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Abstract

Proportionate adaptive filters, such as those based on the improved proportionate normalized least-

mean-square (IPNLMS) algorithm, have been proposed for echo cancellation as an interesting alternative

to the normalized least-mean-square (NLMS) filter. Proportionate schemes offer improved performance

when the echo path is sparse, but are still subject to some compromises regarding their convergence

properties and steady-state error. In this paper, we study how combination schemes, where the outputs

of two independent adaptive filters are adaptively mixed together, can be used to increase IPNLMS

robustness to channels with different degrees of sparsity,as well as to alleviate the rate of convergence

vs steady-state misadjustment tradeoff imposed by the selection of the step size. We also introduce a

new block-based combination scheme which is specifically designed to further exploit the characteristics

of the IPNLMS filter. The advantages of these combined filtersare justified theoretically and illustrated

in several echo cancellation scenarios.
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I. I NTRODUCTION

Adaptive echo cancellation, both acoustic and electrical, is a key component of modern communication

networks. The overall echo cancellation process is illustrated in Fig. 1. The echo is produced when the

far-end signal activates a (possibly time-varying) echo path,wo(n). This echo signal is superimposed

upon the near-end signal,s(n), which is possibly contaminated by additive noisee0(n). The goal of an

echo canceler is to produce a replicay(n) of the echo signal which can be used to remove the echo before

the signal is delivered to the far-end.

In this paper, we are interested in modeling sparse or quasi-sparse echochannels, in which only a

small fraction of the weights of the impulse responsewo(n) are significantly different from zero (the

so-called active coefficients). Such echo paths are typically encountered in acoustic and network echo

cancellation [1], [2], including also internet telephony [3], [4], whereecho-path impulse responses are

of short duration, but present unknown delays. Therefore, it becomes necessary to use echo cancelers

with a long memory, which can be implemented with adaptive filters with hundreds oreven thousands

of weights, of which only a few will significantly differ from zero after convergence. Following [4], we

define the degree of sparsity of a channel as a qualitative measure ranging from strongly dispersive (when

most of the coefficients ofwo(n) are active) to strongly sparse. The degree of sparsity of a particular echo

path is typically not known beforehand, and it can even be time-varying. For this reason, it is desirable to

develop schemes that show robust performance to different levels of sparseness in the echo channel.

It is a well-known fact that adaptive schemes which distribute the adaptationenergy equally among all

filter coefficients, such as least-mean-square (LMS) and normalized LMS(NLMS), exhibit a very slow

convergence for filters with many taps [5], [6], what makes the applicationof such schemes unpractical

for sparse echo cancellation. To alleviate this problem in acoustic echo cancellation applications, Makino

et al. [7] introduced the exponentially-weighted step size NLMS (ES-NLMS), which assigns a different

adaptation speed to each coefficient of the echo canceler:

wm(n + 1) = wm(n) + µm

e(n)

δ + xT (n)x(n)
xm(n), m = 1, . . . , M, (1)

whereM is the filter length,wm(n) andxm(n) are themth components of the filter weights and the input

regressor at timen, w(n) andx(n), respectively, ande(n) = d(n)−y(n) is the error incurred by the filter,

d(n) being the desired response andy(n) = w
T (n)x(n) the filter output. Parameterδ is a small constant

which prevents division by0. In the ES-NLMS algorithm, step sizes{µm}M
m=1 decay exponentially with

m, following the typical profile of most acoustic echo paths, so that the most active coefficients receive
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Fig. 1. Block diagram for an adaptive echo cancellation configuration.

faster adaptation. The effective application of this adaptive scheme requires, therefore, some knowledge

regarding the bulk delay and weight-decay constant, which is normally not available.

Inspired by the same working principles, the proportionate NLMS algorithm (PNLMS) [8] makes the

adaptation step for each tap proportional to the current absolute value ofthe estimated weight, i.e,

wm(n + 1) = wm(n) + µm(n)
e(n)

δ + xT (n)x(n)
xm(n), m = 1, . . . , M, (2)

whereµm(n) ∝ |wm(n)|. Therefore, the PNLMS algorithm tries to accelerate the convergence ofthe

filter by adapting faster the weights corresponding to the active region of the sparse echo path. The

advantage of PNLMS over ES-NLMS is that it does not assume any othera priori knowledge about the

echo channel but its sparsity.

Following the introduction of the PNLMS filter, several other approaches have focused on improving

different aspects of this scheme. On the one hand, it is found that, after avery fast initial response,

PNLMS convergence slows down, something that can be corrected by a more adequate selection of the

adaptation energy for each tap [9], [10]. On the other hand, PNLMS behavior degrades significantly

when identifying not-so-sparse echo channels. To obtain schemes robust to the presence of channels with

different degrees of sparseness, one can switch between PNLMS and NLMS [11], [12].

Another scheme which tries to improve the robustness of PNLMS to dispersive channels is the so-

called improved PNLMS algorithm (IPNLMS) [13], to which we will devote ourattention in this paper.

The coefficients of an IPNLMS filter are adapted according to

wm(n + 1) = wm(n) + µm(n)e(n)xm(n), m = 1, . . . , M, (3)

µm(n) =
µ gm(n)

δ +
∑M

k=1 gk(n)x2
k(n)

, (4)
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whereµ is the step size of the filter. The gain for each weight,gm(n), is calculated using

gm(n) = (1 − κ)
1

2M
+ (1 + κ)

|wm(n)|

ǫ + 2‖w(n)‖1
, (5)

whereǫ is a small positive constant,‖w(n)‖1 =
∑

k |wk(n)|, andκ is a constant between−1 and 1,

which establishes a tradeoff between the standard NLMS filter (κ = −1) and basic PNLMS (κ = 1).

From (4) and (5), it is evident that the step size associated to each coefficient increases with the absolute

value of that coefficient. Consequently, like in the PNLMS case, IPNLMS spends more energy adapting

the active coefficients, thus converging faster than NLMS.

For completeness, we should also mention here the EG± algorithm [14] as another filter which, by

using exponentiated gradient adaptation, weights unevenly the adaptation of the different taps. Neverthe-

less, it has been theoretically justified [15], [4] that IPNLMS is a very good approximation of the EG±

filter, while being more convenient from a practical point of view.

In spite of IPNLMS generally achieving faster convergence than NLMS,the selection of its parameters

µ andκ must consider the following compromises:

1) As any other gradient-based adaptive filter, IPNLMS is subject to a speed vs precision tradeoff, i.e.,

a large step size results in faster convergence, while the residual misadjustment is reduced for small

µ.

2) Parameterκ imposes a behavior tradeoff for channels with different degrees of sparsity [13]. For

strongly sparse channels the fastest convergence is obtained by the PNLMS filter (κ = 1), but such

a selection leads to suboptimal performance for not-so-sparse channels. Therefore, the best value

of κ for a given scenario depends on the actual degree of sparsity of the echo channel.

The adaptive combination of adaptive filters has proved to be an effective approach to improve the

performance of adaptive schemes and to simplify their use. The basic idea of the algorithms in [16], [17]

is to combine adaptive filters with different settings, so that the combination behaves, at each iteration, as

the best component filter (or even better than any of them [18]). Since their introduction, these schemes

have been used in several areas of adaptive signal processing, including blind equalization [19], and signal

characterization [20], among others.

Although the combination scheme of [16] was originally proposed to improve thespeed vs precision

tradeoff, in [21] we presented some preliminary experimental results showing that it can also be applied

to very efficiently increase the robustness of IPNLMS filters to channels with different degrees of sparsity.

In this paper, we further study the performance of convex combinations of two IPNLMS filters, extending

our previous contribution [21] in several ways. We introduce a novel block-based combination scheme
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which is specifically designed to get the most out of adaptive filters with proportionate adaptation. We

present also a performance analysis of our echo cancellation schemes,showing that the combination of

filters incurs in a lower steady-state error than any of its IPNLMS components.

The overall structure of the paper is as follows: Next section briefly reviews the basic algorithm of

[16] for combining two adaptive filters, and explains how it can be usefulto boost the performance

of IPNLMS filters. Section III introduces the novel block-based combination scheme for adaptive filters.

Experimental evidence on the advantages of both the basic and block-based combination schemes is given

in Section IV, while some theoretical insight about their working principles is provided in the Appendix.

Section V summarizes the main conclusions of this work.

II. A DAPTIVE COMBINATION OF IPNLMS FILTERS

The configuration of the adaptive combination scheme of two adaptive filterspresented in [16] is illus-

trated in Fig. 2. To get a good performance from the combination, both component filters,w1 andw2, are

independently adapted, using their own rules and settings. The overall filter output,y(n), is calculated as

a convex combination of the outputs of the two component filters,yi(n), i = 1, 2:

y(n) = λ(n)y1(n) + [1 − λ(n)]y2(n), (6)

whereλ(n) is a mixing parameter which is kept in the range[0, 1] by defining it as the output of a sigmoid

activation function,

λ(n) = sgm[a(n)] =
1

1 + e−a(n)
. (7)

At each iteration step,a(n) will be adapted as described below, and thenλ(n) will be obtained from

(7). Since the relation betweena(n) andλ(n) is one to one, we will indistinctly refer to them as mixing

parameters.

If the mixing parameter is appropriately adapted, the combination will keep the best characteristics of

each component. Following [16],a(n) can be adapted to minimize the square error of the overall filter

according to the following stochastic gradient descent rule:

a(n + 1) = a(n) − µa

∂e2(n)

∂a(n)

= a(n) + µae(n)[y1(n) − y2(n)]λ(n)[1 − λ(n)],

(8)

µa being a step-size parameter for the adaptation ofa(n). For practical reasons,a(n) is kept within

[−4, 4], so that its adaptation does not stop because of factorλ(n)[1 − λ(n)] in (8) being too close to 0

(for more details on this truncation procedure, please refer to [18]).
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Fig. 2. Adaptive combination of two adaptive filters. Each component is adapted according to its own rules and error, while

the mixing parameter,λ(n), is updated to minimize the overall error.

The steady-state performance of the combination scheme we have just reviewed has been theoretically

analyzed in [18], showing that it enjoysuniversal capabilitieswith respect to the component filters. In

other words, the combination performs at least as well as the best component filter and, under certain

conditions, better than any of them (and, in this case, we say that the schemeperformance isbetter-

than-universal). Note that this result holds independently of the kind of adaptive filters used for the

combination. Thebetter-than-universalbehavior can be explained from a reduction in the variance of

the error of the overall filter, provided that the cross-correlation between the component filters errors is

sufficiently small [18]. In Section IV and in the Appendix we will show that such a situation is observed

for the particular case of a combination of IPNLMS adaptive filters.

The adaptive combination scheme can be used to improve the convergence rate vs misadjustment trade-

off of IPNLMS filters, as well as their robustness to echo paths with different degrees of sparsity. To do

so, we propose to combine two IPNLMS filters, selecting their parameters,{µ1, κ1} and{µ2, κ2}, in one

of the following ways:

a) µ1 > µ2 andκ1 = κ2: This configuration is intended to keep the faster convergence of the filter

with step sizeµ1, while achieving the lower steady-state error of the filter with small step size; thus

the overall convergence rate vs steady-state performance tradeoff isimproved.

b) µ1 = µ2, κ1 < 0, κ2 ≈ 1: With this selection, the combined filter shows improved convergence and

robustness against channels with different degrees of sparsity, i.e., the combination retains the faster
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initial convergence of PNLMS for very sparse channels1, while behaving as an IPNLMS withκ1 in

a later stage of the adaptation, when PNLMS convergence is known to slow-down. The filter with

κ1 provides also robustness against channels with a low degree of sparsity.

Switching between the PNLMS and the NLMS algorithms, which can be seen close in spirit to the

second configuration proposed above, has already been explored in[11], [12]. The present combination

of IPNLMS filters can be seen as a more flexible approach in the sense that,rather than using a hard

commutation between both adaptation schemes, it uses a soft combination of two component filters which

are adapted in parallel, and which can be different in any form. We will seein the experiments section

that, by doing so, not only a faster convergence is achieved, but in manysituations it is also possible to

get a lower identification error than from any of the components alone.

III. B LOCK-BASED COMBINATION SCHEME

The combination scheme we have just presented can alternatively be considered as a filter with weights

w(n) = λ(n)w1(n) + [1 − λ(n)]w2(n), (9)

so that the same mixing parameter is used for all weights. However, when combining IPNLMS filters it

may be preferable to use a different mixing parameter for each coefficient.

To illustrate this, let us consider the combination of an NLMS and a PNLMS filters(i.e., κ1 = −1

andκ2 = 1). In the Appendix, we will carry out a steady-state analysis of the IPNLMS algorithm,

where we show that the contribution of each tap-weight to the steady-state misalignment of the filter is

approximately proportional to

Ψm(∞) =
ḡm

2 − µḡm

, (10)

which is an increasing function of the adaptation gains corresponding to theoptimum weight vector [see

(5)], i.e.,

ḡm = (1 − κ)
1

2M
+ (1 + κ)

|wo,m|

2‖wo‖1
, (11)

wherewo,m is themth component ofwo, and where we are assumming a vanishingly smallǫ.

Figure 3 representsΨm(∞) for the different coefficients of an NLMS and a PNLMS filters, when both

algorithms are used to identify the echo-path impulse response of a hybrid sampled at a rate of 8 kHz.

The length and step size used for both filters areM = 512 andµ = 0.5, respectively. From Fig. 3 it

can be seen that the contribution of filters weights to the residual gradient noise is very different for both

1Note that, forκ2 ≈ 1, the second filter behaves approximately as a PNLMS filter [13].
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Fig. 3. Contribution to steady-state gradient noise of the different coefficients of an NLMS and a PNLMS filters (κ = −1 and

κ = 1, respectively) withM = 512 andµ = 0.5. The upper panel represents the impulse response of the echo path identified

by both adaptive schemes.

algorithms. For the NLMS filter, all taps are assigned the same adaptation gain [gm(n) = 1/M, ∀m]

and, consequently, they contribute evenly to the steady-state error of thefilter. On the contrary, active

coefficients concentrate most of the adaptation energy of the PNLMS filter,therefore, the estimation

provided by PNLMS of such active weights is affected by a large amount of gradient noise (note the log

scale in the vertical axis) [4].

In the light of this result, we can conclude that a filter that combines the estimationof active coefficients

from the NLMS filter with that of non-active ones provided by PNLMS, would incur in a lower steady-

state misadjustment than any of the original filters.

This idea has already been exploited in [3], [4], where the authors proposed a modification of the

IPNLMS algorithm that explicitly classifies the filter weights into active and non-active using a threshold

value. Here, we propose to extend the principles of the adaptive convexcombination approach, and mix

together the coefficients of the two component filters using different mixing coefficients for the different

weights. In contrast to the improved IPNLMS (IIPNLMS) algorithm of [4],our approach does not require

to explicitly distinguish between active and non-active coefficients, but instead relies on the minimization

of the quadratic error to decide how to better combine every pair of coefficients, allowing soft mixtures,

if necessary.
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Rather than using a different mixing parameter for each weight, as it was done in [17], the local struc-

ture of typical echo channels suggests using only one parameter for each group of adjacent coefficients.

By doing so, we can significantly reduce the computational complexity of the combination. Then, if

we considerL blocks, each one consisting ofMb = M/L coefficients, the output of the block-based

combination scheme will be:

y(n) =
L

∑

l=1

∑

m∈Il

λl(n)wm,1(n)xm(n) + [1 − λl(n)]wm,2(n)xm(n), (12)

whereλl(n) is the mixing parameter associated to thelth block,wm,1(n) andwm,2(n) refer to themth

taps of each of the component filters weights, andIl = [(l−1)Mb +1, . . . , l ·Mb] indexes the coefficients

belonging to thelth block.

Adaptation of theL mixing parameters can be carried out in a similar way to the adaptation of the

mixing parameter of the standard combination. If we defineλl(n) = sgm[al(n)], l = 1, . . . , L, the

minimization of the overall square error using stochastic gradient descentleads to:

al(n + 1) = al(n) − µa

∂e2(n)

∂al(n)

= al(n) + µae(n)λl(n)[1 − λl(n)]
∑

m∈Il

[wm,1(n) − wm,2(n)]xm(n),
(13)

for l = 1, . . . , L, where, again,al(n) should be restricted to interval[−4, 4].

The computational complexity of the proposed combination is roughly twice that of the basic IPNLMS

(for the two IPNLMS filters running in parallel). The additional number of multiplications that are re-

quired for calculating the overall output and adapting the mixing parameters is6L (with L ≪ M nor-

mally, andL = 1 for the scheme of Section II), which is usually much smaller than the number of

products required by the adaptation of the components. If necessary, the computational cost could be

significantly reduced introducing selective-tap updates for the component filters [4], [22]-[24].

IV. EXPERIMENTS

In this section, we evaluate the ability of both the standard and the block-based combination schemes

to improve the performance of IPNLMS using echo cancellation scenarios similar to those encountered

in, e.g., [3], [4], [12], [13]. Different echo paths will be used, all with lengthM = 512 and an attenuation

of 10 dB. The far-end signal,x(n), from which input regressors are taken asx(n) = [x(n), x(n −

1), . . . , x(n − M + 1)]T , is random noise with zero mean and variance1. For our experiments, we

will consider both white Gaussian noise (WGN) input, and a case in whichx(n) is USASI noise with a
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speech-like spectrum [25]2. The output added noise,e0(n), is also a white Gaussian noise, whose power

is set to get an SNR of 20 dB in the reference signal. We assume that no near-end signal is present

(i.e., s(n) = 0), since the adaptation of echo cancelers is usually halted when double-talksituations are

detected [26].

Adaptive filters weights have been initialized with the zero vector. Parameter settings for the IPNLMS

component filters areǫ = 10−6 and δ = 0, while differentµ andκ values are used to illustrate the

different benefits of the combination. The initial value of the mixing parameter isa(0) = 0 (for which

λ(0) = 0.5), while the step size for its adaptation has been fixed toµa = 100 in all cases.

For comparison purposes, we will consider the excess mean-square error (EMSE), EMSE(n) = E{[e(n)−

e0(n)]2}, estimated using an average of 1000 runs of the algorithms.

A. Improving the convergence speed vs steady-state misadjustment tradeoff

We illustrate here how the convex combination scheme can be exploited, in a very easy and efficient

way, to improve the speed of convergence vs steady-state performancecompromise of IPNLMS filters.

The problem of controlling the learning rate of echo cancelers has also been addressed in [27], [28].

For this first set of experiments we have combined two IPNLMS filters withκ1 = κ2 = −0.5, as

recommended in [13], using a different step size for each component:µ1 = 1 andµ2 = 0.1. The real

echo path used in this subsection is the channel whose impulse response was depicted in Fig. 3, upper

panel3. To study the ability of the algorithm to reconverge, a change in the echo pathis simulated after a

number of steps (see Fig. 4) by circularly shifting all coefficients 50 positions to the right.

Fig. 4(a) illustrates filter performance for WGN input. EMSE evolution is displayed for both com-

ponent filters, as well as for their combination using the algorithm in Section II, to which we will refer

hereafter as combined IPNLMS (CIPNLMS). We can see that theµ1 IPNLMS filter shows faster conver-

gence, both initially and after the change in the echo path. The filter withµ2 presents slower convergence,

but it achieves a steady-state EMSE more than 10 dB smaller. As expected, the CIPNLMS filter is able

to put together fast convergence and reduced steady-state misadjustment. In addition to this, we can

check that CIPNLMS is able to simultaneously outperform both components atsome iterations during

the convergence.

In Fig. 4(b) we illustrate the performance achieved forx(n) being USASI noise. The presence of a

2USASI noise was generated using the VOICEBOX toolbox for MATLAB (http://www.ee.ic.ac.uk/hp/staff/

dmb/voicebox/voicebox.html).
3This echo channel has been previously used in [13], [26].
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Fig. 4. Mean-square performance of two IPNLMS filters with differentstep sizes, and of their adaptive combination

(CIPNLMS). A change in the real echo path is simulated after30000 and100000 steps (for the upper and lower subfigures) by

circularly shifting all coefficients 50 positions to the right. (a)x(n) is white Gaussian noise. (b)x(n) is USASI noise with a

speech-like spectrum.

colored input causes a slower convergence of the component IPNLMSfilters (note the scaling of the time

axis) and, therefore, of their combination. Apart from this, the results shown in Fig. 4(b) can be discussed

in very similar terms to the case of white Gaussian input.

B. Improving the robustness to channels with different degrees of sparsity

Next, we would like to illustrate how the CIPNLMS algorithm can be exploited to improve the ro-

bustness of IPNLMS to channels with different degrees of sparsity, even when the number of active

coefficients changes during the simulation. To do so, we have generated asynthetic channel with 256

active coefficients taken from a random Gaussian distribution, and scaled to introduce 10 dB channel

attenuation. In the second part of the simulation the echo path commutes to a different channel with only
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16 active coefficients. These two artificial echo paths, which have beenrepresented in Fig. 5, will be

referred as the dispersive and the strongly sparse echo channels, respectively.

As it was explained at the end of Section II, the adaptive combination approach can be used to improve

IPNLMS robustness to channels with different degrees of sparsity by selectingµ1 = µ2, κ1 < 0, and

κ2 ≈ 1. Consequently, in this subsection, step sizes are adjusted toµ1 = µ2 = 0.5; as for parameterκ,

we have selectedκ1 = −0.5 andκ2 = 0.9, so that the first filter provides good convergence properties

when the echo path is not very sparse, while the second component behaves similarly to a PNLMS filter,

thus improving convergence for very sparse channels. These are reasonable settings when the degree of

sparsity is not known beforehand.

Fig. 6 shows CIPNLMS performance both for WGN and USASI inputs, andillustrate that the com-

bination scheme keeps again the best characteristics of each component. For whitex(n) (Fig. 6(a)), the

second (PNLMS) component fails at achieving a right convergence during the first part of the simulation,

when the channel is not very sparse. However, CIPNLMS remains robust to this situation by following

the first filter. After the changes atn = 15000 andn = 50000 (for the white and colored input signals,

respectively), the echo path becomes very sparse, and the second component exhibits a very fast conver-

gence, which is also inherited by the combination. Then, we can conclude that the combination filter is

robust to channels with different degrees of sparsity, in the sense thatit achieves the very fast convergence

of PNLMS if possible (i.e., for very sparse echo paths), while remaining robust to channels with wider

active regions.

It is also interesting to notice that the steady-state EMSE of CIPNLMS can be simultaneusly smaller

than those of both components, something which is specially clear during the last iterations in Fig. 6(a).

This better-than-universalsteady-state behavior is a side advantage of the combination approach, and

will be theoretically justified with the analysis carried out in the Appendix.

For comparison purposes, we have also studied the behavior in this scenario of the sparseness-controlled

IPNLMS (SC-IPNLMS) filter of [29]. This algorithm is based on a sparseness measure [29, Eq. (12)]

which is exploited to directly control the contribution of the NLMS and proportionate terms to the gain

factors of an IPLMS scheme (see (5)). SC-IPNLMS parameter settings are µSC = 0.5 andα = −0.5.

The adjustment forα is slightly different from that used in [29] (α = −0.75). Usingα = −0.5 allows

a more appropriate comparison with CIPNLMS (this parameter is equivalent toκ in this paper) and, in

fact, provides some minor performance gains in the scenarios we have studied.

Fig. 7 compares the performance of the CIPNLMS and SC-IPNLMS schemes. During the first part
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Fig. 5. Impulse response of two artificially generated echo channels, thefirst being a dispersive channel with 256 active

coefficients, and the second being strongly sparse, with only 16 active coefficients.

0 0.5 1 1.5 2 2.5 3
x 10

4

−40

−30

−20

−10

E
M

S
E

 [d
B

]

n

 

 

µ
1
 = .5, κ

1
 = −0.5

µ
2
 = .5, κ

2
 = .9

CIPNLMS

(a)

0 2 4 6 8 10
x 10

4

−35

−30

−25

−20

−15

−10

E
M

S
E

 [d
B

]

n

 

 

µ
1
 = .5, κ

1
 = −0.5

µ
2
 = .5, κ

2
 = .9

CIPNLMS

(b)

Fig. 6. Performance of the combination scheme when combining IPNLMSfilters with the same step size and differentκ. The

echo path has initially 256 active weights, while only 16 non-zero coefficients are present after the plant change. (a)x(n) is

WGN. (b)x(n) is USASI noise.
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Fig. 7. EMSE evolution for CIPNLMS (µ1 = µ2 = 0.5, κ1 = −0.5, κ2 = 0.9, andµa = 100) and SC-IPNLMS (algorithm

from [29], µSC = 0.5 andα = −0.5). The echo path has initially 256 active weights, while only 16 non-zero coefficients are

present after the plant change. (a)x(n) is WGN. (b)x(n) is USASI noise.

of the experiment, when the echo path has 256 active coefficients, both algorithms show very similar

behaviors, remaining robust to this dispersive channel. Following the change in the echo channel, how-

ever, CIPNLMS exhibits a faster convergence than SC-IPNLMS, both for white and colored input signals,

Thus, we can conclude that CIPNLMS is able to better exploit the advantages of proportionate adapta-

tion in the presence of strongly sparse echo paths, a behavior inherited from its second component (with

κ2 = 0.9).

C. Hierarchical combination of IPNLMS filters

In the two previous subsections we have illustrated that the adaptive combination of two adaptive

filters can be used to improve two different aspects of the IPNLMS algorithm;now, we explain how the

combination approach can be exploited to build an iterated architecture with the goal of simultaneously
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Fig. 8. EMSE evolution for WGN input of a hierarchical combination with four IPNLMS filters with different settings. The

echo path has initially 256 active weights, while only 16 non-zero coefficients are present after the change.

improving the convergence vs residual error tradeoff and the robustness to channels with different degrees

of sparseness. The basic idea of the proposed hierarchical two-layer combination is to combine four

IPNLMS filters. In the first level, we combine filters with the sameκ and different step sizes, whereas in

the second level we combine the outputs of the filters resulting from first-level combinations.

EMSE evolution for such a hierarchical scheme has been depicted in Fig. 8for white input. As be-

fore, the dispersive echo channel is used initially, and an abrupt change is simulated by commuting to the

strongly sparse channel at step60000. Parameter settings for the four component filters are shown in the

legend of the figure. During the first part of the experiment, IPNLMS components withκ = 0.9 (thus,

behaving like PNLMS filters) perform poorly, and the hierarchical scheme behaves like a convex combi-

nation of two NLMS filters with large and small step sizes. In the second half ofthe simulation, when

the echo path is strongly sparse, the situation reverses: PNLMS-like components are the best performing

among the four component filters, and the hierarchical scheme inherits theirsuperior convergence.

Obviously, the cost we pay for using four component filters in parallel is an increased computational

complexity, which is roughly twice that of the CIPNLMS scheme. As noted in Section III, the compu-

tation requirements of these schemes can be reduced by using selective-tap updates for the component

filters.
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D. Block-based combination of IPNLMS filters

Next, we illustrate the performance of the block-based combination of IPNLMS filters (B-CIPNLMS)

presented in Section III. As already explained, apart from offering robustness to channels with different

degrees of sparsity, this combination scheme is specially designed to reducethe overall EMSE when

the combined IPNLMS filters have different values ofκ. Therefore, we have selectedµ1 = µ2 = 0.5,

κ1 = −1 andκ2 = 0.9, so that we can roughly interpret the combination as a mixture of an NLMS anda

PNLMS filters. Simulations have been carried out usingL = 16 blocks ofMb = 32 coefficients each.

Simulation results using the real echo channel (see Fig. 3, upper panel) are presented in Fig. 9 for

WGN input. As in Subsection IV-A, an abrupt change in the echo path is simulated by circularly shifting

all coefficients 50 positions to the right. In the upper panel the evolutions ofthe EMSEs of both the

component filters and the overall combination are depicted, showing that theblock-based combination

achieves a better convergence than any of the components, while reducing, as expected, their steady-state

EMSE.

This steady-state EMSE decrement can be explained from the evolution of some of the mixing param-

eters shown in the lower panel of Fig. 9. For instance,λ2(n) is associated to a block which includes

some active coefficients during the first part of the simulation. As a consequence, it initially gets close to

0, following the fast convergence of PNLMS, and, after a while, it increases towards 1, to benefit from

the smaller gradient noise achieved by the NLMS component for the coefficients in that block. After the

change in the channel, all coefficients in the second block become inactive, which explains whyλ2(n)

goes down to zero during the second half of the experiment. Similarly, from the evolution ofλ4(n), we

can see that the fourth block corresponds to a set of coefficients whichonly become active after the abrupt

change in the channel.

Since B-CIPNLMS is designed to reduce the steady-state EMSE of the combination, it is worth study-

ing the influence of the block-sizeMb on such error. Thus, we have repeated the previous experiment

for different values ofMb. Steady-state EMSEs have been estimated by averaging the filter error during

20000 iterations after a complete convergence of the algorithm. According to the results displayed in Fig.

10, B-CIPNLMS is not very sensitive to the selection of this parameter, andreductions of about 2 dB

with respect to the steady-state EMSE of the component filters are already obtained forMb = 128. Due

to the local structure of the echo path, using smaller blocks does not offersignificant additional EMSE

reductions. On the contrary, reducing the block-size results in an increment of the number of blocks

(L = 512/Mb) and, therefore, of the computational cost of the algorithm. It is worth mentioning that
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Fig. 9. Performance of the B-CIPNLMS filter (µ1 = µ2 = 0.5, κ1 = −1 andκ2 = 0.9) when the real echo channel is used.

The input signal is WGN. The EMSEs of the IPNLMS components are also included as a reference for comparisons. The lower

plot shows the evolution of mixing coefficientsλ2(n) andλ4(n).

sometimes we have observed larger gains; for instance, when using the strongly sparse echo channel of

Fig. 5, B-CIPNLMS reduced the steady-state EMSE of the components about 7 dB. As for the speed of

convergence, we have checked that the selection ofMb has an almost neglegible effect on the convergence

of the combined filter.

We have compared the performance of B-CIPNLMS to those of SC-IPNLMS and the improved IPNLMS

(IIPNLMS) filter of [3], [4]. The working principle of the IIPNLMS filteris to explicitly classify the coef-

ficients as active or non-active, using a differentκ for the coefficients in each group. IIPNLMS introduces

several parameters and thresholds which have been adjusted as in [3].To get a fair comparison with B-

CIPNLMS, the IIPNLMS filter adapts the active and non-active coefficients withκ = −1 andκ = 0.9,

respectively. As for the SC-IPNLMS filter, we have used againµSC = 0.5 andα = −0.5.

Fig. 11 displays EMSE evolution for the three algorithms under considerationwhen using the real

echo channel, and USASI noise for the far-end signal. We can see thatB-CIPNLMS and SC-IPNLMS

have similar convergence rates, clearly outperforming IIPNLMS both initially, and after the change in

the echo path. With respect to steady-state performance, B-CIPNLMS gets a smaller misadjustment than

any of the other two echo cancelers. Further insight about the working principles of B-CIPNLMS and its
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Fig. 11. EMSE performance of B-CIPNLMS, SC-IPNLMS (algorithm from [29]), and IIPNLMS (algorithm from [3], [4]),

when the real echo channel is used and the far-end signal is USASI noise.

superior steady-state behavior will be provided by the theoretical analysis carried out in the Appendix.

E. Experiments with speech as input

To conclude the experimental evaluation of the proposed schemes for echo cancellation, in this subsec-

tion we will illustrate their performance when the input signal is a fragment of 7s of real speech, sampled

at 8 kHz. Since we are primarily interested on the robustness of the combined filtersto channels with

different degrees of sparseness, we will again use the dispersive and strongly sparse echo paths depicted

in Fig. 5, switching from the former to the latter att = 3.5 s. As before, the power of the output noise

has been selected to get an average SNR of 20 dB in the reference signal.
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Fig. 12. CIPNLMS and B-CIPNLMS cancellation performance when the far-end signal is a fragment of real speech (represented

in the upper panel). Att = 3.5 s the echo channel changes and the number of active coefficients is reduced from 256 to only 16.

The ERLE of the component IPNLMS filters (parameter settings shown in the legend) has also been represented as a reference

for comparison.

In this case, the Echo Return Loss Enhancement (ERLE) is used as the figure of merit:

ERLE(n) =
E{[d(n) − e0(n)]2}

E{[e(n) − e0(n)]2}
,

estimating both expectations from averages over 300 runs of the algorithms.

In Fig. 12 we represent the evolution of the ERLE of both combined algorithms, together with those

of their constituent filters (parameter settings are given in the legend of the figure). We can describe

CIPNLMS and B-CIPNLMS performance in very similar terms to those used for WGN and USASI input

signals. Depending on the degree of sparsity of the channel, the first orthe second IPNLMS components

achieve higher ERLEs, and both combination schemes behave, at each iteration, at least as the best

performing algorithm. These results reinforce our previous conclusionsabout the suitability of CIPNLMS

and B-CIPNLMS to build echo cancelers with fast convergence and improved robustness to channel

sparsity.
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V. CONCLUSIONS

Proportionate schemes offer better behavior than standard adaptive filters for the cancellation of sparse

echo-path impulse responses, but the selection of their parameters is subject to different compromises. In

this paper we have shown how combination schemes can help to improve the performance of proportion-

ate filters, by alleviating the speed vs precision tradeoff, as well as by increasing robustness to channels

with different degrees of sparsity. A new block-based combination has also been introduced to further re-

duce the steady-state misadjustment. The performance of such combination schemes has been illustrated

when combining IPNLMS filters with different settings, showing in all cases significant advantages over

the use of a single filter. Furthermore, a steady-state analysis is carried out in the Appendix that follows,

showing that the combination can achievebetter-than-universalperformance, i.e., it can simultaneously

outperform both component filters.

APPENDIX I

MEAN-SQUARE PERFORMANCE ANALYSIS OF THE PROPOSED ALGORITHMS

We present here some theoretical results about the proposed echo cancellation schemes; in particular

we give a theoretical justification of the improved steady-state properties ofboth the CIPNLMS and

B-CIPNLMS algorithms, and of the fact that they can outperform both component filters simultaneously.

A. Stationary data model and definitions

To carry out the analysis, we will rely on several simplifying assumptions:

A1. d(n) andx(n) satisfy a linear regression modeld(n) = w
T
o x(n) + e0(n), wherewo is an unknown

vector of lengthM , ande0(n) is a zero mean i.i.d. Gaussian noise with varianceσ2
0, independent of

x(m),∀m, n.

A2. The input signal is a white noise with zero mean and varianceσ2
x. Therefore, the autocorrelation

matrix of the input regressors isR = E{x(n)xT (n)} = σ2
xI.

A3. The step sizes of both IPNLMS filters are small enough so that we can accept that the weight vectors

follow the average statistics of the input signal.

Even though several of these assumptions might not be well-justified in practice, they have been ex-

tensively used in the adaptive filtering literature, including the theoretical study of proportionate schemes

(see, among others, [8], [9], [10], [12]), since they give good insight about the working principles of adap-

tive filters and normally lead to results that match reasonably well their actual performance. Note that
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Assumption A2 does not imply independence among regressors{x(n)}, which, in spite of being a very

common assumption for filter analysis, is very unrealistic for tapped-delay line filters in which adjacent

regressors have several common entries. Instead, the small step-size assumption A3, originally adopted

in [5], will be used here.

The following error quantities will appear in the analysis:

• Weight errors:εi(n) = wo − wi(n), i = 1, 2, for the component filters, andε(n) = wo − w(n)

for their combination.

• Filter errors: ei(n) = d(n) − yi(n) for the component filters, ande(n) = d(n) − y(n) for the

combination.

• A priori errors:ea,i(n) = ε
T
i (n)x(n) andea(n) = ε

T (n)x(n). It is easy to check that filter anda

priori errors are related viaea,i(n) = ei(n) − e0(n) andea(n) = e(n) − e0(n).

• Excess mean square errors (EMSE):Jex,i(n) = E{[ei(n) − e0(n)]2} = E{e2
a,i(n)} andJex(n) =

E{[e(n) − e0(n)]2} = E{e2
a(n)}.

• Cross-EMSE [18]:Jex,12(n) = E{ea,1(n)ea,2(n)}.

B. CIPNLMS steady-state performance

1) Universality of the adaptive combination scheme:In [18] we studied the mean-square performance

of the convex combination of two adaptive filters, showing that it enjoysuniversal capabilitiesin steady-

state, i.e., that it behaves as the best component filter or, under certain conditions, better than any of them.

To be more concrete, we found that the scheme could operate in one of the three following states:

Case 1)Jex,1(∞) ≤ Jex,12(∞) ≤ Jex,2(∞), whereJex,i(∞) andJex(∞) are the steady-state values

of the EMSE, i.e., their limiting values asn → ∞. In this case, the combination satisfies

Jex(∞) = Jex,1(∞).

Case 2)Jex,2(∞) ≤ Jex,12(∞) ≤ Jex,1(∞). Again, the combination performs like the best component

filter, with Jex(∞) = Jex,2(∞).

Case 3)Jex,12(∞) < min {Jex,1(∞), Jex,2(∞)}. In this case, the overall EMSE can be approximated

as (cf. [18, Eq. (33)])

Jex(∞) ≈ Jex,12(∞) +
[Jex,1(∞) − Jex,12(∞)][Jex,2(∞) − Jex,12(∞)]

Jex,1(∞) + Jex,2(∞) − 2Jex,12(∞)
, (14)

and it can be shown thatJex(∞) < min{Jex,1(∞), Jex,2(∞)}. Since in this situation the com-

bination outperforms both components, we say that it presents abetter-than-universalbehavior.
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This case appears when the cross-correlation between thea priori errors of the component filters

is sufficiently small, making possible a reduction of the overall filter error variance.

It is important to remark that the above result holds independently of the component filters. Among

the two possibilities for combining IPNLMS filters that were discussed in SectionII, we will focus here

in the configuration for improving IPNLMS robustness to different degrees of sparsity, for which we

will find that thebetter-than-universalbehavior is encountered. Therefore, in the following we assume

µ1 = µ2 = µ andκ1 < κ2.

2) Steady-state EMSE of the component filters:IPNLMS filters are adapted according to Eqs. (3)-(5),

that we reproduce here for convenience:

wm,i(n + 1) = wm,i(n) + µm,i(n)ei(n)xm(n), (15)

µm,i(n) =
µ gm,i(n)

δ +
∑M

k=1 gk,i(n)x2
k(n)

, (16)

gm,i(n) = (1 − κi)
1

2M
+ (1 + κi)

|wm,i(n)|

ǫ + 2‖wi(n)‖1
, (17)

for m = 1, . . . , M andi = 1, 2.

We start by replacing
∑M

k=1 gk,i(n)x2
k(n) in (16) by its expected value,σ2

x

∑M
k=1 gk,i(n), which is

a resonable approximation whenever the variance of the original sum is small. It can be shown (see

[30, Sec. 3]) that for white and Gaussian input signals this condition is satisfied if
∑M

k=1 gk,i(n) ≫
√

2
∑M

k=1 g2
k,i(n), which is normally true for impulse responseswo with several active coefficients4.

Since, for smallǫ, we have
∑M

k=1 gk,i(n) ≈ 1, we can rewrite the update equation of each of the filter

weights in the form

wm,i(n + 1) = wm,i(n) +
µ

σ2
x

gm,i(n)ei(n)xm(n), (18)

where we have assumed a vanishingly smallδ.

Next, we subtract the above expression from themth component of the optimal weight vector,wm,o.

By using alsoei(n) = ε
T
i (n)x(n) + e0(n), and after some manipulations, we arrive at

εm,i(n + 1) = εm,i(n) −
µ

σ2
x

gm,i(n)εT
i (n)x(n)xm(n) −

µ

σ2
x

gm,i(n)e0(n)xm(n), (19)

whereεm,i(n) denotes themth component ofεi(n). Assumption A3 and the Direct Averaging Method

[5] can be applied to replacex(n)xm(n) by its expected value in the above expression. For white input

4Note that gain factors are between 0 and 1, and they sum to approximately one.
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signals,E{xk(n)xm(n)} = σ2
xδkm, whereδkm is the Kronecker delta function, so that (19) simplifies to

εm,i(n + 1) = [1 − µgm,i(n)]εm,i(n) −
µ

σ2
x

gm,i(n)e0(n)xm(n). (20)

Evaluation of the EMSE from the above expression is, in general, very difficult, sincegm,i(n) is itself

a function of the filter weights. If we are only interested in steady-state performance, some useful results

can be derived assuming the final gain factors as constant and equal tothose corresponding to the optimal

solution,

ḡm,i = (1 − κi)
1

2M
+ (1 + κi)

|wm,o|

ǫ + 2‖wo‖1
. (21)

Squaring (20) and taking expectations of the resulting expression, we get

E{ε2
m,i(n + 1)} = [1 − µḡm,i]

2E{ε2
m,i(n)} +

µ2σ2
0

σ2
x

ḡ2
m,i, (22)

where we have also used the fact that, in virtue of Assumption A1,e0(n) is independent ofεi(n).

Finally, we can take the limiting value of the above expression asn → ∞. Since steady-state operation

is characterized bylimn→∞ E{ε2
m,i(n + 1)} = limn→∞ E{ε2

m,i(n)}, the expected square error of the

mth filter tap is given by

E{ε2
m,i(∞)} = lim

n→∞
E{ε2

m,i(n)} =
µσ2

0

σ2
x

Ψm,i(∞), (23)

where we have defined

Ψm,i(∞) =
ḡm,i

2 − µḡm,i

. (24)

In order to derive an expression for the EMSE of the components, we need to rely on the approximation

Jex,i(n) = E{e2
a,i(n)} ≈ E{εT

i (n)Rεi(n)} = σ2
x

M
∑

m=1

E{ε2
m,i(n)}, (25)

which is obtained by applying A3 and the Direct Averaging Method, as explained in [5]. Thus, the

steady-state EMSE of the IPNLMS filters can be estimated as

Jex,i(∞) = µσ2
0

M
∑

m=1

Ψm,i(∞). (26)

3) Steady-state cross-EMSE:We start by multiplying (20) by itself, fori = 1 andi = 2. Replacing

the gain factors by their optimal values, and taking the expectation of the result, we arrive at

E{εm,1(n + 1)εm,2(n + 1)} = [1 − µḡm,1][1 − µḡm,2]E{εm,1(n)εm,2(n)} +
µ2σ2

0

σ2
x

ḡm,1ḡm,2. (27)
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Proceeding as for the IPNLMS filters, taking the limit of this expression asn → ∞ leads to

E{εm,1(∞)εm,2(∞)} = lim
n→∞

E{εm,1(n)εm,2(n)} =
µσ2

0

σ2
x

Ψm,12(∞), (28)

with

Ψm,12(∞) =
ḡm,1ḡm,2

ḡm,1 + ḡm,2 − µḡm,1ḡm,2
. (29)

Taking into consideration that the cross-EMSE of the two filters can be approximated by

Jex,12(n) = E{ea,1(n)ea,2(n)} ≈ E{εT
i (n)Rε2(n)} = σ2

x

M
∑

m=1

E{εm,1(n)εm,2(n)}, (30)

the steady-state cross-EMSE of the two IPNLMS filters can be expressedas

Jex,12(∞) = µσ2
0

M
∑

m=1

Ψm,12(∞). (31)

4) Steady-state EMSE of the CIPNLMS filter:Using the expressions we have just derived for the

steady-state EMSE and cross-EMSE of the component filters [equations (26) and (31), respectively], the

steady-state performance of the CIPNLMS scheme can be modelled using theresults for the three cases

described in Part 1 of Subsection I-B.

We have studied the performance of a convex combination of IPNLMS filterswith fixed parameters

µ1 = µ2 = µ = 0.1 andκ1 = −1, as a function ofκ2. The rest of settings of the echo cancellation

scenario are as in the experiments section, using both the real echo channel and the artificial strongly

sparse channel. Fig. 13 plots (26), fori = 2, and (31). The real performance of the filters is also

included in the figure, by averaginge2
a,2(n) and ea,1(n)ea,2(n) for 20000 iterations after the conver-

gence of both IPNLMS filters, and over 50 independent runs. The good match between theoretical

and simulation results indicate that (26) and (31) provide reasonably goodmodels for the EMSE and

cross-EMSE of IPNLMS filters. In particular, it is important to notice that theanalysis predicts that

Jex,12(∞) < Jex,i(∞), i = 1, 2 (note that the EMSE of the first IPNLMS component can also be read

from the figure, forκ2 = −1); thus, according to the third case described in Part 1 of this subsection,

CIPNLMS should getbetter-than-universalperformance.

For the case in whichJex,12(∞) < Jex,i(∞), i = 1, 2, we can use (14) to estimate the steady-state

EMSE of the combination; the corresponding results have also been illustrated in Fig. 13. As predicted

by the analysis, CIPNLMS outperforms simultaneously both IPNLMS components for a wide range of

κ2, a conclusion that is confirmed by simulation results and explains thebetter-than-universalbehavior

previously observed in Figs. 6 and 8.
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Fig. 13. Steady-state theoretical and estimated EMSE of a CIPNLMS filter when combining two IPNLMS filters withµ = 0.1

and differentκ parameters: For the first filter,κ1 = −1 is used in all cases, depicting the result as a function of the value of

the parameter of the second filter,κ2. The cross-EMSE between the component filters, and the EMSE of the second component

have also been illustrated. (a) The echo path is the real channel depictedin Fig. 3. (b) The echo path is the artificial strongly

sparse channel of Fig. 5(b).

For larger values ofµ, the deviation between theoretical predictions and simulation results increases

(about 1 dB forµ = 0.5), as a consequence of Assumption A3 being less realistic. However, even in this

case, the analysis predicts that, as it occurs in the practice, CIPNLMS simultaneously outperforms both

its component filters. Assuming Gaussianity of the input regressors, it is possible to derive more accurate

expressions for the EMSE and cross-EMSE. However, we have preferred to omit such an assumption in

our analysis, so that our results can be applied to more general situations.

C. B-CIPNLMS steady-state performance

As explained in Section III, and suggested also by the analysis of IPNLMScarried out in the previous

subsection [see Eq. (26)], in steady-state the gradient noise introduced by each tap of the IPNLMS filter

is more significant for active coefficients. Now, we will give theoretical evidence on how the block-based

combination scheme can exploit this fact to simultaneously improve the steady stateproperties of both its

component filters.

We start from (25), which allows us to express the overall steady-state EMSE as a sum of terms associ-

ated to the different filter weights. Noting also that the B-CIPNLMS scheme can be seen as a filter whose
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weights are obtained as convex combinations of the weights of the component filters, it follows that

Jex(n) = σ2
x

M
∑

m=1

E{ε2
m(n)}

= σ2
x

L
∑

l=1

∑

m∈Il

E
{

[λl(n)εm,1(n) + [1 − λl(n)]εm,2(n)]2
}

.

(32)

For n → ∞, we can accept (see [18]) that the steady-state values of the mixing parameters are inde-

pendent of the weight errors, and the above expression can be rewritten as

Jex(∞) = σ2
x

L
∑

l=1

∑

m∈Il

λ̄2
l (∞)E{ε2

m,1(∞)} + [1 − λ̄l(∞)]2E{ε2
m,2(∞)}

+ 2λ̄l(∞)[1 − λ̄l(∞)]E{εm,1(∞)εm,2(∞)}

= µσ2
0

L
∑

l=1

∑

m∈Il

λ̄2
l (∞)Ψm,1(∞) + [1 − λ̄l(∞)]2Ψm,2(∞) + 2λ̄l(∞)[1 − λ̄l(∞)]Ψm,12(∞),

(33)

where we have defined̄λl(∞) = limn→∞ E{λl(n)}. It is clear that, for̄λl(∞) = 1, ∀l, or λ̄l(∞) = 0,

∀l, (25) is recovered, and the B-CIPNLMS filter behaves as the first or the second component filter,

respectively. By allowing different values for the mixing parameters, andby updating them with the

objective to minimize the overall square error [according to (13)], we cankeep the estimation of each

block of coefficients provided by the component filter which is incurring in asmaller quadratic error for

that particular group of weights. Therefore, B-CIPNLMS is expected toincur in a smaller steady-state

misalignment than any of the component filters.

This behavior has been illustrated in Figs. 9 and 10 for the block-based combination of an NLMS and

a PNLMS filter. From the evolution of mixing parametersλ2(n) andλ4(n), it is evident that the overall

filter is combining the steady-state estimation of the echo-path coefficients provided by both components

filters and, as a result of this, it achieves a decrement of their steady-state EMSEs.
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