verified: we require only some
smoothness assumpions and the existence of exponential moments. This result is
of independent interest, and could have a variety of applications to other statisti-
cal problems involving mixtures. The proof of Theorem 2.12 requires a delicate
analysis of the local geometry of mixture models in the neighborhood of the true
distribution. We believe that essentially the same results should hold in much more

1The standard approach for dealing with weighted empirical processes is to employ a so-called
peeling device (see [23]) to reduce the problem to the computation of entropies of unweighted model
classes. Unfortunately, in parametric models, this gives rise to additional terms of order log n unless
on can compute the local entropies of the model classes. In nonidentifiable models such as mixtures,
whose geometry is notoriously delicate, such local entropy computations do not appear to be feasible.
Therefore, the direct computation of the entropies of weighted model classes becomes essential in
such models. Note that any additional log n factors would dominate entirely the correct log log n
growth rate of the likelihood, and would therefore lead to far from optimal results.
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general mixture models, but we were not able to complete one key part of the proof.
This remains a challenging open problem.

1.3. Organization of this paper. The remainder of this paper is organized as
follows. Section 2 describes our main results: the strong consistency theorem (sec-
tion 2.1), the inconsistency theorem (section 2.2), and the application to mixture
order estimation (section 2.3). The proofs of the results in these sections are given
in sections 3, 4, and 5, respectively. Finally, the Appendix recalls some inequalities
for empirical processes that play a fundamental role in our proofs.

2. Main results.

2.1. Consistent order estimation. Let (E,E, µ) be a measure space. For each
q ∈ N, let Mq be a given family of strictly positive probability densities with
respect to µ (that is, we assume that

∫
fdµ = 1 and that f > 0 µ-a.e. for every

f ∈ Mq). Moreover, we assume that (Mq)q∈N is a nested family of models, that is,
Mq ⊂ Mq+1 for all q ∈ N. We also define M =

⋃
q∈N Mq.

Consider an i.i.d. sequence of E-valued random variables (Xk)k∈N whose com-
mon distribution under the measure P? is f?dµ, where f? ∈ Mq?\ cl Mq?−1 for
some q? ∈ N (here cl Mq denotes the L1(dµ)-closure of Mq). The index q? is
called the model order. Neither q? nor f? are presumed to be known. Our aim is to
estimate q? from an observation sequence (Xk)k∈N. To this end, let

`n(f) =
n∑

i=1

log f(Xi), f ∈ M.

Evidently `n(f) is the log-likelihood of the i.i.d. sequence (Xk)k≤n under the mea-
sure where Xk ∼ fdµ. The penalized likelihood order estimator is defined by

q̂n = argmax
q∈N

{
sup

f∈Mq

`n(f)− pen(n, q)

}
,

where pen(n, q) is a penalty function. Our main goal is to show that the penalized
likelihood order estimator is strongly consistent, that is, q̂n → q? as n → ∞ P?-
a.s., for a suitable choice of penalty. Let us emphasize that the maximum in the
definition of q̂n is taken over all model orders q ∈ N, that is, we do not assume that
an a priori upper bound on the order is available.

REMARK 2.1. To avoid measurability problems and other technical complica-
tions, we employ throughout this paper the simplifying convention that uncount-
able suprema (such as supf∈Mq

`n(f)) are interpreted as essential suprema with
respect to the measure P?. In applications the model classes Mq will typically be
separable, so that the supremum and essential supremum coincide.
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Let us begin by recalling the notion of bracketing.

DEFINITION 2.2. Given a class Q of measurable functions g : E → R, a finite
collection of pairs of functions {gL

i , gU
i }i=1,...,N is called a (Q, δ)-bracketing set if

for every g ∈ Q, there is a j ∈ {1, . . . , N} such that

gL
j ≤ g ≤ gU

j , E?[(gU
j (X1)− gL

j (X1))2] ≤ δ2.

We denote as N(Q, δ) the cardinality N of the smallest (Q, δ)-bracketing set.

Our general consistency result is stated in terms of the bracketing numbers of a
certain class of weighted densities Dq derived from Mq, which we define presently.
The significance of Dq follows immediately from the likelihood inequality ob-
tained in Lemma 3.1 below, which plays a fundamental role in the proof.

DEFINITION 2.3. For any q > q? and f ∈ Mq (f 6= f?), define

df =
√

f/f? − 1
h(f, f?)

, h(f, f?)2 =
∫ (√

f −
√

f?
)2

dµ

(that is, h(f, f?) is the Hellinger distance between the densities f and f?). Define
Dq = {df : f ∈ Mq, f 6= f?} for q > q?, and let D =

⋃
q>q? Dq.

We can now formulate the main result of this section.

THEOREM 2.4. Assume that the following hold.

1. There is an envelope function D : E → R such that |d| ≤ D for all d ∈ D

and R2 = E?(D(X1)2) < ∞. Moreover, for every q > q?, we have∫ R

0

√
log N(Dq, u) du < ∞.

2. For every q < q?, the family{
log

(
f + f?

2f?

)
: f ∈ Mq

}
is a P?-Glivenko-Cantelli class.

Define the penalty
pen(n, q) = η(q) $(n) log log n,

where $ is any function such that $(n) → ∞ as n → ∞ (arbitrarily slowly),
n−1$(n) log log n → 0 as n →∞, and η is any function such that η(q) > η(q−1)
for all q > q? and such that for some constant β > 0, we have for every q > q?

√
β q ∨

∫ R

0

√
log N(Dq, u) du ≤

√
η(q) < ∞.

Then q̂n → q? as n →∞ P?-a.s.
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The proof of this theorem is given in section 3.

REMARK 2.5. The scaling function η(q) is closely related to the dimension
of the the model Mq. Indeed, if Dq is a finite-dimensional family, one would typ-
ically expect that

∫ R
0 log1/2 N(Dq, u) du ∝ (dim Dq)1/2. As the scaling factor

h(f, f?)−1 in the definition of df becomes singular as f → f?, one could think of
η(q) as the “local dimension” of Mq in a neighborhood of the true density f?.

REMARK 2.6. An alternative set of assumptions under which the conclusion
of Theorem 2.4 holds can be obtained by adapting the method of proof used in [24]
for the Markov order estimation problem. The key requirement here is that

N(Mq(ε), δ) ≤
(

Cε

δ

)η(q)

for some constant C and for any ε, δ > 0 and q ∈ N, where we have defined the
Hellinger balls Mq(ε) = {

√
f : f ∈ Mq, h(f, f?) ≤ ε}. In this case, a peeling

device can be employed to avoid dealing with the weighted class Dq. However,
the proof relies crucially on the exact dependence of the local bracketing entropy
log N(Mq(ε), δ) on ε/δ given above. It is not sufficient to obtain a global entropy
bound (that is, where the scaling in ε is omitted), as additional logarithmic factors
then appear in the proof which give rise to suboptimal penalties.

We must therefore choose between two alternatives: either establish (i) a local
entropy bound directly on the model class Mq, or (ii) a global entropy bound on
the weighted model class Dq. Alternative (i) implies essentially that the family Mq,
endowed with the Hellinger distance, has the same metric structure as a subset of
Rη(q) endowed with the Euclidean metric. However, in the examples we have in
mind, this is not typically the case. For example, finite mixture models (cf. section
2.3) possess a notoriously complicated geometry which is qualitatively different
than that of Euclidean space, so that the local entropy approach is not well suited
to such models. In this paper, we have therefore chosen to develop the more flexible
alternative (ii). The interested reader may easily adapt the proof in [24] to obtain a
version of Theorem 2.4 under assumptions corresponding to alternative (i).

Alternative definitions of the weighted model class Dq are possible, however,
without changing the conclusion of Theorem 2.4. See Remark 3.2 below.

2.2. Minimal penalties. Theorem 2.4 shows that any penalty that increases
faster than η(q) log log n defines a strongly consistent order estimator. In this sec-
tion, we will establish (under some mild additional assumptions) that this result is
essentially optimal: we will show that the order estimator with penalty pen(n, q) =
C η(q) log log n is inconsistent when the constant C is chosen sufficiently small.
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Therefore Theorem 2.4 identifies in essence the minimal penalty that gives rise to
strong consistency. The identification of the minimal penalty is relevant in practice,
as such penalties minimize the probability of underestimating the order.

REMARK 2.7. Though the penalty pen(n, q) = C η(q) log log n gives an in-
consistent order estimator for sufficiently small constants C, we have not yet dis-
cussed the consistency of this penalty for larger C. A careful reading of the proof
of Theorem 2.4 shows that consistency is in fact achieved even for penalties of the
form pen(n, q) = C η(q) log log n, provided that C ≥ C0 for a certain thresh-
old C0 (see Remark 3.4). Unfortunately, the value of C0 depends on q?, so that
such penalties cannot be used for the purpose of order estimation in the absence of
a prior upper bound on the order. It therefore appears that we can identify three
regimes: that of inconsistent estimation (pen(n, q) = C η(q) log log n with C
small), consistent estimation with a prior upper bound on the order (pen(n, q) =
C η(q) log log n with C large), and consistent estimation without a prior upper
bound on the order (pen(n, q) = η(q) $(n) log log n with $(n) →∞).

To state the main result of this section, we will need some additional notation.

DEFINITION 2.8. For q ∈ N and ε > 0, define the families

Dq(ε) = {df : f ∈ Mq, 0 < h(f, f?) ≤ ε}, D̄q =
⋂
ε>0

cl Dq(ε),

where the closure cl Dq(ε) is in L2(f?dµ).

Evidently D̄q is the set of all possible limit points of df as h(f, f?) → 0 in Mq.
We will require some assumptions on the richness of neighborhoods of D̄q.

DEFINITION 2.9. A point d ∈ D̄q is called continuously accessible if there
is a path (ft)t∈]0,1] ⊂ Mq\{f?} such that the map t 7→ h(ft, f

?) is continuous,
h(ft, f

?) → 0 as t → 0, and dft → d in L2(f?dµ) as t → 0. The subset of all
continuously accessible points in D̄q will be denoted as D̄c

q.

We can now formulate the main result of this section.

THEOREM 2.10. Assume there exists q > q? such that the following hold.

1. There is an envelope function D : E → R such that |d| ≤ D for all d ∈ Dq

and D ∈ L2+α(f?dµ) for some α > 0. Moreover,∫ 1

0

√
log N(Dq, u) du < ∞.



CONSISTENT ORDER ESTIMATION 9

2. D̄c
q\D̄q? is nonempty.

Define the penalty
pen(n, q) = C η(q) log log n,

where η is any nonnegative function such that η(q) > η(q?). If the constant C > 0
is chosen sufficiently small, then q̂n 6= q? infinitely often P?-a.s.

The proof of this theorem is given in section 4.

REMARK 2.11. The proof of Theorem 2.10 will show that supf∈Mq
`n(f) −

pen(n, q) > supf∈Mq? `n(f)− pen(n, q?) infinitely often P?-a.s. Thus imposing
a prior upper bound on the order does not alter the conclusion of Theorem 2.10.

2.3. Application to mixtures. The general mixture order estimation problem
can be defined as follows. Let P be a given family of strictly positive probability
densities with respect to µ. For q ∈ N, we define the model class

Mq =

{ q∑
i=1

πifi : πi ≥ 0,
q∑

i=1

πi = 1, fi ∈ P

}
to be the family of mixtures of q elements of P. In this setting, the model order is the
smallest number of mixture components that is needed to describe the distribution
of the data (Xk)k≥0. We aim to apply Theorem 2.4 to obtain strongly consistent
penalized likelihood mixture order estimators.

The key problem is evidently to bound the bracketing number N(Dq, δ). This
appears to be a novel and nontrivial problem. As the normalizer h(f, f?)−1 in the
definition of the weighted class Dq becomes singular as f → f?, it is the local ge-
ometry of the mixture family in a neighborhood of f? that is of interest (in contrast
to the unweighted entropy computations in [12, 13]). Unfortunately, the geometry
of finite mixtures is notoriously complicated due to the lack of identifiability (see,
for example, [8]), and we are not aware of any quantitative results in this direc-
tion. To complicate matters further, the application of Theorem 2.4 requires that
our bounds on N(Dq, δ) hold uniformly in the model order q.

In the present paper, we provide a detailed analysis of the local geometry of one-
dimensional location mixtures, which leads to the requisite bounds on N(Dq, δ) in
this setting. Let E = R and let µ be the Lebesgue measure on R. We fix a constant
T > 0 and a strictly positive probability density f0 with respect to µ. We will
consider mixtures of probability densities in the class

P = {fθ : θ ∈ [−T, T ]} , fθ(x) = f0(x− θ) ∀x ∈ R.

The mixtures in Mq are known as location mixtures, as each mixture component is
obtained from the mother function f0 by a shift of location.

To obtain our main result, we impose some regularity assumptions on f0.
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ASSUMPTION A. f0 has three continuous derivatives, such that:

1. The functions x 7→ etxf0(x), x 7→ etxf ′0(x), x 7→ etxf ′′0 (x) are in L1(dµ)
and x 7→ etxf0(x), x 7→ etxf ′0(x) vanish at infinity for each t ∈ R.

2. Define the functions x 7→ Hk(x) = supθ∈[−T,T ] |∂kfθ(x)/∂xk|/f?. Then
Hk ∈ L4(f?dµ) for k = 0, 1, 2 and H3 ∈ L2(f?dµ).

It is easily verified that Assumption A is satisfied for f0(x) = e−x2/2σ2
/
√

2πσ2

(and any f? ∈ M), so that our results apply directly to Gaussian location mixtures.
We can now formulate the main result of this section.

THEOREM 2.12. Suppose that Assumption A holds. Then there exist constants
C? and δ?, which depend on f? but not on q or δ, such that

N(Dq, δ) ≤
(

C?

δ

)36q

for all q > q?, δ ≤ δ?.

Moreover, there is a function D ∈ L4(f?dµ) such that |d| ≤ D for all d ∈ D.

The proof of this result is given in section 5. Though the general approach of
the proof should extend to a much larger class of mixture models, the details of the
analysis of the local geometry of M rely on Laplace transform techniques which
are specific to the location mixture model under consideration. The extension of
our results to more general mixture models remains a challenging open problem.

REMARK 2.13. We have made no attempt to optimize the constants in Theo-
rem 2.12. In particular, the factor 36 in the exponent can likely be improved.

Combining Theorems 2.4 and 2.12, we can now obtain the following result.

COROLLARY 2.14. Suppose that Assumption A holds. Define the penalty

pen(n, q) = q ω(n) log log n,

where ω is any function with ω(n) → ∞ and n−1ω(n) log log n → 0 as n → ∞.
Then the penalized likelihood mixture order estimator is strongly consistent.

On the other hand, Theorem 2.10 can be used to prove the following.

PROPOSITION 2.15. Suppose that Assumption A holds. Define the penalty

pen(n, q) = C q log log n.

If the constant C > 0 is chosen sufficiently small, then the penalized likelihood
mixture order estimator is not strongly consistent.

The proofs of Corollary 2.14 and Proposition 2.15 are given in section 5.
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3. Proof of Theorem 2.4. Define the empirical process

νn(g) =
1√
n

n∑
i=1

{g(Xi)−E?(g(X1))} .

The proof of Theorem 2.4 is based on a simple likelihood ratio inequality, which
relates the log-likelihood ratio `n(f) − `n(f?) to the empirical process. Related
inequalities appear in [10, 4], but the following form is perhaps the most natural.

LEMMA 3.1. For any strictly positive probability density f 6= f?, we have

`n(f)− `n(f?) ≤ |νn(df )|2.

PROOF. Note that

h(f, f?)2 = 2−
∫

2
√

ff? dµ = −2 h(f, f?)E?(df (X1)).

Using log(1 + x) ≤ x, we can estimate

`n(f)− `n(f?) =
n∑

i=1

2 log(1 + h(f, f?) df (Xi)) ≤
n∑

i=1

2 h(f, f?) df (Xi)

= 2 νn(df ) h(f, f?)
√

n− h(f, f?)2 n ≤ sup
p∈R

{
2 νn(df ) p− p2

}
.

The proof is easily completed.

REMARK 3.2. Along similar lines, one can prove the inequalities

`n(f)− `n(f?) ≤ 1
4

∣∣∣∣∣νn

(
log(f/f?)√
D(f?||f)

)∣∣∣∣∣
2

(which improves on [4], Proposition A.1) and

`n(f)− `n(f?) ≤ 1
2

∣∣∣∣∣νn

(
log({f + f?}/2f?)√
D(f?||{f + f?}/2)

)∣∣∣∣∣
2

,

where D(f?||f) =
∫

log(f?/f)f?dµ is the relative entropy. By using these in-
equalities instead of Lemma 3.1, the proof below can be repeated to show that
Theorem 2.4 still holds if we replace the definition of df in Definition 2.3 by df =
log(f/f?)/

√
D(f?||f) or by df = log({f + f?}/2f?)/

√
D(f?||{f + f?}/2).

At the heart of the proof of Theorem 2.4 lies the following law of iterated loga-
rithm, which holds uniformly in the model order q > q?.
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THEOREM 3.3. Assume that supd∈D |d| ≤ D for a function D : E → R with
R2 = E?(D(X1)2) < ∞, and that η : N → R+ and β > 0 are defined such that√

β q ∨
∫ R

0

√
log N(Dq, u) du ≤

√
η(q) < ∞

for every q > q?. Then

lim sup
n→∞

1
log log n

sup
q>q?

1
η(q)

{
sup

f∈Mq

`n(f)− sup
f∈Mq?

`n(f)

}
≤ C̃ P?-a.s.

for a sufficiently large constant C̃ > 0 (depending only on β and R).

PROOF. We proceed in several steps.
Step 1 (blocking and truncation). By Lemma 3.1, we have

sup
f∈Mq

`n(f)− sup
f∈Mq?

`n(f) ≤ sup
f∈Mq

{`n(f)− `n(f?)} ≤ sup
f∈Mq

|νn(df )|2.

Therefore, we can estimate as follows:

max
n=2N ,...,2N+1

1
log log n

sup
q>q?

1
η(q)

{
sup

f∈Mq

`n(f)− sup
f∈Mq?

`n(f)

}

≤
(

max
n=2N ,...,2N+1

1√
log log n

sup
q>q?

1√
η(q)

sup
f∈Mq

|νn(df )|
)2

≤
(

max
n=2N ,...,2N+1

1√
log log n

sup
q>q?

1√
η(q)

sup
f∈Mq

|νn(df1D>aN (q))|

+ max
n=2N ,...,2N+1

1√
log log n

sup
q>q?

1√
η(q)

sup
f∈Mq

|νn(df1D≤aN (q))|
)2

,

where we introduce

aN (q) =

√
2N

C2η(q) log log 2N
,

and C2 is a constant to be chosen later on.
Step 2 (the first term). Note that for n = 2N , . . . , 2N+1

|νn(df1D>aN (q))|

=
1√
n

∣∣∣∣∣
n∑

i=1

{
df (Xi)1D>aN (q)(Xi)−E?(df (X1)1D>aN (q)(X1))

}∣∣∣∣∣
≤ 1√

n

n∑
i=1

{
D(Xi)1D>aN (q)(Xi) + E?(D(X1)1D>aN (q)(X1))

}

≤ 1

aN (q)
√

2N

2N+1∑
i=1

{
D(Xi)2 + R2

}
.
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Therefore,

lim sup
N→∞

max
n=2N ,...,2N+1

1√
log log n

sup
q>q?

1√
η(q)

sup
f∈Mq

|νn(df1D>aN (q))|

≤ lim
N→∞

2
√

C2

2N+1

2N+1∑
i=1

{
D(Xi)2 + R2

}
= 4R2

√
C2 P?-a.s.

by the law of large numbers.
Step 3 (the second term). Let C3 be a constant to be chosen later on. Note that

P?

[
max

n=2N ,...,2N+1

1√
log log n

sup
q>q?

1√
η(q)

sup
f∈Mq

|νn(df1D≤aN (q))| > 3C3

]
≤

∞∑
q=q?+1

P?

[
max

n=2N ,...,2N+1
sup

f∈Mq

|Sn(df1D≤aN (q))| > 3C3

√
η(q)2N log log 2N

]

where Sn(f) =
√

n νn(f). By Proposition A.2, we have

P?

[
max

n=2N ,...,2N+1

1√
log log n

sup
q>q?

1√
η(q)

sup
f∈Mq

|νn(df1D≤aN (q))| > 3C3

]
≤

∞∑
q=q?+1

3 max
n=2N ,...,2N+1

P?

[
sup
d∈Dq

|νn(d1D≤aN (q))| > C3

√
1
2η(q) log log 2N

]
.

Now note that

sup
d∈Dq

‖d1D≤aN (q)‖∞ ≤ aN (q), sup
d∈Dq

E?[{d(X1)1D≤aN (q)(X1)}2] ≤ R2,

and

C3

√
1
2η(q) log log 2N =

(
C3

R2
√

2C2

)
R2
√

2N

aN (q)
≤
(

C3

R2
√

2C2

)
R2√n

aN (q)

for all n = 2N , . . . , 2N+1. Moreover, if {fL
i , fU

i } is a (Dq, δ)-bracketing set, then
{fL

i 1D≤aN (q), f
U
i 1D≤aN (q)} is a (Dq1D≤aN (q), δ)-bracketing set. Therefore

C
√

C1 + 1
∫ R

0

√
log N(Dq1D≤aN (q), u) du

≤ C
√

C1 + 1
∫ R

0

√
log N(Dq, u) du

≤ C
√

C1 + 1
√

η(q) ≤ C3

√
1
2η(q) log log 2N
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for all q > q? simultaneously when N is sufficiently large, regardless of the choice
of C1. Choosing C1 = C3/R2

√
2C2, Proposition A.1 gives

P?

[
max

n=2N ,...,2N+1

1√
log log n

sup
q>q?

1√
η(q)

sup
f∈Mq

|νn(df1D≤aN (q))| > 3C3

]

≤
∞∑

q=q?+1

6 exp

[
−C2

3η(q) log log 2N

2C2(C1 + 1)R2

]

for N sufficiently large. But we clearly have

∞∑
q=q?+1

6 exp

[
−C2

3η(q) log log 2N

2C2(C1 + 1)R2

]

≤
∞∑

q=1

6
(
e−C2

3 log log 2/2C2(C1+1)R2
N−C2

3/2C2(C1+1)R2
)η(q)

≤ 12 e−βC2
3 log log 2/2C2(C1+1)R2

N−βC2
3/2C2(C1+1)R2

for N sufficiently large. As C1 = C3/R2
√

2C2, we may choose C2 = C2
3/2R4

and C3 sufficiently large so that βC2
3/2C2(C1 + 1)R2 = βC2

3/4C2R2 > 1. Then

∞∑
N=1

P?

[
max

n=2N ,...,2N+1

1√
log log n

sup
q>q?

1√
η(q)

sup
f∈Mq

|νn(df1D≤aN (q))| > 3C3

]
< ∞,

so that in particular P?-a.s.

lim sup
N→∞

max
n=2N ,...,2N+1

1√
log log n

sup
q>q?

1√
η(q)

sup
f∈Mq

|νn(df1D≤aN (q))| ≤ 3C3

by the Borel-Cantelli lemma.
Step 4 (end of proof ). Putting it all together, we obtain

lim sup
N→∞

max
n=2N ,...,2N+1

1
log log n

sup
q>q?

1
η(q)

{
sup

f∈Mq

`n(f)− sup
f∈Mq?

`n(f)

}

≤ C2
3

(
3 + 2

√
2
)2

P?-a.s.

for C3 > 2CR/
√

β. The proof is easily completed.

We can now complete the proof of Theorem 2.4.
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PROOF OF THEOREM 2.4. By Theorem 3.3 and easy manipulations, we have

lim sup
n→∞

sup
q>q?

1
pen(n, q)− pen(n, q?)

{
sup

f∈Mq

`n(f)− sup
f∈Mq?

`n(f)

}

≤ η(q? + 1)
η(q? + 1)− η(q?)

lim sup
n→∞

1
$(n) log log n

×

sup
q>q?

1
η(q)

{
sup

f∈Mq

`n(f)− sup
f∈Mq?

`n(f)

}
= 0 P?-a.s.

Therefore, P?-a.s. eventually as n →∞

sup
f∈Mq

`n(f)− pen(n, q) < sup
f∈Mq?

`n(f)− pen(n, q?)

for all q > q?. It follows that lim supn→∞ q̂n ≤ q? P?-a.s., that is, the penalized
likelihood order estimator does not asymptotically overestimate the order.

On the other hand, note that as log x is a concave function, we have the basic
inequality log x ≤ 2 log({x + 1}/2) for all x > 0. Therefore, we obtain P?-a.s.

lim sup
n→∞

1
n

{
sup

f∈Mq

`n(f)− sup
f∈Mq?

`n(f)

}
≤ lim sup

n→∞
sup

f∈Mq

`n(f)− `n(f?)
n

≤ lim
n→∞

sup
f∈Mq

1
n

n∑
i=1

2 log
(

f(Xi) + f?(Xi)
2f?(Xi)

)

= 2 sup
f∈Mq

E?
[
log

(
f(X1) + f?(X1)

2f?(X1)

)]
= −2 inf

f∈Mq

D

(
f?

∥∥∥∥f + f?

2

)
for q < q? using the Glivenko-Cantelli property, where D(f?||f) denotes the rela-
tive entropy (see Remark 3.2). We now claim that

min
q<q?

inf
f∈Mq

D

(
f?

∥∥∥∥f + f?

2

)
> 0.

Indeed, suppose this is not the case. Then for some q < q?, there is a sequence
(fn)n∈N ⊂ Mq such that D(f?||{fn + f?}/2) → 0 as n → ∞. By Pinsker’s
inequality, this implies that fn → f? in L1(dµ), so that f? ∈ cl Mq for some
q < q?. But cl Mq ⊂ cl Mq?−1 and f? ∈ Mq?\ cl Mq?−1 by assumption, giving
a contradiction. Thus the claim is established. To complete the proof, it suffices to
note that by assumption pen(n, q)/n → 0 as n →∞. Therefore P?-a.s.

lim sup
n→∞

max
q<q?

1
n

{
sup

f∈Mq

`n(f)− pen(n, q)− sup
f∈Mq?

`n(f) + pen(n, q?)

}
< 0,
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so that P?-a.s. eventually as n →∞

sup
f∈Mq

`n(f)− pen(n, q) < sup
f∈Mq?

`n(f)− pen(n, q?)

for all q < q?. It follows that lim infn→∞ q̂n ≥ q? P?-a.s., that is, the penalized
likelihood order estimator does not asymptotically underestimate the order.

REMARK 3.4. If we were to choose $(n) = C0 to be constant, rather than
$(n) →∞ as required by Theorem 2.4 (see section 2.2), then we would obtain in
the first equation display of the above proof the upper bound

η(q? + 1)
η(q? + 1)− η(q?)

C̃

C0
,

where C̃ depends on β and R. To obtain a consistent order estimator, we must
choose C0 sufficiently large so that this constant is less than one. As typically
supq≥0{η(q+1)/(η(q+1)−η(q))} = ∞, however, we cannot control this constant
without prior knowledge of q?. It is for this reason that we must require $(n) →∞
to obtain a computable order estimator. Let us note that even if we were to have
supq≥0{η(q+1)/(η(q+1)−η(q))} < ∞ (that is, when η(q) grows exponentially
with q), it will still typically be the case that the bracketing numbers N(Dq, δ)
depend on f? (as the class Dq itself depends on f?), so that we cannot choose C0

without prior knowledge of f?. The Markov order estimation problem treated in
[24] is a special case where all these parameters can be chosen independent of q?

and f?, which accounts for the slightly smaller penalty used there.

4. Proof of Theorem 2.10. The main ingredient of the proof of Theorem 2.10
is a precise characterization of the fluctuations of the likelihood ratio test for two
model classes Mp and Mq, which may be of independent interest. The proof of
Theorem 2.10 will follow easily from this result. In the sequel, we denote by
〈f, g〉 =

∫
fgf?dµ be the Hilbert space inner product in L2(f?dµ), and we de-

note by ‖g‖2
2 = 〈g, g〉 the corresponding Hilbert space norm.

THEOREM 4.1. Let q? ≤ p < q. Assume that∫ 1

0

√
log N(Dq, u) du < ∞,
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and that |d| ≤ D for all d ∈ Dq with D ∈ L2+α(f?dµ) for some α > 0. Then

lim sup
n→∞

1
log log n

{
sup

f∈Mq

`n(f)− sup
f∈Mp

`n(f)

}
≥

sup
g∈L2

0(f?dµ)

 sup
f∈D̄c

q

(〈f, g〉)2+ − sup
f∈D̄p

(〈f, g〉)2+

 P?-a.s.,

as well as

lim sup
n→∞

1
log log n

{
sup

f∈Mq

`n(f)− sup
f∈Mp

`n(f)

}
≤

sup
g∈L2

0(f?dµ)

 sup
f∈D̄q

(〈f, g〉)2+ − sup
f∈D̄c

p

(〈f, g〉)2+

 P?-a.s.,

where L2
0(f

?dµ) = {g ∈ L2(f?dµ) : ‖g‖2 ≤ 1, 〈1, g〉 = 0}.

REMARK 4.2. When D̄q and D̄p each contain an L2(f?dµ)-dense subset of
continuously accessible points (which is typically the case in sufficiently smooth
models), then Theorem 4.1 provides the exact characterization

lim sup
n→∞

1
log log n

{
sup

f∈Mq

`n(f)− sup
f∈Mp

`n(f)

}
=

sup
g∈L2

0(f?dµ)

{
sup

f∈D̄q

(〈f, g〉)2+ − sup
f∈D̄p

(〈f, g〉)2+

}
P?-a.s.

However, only the first (lower bound) part of the theorem will be needed to prove
Theorem 2.10. We provide the more precise version of the theorem here due to its
independent interest: we are not aware of a similar characterization of the pathwise
fluctuations of the likelihood ratio test in the literature.

The proof of Theorem 4.1 is based on a sequence of auxiliary results. First, we
will need a compact law of iterated logarithm for the Strassen functional

In(g) =
1√

2n log log n

n∑
i=1

{g(Xi)−E?(g(X1))} .

We state the requisite result for future reference.
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THEOREM 4.3. Let Q be a family of measurable functions f : E → R with∫ 1

0

√
log N(Q, u) du < ∞.

Then, P?-a.s., the sequence (In)n≥0 is relatively compact in `∞(Q), and its set of
cluster points coincides precisely with the set K = {f 7→ 〈f, g〉 : g ∈ L2

0(f
?dµ)}.

Proofs of this result can be found in [20], Theorem 4.2 or in [16], Theorem 9.
We will also need the following simple result on partial maxima.

LEMMA 4.4. Let (Xi)i≥1 be an i.i.d. sequence of random variables, and sup-
pose E[|X1|p] < ∞. Then n−1/p maxi=1,...,n |Xi| → 0 a.s. as n →∞.

PROOF. Fix α > 0. As E[|X1|p] < ∞ and (Xi)i≥1 are i.i.d., we have

∞∑
n=1

P[|Xn| > n1/pα] =
∞∑

n=1

P[|X1|p/αp > n] =

∞∑
n=1

∫ n

n−1
P[|X1|p/αp > dxe] dx ≤ E[|X1|p]/αp < ∞.

By the Borel-Cantelli lemma, |Xn| ≤ n1/pα eventually a.s. Let τ < ∞ a.s. be such
that |Xn| ≤ n1/pα for all n > τ . Then maxi=1,...,n |Xi| ≤ n1/pα∨maxi=1,...,τ |Xi|
for all n > τ . It follows directly that lim supn→∞ n−1/p maxi=1,...,n |Xi| ≤ α a.s.
But as α was arbitrary, this establishes the claim.

We can now obtain the following asymptotic expansion of the log-likelihood,
which provides an almost sure counterpart to the corresponding results in [10, 17].

PROPOSITION 4.5. Let q ≥ q?. Assume that∫ 1

0

√
log N(Dq, u) du < ∞,

and that |d| ≤ D for all d ∈ Dq with D ∈ L2+α(f?dµ) for some α > 0. Then

sup
f∈Mq(4

√
log log n/n)

{
2 In(df ) h(f, f?)

√
2n

log log n
− h(f, f?)2

2n

log log n

}

− 1
log log n

{
sup

f∈Mq

`n(f)− `n(f?)

}
n→∞−−−→ 0 P?-a.s.,

where we have defined Mq(ε) = {f ∈ Mq : h(f, f?) ≤ ε}.
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PROOF. We proceed in several steps.
Step 1 (localization). As q ≥ q? (hence f? ∈ Mq), clearly

sup
f∈Mq

`n(f)− `n(f?) = sup
f∈Mq :`n(f)−`n(f?)≥0

{`n(f)− `n(f?)} .

Now note that, as in the proof of Lemma 3.1,

`n(f)− `n(f?) ≤ 2 νn(df ) h(f, f?)
√

n− h(f, f?)2 n.

Therefore, we can estimate

sup
f∈Mq :`n(f)−`n(f?)≥0

h(f, f?)

≤ sup
f∈Mq :`n(f)−`n(f?)≥0

{
h(f, f?) +

`n(f)− `n(f?)
n h(f, f?)

}

≤ 2√
n

sup
f∈Mq :`n(f)−`n(f?)≥0

νn(df ) ≤

√
8 log log n

n
sup
d∈Dq

In(d).

Now note that we can estimate

sup
d∈Dq

In(d) ≤ inf
g∈L2

0(f?dµ)
sup
d∈Dq

|In(d)− 〈d, g〉|+ sup
d∈Dq

sup
g∈L2

0(f?dµ)

〈d, g〉.

The first term on the right converges to zero P?-a.s. as n → ∞ by Theorem 4.3,
while the second term is easily seen to equal supd∈Dq

‖d−〈1, d〉‖2 ≤ 1. Therefore

sup
f∈Mq :`n(f)−`n(f?)≥0

h(f, f?) ≤ (1 + ε)

√
8 log log n

n

eventually as n →∞ P?-a.s. for any ε > 0. In particular, we find that

{f ∈ Mq : `n(f)− `n(f?) ≥ 0} ⊆
{

f ∈ Mq : h(f, f?) ≤ 4
√

log log n/n

}
eventually as n →∞ P?-a.s. This implies that P?-a.s. eventually as n →∞

sup
f∈Mq

`n(f)− `n(f?) ≤ sup
f∈Mq :h(f,f?)≤4

√
log log n/n

{`n(f)− `n(f?)} .

But the reverse inequality clearly holds for all n ≥ 0, so that in fact

sup
f∈Mq

`n(f)− `n(f?) = sup
f∈Mq(4

√
log log n/n)

{`n(f)− `n(f?)}
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eventually as n →∞ P?-a.s.
Step 2 (Taylor expansion). Taylor expansion gives 2 log(1 + x) = 2x − x2 +

x2R(x), where R(x) → 0 as x → 0. Thus we can write, for any f ∈ Mq,

`n(f)− `n(f?) =
n∑

i=1

2 log(1 + h(f, f?) df (Xi)) =

2 h(f, f?)
n∑

i=1

{
df (Xi) +

1
2

h(f, f?)
}
− h(f, f?)2

n∑
i=1

(df (Xi))2

− n h(f, f?)2 + h(f, f?)2
n∑

i=1

(df (Xi))2R(h(f, f?) df (Xi)).

Using that E?(df (X1)) = −h(f, f?)/2, we therefore have

1
log log n

{`n(f)− `n(f?)} =

2 In(df ) h(f, f?)

√
2n

log log n
− h(f, f?)2

2n

log log n
+ Rf,n

n h(f, f?)2

log log n

where we have defined

Rf,n =
1
n

n∑
i=1

{1− (df (Xi))2}+
1
n

n∑
i=1

(df (Xi))2R(h(f, f?) df (Xi)).

It follows easily that∣∣∣∣∣ sup
f∈Mq(4

√
log log n/n)

{
2 In(df ) h(f, f?)

√
2n

log log n
− h(f, f?)2

2n

log log n

}

− 1
log log n

{
sup

f∈Mq

`n(f)− `n(f?)

} ∣∣∣∣∣
≤ sup

f∈Mq(4
√

log log n/n)

|Rf,n|
n h(f, f?)2

log log n
≤ 16 sup

f∈Mq(4
√

log log n/n)

|Rf,n|

eventually as n →∞ P?-a.s.
Step 3 (end of proof ). We can easily estimate

sup
f∈Mq(4

√
log log n/n)

|Rf,n| ≤ sup
f∈Mq

∣∣∣∣∣ 1n
n∑

i=1

{(df (Xi))2 − 1}
∣∣∣∣∣

+

(
sup

|x|≤4
√

log log n/n maxi=1,...,n D(Xi)

|R(x)|
)

1
n

n∑
i=1

(D(Xi))2.
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As N(Dq, δ) < ∞ for every δ > 0, the class {d2 : d ∈ Dq} can be covered by a
finite number of brackets with arbitrary small L1(f?dµ)-norm and is therefore P?-
Glivenko-Cantelli. Moreover, by construction E?[(df (Xi))2] = 1 for all f ∈ Mq.
Therefore, the first term in this expression converges to zero as n →∞P?-a.s. On
the other hand, by Lemma 4.4 and the fact that D ∈ L2+α(f?dµ), we have P?-a.s.√

log log n/n max
i=1,...,n

D(Xi) =
√

log log n

nα/2(2+α)
n−1/(2+α) max

i=1,...,n
D(Xi)

n→∞−−−→ 0.

Therefore the second term converges to zero also, and the proof is complete.

PROPOSITION 4.6. Let q ≥ q?. Assume that∫ 1

0

√
log N(Dq, u) du < ∞,

and that |d| ≤ D for all d ∈ Dq with D ∈ L2+α(f?dµ) for some α > 0. Then

lim inf
n→∞

{
sup
d∈D̄q

(In(d))2+ − 1
log log n

{
sup

f∈Mq

`n(f)− `n(f?)

}}
≥ 0 P?-a.s.

PROOF. By Proposition 4.5, we have

lim inf
n→∞

{
sup
d∈D̄q

(In(d))2+ − 1
log log n

{
sup

f∈Mq

`n(f)− `n(f?)

}}

≥ lim inf
n→∞

 sup
d∈D̄q

(In(d))2+ − sup
f∈Mq(4

√
log log n/n)

sup
p≥0

{
2 In(df ) p− p2

}
= lim inf

n→∞

 sup
d∈D̄q

(In(d))2+ − sup
f∈Mq(4

√
log log n/n)

(In(df ))2+

 .

Suppose that the right hand side is negative with positive probability. Then there is
an ε > 0 and a sequence τn ↑ ∞ of random times such that

(4.1) sup
d∈D̄q

(Iτn(d))2+ − sup
f∈Mq(4

√
log log τn/τn)

(Iτn(df ))2+ ≤ −ε for all n

with positive probability. We will show that this entails a contradiction.
By Theorem 4.3 (which can be applied here as N(Dq, δ) = N(cl Dq, δ) for all

δ > 0), the process (Iτn)n≥0 is P?-a.s. relatively compact in `∞(cl Dq) with

(4.2) inf
g∈L2

0(f?dµ)
sup

d∈cl Dq

|Iτn(d)− 〈d, g〉| n→∞−−−→ 0 P?-a.s.
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Then there is a set of positive probability on which (4.1) and (4.2) hold simul-
taneously. We now concentrate our attention on a single sample path in this set.
For any such path, we can clearly find a further subsequence σn ↑ ∞ such that
supd∈cl Dq

|Iσn(d)− 〈d, g〉| → 0 as n →∞ for some g ∈ L2
0(f

?dµ). Therefore

sup
d∈cl Dq

|(Iσn(d))2+ − (〈d, g〉)2+| ≤ sup
d∈cl Dq

|Iσn(d)− 〈d, g〉|2

+ 2 sup
d∈cl Dq

|Iσn(d)− 〈d, g〉| sup
d∈cl Dq

|〈d, g〉| n→∞−−−→ 0,

where we have used the elementary estimate |a2
+ − b2

+| = |a+ − b+|(a+ + b+) ≤
|a+ − b+|(|a+ − b+| + 2b+) ≤ |a − b|(|a − b| + 2|b|) for any a, b ∈ R, and the
fact that supd∈cl Dq

|〈d, g〉| ≤ supd∈cl Dq
‖d‖2‖g‖2 ≤ 1. Thus (4.1) gives

lim inf
n→∞

 sup
d∈D̄q

(〈d, g〉)2+ − sup
f∈Mq(4

√
log log σn/σn)

(〈df , g〉)2+

 =

lim inf
n→∞

 sup
d∈D̄q

(Iσn(d))2+ − sup
f∈Mq(4

√
log log σn/σn)

(Iσn(df ))2+

 ≤ −ε.

But as d 7→ 〈d, g〉 is continuous in L2(f?dµ) and cl Dq(4
√

log log σn/σn) is com-
pact in L2(f?dµ) (which follows from N(Dq, δ) < ∞ for all δ > 0), we have

sup
f∈Mq(4

√
log log σn/σn)

(〈df , g〉)2+ = sup
d∈cl Dq(4

√
log log σn/σn)

(〈d, g〉)2+
n→∞−−−→

sup
d∈
⋂

n≥0
cl Dq(4

√
log log σn/σn)

(〈d, g〉)2+ = sup
d∈D̄q

(〈d, g〉)2+.

Thus we have a contradiction, completing the proof.

We now obtain a converse to the previous result.

PROPOSITION 4.7. Let q ≥ q?. Assume that∫ 1

0

√
log N(Dq, u) du < ∞,

and that |d| ≤ D for all d ∈ Dq with D ∈ L2+α(f?dµ) for some α > 0. Then

lim sup
n→∞

{
sup
d∈D̄c

q

(In(d))2+ − 1
log log n

{
sup

f∈Mq

`n(f)− `n(f?)

}}
≤ 0 P?-a.s.
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PROOF. Suppose that the result does not hold true. By Proposition 4.5, there is
an ε > 0 and a sequence τn ↑ ∞ of random times such that

sup
d∈D̄c

q

(Iτn(d))2+ − sup
f∈Mq(4

√
log log τn/τn)

{
− h(f, f?)2

2τn

log log τn

+ 2 Iτn(df ) h(f, f?)

√
2τn

log log τn

}
≥ ε for all n

with positive probability. Proceeding as in the proof of Proposition 4.6, we can then
show that there is a sequence of times σn ↑ ∞ and some g ∈ L2

0(f
?dµ) such that

lim sup
n→∞

{
sup
d∈D̄c

q

(〈d, g〉)2+ − sup
f∈Mq(4

√
log log σn/σn)

{
− h(f, f?)2

2σn

log log σn

+ 2 〈df , g〉h(f, f?)

√
2σn

log log σn

}}
≥ ε.

We will show that this entails a contradiction.
Let d0 ∈ D̄q be a continuously accessible point. Then there exists an α0 > 0

(depending on d0) and a path (fα)α∈]0,α0] such that h(fα, f?) = α for all α ∈
]0, α0] and dfα → d0 in L2(f?dµ) as α → 0. Now choose the sequence

αn = {(〈d0, g〉)+ + σ−1
n }

√
log log σn

2σn
.

As (〈d0, g〉)+ ≤ ‖d0‖2‖g‖2 ≤ 1, we clearly have

0 < αn < α0 ∧ 4
√

log log σn/σn

for all n sufficiently large. In particular fαn ∈ Mq(4
√

log log σn/σn), so that

sup
f∈Mq(4

√
log log σn/σn)

{
2 〈df , g〉h(f, f?)

√
2σn

log log σn
− h(f, f?)2

2σn

log log σn

}

≥ 2 〈dfαn
, g〉 {(〈d0, g〉)+ + σ−1

n } − {(〈d0, g〉)+ + σ−1
n }2.

Therefore, we have

lim sup
n→∞

{
sup
d∈D̄c

q

(〈d, g〉)2+ − sup
f∈Mq(4

√
log log σn/σn)

{
− h(f, f?)2

2σn

log log σn

+ 2 〈df , g〉h(f, f?)

√
2σn

log log σn

}}
≤ sup

d∈D̄c
q

(〈d, g〉)2+ − (〈d0, g〉)2+
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for any continuously accessible element d0 ∈ D̄q. But clearly we can choose d0

to make the right hand side of this expression arbitrarily small. Thus we have the
desired contradiction, completing the proof.

We can now complete the proof of Theorem 4.1.

PROOF OF THEOREM 4.1. We obtain separately the lower and upper bounds.
Lower bound. By Propositions 4.6 and 4.7, we have

lim sup
n→∞

1
log log n

{
sup

f∈Mq

`n(f)− sup
f∈Mp

`n(f)

}
≥

lim sup
n→∞

 sup
d∈D̄c

q

(In(d))2+ − sup
d∈D̄p

(In(d))2+

 P?-a.s.

Now fix any g ∈ L2
0(f

?dµ). By Theorem 4.3 (which can be applied here as
N(Dq, δ) = N(cl Dq, δ) ≥ N(D̄q, δ) for all δ > 0), there is a sequence τn ↑ ∞ of
random times such that Iτn → 〈 · , g〉 in `∞(D̄q) P?-a.s. Therefore

sup
d∈D̄c

q

(Iτn(d))2+− sup
d∈D̄p

(Iτn(d))2+
n→∞−−−→ sup

d∈D̄c
q

(〈d, g〉)2+− sup
d∈D̄p

(〈d, g〉)2+ P?-a.s.,

so that certainly

lim sup
n→∞

1
log log n

{
sup

f∈Mq

`n(f)− sup
f∈Mp

`n(f)

}
≥ sup

d∈D̄c
q

(〈d, g〉)2+ − sup
d∈D̄p

(〈d, g〉)2+

P?-a.s. But as this inequality holds for every g ∈ L2
0(f

?dµ), taking the supremum
over g gives the requisite lower bound.

Upper bound. By Propositions 4.6 and 4.7, we have

lim sup
n→∞

1
log log n

{
sup

f∈Mq

`n(f)− sup
f∈Mp

`n(f)

}
≤

lim sup
n→∞

 sup
d∈D̄q

(In(d))2+ − sup
d∈D̄c

p

(In(d))2+

 P?-a.s.

It is elementary that for any d, d′ ∈ D̄q and g ∈ L2
0(f

?dµ)

(In(d))2+ − (In(d′))2+
≤ |(In(d))2+ − (〈d, g〉)2+|+ |(In(d′))2+ − (〈d′, g〉)2+|+ (〈d, g〉)2+ − (〈d′, g〉)2+
≤ 2 sup

d∈D̄q

|(In(d))2+ − (〈d, g〉)2+|+ (〈d, g〉)2+ − (〈d′, g〉)2+.
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Taking the supremum over d ∈ D̄q and the infimum over d′ ∈ D̄c
p, we find that

sup
d∈D̄q

(In(d))2+ − sup
d∈D̄c

p

(In(d))2+

≤ 2 sup
d∈D̄q

|(In(d))2+ − (〈d, g〉)2+|+ sup
d∈D̄q

(〈d, g〉)2+ − sup
d∈D̄c

p

(〈d, g〉)2+

≤ 2 sup
d∈D̄q

|(In(d))2+ − (〈d, g〉)2+|

+ sup
g∈L2

0(f?dµ)

 sup
d∈D̄q

(〈d, g〉)2+ − sup
d∈D̄c

p

(〈d, g〉)2+

 .

But as this holds for any g ∈ L2
0(f

?dµ), we finally obtain

sup
d∈D̄q

(In(d))2+ − sup
d∈D̄c

p

(In(d))2+ ≤ 2 inf
g∈L2

0(f?dµ)
sup
d∈D̄q

|(In(d))2+ − (〈d, g〉)2+|

+ sup
g∈L2

0(f?dµ)

 sup
d∈D̄q

(〈d, g〉)2+ − sup
d∈D̄c

p

(〈d, g〉)2+

 .

It follows as in the proof of Proposition 4.6 that the first term in this expression
converges to zero P?-a.s. The requisite upper bound follows immediately.

Finally, we now complete the proof of Theorem 2.10.

PROOF OF THEOREM 2.10. It suffices to prove that

(4.3) Γ := sup
g∈L2

0(f?dµ)

{
sup
d∈D̄c

q

(〈d, g〉)2+ − sup
d∈D̄q?

(〈d, g〉)2+

}
> 0.

Indeed, by Theorem 4.1, we have

lim sup
n→∞

1
pen(n, q)− pen(n, q?)

{
sup

f∈Mq

`n(f)− sup
f∈Mq?

`n(f)

}
≥

1
C{η(q)− η(q?)}

sup
g∈L2

0(f?dµ)

{
sup
d∈D̄c

q

(〈d, g〉)2+ − sup
d∈D̄q?

(〈d, g〉)2+

}
P?-a.s.

Thus if (4.3) holds, then choosing C < Γ/{η(q)− η(q?)}, we find that

sup
f∈Mq

`n(f)− pen(n, q) > sup
f∈Mq?

`n(f)− pen(n, q?)
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infinitely often P?-a.s., so that q̂n 6= q? infinitely often P?-a.s.
To prove (4.3), note that as f/f? − 1 = (

√
f/f? − 1)(

√
f/f? + 1), we can

estimate for any f ∈ Mq\{f?} using Hölder’s inequality

|〈1, df 〉| =
∣∣∣∣∫ dff?dµ

∣∣∣∣ ≤ ∫ ∣∣∣∣df −
f/f? − 1
2h(f, f?)

∣∣∣∣ f?dµ ≤ h(f, f?)
2

.

Choose (fn)n≥0 ⊂ Mq\{f?} such that h(fn, f?) → 0 and dfn → d0 ∈ D̄q, then

|〈1, d0〉| = lim
n→∞

∣∣∣∣∫ dfnf?dµ

∣∣∣∣ ≤ lim
n→∞

h(fn, f?)
2

= 0.

Moreover, it is immediate that ‖d0‖2 ≤ 1. We have therefore shown that D̄q ⊂
L2

0(f
?dµ). Now choose g ∈ D̄c

q\D̄q? . As D̄q? is closed, it follows directly that

sup
d∈D̄c

q

(〈d, g〉)2+ = 1, sup
d∈D̄q?

(〈d, g〉)2+ < 1.

Therefore (4.3) holds, and the proof is complete.

5. Proof of Theorem 2.12.

5.1. The local geometry of M. As f? ∈ Mq? , we can clearly write

f? =
q?∑

i=1

π?
i fθ?

i
.

Without loss of generality, we will assume that

−T ≤ θ?
1 < θ?

2 < · · · < θ?
q? ≤ T.

In the following, let us fix some parameters θ̄1, . . . , θ̄q? ∈ [−T, T ] such that

−T = θ̄1 ≤ θ?
1 < θ̄2 < θ?

2 < · · · < θ̄q? < θ?
q? ≤ T.

The precise choice of θ̄1, . . . , θ̄q? only affects the constants in the proofs below, and
is therefore irrelevant to our final result. We only presume that θ̄1, . . . , θ̄q? remain
fixed throughout. Define the intervals Ai = [θ̄i, θ̄i+1[ for i = 1, . . . , q? − 1 and
Aq? = [θ̄q? , T ]. Then A1, . . . , Aq? partition the parameter set [−T, T ] in such a
way that each interval contains precisely one component of the mixture f?.

Let us define for each k ≥ 0 and probability measure λ on [−T, T ] the functions

Dkfθ(x) =
∂k

∂θk
fθ(x) = (−1)k ∂k

∂xk
fθ(x), fλ(x) =

∫
fθ(x) λ(dθ).

Denote by P(A) the space of probability measures supported on A ⊆ [−T, T ].
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DEFINITION 5.1. Let us write

D = {(η, β, ρ, τ, ν) : η, β ∈ Rq?
, ρ, τ ∈ Rq?

+ , ν ∈ P(A1)× · · · ×P(Aq?)}.

Then we define for each (η, β, ρ, τ, ν) ∈ D the function

`(η, β, ρ, τ, ν) =
q?∑

i=1

{
ηi

fθ?
i

f?
+ βi

D1fθ?
i

f?
+ ρi

D2fθ?
i

f?
+ τi

fνi

f?

}
,

and the nonnegative quantity

N(η, β, ρ, τ, ν) =
q?∑

i=1

{
|ηi + τi|+

∣∣∣∣βi + τi

∫
(θ − θ?

i ) νi(dθ)
∣∣∣∣+ ρi +

τi

2

∫
(θ − θ?

i )
2νi(dθ)

}
.

Denote by ‖ · ‖p the Lp(f?dµ)-norm, that is, ‖f‖p
p =

∫
f(x)pf?(x)µ(dx). We

can now formulate the key result on the local geometry of the mixture class M.

THEOREM 5.2. Suppose that Assumption A holds. Then there exists a constant
c? > 0 (depending on f? and θ̄1, . . . , θ̄q? but not on η, β, ρ, τ, ν) such that

‖`(η, β, ρ, τ, ν)‖1 ≥ c? N(η, β, ρ, τ, ν) for all (η, β, ρ, τ, ν) ∈ D.

This result has several important consequences. To provide some basic intuition,
recall that the total variation distance between f and f? is defined as

‖f − f?‖TV =
∫
|f − f?| dµ =

∥∥∥∥f − f?

f?

∥∥∥∥
1

.

Let f ∈ Mq, so that we may write f =
∑q

i=1 πifθi
. Then Theorem 5.2 shows that

‖f − f?‖TV ≥ c?
q?∑

i=1


∣∣∣∣∣∣
∑

j:θj∈Ai

πj − π?
i

∣∣∣∣∣∣+ 1
2

∑
j:θj∈Ai

πj(θj − θ?
i )

2

 .

As ‖f−f?‖TV ≤ 2h(f, f?) (see, for example, [21], chapter III, section 9) this pro-
vides control on the geometry of Hellinger neighborhoods of f? when viewed as
a subset of the mixture parameters (π1, . . . , πq, θ1, . . . , θq). Similarly, using Theo-
rem 5.2 and a Taylor expansion of fθ, one can show that any limit point of df as
f → f? is in the closure of {`(η, β, ρ, τ, ν) : (η, β, ρ, τ, ν) ∈ D}. The proof of
Theorem 2.12 is based on more precise variants of these ideas.
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We now turn to the proof of Theorem 5.2. Define the bilateral Laplace transform

L[f ](t) =
∫

etx f(x) dx

for all t ∈ R. Note that under Assumption A, integration by parts gives

L[f ′](t) = −t L[f ](t), L[f ′′](t) = t2 L[f ](t),

and we have
L[Dkfθ](t) = tk eθt L[f ](t), k = 0, 1, 2.

The fundamental use of Laplace transform techniques in the proof of Theorem 5.2
is the main reason that our main result is restricted to location mixtures. We conjec-
ture that the conclusion of Theorem 5.2 holds in a much more general setting, but a
proof for general mixture models would likely require a different approach. Let us
note that the use of Laplace transforms is somewhat reminiscent of the approach
used in [22] to establish weak identifiability of finite mixtures.

PROOF OF THEOREM 5.2. Suppose that the conclusion of the theorem does not
hold. Then there must exist a sequence of coefficients (ηn, βn, ρn, δn, νn) ∈ D

such that ‖`(ηn, βn, ρn, δn, νn)‖1/N(ηn, βn, ρn, δn, νn) tends to 0.
Applying Taylor’s theorem to θ 7→ fθ, we can write

ηn
i

fθ?
i

f?
+ βn

i

D1fθ?
i

f?
+ ρn

i

D2fθ?
i

f?
+ τn

i

fνn
i

f?

= (ηn
i + τn

i )
fθ?

i

f?
+
(

βn
i + τn

i

∫
(θ − θ?

i ) νn
i (dθ)

)
D1fθ?

i

f?
+ ρn

i

D2fθ?
i

f?

+
τn
i

2

∫
(θ − θ?

i )
2 νn

i (dθ)
∫ {∫ 1

0

D2fθ?
i +u(θ−θ?

i )

f?
2(1− u) du

}
λn

i (dθ),

where λn
i is the probability measure on Ai defined by∫

g(θ) λn
i (dθ) =

∫
g(θ) (θ − θ?

i )
2 νn

i (dθ)∫
(θ − θ?

i )2 νn
i (dθ)

(it is clearly no loss of generality to assume that νn
i has no mass at θ?

i for any i, n,
so that everything is well defined). We now define the coefficients

an
i =

ηn
i + τn

i

N(ηn, βn, ρn, δn, νn)
, bn

i =
βn

i + τn
i

∫
(θ − θ?

i ) νn
i (dθ)

N(ηn, βn, ρn, δn, νn)
,

cn
i =

ρn
i

N(ηn, βn, ρn, δn, νn)
, dn

i =
τn
i
2

∫
(θ − θ?

i )
2 νn

i (dθ)
N(ηn, βn, ρn, δn, νn)

.
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Note that
q?∑

i=1

{|an
i |+ |bn

i |+ |cn
i |+ |dn

i |} = 1

for all n. Moreover, the intervals Ai have compact closure. We may therefore ex-
tract a subsequence such that the following hold:

1. There exist constants ai, bi ∈ R and ci, di ∈ R+ (for i = 1, . . . , q?) such
that

∑q?

i=1 {|ai|+ |bi|+ |ci|+ |di|} = 1, and we have an
i → ai, bn

i → bi,
cn
i → ci, and dn

i → di as n →∞ for all i = 1, . . . , q?.
2. There exist probability measures λi, i = 1, . . . , q?, such that λi is supported

on cl Ai for each i, and λn
i converges weakly to λi for all i = 1, . . . , q?.

Then `(ηn, βn, ρn, δn, νn)/N(ηn, βn, ρn, δn, νn) converges pointwise along this
subsequence to the function h/f? defined by

h =
q?∑

i=1

{
ai fθ?

i
+ bi D1fθ?

i
+ ci D2fθ?

i

+ di

∫ {∫ 1

0
D2fθ?

i +u(θ−θ?
i ) 2(1− u) du

}
λi(dθ)

}
.

But as ‖`(ηn, βn, ρn, δn, νn)‖1/N(ηn, βn, ρn, δn, νn) → 0, we have ‖h/f?‖1 = 0
by Fatou’s lemma. As f? is strictly positive, we must have h ≡ 0.

To proceed, we need the following lemma.

LEMMA 5.3. The Laplace transform L[h](t) exists for all t ∈ R:

L[h](t)
L[f ](t)

=
q?∑

i=1

{
ai e

θ?
i t + bi t eθ?

i t + ci t
2 eθ?

i t + di t
2 eθ?

i t
∫

φ((θ− θ?
i )t) λi(dθ)

}
.

Here we defined the positive increasing convex function φ(u) = 2(eu−u− 1)/u2.

PROOF. The ai, bi, ci terms are easily computed using Assumption A and inte-
gration by parts. It remains to compute the Laplace transform of the function

Ξi(x) =
∫ {∫ 1

0
D2fθ?

i +u(θ−θ?
i ) 2(1− u) du

}
λi(dθ).

We begin by noting that, using Assumption A,∫ ∫ ∫ 1

0
etx |D2fθ?

i +u(θ−θ?
i )| 2(1− u) du λi(dθ) dx =∫

etx |f ′′(x)| dx×
∫ {∫ 1

0
et(θ?

i +u(θ−θ?
i )) 2(1− u) du

}
λi(dθ) < ∞
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for every t ∈ R. We may therefore apply Fubini’s theorem, giving

L[Ξi](t) = eθ?
i t L[f ′′](t)

∫ {∫ 1

0
etu(θ−θ?

i ) 2(1− u) du

}
λi(dθ)

= L[f ](t) t2 eθ?
i t
∫

φ((θ − θ?
i )t) λi(dθ),

where we have computed the inner integral using integration by parts.

By this lemma, and as L[f ](t) > 0 and L[h](t) = 0 for all t ∈ R, we must have

(5.1) Φ(t) =
q?∑

i=1

{
ai e

θ?
i t + bi t eθ?

i t + ci t
2 eθ?

i t + di t
2 eθ?

i t Φi(t)

}
= 0

for all t ∈ R, where we have defined

Φi(t) =
∫

φ((θ − θ?
i )t) λi(dθ).

In the remainder of the proof, we argue that (5.1) can not hold, thus completing the
proof by contradiction. We distinguish between three different cases.

Case 1. Suppose that λq?([θ?
q? , T ]) > 0. As φ is positive and increasing, we

can estimate Φq?(t) ≥ λq?([θ?
q? , T ]) > 0 for all t ≥ 0. Now divide (5.1) by

t2 e
θ?
q? t Φq?(t), and let t → +∞. As λi is supported in [−T, θ̄q? ] for every i < q?,

(5.2)
t2 eθ?

i t Φi(t)

e
θ?
q? t

≤ t2 e
−(θ?

q?−θ?
i )t

φ((θ̄q? − θ?
i )t)

t→+∞−−−−→ 0

for every i < q?. It follows easily that for some constant K ≥ 0

0 = lim sup
t→+∞

Φ(t)

t2 e
θ?
q? t Φq?(t)

= dq? + K cq? .

As cq? , dq? ≥ 0, this clearly implies that dq? = 0. Using (5.2), we now obtain
limt→+∞Φ(t)/t2 e

θ?
q? t = cq? = 0, which implies limt→+∞Φ(t)/t e

θ?
q? t = bq? =

0, and consequently limt→+∞Φ(t)/e
θ?
q? t = aq? = 0.

Case 2. Suppose that λq?([θ?
q? , T ]) = 0 and λq?(]θ̄q? , θ?

q? [) > 0. It is easily
established, using the dominated convergence theorem and equation (5.2), that
limt→+∞Φ(t)/t2 e

θ?
q? t = cq? , so that cq? = 0. Next, dividing (5.1) by e

θ?
q? t and

taking two derivatives with respect to t, we obtain for all t ≥ 0

0 =
d2

dt2

(
Φ(t)

e
θ?
q? t

)
= dq?

∫
e
(θ−θ?

q? )t
λq?(dθ) +

q?−1∑
i=1

d2

dt2

{
ai e

−(θ?
q?−θ?

i )t

+ bi t e
−(θ?

q?−θ?
i )t + ci t

2 e
−(θ?

q?−θ?
i )t + di t

2 e
−(θ?

q?−θ?
i )t Φi(t)

}
,
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where the derivative and integral may be exchanged by [25], Appendix A16. Now
note that as λq?(]θ̄q? , θ?

q? [) > 0, there is an ε > 0 such that λq?([θ̄q? + ε, θ?
q? [) > 0.

Therefore, as φ is positive and increasing, we can estimate for all t ≥ 0∫
e
(θ−θ?

q? )t
λq?(dθ) ≥ e

(θ̄q?+ε−θ?
q? )t

λq?([θ̄q? + ε, θ?
q? [) > 0.

On the other hand, as (ex − 1)/x is positive and increasing, we obtain

e
−(θ̄q?+ε−θ?

q? )t

∣∣∣∣∣ d2

dt2
t2 e

−(θ?
q?−θ?

i )t Φi(t)

∣∣∣∣∣
= e

−(θ̄q?+ε−θ?
q? )t × e

−(θ?
q?−θ?

i )t ×
∣∣∣∣∣(θ?

q? − θ?
i )

2
∫

t2φ((θ − θ?
i )t) λi(dθ)

− 2(θ?
q? − θ?

i )
∫

e(θ−θ?
i )t − 1

θ − θ?
i

λi(dθ) +
∫

e(θ−θ?
i )t λi(dθ)

∣∣∣∣∣
≤ e−(θ̄q?+ε−θ?

i )t

{
(θ?

q? − θ?
i )

2 t2 φ((θ̄i+1 − θ?
i )t)

+ 2 (θ?
q? − θ?

i )
e(θ̄i+1−θ?

i )t − 1
θ̄i+1 − θ?

i

+ e(θ̄i+1−θ?
i )t

}
,

which converges to zero as t → +∞ for every i < q?. It follows easily that

0 =
1∫

e
(θ−θ?

q? )t
λq?(dθ)

d2

dt2

(
Φ(t)

e
θ?
q? t

)
t→+∞−−−−→ dq? .

Finally, using (5.2), we obtain limt→+∞Φ(t)/t e
θ?
q? t = bq? = 0, and this subse-

quently gives limt→+∞Φ(t)/e
θ?
q? t = aq? = 0.

Case 3. Suppose that λq?(]θ̄q? , T ]) = 0. Then Φq?(t) = φ((θ̄q? − θ?
q?)t) for all

t. Using equation (5.2), we now obtain limt→+∞Φ(t)/t2 e
θ?
q? t = cq? = 0, then

limt→+∞Φ(t)/t e
θ?
q? t = bq? = 0, and limt→+∞Φ(t)/e

θ?
q? t = aq? = 0. Finally,

t2 eθ?
i t Φi(t)

t2 e
θ?
q? t

φ((θ̄q? − θ?
q?)t)

t→+∞−−−−→ 0

for all i < q? by (5.2) and as t2 φ((θ̄q? − θ?
q?)t) → +∞ as t → +∞. Therefore

0 = lim sup
t→+∞

Φ(t)

t2 e
θ?
q? t

φ((θ̄q? − θ?
q?)t)

= dq? .
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End of proof. We have now shown that aq? , bq? , cq? , dq? = 0, and we are left
with q? − 1 terms in equation (5.1). But proceeding by induction, we find that
ai, bi, ci, di = 0 for all i. This is impossible, as

∑q?

i=1{|ai|+ |bi|+ |ci|+ |di|} = 1
by construction. Thus we have a contradiction, and the proof is complete.

5.2. Proof of Theorem 2.12. The proof of Theorem 2.12 consists of a sequence
of approximations, which we develop in the form of lemmas. Throughout this sec-
tion, we always presume that Assumption A holds.

We begin by establishing the existence of an envelope function.

LEMMA 5.4. Define S = (H0 + H1 + H2)/c?. Then S ∈ L4(f?dµ), and

|f/f? − 1|
‖f/f? − 1‖1

≤ S for all f ∈ M.

PROOF. That S ∈ L4(f?dµ) follows directly from Assumption A. To proceed,
let f ∈ Mq, so that we can write f =

∑q
i=1 πifθi

. Then

f − f?

f?
=

q?∑
i=1


 ∑

j:θj∈Ai

πj − π?
i

 fθ?
i

f?
+

∑
j:θj∈Ai

πj

(
fθj

− fθ?
i

f?

) .

Taylor expansion gives fθj
(x)−fθ?

i
(x) = D1fθ?

i
(x) (θj−θ?

i )+
1
2D2fθij(x)(x) (θj−

θ?
i )

2 for some θij(x) ∈ [−T, T ]. Using Assumption A, we find that

∣∣∣∣f − f?

f?

∣∣∣∣ ≤ q?∑
i=1

{∣∣∣∣∣ ∑
j:θj∈Ai

πj − π?
i

∣∣∣∣∣+
∣∣∣∣∣ ∑
j:θj∈Ai

πj(θj − θ?
i )

∣∣∣∣∣
+

1
2

∑
j:θj∈Ai

πj(θj − θ?
i )

2

}
(H0 + H1 + H2).

On the other hand, Theorem 5.2 gives

∥∥∥∥f − f?

f?

∥∥∥∥
1

≥ c?
q?∑

i=1

{∣∣∣∣∣ ∑
j:θj∈Ai

πj − π?
i

∣∣∣∣∣
+

∣∣∣∣∣ ∑
j:θj∈Ai

πj(θj − θ?
i )

∣∣∣∣∣+ 1
2

∑
j:θj∈Ai

πj(θj − θ?
i )

2

}
.

The proof follows directly.

COROLLARY 5.5. |d| ≤ D for all d ∈ D, where D = 2S ∈ L4(f?dµ).
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PROOF. Using ‖f − f?‖TV ≤ 2h(f, f?) and |
√

x− 1| ≤ |x− 1|, we find

|df | =
|
√

f/f? − 1|
h(f, f?)

≤ |f/f? − 1|
1
2‖f/f? − 1‖1

≤ 2S,

where we have used Lemma 5.4.

Next, we prove that the Hellinger normalized densities df can be approximated
by chi-square normalized densities for small h(f, f?).

LEMMA 5.6. For any f ∈ M, we have∣∣∣∣∣
√

f/f? − 1
h(f, f?)

− f/f? − 1√
χ2(f ||f?)

∣∣∣∣∣ ≤ {4‖S‖2
4S + 2S2}h(f, f?),

where we have defined the chi-square divergence χ2(f ||f?) = ‖f/f? − 1‖2
2.

PROOF. Let us define the function R as√
f

f?
− 1 =

1
2

{
f − f?

f?
+ R

}
.

Then we have√
f/f? − 1
h(f, f?)

− f/f? − 1√
χ2(f ||f?)

=
f/f? − 1 + R

‖f/f? − 1 + R‖2
− f/f? − 1
‖f/f? − 1‖2

=

(f/f? − 1 + R){‖f/f? − 1‖2 − ‖f/f? − 1 + R‖2}+ R‖f/f? − 1 + R‖2

‖f/f? − 1 + R‖2 ‖f/f? − 1‖2
,

so that by the reverse triangle inequality and Corollary 5.5∣∣∣∣∣
√

f/f? − 1
h(f, f?)

− f/f? − 1√
χ2(f ||f?)

∣∣∣∣∣ ≤ 2‖R‖2S + |R|
‖f/f? − 1‖2

.

Elementary arguments show that for all x ≥ −1

−x2

2
≤
√

1 + x− 1− x

2
≤ 0.

Therefore, by Lemma 5.4,

|R| ≤
(

f − f?

f?

)2

≤ S2

∥∥∥∥f − f?

f?

∥∥∥∥2

1

≤ S2

∥∥∥∥f − f?

f?

∥∥∥∥
1

∥∥∥∥f − f?

f?

∥∥∥∥
2

.

The proof is easily completed using ‖f − f?‖TV ≤ 2h(f, f?).
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Finally, we need one further approximation step.

LEMMA 5.7. Let q ∈ N and α > 0. Then for every f ∈ Mq such that
h(f, f?) ≤ α, there exist η, β, ρ ∈ Rq?

, γ ∈ Rq, and θ ∈ [−T, T ]q such that

q?∑
i=1

|ηi| ≤
1
c?

+
1√
c?α

,
q?∑

i=1

|βi| ≤
1
c?

+
2T√
c?α

,

q?∑
i=1

|ρi| ≤
1
c?

,
q∑

j=1

|γj | ≤
1√
c?α

,

and ∣∣∣∣∣ f/f? − 1√
χ2(f ||f?)

− `

∣∣∣∣∣ ≤
√

2
3(c?)5/4

{‖H3‖2 S + H3}α1/4,

where we have defined

` =
q?∑

i=1

{
ηi

fθ?
i

f?
+ βi

D1fθ?
i

f?
+ ρi

D2fθ?
i

f?

}
+

q∑
j=1

γj
fθj

f?
.

PROOF. As f ∈ Mq, we can write f =
∑q

j=1 πjfθj
. Note that by Theorem 5.2

h(f, f?) ≥ c?

4

q?∑
i=1

∑
j:θj∈Ai

πj(θj − θ?
i )

2.

Therefore, h(f, f?) ≤ α implies πj(θj − θ?
i )

2 ≤ 4α/c? for θj ∈ Ai. In particular,
whenever θj ∈ Ai, either πj ≤ 2

√
α/c? or (θj − θ?

i )
2 ≤ 2

√
α/c?. Define

J =
⋃

i=1,...,q?

{
j : θj ∈ Ai, (θj − θ?

i )
2 ≤ 2

√
α/c?

}
.

Taylor expansion gives fθj
(x)− fθ?

i
(x) = D1fθ?

i
(x) (θj − θ?

i )+ 1
2D2fθ?

i
(x) (θj −

θ?
i )

2 + 1
6D3fθij(x)(x) (θj − θ?

i )
3 for some θij(x) ∈ [−T, T ]. Therefore

f − f?

f?
= L +

1
6

q?∑
i=1

∑
j∈J :θj∈Ai

πj(θj − θ?
i )

3
D3fθij(x)(x)

f?
,

where we have defined

L =
q?∑

i=1

{( ∑
j∈J :θj∈Ai

πj − π?
i

)
fθ?

i

f?
+

∑
j∈J :θj∈Ai

πj(θj − θ?
i )

D1fθ?
i

f?

+
1
2

∑
j∈J :θj∈Ai

πj(θj − θ?
i )

2
D2fθ?

i

f?

}
+
∑
j 6∈J

πj
fθj

f?
.
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Now note that∣∣∣∣∣ f/f? − 1√
χ2(f ||f?)

− L

‖L‖2

∣∣∣∣∣ ≤ |f/f? − 1|
‖f/f? − 1‖2

‖f/f? − 1− L‖2

‖L‖2
+
|f/f? − 1− L|

‖L‖2

≤ ‖f/f? − 1− L‖2 S + |f/f? − 1− L|
‖L‖2

,

where we have used Lemma 5.4. By Theorem 5.2, we obtain

‖L‖2 ≥ ‖L‖1 ≥
c?

2

q?∑
i=1

∑
j∈J :θj∈Ai

πj(θj − θ?
i )

2.

Therefore, we can estimate

|f/f? − 1− L|
‖L‖2

≤ H3

3c?

∑q?

i=1

∑
j∈J :θj∈Ai

πj |θj − θ?
i |3∑q?

i=1

∑
j∈J :θj∈Ai

πj(θj − θ?
i )2

≤
(

4α

c?

)1/4 H3

3c?
,

where we have used the definition of J . Setting ` = L/‖L‖2, we obtain∣∣∣∣∣ f/f? − 1√
χ2(f ||f?)

− `

∣∣∣∣∣ ≤
√

2
3(c?)5/4

{‖H3‖2 S + H3}α1/4.

It remains to show that for our choice of ` = L/‖L‖2, the vectors η, β, ρ, γ in the
statement of the lemma satisfy the desired bounds. To this end, note that

‖L‖2 ≥ c?
q?∑

i=1

{∣∣∣∣∣ ∑
j:θj∈Ai

πj−π?
i

∣∣∣∣∣+
∣∣∣∣∣ ∑
j:θj∈Ai

πj(θj−θ?
i )

∣∣∣∣∣+ 1
2

∑
j:θj∈Ai

πj(θj−θ?
i )

2

}

by Theorem 5.2, while we have

ηi =
1

‖L‖2

∑
j∈J :θj∈Ai

πj − π?
i , βi =

1
‖L‖2

∑
j∈J :θj∈Ai

πj(θj − θ?
i ),

ρi =
1

2‖L‖2

∑
j∈J :θj∈Ai

πj(θj − θ?
i )

2, γj =
πj1j 6∈J

‖L‖2
.

It follows immediately that
∑q?

i=1 |ρi| ≤ 1/c?. Now note that for j 6∈ J such that
θj ∈ Ai, we have (θj − θ?

i )
2 > 2

√
α/c? by construction. Therefore

‖L‖2 ≥
c?

2

q?∑
i=1

∑
j 6∈J :θj∈Ai

πj(θj − θ?
i )

2 ≥
√

c?α
∑
j 6∈J

πj .
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It follows that
∑q

j=1 |γj | ≤ 1/
√

c?α. Next, we note that

q?∑
i=1

∣∣∣∣∣∣
∑

j∈J :θj∈Ai

πj − π?
i

∣∣∣∣∣∣ ≤
q?∑

i=1

∣∣∣∣∣∣
∑

j:θj∈Ai

πj − π?
i

∣∣∣∣∣∣+
∑
j 6∈J

πj .

Therefore
∑q?

i=1 |ηi| ≤ 1/c? + 1/
√

c?α. Finally, note that

q?∑
i=1

∣∣∣∣∣∣
∑

j∈J :θj∈Ai

πj(θj − θ?
i )

∣∣∣∣∣∣ ≤
q?∑

i=1

∣∣∣∣∣∣
∑

j:θj∈Ai

πj(θj − θ?
i )

∣∣∣∣∣∣+ 2T
∑
j 6∈J

πj .

Therefore
∑q?

i=1 |βi| ≤ 1/c? + 2T/
√

c?α. The proof is complete.

We can now complete the proof of Theorem 2.12.

PROOF OF THEOREM 2.12. Let α > 0 be a constant to be chosen later on, and

Dq,α = {df : f ∈ Mq, f 6= f?, h(f, f?) ≤ α}.

Then clearly
N(Dq, δ) ≤ N(Dq,α, δ) + N(Dq\Dq,α, δ).

We will estimate each term separately.
Step 1 (the first term). Define the family of functions

Lq,α ={ q?∑
i=1

{
ηi

fθ?
i

f?
+ βi

D1fθ?
i

f?
+ ρi

D2fθ?
i

f?

}
+

q∑
j=1

γj
fθj

f?
: (η, β, ρ, γ, θ) ∈ Iq,α

}
,

where

Iq,α =

{
(η, β, ρ, γ, θ) ∈ Rq? × Rq? × Rq? × Rq × [−T, T ]q :

q?∑
i=1

{|ηi|+ |βi|+ |ρi|} ≤
3
c?

+
1 + 2T√

c?α
,

q∑
j=1

|γj | ≤
1√
c?α

}
.

From Lemmas 5.6 and 5.7, we find that for any function d ∈ Dq,α, there exists a
function ` ∈ Lq,α such that (here we use that h(f, f?) ≤

√
2 for any f )

|d− `| ≤ {4‖S‖2
4S + 2S2} (α ∧

√
2) +

√
2

3(c?)5/4
{‖H3‖2 S + H3}α1/4.
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Using α ∧
√

2 ≤ 23/8α1/4 for all α > 0, we can estimate

|d− `| ≤ α1/4 U, U =
(

1 + ‖H3‖2

(c?)5/4
+ 8‖S‖2

4 + 4
)
{S + S2 + H3},

where U ∈ L2(f?dµ) by Assumption A. Now note that if m1 ≤ ` ≤ m2 for some
functions m1,m2 with ‖m2 −m1‖2 ≤ ε, then m1 − α1/4 U ≤ d ≤ m2 + α1/4 U
with ‖(m2 + α1/4 U)− (m1 − α1/4 U)‖2 ≤ ε + 2α1/4‖U‖2. Therefore

N(Dq,α, ε + 2α1/4‖U‖2) ≤ N(Lq,α, ε) for ε > 0.

Of course, we will ultimately choose ε, α such that ε + 2α1/4‖U‖2 = δ.
We proceed to estimate the bracketing number N(Lq,α, ε). To this end, let `, `′ ∈

Lq,α, where ` is defined by the parameters (η, β, ρ, γ, θ) ∈ Iq,α and `′ is defined
by the parameters (η′, β′, ρ′, γ′, θ′) ∈ Iq,α. Then we can estimate

|`− `′| ≤ (H0 + H1 + H2)
q?∑

i=1

{|ηi − η′i|+ |βi − β′i|+ |ρi − ρ′i|}

+ H0

q∑
j=1

|γj − γ′j |+
H1√
c?α

max
j=1,...,q

|θj − θ′j |,

where we have used that |fθj
− fθ′j

|/f? ≤ |θj − θ′j |H1 by Taylor expansion.
Therefore, writing V = H0 + H1 + H2, we have

|`− `′| ≤ V |||(η, β, ρ, γ, θ)− (η′, β′, ρ′, γ′, θ′)|||q,α,

where |||·|||q,α is the Banach space norm on R3q?+2q defined by

|||(η, β, ρ, γ, θ)|||q,α =
q?∑

i=1

{|ηi|+ |βi|+ |ρi|}+
q∑

j=1

|γj |+
1√
c?α

max
j=1,...,q

|θj |.

Note that if |||(η, β, ρ, γ, θ) − (η′, β′, ρ′, γ′, θ′)|||q,α ≤ ε′, then we obtain a bracket
`′− ε′V ≤ ` ≤ `′+ ε′V of size ‖(`′+ ε′V )− (`′− ε′V )‖2 = 2ε′‖V ‖2. Therefore,
if we denote by N0(Iq,α, |||·|||q,α, ε′) the cardinality of the smallest proper cover of
Iq,α by |||·|||q,α-balls or radius ε′ (the cover is called proper if each ball is centered
at some point inside Iq,α), then we have shown that

N(Lq,α, ε) ≤ N0(Iq,α, |||·|||q,α, ε/2‖V ‖2) for ε > 0.

But note that Iq,α is included in the |||·|||q,α-ball

Iq,α ⊂ Bq,α =
{

v ∈ R3q?+2q : |||v|||q,α ≤
3
c?

+
2 + 3T√

c?α

}
.

We now use the following standard facts:
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1. N0(S, d, ε) ≤ N(S, d, ε/2) for any subset S ⊂ B of a metric space (B, d),
where N(S, d, ε) is the cardinality of the smallest (not necessarily proper)
cover of S consisting of d-balls of radius ε.

2. For any n-dimensional Banach space (B, |||·|||), the covering number of the
r-ball B(r) = {x ∈ B : |||x||| ≤ r} satisfies N(B(r), |||·|||, ε) ≤ (2r+ε

ε )n.

Using these facts, we can estimate

N0(Iq,α, |||·|||q,α, ε/2‖V ‖2) ≤ N0(Bq,α, |||·|||q,α, ε/2‖V ‖2)

≤ N(Bq,α, |||·|||q,α, ε/4‖V ‖2) ≤

8‖V ‖2( 3
c? + 2+3T√

c? ) + 1

ε
√

α

3q?+2q

for ε/4‖V ‖2 ≤ 1, α ≤ 1. Choosing ε + 2α1/4‖U‖2 = δ, we obtain

N(Dq,α, δ) ≤ N(Lq,α, δ − 2α1/4‖U‖2) ≤

8‖V ‖2( 3
c? + 2+3T√

c? ) + 1

(δ − 2α1/4‖U‖2)
√

α

3q?+2q

for δ ≤ 4‖V ‖2 and α ≤ (δ/2‖U‖2)4 ∧ 1.
Step 2 (the second term). For f, f ′ ∈ Mq with h(f, f?) > α and h(f ′, f?) > α,

|df − d′f | =
|(
√

f/f? − 1)‖
√

f ′/f? − 1‖2 − (
√

f ′/f? − 1)‖
√

f/f? − 1‖2|
h(f, f?) h(f ′, f?)

≤ ‖
√

f ′/f? −
√

f/f?‖2|
√

f/f? − 1|+
√

2 |
√

f/f? −
√

f ′/f?|
α2

,

where we have used that h(f, f?) ≤
√

2 for any f . Now note that∣∣∣√a−
√

b
∣∣∣2 ≤ ∣∣∣√a−

√
b
∣∣∣ (√a +

√
b
)

= |a− b|

for any a, b ≥ 0. We can therefore estimate

|df − d′f | ≤
‖(f − f ′)/f?‖1/2

1 (
√

H0 + 1) +
√

2 |(f − f ′)/f?|1/2

α2
,

where we have used that |
√

f/f? − 1| ≤
√

H0 + 1 for any f ∈ M. Now note that
if we write f =

∑q
i=1 πifθi

and f ′ =
∑q

i=1 π′ifθ′i
, then we can estimate∣∣∣∣f − f ′

f?

∣∣∣∣ ≤ H0

q∑
i=1

|πi − π′i|+ H1 max
i=1,...,q

|θi − θ′i|.

Defining
W = (

√
H0 + 1)‖H0 + H1‖1/2

1 +
√

2 (H0 + H1)1/2,



CONSISTENT ORDER ESTIMATION 39

we obtain

|df − d′f | ≤
W

α2
|||(π, θ)− (π′, θ′)|||1/2

q , |||(π, θ)|||q =
q∑

i=1

|πi|+ max
i=1,...,q

|θi|

(clearly |||·|||q is a Banach space norm on R2q). Note that if |||(π, θ) − (π′, θ′)|||q ≤
ε, then we obtain a bracket d′f − ε1/2W/α2 ≤ df ≤ d′f + ε1/2W/α2 of size
‖(d′f + ε1/2W/α2)− (d′f − ε1/2W/α2)‖2 = 2ε1/2‖W‖2/α2. Therefore

N(Dq\Dq,α, δ) ≤ N0(∆q × [−T, T ]q, |||·|||q, α
4δ2/4‖W‖2

2),

where we have defined the simplex ∆q = {π ∈ Rq
+ :

∑q
i=1 πi = 1}. We can now

estimate the quantity on the right hand side of this expression as before, giving

N(Dq\Dq,α, δ) ≤
(

(24 + 16T )‖W‖2
2

α4δ2

)2q

for δ ≤ 8‖W‖2 and α ≤ 1.
End of proof. Choose α = (δ/4‖U‖2)4. Collecting the various estimates above,

we find that we have for δ ≤ min(4‖U‖2, 4‖V ‖2, 8‖W‖2)

N(Dq, δ) ≤

162‖U‖2
2‖V ‖2( 3

c? + 2+3T√
c? ) + 32‖U‖2

2

δ3

3q?+2q

+

(
416(24 + 16T )‖U‖16

2 ‖W‖2
2

δ18

)2q

.

Using that q > q?, it now follows easily that there exist constants C? and δ?,
depending only on ‖U‖2, ‖V ‖2, ‖W‖2, T , and c?, such that

N(Dq, δ) ≤
(

C?

δ

)36q

for all δ ≤ δ?.

This establishes the estimate given in the statement of the Theorem. To complete
the proof, it remains to note that the existence of D follows from Corollary 5.5.

5.3. Proof of Corollary 2.14. The first condition of Theorem 2.4 follows di-
rectly from Theorem 2.12. To establish the second condition, note that for any
f, f ′ ∈ Mq, f =

∑q
i=1 πifθi

, f ′ =
∑q

i=1 π′ifθ′i
, we can estimate∣∣∣∣log

(
f + f?

2f?

)
− log

(
f ′ + f?

2f?

)∣∣∣∣ ≤ ∣∣∣∣f − f ′

f?

∣∣∣∣
≤ (H0 + H1)

( q∑
i=1

|πi − π′i|+ max
i=1,...,q

|θi − θ′i|
)

.
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It follows as above that N({log({f + f?}/2f?) : f ∈ Mq}, δ) < ∞ for all δ > 0,
which implies that {log({f + f?}/2f?) : f ∈ Mq} is P?-Glivenko-Cantelli.

Now define the functions η(q) and $(n) as

η(q) = q

[
6
∫ ‖D‖2

0

√
log

(
C?

δ ∧ δ?

)
du

]2

,

$(n) = ω(n)

[
6
∫ ‖D‖2

0

√
log

(
C?

δ ∧ δ?

)
du

]−2

.

Then all the assumptions of Theorem 2.4 are satisfied, yielding the consistency of
the penalized likelihood mixture order estimator.

5.4. Proof of Proposition 2.15. We begin by characterizing D̄q? .

LEMMA 5.8. Suppose that Assumption A holds. Then we have

D̄q? =

 L

‖L‖2
: L =

q?∑
i=1

{
ηi

fθ?
i

f?
+ βi

D1fθ?
i

f?

}
, η, β ∈ Rq?

,
q?∑

i=1

ηi = 0

 .

PROOF. Let (fn)n≥1 ⊂ Mq? be such that h(fn, f?) → 0 and dfn → d0 ∈ D̄q? .
By Theorem 5.2, we may assume without loss of generality that fn =

∑q?

i=1 πn
i fθn

i

with θn
i → θ?

i and πn
i → π?

i for every i = 1, . . . , q?. Taylor expansion gives

fn − f?

f?
= Ln + Rn, |Rn| ≤

H2

2

q?∑
i=1

πn
i (θn

i − θ?
i )

2,

where

Ln =
q?∑

i=1

{
(πn

i − π?
i )

fθ?
i

f?
+ πn

i (θn
i − θ?

i )
D1fθ?

i

f?

}
.

Proceeding as in Lemmas 5.6 and 5.7, we can estimate∥∥∥∥dfn −
Ln

‖Ln‖2

∥∥∥∥
2

≤ 2‖S‖2
4{2‖S‖2 + 1}h(fn, f?) + {‖S‖2 + 1} ‖Rn‖2

‖Ln‖2
.

But using Theorem 5.2, we find that for n sufficiently large

‖Ln‖2 ≥ ‖Ln‖1 ≥ c?
q?∑

i=1

πn
i |θn

i − θ?
i |.
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Thus we have

‖Rn‖2

‖Ln‖2
≤ ‖H2‖2

2c?

∑q?

i=1 πn
i (θn

i − θ?
i )

2∑q?

i=1 πn
i |θn

i − θ?
i |

≤ ‖H2‖2

2c?
max

i=1,...,q?
|θn

i − θ?
i |

n→∞−−−→ 0.

We have therefore shown that Ln/‖Ln‖2 → d0 in L2(f?dµ). Now define

ηn
i =

πn
i − π?

i

Zn
, βn

i =
πn

i (θn
i − θ?

i )
Zn

, Zn =
q?∑

i=1

{|πn
i −π?

i |+ |πn
i (θn

i −θ?
i )|}.

As
∑q?

i=1{|ηn
i | + |βn

i |} = 1 for all n, we may extract a subsequence such that
ηn

i → ηi, βn
i → βi, and

∑q?

i=1{|ηi|+ |βi|} = 1. We obtain immediately

d0 =
L

‖L‖2
, L =

q?∑
i=1

{
ηi

fθ?
i

f?
+ βi

D1fθ?
i

f?

}
.

Clearly
∑q?

i=1 ηi = 0. Thus we have shown that any d0 ∈ D̄q? has the desired form.
It remains to show that any function of the desired form is in fact an element of

D̄q? . To this end, fix η, β ∈ Rq?
with

∑q?

i=1 ηi = 0, and define ft for t > 0 as

ft =
q?∑

i=1

(π?
i + tηi) fθ?

i +βit/π?
i
.

Clearly ft ∈ Mq? for all t sufficiently small, and ft → f? as t → 0. But

ft − f?

t
=

q?∑
i=1

π?
i

fθ?
i +βit/π?

i
− fθ?

i

t
+

q?∑
i=1

ηi fθ?
i +βit/π?

i
.

Therefore clearly

1
t

ft − f?

f?

t→0−−→
q?∑

i=1

{
ηi

fθ?
i

f?
+ βi

D1fθ?
i

f?

}
= L.

Using Lemma 5.6, we obtain

lim
t→0

dft = lim
t→0

(ft − f?)/tf?

‖(ft − f?)/tf?‖2
=

L

‖L‖2
.

Thus any function of the desired form is in D̄q? , and the proof is complete.

REMARK 5.9. The proof of Lemma 5.8 in fact shows that D̄q? = D̄c
q? .
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We can now complete the proof of Proposition 2.15.

PROOF OF PROPOSITION 2.15. We apply Theorem 2.10 with q = q? + 1. The
requisite envelope and bracketing assumptions follow directly from Theorem 2.12.
It therefore remains to show that D̄c

q?+1\D̄q? is nonempty.
Consider the function ft defined for t > 0 as follows:

ft =
π?

1

2
(fθ?

1+t + fθ?
1−t) +

q?∑
i=2

π?
i fθ?

i
.

Clearly ft ∈ Mq?+1 for all t sufficiently small, ft → f? as t → 0, and

ft − f?

t2
=

π?
1

2
fθ?

1+t − 2 fθ?
1

+ fθ?
1−t

t2
t→0−−→ π?

1

2
D2fθ?

1
.

As in the proof of Lemma 5.8, we find that

lim
t→0

dft = lim
t→0

(ft − f?)/t2f?

‖(ft − f?)/t2f?‖2
=

D2fθ?
1

‖D2fθ?
1
‖2

= d0.

By construction, d0 ∈ D̄c
q?+1. But by Theorem 5.2, the functions fθ?

i
, D1fθ?

i
, and

D2fθ?
i

(i = 1, . . . , q?) are all linearly independent. Together with Lemma 5.8, this
shows that d0 6∈ D̄q? . Thus d0 ∈ D̄c

q?+1\D̄q? , and the proof is complete.

APPENDIX A: EMPIRICAL PROCESS INEQUALITIES

A.1. Two inequalities for the empirical process. In the proof of Theorem 2.4
we will need two maximal inequalities for the empirical process. These inequalities
follow rather easily from standard results in empirical process theory.

First, we need the following deviation inequality for the supremum of an empir-
ical process, similar to [23], Theorem 5.11. A short proof is in section A.2.

PROPOSITION A.1. Let Q be a family of measurable functions f : E → R.
Assume that for some constants R,K > 0.

sup
f∈Q

‖f‖∞ ≤ K, sup
f∈Q

E?[f(X1)2] ≤ R2.

Then we have

P?

[
sup
f∈Q

|νn(f)| ≥ α

]
≤ 2 exp

[
− α2

C2(C1 + 1)R2

]
for all n ∈ N, α > 0, and C1 > 0 such that

C
√

C1 + 1
∫ R

0

√
log N(Q, u) du ≤ α ≤ C1R

2√n

K
,

where C is a universal constant (the choice C = 37.5 works).
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We also need the following variant of Etemadi’s inequality.

PROPOSITION A.2. Let Q be a family of measurable functions f : E → R.
Then we have for every α > 0 and m,n ∈ N, m ≤ n

P?

[
max

k=m,...,n
sup
f∈Q

|Sk(f)| ≥ 3α

]
≤ 3 max

k=m,...,n
P?

[
sup
f∈Q

|Sk(f)| ≥ α

]
,

where Sn(f) =
√

n νn(f).

The proof is given in section A.3 below.

A.2. Proof of Proposition A.1. The following Bernstein-type deviation in-
equality can be read off from [18], Corollary 6.9, together with the standard fact
that the essential supremum of a family of random variables coincides with the
essential supremum of a countable subfamily (cf. Remark 2.1).

THEOREM A.3. Let Q be a family of measurable functions f : E → R. As-
sume that for some constants R,K > 0

sup
f∈Q

‖f‖∞ ≤ K, sup
f∈Q

E?[f(X1)2] ≤ R2.

Then we have

P?

[
sup
f∈Q

|νn(f)| ≥ E(n) + 7R
√

2x +
4Kx

3
√

n

]
≤ 2 e−x

for every n ∈ N and x > 0, where we have defined

E(n) = 27
∫ R

0

√
log N(Q, u) du +

10K

3
√

n
log N(Q, R).

for every n ∈ N.

The proof of Proposition A.1 reduces easily to this result.

PROOF OF PROPOSITION A.1. Let α =
√

C2(C1 + 1)R2x and assume the
given bounds on α hold. Then we can estimate

x =
α2

C2(C1 + 1)R2
≤ C1R

2√n

K
× α

C2(C1 + 1)R2
≤ α

√
n

C2K
,

as well as

α2 ≤ C1R
2α
√

n

K
.
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On the other hand, as N(Q, u) is nonincreasing in u, we have

CR
√

C1 + 1
√

log N(Q, R) ≤ C
√

C1 + 1
∫ R

0

√
log N(Q, u) du ≤ α.

We can therefore estimate

E(n) + 7R
√

2x +
4Kx

3
√

n
≤
{

27 + 7
√

2
C
√

C1 + 1
+

10C1

3C2(C1 + 1)
+

4
3C2

}
α

≤
{

37
C

+
5

C2

}
α ≤ α

provided that we choose C such that 37/C + 5/C2 ≤ 1 (e.g., C = 37.5). The
proof is completed by applying Theorem A.3.

A.3. Proof of Proposition A.2. The proof of Proposition A.2 follows closely
the proof of the classical Etemadi inequality, see [2], Appendix M19.

PROOF OF PROPOSITION A.2. Define the stopping time

τ = inf

{
k ≥ m : sup

f∈Q
|Sk(f)| ≥ 3α

}
.

Then we have

P?

[
max

k=m,...,n
sup
f∈Q

|Sk(f)| ≥ 3α

]
= P?[τ ≤ n]

≤ P?

[
sup
f∈Q

|Sn(f)| ≥ α

]
+

n∑
k=m

P?

[
τ = k and sup

f∈Q
|Sn(f)| < α

]
.

But on the event {τ = k and supf∈Q |Sn(f)| < α}, we clearly have

2α ≤ sup
f∈Q

|Sk(f)| − sup
f∈Q

|Sn(f)| ≤ sup
f∈Q

|Sk(f)− Sn(f)|.

Therefore, we can estimate

P?

[
max

k=m,...,n
sup
f∈Q

|Sk(f)| ≥ 3α

]
≤ P?

[
sup
f∈Q

|Sn(f)| ≥ α

]

+
n∑

k=m

P?

[
τ = k and sup

f∈Q
|Sn(f)− Sk(f)| ≥ 2α

]
.
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As supf∈Q |Sn(f)− Sk(f)| and {τ = k} are independent, we obtain

P?

[
max

k=m,...,n
sup
f∈Q

|Sk(f)| ≥ 3α

]
≤ P?

[
sup
f∈Q

|Sn(f)| ≥ α

]

+ max
k=m,...,n

P?

[
sup
f∈Q

|Sn(f)− Sk(f)| ≥ 2α

]
.

The proof is easily completed.

Acknowledgments. The authors would like to thank Jean Bretagnolle for pro-
viding an enlightening counterexample which guided some of our proofs. We also
thank Michel Ledoux for suggesting some helpful references.

REFERENCES

[1] AZAIS, J.-M., GASSIAT, E., AND MERCADIER, C. (2009). The likelihood ratio test for general
mixture models with possibly structural parameter. ESAIM P and S 3, 301–327.

[2] BILLINGSLEY, P. (1999). Convergence of probability measures, Second ed. John Wiley & Sons
Inc., New York.
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UNIVERSITÉ PARIS-SUD,
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