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Abstract. One of the central aims of Statistical Learning Theory is the bounding
of the test set performance of classifiers trained with i.i.d. data. For Support Vector
Machines the tightest technique for assessing this so-called generalisation error is
known as the PAC-Bayes theorem. The bound holds independently of the choice of
prior, but better priors lead to sharper bounds. The priors leading to the tightest
bounds to date are spherical Gaussian distributions whose means are determined
from a separate subset of data. This paper gives another turn of the screw by
introducing a further data dependence on the shape of the prior: the separate data
set determines a direction along which the covariance matrix of the prior is stretched
in order to sharpen the bound. In addition, we present a classification algorithm
that aims at minimizing the bound as a design criterion and whose generalisation
can be easily analysed in terms of the new bound.

The experimental work includes a set of classification tasks preceded by a
bound-driven model selection. These experiments illustrate how the new bound act-
ing on the new classifier can be much tighter than the original PAC-Bayes Bound
applied to an SVM, and lead to more accurate classifiers.

Keywords: PAC Bayes Bound, Support Vector Machines, Generalization
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1 Introduction

Support vector machines (SVM) [3] are accepted among practitioners as one
of the most accurate automatic classification techniques. They implement
linear classifiers in a high-dimensional feature space using the kernel trick
to enable a dual representation and efficient computation. The danger of
overfitting in such high-dimensional spaces is countered by maximising the
margin of the classifier on the training examples. For this reason there has
been considerable interest in bounds on the generalisation in terms of the
margin.

In fact, a main drawback that restrains engineers from using these ad-
vanced machine learning techniques is the lack of reliable predictions of gen-
eralisation, especially in what concerns worse-case performance. In this sense,
the widely used cross-validation generalization measures say little about the
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worst case performance of the algorithms. The error of the classifier on a set
of samples follows a binomial distribution whose mean is the true error of
the classifier. Cross-validation is a sample mean estimation of the true error,
and worst case performance estimations concern the estimation of the tail of
the distribution of the error of these sets of samples. One could then employ
Statistical Learning Theory (SLT) tools to bound the tail of the distribu-
tion of errors. Early bounds have relied on covering number computations
[6], while later bounds have considered Rademacher complexity. The tightest
bounds for practical applications appear to be the PAC-Bayes bound [5] and
in particular the one given in [1], with a data dependent prior.

Another issue affected by the ability to predict the generalisation capabil-
ity of a classifier is the selection of the hyperparameters that define the train-
ing. In the SVM case, these parameters are the trade-off between maximum
margin and minimum training error, C'; and the kernel parameters. Again,
the more standard method of cross-validation has proved more reliable in
most experiments, despite the fact that it is statistically poorly justified and
relatively expensive.

The PAC-Bayes Bounds (overviewed in Section 2) use a Gaussian prior
with zero mean and identity covariance matrix. The Prior PAC-Bayes Bound
[1] tightens the prediction of the generalisation error of an SVM by using a
separate subset of the training data to learn the mean of the Gaussian prior.
The key to the new bound introduced in this work to come up with even more
informative priors by using the separate data to also learn a stretching of the
covariance matrix. Then section 4 presents a classification algorithm, named
n—Prior SVM, that introduces a regularization term that tries to optimise a
PAC-Bayes Bound.

The new bounds and algorithms are evaluated in some classification tasks
after parameters selection in Section 5. The experiments illustrate the capa-
bilities of the Prior PAC-Bayes Bound to (i) select an acceptable model (hy-
perparameter estimation) for an SVM and (ii) to provide tighter predictions
of the generalisation of the resulting classifier.

Finally, the main conclusions of this work and some ongoing related re-
search are outlined in Section 6.

2 PAC-Bayes bound for SVM

This section is devoted to a brief review of the PAC-Bayes Bound of [4]
and the Prior PAC-Bayes Bound of [1]. Let us consider a distribution D of
patterns x lying in a certain input space X, with their corresponding output
labels y, y € {—1,1}. In addition, let us also consider a distribution @ over
the classifiers c¢. For every classifier ¢, one can define the True error, as the
probability of misclassifying a pair pattern-label (x,y) selected at random
from D, cp = Pr(xy)~p(c(x) # y). In addition, the Empirical error ¢s of
a classifier ¢ on a sample S of size m is defined as the error rate on S,
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es = Prxysle(x) #y) = L3 I(c(x;) # i), where I(-) is a function
equal to 1 if the argument is true and equal to 0 if the argument is false.

Now we can define two error measures on the distribution of classifiers:
the true error, @p = E..qgcp, as the probability of misclassifying an instance
x chosen uniformly from D with a classifier ¢ chosen according to @; and
the empirical error QS = E..qCs, as the probability of classifier ¢ chosen
according to  misclassifying an instance x chosen from a sample S.

For these two quantities we can derive the PAC-Bayes Bound on the true
error of the distribution of classifiers:

Theorem 1. (PAC-Bayes Bound) For all prior distributions P(c) over the
classifiers ¢, and for any 6 € (0,1]

>1-9

- )

KL(Q(e)||P(e) + ln("‘;l))

m

Prg..pm (VQ(C) : KL(Qs||Qp) <

where KL is the Kullback-Leibler divergence, KL(p||q) = ¢In 1+(1—¢)In 1z

1-p
and KL(Q(0)||P(c)) = Ecng In $T.

The proof of the theorem can be found in [4].

This bound can be particularised for the case of linear classifiers in the
following way. The m training patterns define a linear classifier that can be
represented by the following equation':

c(x) = sign(w” $(x)) (1)

where ¢(x) is a nonlinear projection to a certain feature space? where the
linear classification actually takes place, and w is a vector from that feature
space that determines the separating hyperplane.

For any vector w we can define a stochastic classifier in the following
way: we choose the distribution @ = Q(w, 1) to be a spherical Gaussian with
identity covariance matrix centred on the direction given by w at a distance
u from the origin. Moreover, we can choose the prior P(c) to be a spherical
Gaussian with identity covariance matrix centred on the origin. Then, for
classifiers of the form in equation (1) performance can be bounded by

Corollary 1. (PAC-Bayes Bound for margin classifiers [4]) For all distribu-
tions D, for all § € (0,1], we have

e m+1
Prg.pm (Vw,u L KL(Qs(w, p)]|@p (W, 1)) < W) >1-4.

1 'We are considering here unbiased classifiers, i.e., with b = 0.
2 This projection is induced by a kernel (-) satisfying x(x,y) = (¢(x), d(y))
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It can be shown (see [4]) that

Qs(w,p) = Ep[F(uy(x,9))] (2)

where E,, is the average over the m training examples, v(x,y) is the nor-
malised margin of the training patterns

 ywlo(x)
76%8) = g Nwl 3)

and F =1 — F, where F is the cumulative normal distribution

o1 e
F(z) = [ 5= 12de. (4)

Note that the SVM is a thresholded linear classifier expressed as (1) com-
puted by means of the kernel trick [3]. The generalisation error of such a clas-
sifier can be bounded by at most twice the true (stochastic) error Qp(w, u)
in Corollary 1, (see [5]);

Pr(xy)~p (sign(w” ¢ (x)) # y) < 2Qp(w, )

for all pu.
These bounds where further refined in [1] by the introduction of data
dependent priors.

Theorem 2. (Multiple Prior PAC-Bayes Bound) Let {Pj(c)}/_, be a set
of possible priors that can be selected with positive weights {7@-}3’:1 so that
Z}]:1 nj = 1. Then, for all 6 € (0,1],

vQ(e) : KL(Qs|@p) <

PT’ ~Dm Z 1 — 5
P KL(Q()]P(e))+1n 251 41n -

min; P

)

In the standard application of the bound the prior is chosen to be a
spherical Gaussian centred at the origin. We now consider learning a different
prior based on training an SVM on a subset R of the training set comprising
r training patterns and labels. In the experiments this is taken as a random
subset but for simplicity of the presentation we will assume these to be the
last r examples {X, Yr } 3,41 in the description below. With these left-out
r examples we can determine an SVM classifier, w,. and form a set of potential
priors Pj(w|w,) by centering spherical Gaussian distributions along w,., at
distances {7;} from the origin, where {n;}7_, are positive real numbers. In
such a case, we obtain
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Corollary 2. (Multiple Prior based PAC-Bayes Bound for margin classi-
fiers) Let us consider a set {P;(w|w,, Wj)}}]:1 of prior distributions of clas-
sifiers consisting in spherical Gaussian distributions with identity covariance
matriz centered on n;W,., where {n; }3]:1 are real numbers. Then, for all dis-
tributions D, for all § € (0,1], we have

Yw, it KL(Qs\r(W, 1)||Qp (W, 1)) <
Pro.pm >1—-96 (5)

o — |2
7 W — W || +1n(m7§7‘+1)+1n‘]
m-—r

i . 2
man;

3 Stretched Prior PAC-Bayes Bound

The first contribution of this paper consists in a new data dependent PAC-
Bayes Bound where not only the mean, but the covariance matrix of the
Gaussian prior can be shaped by the data distribution. Rather than take a
spherically symmetric prior distribution we choose the variance in the direc-
tion of the prior vector to be 7 > 1. As with the Prior PAC-Bayes Bound the
mean of the prior distribution is also shifted from the original in the direction
W

We introduce notation for the norms of projections for unit vector u,
Pa(v) = (u,v) and PE(v)? = |v]]? = Pa(v)®.

Theorem 3. (7-Prior PAC-Bayes Bound for linear classifiers) Let us con-
sider a prior P(w|w,.,7,n) distribution of classifiers consisting of a Gaussian
distribution centred on nw,., with identity covariance matriz in all directions
except W, in which the variance is 72. Then, for all distributions D, for all
0 € (0,1], for all posteriors (w, 1) we have that with probability greater or
equal than 1 —§

KL(Qs\r(W, 1)||@p(w, 1)) < (6)
0.5(In(72) +772 -1+ P\L‘,T (uw — nw,.)? /7% + PVJV'T (uw)?) + ln(m_g'H)

Proof. The application of the PAC-Bayes theorem follows that of [4] except
that we must recompute the KL divergence. Note that the quantity

Qs\r(W, 1) = Ep_ [F(uy(x,))] (7)

remains unchanged as the posterior distribution is still a spherical Gaussian
centred at w. Using the expression for the KL divergence between two Gaus-
sians

KL(N (o, Xo) [N (g1, Z1)) =

1 det X _ _
3 (1 (ot )+ 500+ G o) 2 = o) =)« 8)
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we obtain
KL(Q(w, )| P(w|w;,7,1)) =
Il ~\2
1 2 1 Py, (uw — nw,.) 1 2

and the result follows.

In order to apply the bound we need to consider the range of priors that
are needed to cover the data in our application. The experiments with the
Prior PAC-Bayes Bound required a range of scalings of w,. from 1 to 100. For
this we can choose 7 = 50 and 7 = 50, giving an increase in the bound over
the factor Py (puw)? directly optimised in the algorithm of

0.5(In(72) + 772 = 1+ Pl (uw — nw,)?/72 _ () +0577% 3912
m-—r - m—r “m—r

9)

4 n-Prior SVM

The good performance of the Prior PAC-Bayes bound as a means to select
good hyperparameters for SVMs reported in [1] motivates the exploration of
new classifiers that incorporate the optimisation of the bound as a design
criterion.

The Prior PAC-Bayes Bound defined the prior distribution as mixture of
Gaussians along the direction given by w,. and searched for the component in
the mixture that yielded the tightest bound. The 7-Prior PAC-Bayes Bound
presented above replaces the covering of the prior direction with a mixture
of Gaussians by a stretching of the prior along w,.. This motivates the intro-
duction of the following classifier, termed n-Prior SVM. The n-Prior SVM is
a combination of a prior classifier, w,. and a posterior one, v: w = v + nw,..
The prior w,. is determined as in the Prior PAC-Bayes framework, running
an SVM on a subset of r training patterns. The posterior part v and the
scaling of the prior n come out of the following optimisation problem:

) 1 2 m—r
min |=[|v||*+C i 10
min [2| || Zf] (10)
subject to
yi(v—i—n\TVT)Tgb(xi) >1-&i=1,...m—r (11)
E>0i=1,....m—r (12)

Since the tightness of the bound depend on the KL divergence between the
prior and posterior distribution, the proposed minimisation of the norm of v
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brings the posterior classifier w close to the prior w,.. Besides, the constraints
push towards a reduced stochastic training error on the samples used to learn
the posterior. Therefore, these two factors pursue an optimisation of the PAC-
Bayes bound.

The statistical analysis of the n-Prior SVM can be performed in two ways.
On the one hand, one could envisage making a sequence of applications of the
PAC-Bayes bound with spherical priors using the union bound and applying
the result with the nearest prior. On the other hand, the analysis can be
performed based on the 7-Prior PAC-Bayes Bound.

5 Experimental Work

This section is devoted to an experimental analysis of the bounds and algo-
rithms introduced in the paper. The comparison of the algorithms is car-
ried out on a classification preceded by model selection task using some
UCT [2] datasets: handwritten digits, waveform, pima, ringnorm and spam
filtering.

For every dataset, we prepare 10 different training/test set partitions
where 80% of the samples form the training set and the remaining 20% form
the test set. With each of the partitions we learn a classifier with Gaussian
RBF kernels preceded by a model selection. The model selection consists in
the determination of an optimal pair of hyperparameters (C, o). C is the
SVM trade-off between the maximisation of the margin and the minimisa-
tion of the number of misclassified training samples; o is the width of the
Gaussian kernel, x(x,y) = exp(—|[x — y[|?/(20?)). The best pair is sought in
a b5 x5 grid of parameters where C' € {1, 10, 100, 1000, 10000} and o € {i\/&,
%\/&, Vd, 2V/4d, 4\/&}, where d is the input space dimension. With respect
to the parameters needed by the Prior PAC-Bayes bounds, the experiments
reported in [1] suggest that J = 10 priors and leaving half of the training set
to learn the prior direction lead to reasonable results.

The results presented in the sequel correspond to the combination of
a model selection method plus a classification algorithm. Model selection
methods refer to the fitness function (usually a bound) used in the grid search
for the optimal pair of hyperparameters. The studied combinations are:

e Using the regular SVM as classifier:
PAC-SVM Regular SVM with model selection driven by the PAC-
Bayes bound of [4].
Prior-PAC Regular SVM and Multiple Prior PAC-Bayes Bound.
2FCV Regular SVM with the model selection made through two fold
cross-validation. This setting involves a computational burden similar
to the bound based ones, where half of the training data are used to
learn the prior and the other half to learn the posterior).
e Using the n-Prior SVM as classifier we have the following two configura-
tions:
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Prior-PAC-n-PSVM 7-Prior SVM and Multiple Prior PAC-Bayes Bound
considering 1 comes from a multiple prior setting of J = 50 priors
n;wy/||w|| with the n; equally spaced between 1, = 1 and 159 = 100.
This setting minimises the penalty term in the Prior PAC-Bayes
Bound as we are not actually using these priors to learn the pos-
terior.

7-PriorPAC n-PSVM 7-Prior SVM and the new 7-Prior PAC-Bayes
Bound.

The displayed values of training set bounds (PAC-Bayes and (Multiple)
Prior PAC-Bayes) are obtained according to the following setup. For each
one of the 10 partitions we train an instance of the corresponding classifier
for each position of the grid of hyperparameters and compute the bound.
For that partition we select the classifier with the minimum value of the
bound found through the whole grid and compute its test error rate. Then
we display the sample average and standard deviation of the 10 values of
the bound and of the test error. Note that proceeding this way we select a
(possibly) different pair of parameters for every partition. That is the reason
why we name this task as model selection plus classification.

Moreover, the reported values of the PAC-Bayes and the Multiple Prior
PAC-Bayes bounds correspond to the mean of the true error over the distri-
bution of classifiers @ p. The real true error cp could then bounded by twice
this value assuming a Gaussian distribution of variance equal to one.

Table 1 displays values of the bounds for the studied configurations of
bound plus classifier. Notice that most of the configurations involving the new
bounds achieve a significant cut in the value of the PAC-Bayes Bound, which
indicates that learning the prior distribution helps to improve the PAC-Bayes
bound. The tightest values of the bound correspond to the n-Prior SVM, it
was expected since this algorithm aims at optimising the bound as well as
at reducing the classification error. However, for the explored datasets and
range of hyperparameters, the tightness of the bound presented in this paper
acting on the n-Prior SVM is very close to the Multiple Prior PAC Bayes
Bound one.

Table 1 also displays the test error rates averaged over the 10 partitions
plus the sample standard deviation. The results illustrate that although cross-
validation seems to be the safest model selection option, the PAC-Bayes
bounds are catching up. It is remarkable how the n-Prior SVM achieves a
fairly good trade-off between good model selection (reduced test error) and
tightness of the generalisation error prediction (low bound).

6 Concluding remarks

We have presented a new bound (the 7 Prior PAC-Bayes Bound) on the
performance of SVMs based on the estimation of a Gaussian prior with an
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Classifier
SVM nPrior SVM
Problem 2FCV [ PAC [PrPAC |PrPAC[r-PrPAC
digits [Bound| — ] 0.175 | 0.107 [ 0.050 | 0.047

- £ 0.001|=£ 0.004|+£ 0.006| £ 0.006
CE | 0.007 | 0.007 | 0.014 | 0.010 | 0.009
£ 0.003|£ 0.002|+£ 0.003|% 0.005| + 0.004

waveform|Bound| - 0.203 | 0.185 | 0.178 | 0.176
— |+ 0.001|% 0.005|% 0.005| £+ 0.005
CE | 0.090 | 0.084 | 0.088 | 0.087 | 0.086
=+ 0.008|£ 0.007|£ 0.007|£ 0.006| £ 0.006

pima |Bound - 0.424 | 0.420 | 0.428 0.416
- 4+ 0.003|+ 0.015|£ 0.018| £ 0.020
CE | 0.244 | 0.229 | 0.229 | 0.233 | 0.233
+ 0.025|£ 0.027|+£ 0.026|% 0.027| + 0.028
ringnorm |Bound - 0.203 | 0.110 | 0.053 0.050
- =+ 0.000|£ 0.004|+£ 0.004| £ 0.004
CE | 0.016 | 0.018 | 0.018 | 0.016 | 0.016
+ 0.003|£ 0.003|+£ 0.003|% 0.003| + 0.003
spam |Bound - 0.254 | 0.198 | 0.186 0.178
- + 0.001|+£ 0.006(+ 0.008| £+ 0.008
CE | 0.066 | 0.067 | 0.077 | 0.070 | 0.072
+ 0.006|£ 0.007|+£ 0.011|% 0.009| + 0.010

Table 1. Values of the bounds and Test Classification Error Rates (CE) for various
settings.

stretched covariance matrix of the distribution of classifiers given a particular
dataset, and the use of this prior in the PAC-Bayes generalisation bound.

The new bound has motivated the development of a classification al-
gorithm (np—Prior SVM), that automatically determines the position of the
mean of the prior as part of the optimisation. Empirical results show that the
statistical analysis of this new algorithms yields tighter values of the Multiple
Prior PAC-Bayes Bound, even when compared to this bound applied to a reg-
ular SVM. Moreover, if we use the bounds to guide the model selection (we
select the values of C' and o that yield a minimum value of the bound), the
new algorithms combined with the bound arrive at better models in terms of
classification error that the original SVM and PAC-Bayes Bound. In fact, the
performance of the Multiple Prior PAC-Bayes Bound model selection plus
n—Prior SVM is comparable to that of a regular SVM using cross-validation
for model selection.

The work presented in this paper is being continued in two main di-
rections. On the one hand, we are studying new structures for the prior
along the lines of the bound of equation (6), based on multivariate Gaussian
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distributions with more sophisticate covariance matrices that help tighten
the bounds. On the other hand, we are envisaging the implementation of a
meta-classifier consisting in a series of prior and posterior classifiers within a
dynamic programming framework. This second line of research aims at the
application of these ideas in incremental learning scenarios.
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