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Abstract. We propose an incremental e-removal algorithm for weighted
finite-state automata. The key idea is that e-cycles are stepwise reduced
to e-loops with same source and target state. The weight of these loops
can be computed with a closure-operation which requires a complete
semiring. Contrary to other approaches, this makes it unnecessary to
approximate the contribution of e-cycles to the weight of a path in certain
(non k-closed) semirings.

1 Introduction

Many natural language processing tasks based on finite-state automata (FSA)
create results which contain a lot of e-transitions, that is, transitions which
are labeled with the identity element with respect to concatenation. These e-
transitions have to be removed due to speed and memory efficiency reasons since
they prevent further optimisations like determinisation and minimisation. This
can be the case, for instance, in translation tasks [1]. Moreover, if the finite-state
automaton is in addition weighted (see Section 2), standard e-transition removal
algorithms for unweighted automata® are no longer applicable.
An approach not based on e-closures may be called the state-bypassing technique
(cf. [3]). This approach was generalised in [4] to weighted automata. The idea in
[4] is to use a distance algorithm to compute the e-distance from every source
state g, to every state g, reachable only with e-transitions®. After that, ¢, is
bypassed by adding transitions from g, to all states g5 which are reachable from
@r with non-e-transitions. Figure 1 shows this bypassing-technique schematically.
A variation of the technique is to combine e-paths from ¢, to ¢s with non-e-
transitions from g, to ¢, (forward vs. backward removal).

The approach in [4] has a problem with e-cycles in certain semirings which
are not k-closed (for example, the probabilistic semiring). In these cases the

3 For example, the construction of e-closures (that is, sets of states which are only
reachable by e-transitions) which is a part of the algorithm for determinising un-
weighted automata [2].

4 All technical notions are defined in greater detail in the next section.



Fig. 1. e-REMOVAL SCHEME: Whenever there is an e-path from state g, to state ¢, with

’ ’
weight w, and there is a transition g, LT AN gs, add a new transition g, &/ wew, qs-

The weights of the e-path and the a-transition are multiplicatively combined.

contribution of an e-cycle can be computed only approximately (see also [5])°

We give an example in Fig. 25:

Fig. 2. PROBABILISTIC FINITE-STATE AUTOMATON WITH e-CYCLE: (a) Before e-removal,
(b) After e-removal.

The automaton in Fig. 2(a) accepts for example a single b. But what is the

probability of b7 The simplest path is gg =04, Q1 /08, g2 with probability
0.4-0.5-1.0 = 0.2. But there is a second path ¢g =/04 q1 £/05 Qo £/04

Qn b/os, g2 with probability 0.04. Since the probabilities of alternative paths are
added (see Def. 6), we have a combined probability for the two paths of 0.24.
Since there is in fact an infinite number of paths to recognize b in Fig. 2, it is
clear that every finite-number-of-steps algorithm which works in such a way that
all paths are enumerated computes the probabilities only approximately. On the

5 Two reviewers pointed out that this misrepresents Mohri’s e-removal algorithm,
since he also could have make use of an exact algorithm (for example, the
Kleene/Floyd/Warshall-algorithm [8]) in the case of non k-closed semirings. While
the latter is certainly true, we refer to the exposition in [4] where the exact algo-
rithm is briefly mentioned (p. 236), but then abandoned in favour of the potentially
approximate algorithm (p. 238). Of course, we appreciate Mehryar Mohri’s seminal
work very much.

We use the following conventions for drawing automata: the weights of transitions
and final states are stated after a forward slash (/). Final states are depicted with
double circles. The start state is indicated by an arrow.



other hand, if we would have prior knowledge about the cycle, it would be very
easy to compute b’s joint probability. It is m -0.4-0.5 = 0.25.

The approach presented here avoids the computation of the weight of an
e-cycle with more than one intermediate state completely. Instead an e-cycle is
stepwise reduced to an e-loop with same source and target state. The weight
of this loop can be computed with a closure-operation which is based on the
computation of the limit of a sequence.

After having settled the technical preliminaries in Section 2, we move in
Section 3 to the exposition of an incremental e-removal algorithm which is based
on computing weight closures in an exact way.

2 Preliminaries

Before we move to the new algorithm, some definitions are in order. Readers
familiar with the subject of semiring-weighted finite-state automata may skip
this section.

Definition 1 (Semiring). An algebraic structure K = (W, ®,®,0,1) is a
semiring [6] if it fulfills the following conditions:

1. (W, ®,0) is a commutative monoid with O as the identity element for @,
2. (W,®,1) is a monoid with 1 as the identity element for ®,
3. ® distributes over ®:
Ve,y,2e Wz (ydz)=(xQy) ® (z® z) (left distributivity)
Ve,y,2e W:(y@z2)@r=(y®z) ® (2 ®x) (right distributivity),
4. 0 is an annihilator for @: Ve €¢ W,z 0 =0® z = 0.

In the following, a semiring K is identified with its carrier set W.

Common semirings are for example the classical semiring for distance prob-
lems, the tropical semiring T = (Rf{ U {400}, min, 4+, 400, 0) for positive real
numbers and the Viterbi semiring V = ([0...1],max,-,0, 1) for probabilities.

Other semirings which are based on probabilities are the real semiring (also
called probabilistic semiring) R = (R,+,-,0,1) and its isomorphic counterpart
(under a — log-transformation), the log semiring £ = (Roo, +10g, +, 00, 0) where
THiogy = —log(277+27Y). The log semiring is often used in statistical language
processing because of its better numerical stability.

In addition to the semiring operations @ and ®, a derived operation called
closure is necessary to define the weights of cycles in weighted finite-state au-
tomata.

Definition 2 (Closure). Let K = (W, ®,®,0,1) be a semiring. The closure
a* of a € K is defined as:

af=@Pa" = 10ad®(a®a)® (a®a®a)... = 1Ga®a’>®a’...
n=0

Table 1 contains equations for computing closures in different semirings.



Semiring a”

e L ifo< 1
Real Stat=4q1@ 1 sas

n=0 00 ifa>1

e log(1 — if0 < 1
Log 2 gn = og( a) i _a.<

n=0 —o0 otherwise

o 0 ifa>0
Tropical min a" = na= ;

n=0 —oo  otherwise

Table 1. Closure in different semirings.

Definition 3 (Semiring properties [5]). Let K = (W, ®,®,0,1) be a semi-
Ting.

— K is commutative if Ve, y e K: 2 Qyu=y®y,
— K is k-closed (for a fized integer k) if

k+1

k
Ve e K @x” = @x",
n=0 n=0

— K is bounded if Vx € K : 2 ®1=1 (that is, 1 is an annihilator for &).

Intuitively, k-closedness means that the closure of a weight in IC stabilises
after k iterations and then does not change anymore. Examples for 0-closed
semirings are the class of tropical semirings (over positive reals) and the Viterbi
semiring. The real and log semirings are not bounded and not k-closed since
there is no fixed integer k such that after k iterations the sequence converges.
Note that on the other hand in bounded (that is, O-closed) semirings a* = T, for
all a € K.

The requirement that sums of an infinite number of elements are well-defined
is expressed as completeness (e.g. [7]).

Definition 4 (Complete Semiring). A semiring K is called complete if it is
possible to define sums for all families (a;|i € I) of elements in KC, where I is an
arbitrary index set, such that the following conditions are satisfied:

(Z) @ie@ a; = 6; @ie{j} a; = aj, @ie{j,k} a; = aj O ag for j #k,
(1) @je](@ielj a;) = Djer ais if UjeJ Ij =1 and I; N1y =0 for j #j',
(i11) Dier(c®@a;) =c® (Bjer ai); Dyer(ai @c) = (Dyepai) @ c.
Intuitively, completeness guarantees that the weight of each cycle in a weighted

finite-state automaton over semiring K (see below) is in K and thus well-defined.
In the following, we restrict ourselves to complete semirings.

Weighted finite-state automata are an extension of the classical unweighted
finite automata.



Definition 5 (Weighted finite-state automaton [5]).
A weighted finite-state automaton (WFSA) A over a semiring K is a 7-tuple
(XU{e},Q,q, F, E, )\ p) with

1. X, the finite input alphabet,

2. Q, the finite set of states,

3. qo € Q, the start state,

4. F C Q, the set of final states,

5. ECQx (XU{e}) x K x Q, the finite set of transitions,

6. X\ € K, the initial weight and

7. p: F — I, the final weight function mapping final states to elements in K.

We call a WFSA A e-free if it does not contain e-transitions. In that case,
we may replace X' U {e} in Def. 5 by X.

Definition 6 (Weight associated with a string [5]). Let a path m = t1ta.. .t
be a sequence of adjacent transitions’ in a WFSA A. Let II(p,x,q) for v € X*
be the set of paths from state p € Q) to state ¢ € Q such that the concatenation
of input symbols in each m € II(p,x,q) equals x. Given a transition t € E, let
w(t] denote the weight associated with t. Let w(m) the ®-multiplication of all
transition weights in a path m: w(m = tity. .. tr) = W[t1] @ W[t2] ®@ ... @ w[tg].
The weight associated with an input string x € X* wrt a WSFA A — denoted by
[x] 4 — is computed by the following equation:

bla= @ Aewm o).
w€ll(qo,z,q),
qeF

If =0, [z]a =0.

Before we move to the algorithm, some further technical notions are required.

By an e-loop we mean an e-transition with identical source and target state:

e/ w . .
p —— p. In contrast, an e-path from p to ¢ is a non-empty sequence of adjacent

e-transitions originating in p and ending in ¢. If p = ¢, we call the e-path an
e-cycle.

The e-distance Ac(p,q) is the @-sum of all weights of e-paths starting at
state p and ending in state q:

A= @ wr. (1)

n€ll(p,e,q)

3 An incremental e-removal algorithm

Algorithm 1 shows an e-removal algorithm for arbitrary WFSA over complete
semirings.

" Two transitions t; = (g, a:,ws,p:) and t; = (g;,a;,w;,p;) are called adjacent if
Pbi =4qj.



-
6 @

Fig. 3. e-LOOPS: (a) e-cycle going through gm, (b) After the e-cycle reduction.

(a) (b)

Assuming an arbitrary order over state set (), the algorithm maintains a
queue of e-transitions to be processed. It is a priority queue with an ordering
relation > defined as follows:

(p,w,q) > (P, w',q) if p=qAp'=¢d Ng>q)V (2)
(p#arp #d Ng>4q) Vv (3)
(p=qnp #q) (4)

That is, e-loops have always priority over non-e-loops (4). If two e-transitions
not forming an e-loop are compared, the one with the higher number of the
destination state is processed first (3).

The use of a priority queue ensures the termination of the algorithm by even-
tually reducing a possible present e-cycle going through ¢, (perhaps after several
steps if there are several e-transitions entering ¢,,) to an e-cycle not involving
@m and therefore only states ¢, with n < m with respect to the (arbitrary) state
ordering. Fig. 3 shows this configuration in the simplest case.

The foreach-loop (lines 1-3) in Algorithm 1 inserts all e-transitions of the
input automaton A into the queue which is processed in a while loop (lines 4—
34).

In that loop, an e-transition t. = p £l qm is removed from the queue and
also from the edge set E of A (lines 5 and 6). If ¢, constitutes an e-loop, all of
p’s outgoing transitions ¢ are modified by left-multiplying their weight w[t] with
w?, the closure of w. (lines 8-10).% If p is a final state, p’s final weight p(p) is
modified accordingly.

If t. does not constitute an e-loop (lines 14-33), two things happen:

1. Lines 15-23: for each outgoing transition ¢, = g, ﬂ qn of ¢ — whether

labeled with € or not — a transition t = p ofwedw, qn is constructed which

“bypasses” ¢, by combining ¢. and t,. If there exists already a similar tran-
sition ¢’ between p and g, the weights of ¢ and ¢’ are additively combined.
If t is on the other hand a transition not previously present, it is added to

8 Note that left-multiplication here and elsewhere is important since right multiplica-
tion would not be correct in non-commutative semirings (for example, the matrix
semiring [8]).



Algorithm 1: ELIMINATING e-TRANSITIONS.
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Input: An WFSA A= (XU {e},Q,q0, F,E,\,p)
Output: An e-free WFSA A" = (X, Q, qo, F', E', )\, p)
foreach (q,¢,w.,q') € E do
| Enqueue(queue, {q, we, q'))
end
while (queue # () do
(p, we, gm) = Dequeue(queue);
E - E \ {<p757w€7 Q7n>},
if (p = gm) then /* e-loop at state p */
foreach (p,a,w,q) € FE do /* a€ XU{e} */
| E—E\{{p,a,w,q)} U{(p,a,w ®@w,q)}
end
if (p € F) then
| p(p) — wi @ p(p)
end
else /* there are no e-loops */
foreach (qm,a,w,q,) € E do /¥ n<m,a € XU{e} */
if (Juw’ : (p,a,w’,q,) € E) then
| < B\ {(pa, w00} U{(p,a,0’ & (we @ w),qu)}
else
E— EU{(p,a,w: ®w,qn)}
if (a =€) then
| Enqueue(queue, (p,we @ w, qn))
end
end
nd
f (¢gm € F) then
if (p € F) then
| p(p) — p(p) @ (we @ p(gm))
else
F—Fu{p}
p(p) — we @ p(gm)
end

o)

end

end

end
return connect((X,Q, qo, F, E, X, p))

E. In case t is an e-transition, it is also enqueued into the queue, because it
can’t be already there.

. Lines 25-32: If the target state g¢,, of the currently processed e-transition

t. is a final state, it is certain that p will also be a final state, since g, is
reachable by p with an e-transition. If p already was a final state, we ® p(¢m)
is abstractly added to p(p).



Since some states in the original WFSA A might have been only reachable by
e-transitions, a final connection step removes these states which are no longer
connected after all e-transitions have been removed.

3.1 An example

Figure 4 shows a run of the algorithm for a small example automaton over the
real semiring, that is, a probabilistic WFSA (PFSA). The dashed transition is
the e-transition which is the current candidate for removal. The bold transitions
(in the next figure) indicate the affected transitions after removal. The example
shows how the e-cycle between states 2 and 3 is reduced to an e-loop at state 2
and then removed in the next step.

Notice that the example PFSA remains stochastic at each step of the algo-
rithm, that is, the weights of transitions leaving a certain state ¢ (plus p(q), if ¢
is a final state, add up to 1.

3.2 Correctness and complexity

Proposition 1. For each input WFSA A, Algorithm 1 terminates after a finite
number of steps.

Proof. To prove that in a finite number of steps all e-transitions are removed,
we first note that the outer while loop (lines 4-34) is executed as long as there
remain e-transitions in A.

We first associate with any automaton A the value m(.A) corresponding to
the largest number of a state in which an e-transition ends:

m(A) =max {i | ¢ € Qand 3¢ € Q,w e K : (¢',e,w,q;) € E}. (5)
Now let deg.(A) be the number of e-transitions ending in gy, (4):

deg:-(A) = |{<q,€,w,qm<A)> € E}| . (6)

Finally, let n-(A) be the total number of e-transitions in .A.

Associate with the i*" execution of the while loop (lines 4-34) a quantity v(A;) =
(m(A;), dege (A;), ne(A;)) reflecting the state of A after the execution of the loop
body.?

We show that each time the while loop is executed, the v(A;)’s will decrease
with respect to the lexiographic ordering defined upon them.!?

There are two cases to consider:

9 For example, v(Ap) in Fig. 4(a) is (3,1,4): m(Ao) = 3, deg-(Ao) = 1 and n-(Ao) = 4.
10 Given two k-tuples (z1...z%) and (y1...yx), (x1...28) < (y1...yx) iff i > 1 and
either 1 < yy or z1 = y1 and (x2...zk) < (Y2...Yk)-



Fig.4. A RUN OF THE e-REMOVAL ALGORITHM: (a) (Stochastic) PFSA A: Removal
of e-loop q1 02, g1, (b) Removal of g2 05, gs, (¢) Removal of e-loop g2 92, g2, (d)
Removal of g3 04, g2, (e) Removal of ¢o 04, g2, (f) Resulting e-free PFSA.

1. An e-transition p ﬂ p (with same source and target state) is removed
from the queue and processed in lines 7-14.

2. An e-transition p £l Gm, With p # ¢, is removed and processed in lines

15-33.



For the first case p £, p, observe that the total number of e-transitions
ne(A;—1) strictly decreases since no new e-transitions are introduced in lines
7-14. If on the one hand, p # m(A;—1) (for example, in Fig. 4(a) — 4(b)),
v(A;) < v(Ai—1), since ne(A;) < ne(A;—1) (the first two components of v(A;_1)
stay the same). On the other hand, if p = m(A;—1), v(A;) < v(A;—1) also holds,

since the removal of p Efwe, p will decrease deg.(A;—1) or m(A;_1) (for example,
in Fig. 4(c) — 4(d)).

. . .. e/we

For the second case of removing a non-looping e-transition p —— ¢,
v(A;) < v(A;—1) will also hold, since by definition of the queue discipline, g,
is the highest state with ingoing e-transitions with respect to the state order-
ing. If ¢,,, has more than one incoming e-transition (including the one to be
removed), degs (A;) < dege(Ai—1). If p AN Gm 18 the only e-transition entering
Gm, m(A;) < m(A;_1). Note that n.(A4;) > n-(A;—1) holds if ¢,, has at least
one outgoing e-transition. But this is irrelevant since we assumed a lexicographic
ordering amongth the v(A4;)’s.

Theorem 1. Given an WFSA A the result of Algorithm 1 is an e-free WFSA
B such that Vo € X*, [z] 4 = [z]5.

Proof. We show that Algorithm 1 does not change the weighted right language
of state p — the source state of the e-transition which is going to be removed.
Without loss of generality we assume that A contains only a single final state f
with p(f) = 1. Every WFSA A’ can be transformed in such a way by creating

a new trivially weighted final state f and adding new e-transitions ¢ Sleta), f
from each original final state ¢ to f and then setting F' = {f}.
Given a WFSA A = (X U{e},Q,qo, F, E, \,p) over a semiring K, define the

weighted right language of a state p as a function L,: X2* — K as follows:

vee s Iw = @ wm) @
well(p,xz,{f})

Depending on the existence of an e-loop at p, there are two cases to consider:
—

1. There is an e-loop at p with weight w, (lines 7-14): L,(x) can be defined
recursively as follows:

Vo =az' € 5%, L(z) = ( D v@L_;(x))

(p,ev,q)EE

e @ w e f;(x/)) (8)
(p,a,w,r)EE,
aF#e

& (w. @ Ly(x))
with

L) =@ Ap.a) . (9)

q€Q



That is, l_/)p(x) is decomposed into three summands: (i) the right language
IZ (z) of the states ¢; reachable with £ and weight v;, (ii) the right language
L., (z") of the states r; reachable with a-transitions (a € X, x = az’) and
weight w;, and (iii) recursively IT)p(a:) itself, weighted with w,. Note that (i)
or (i) may be 0. By substituting k& times Eq. (8) into its right-hand side and
by using distributivity, we arrive at:

((T@wg@...@w@@(( @ vohwe @ wolw)))

p,€,0,q) EE (p,a,w,r)EE,
a#e
& —
@ (wd © Lp(x))
(10)

By letting k go to oo, we can replace the factor (I ® w. @ ... ® wk) by w?
— _ _

(Definition 2) and w¥ ® L,(x) by 0, since w¥ converges to 0 with increasing

k:

wl ® <( @ U®L_;(x)) ® < @ w®L_r>(x’))) (11)
(p,e,v,q)€EE (p,a,w,r)€E
a#e
After using distributivity again to move w? into the scope of the é-operators,
eq. (11) exactly states the effect of the foreach-loop at lines 8-10 in the
algorithm.

2. The current e-transition p v, gm does not form an e—loop (lines 15-24).

Since only the e-transitions leaving p are affected by the algorithm — one

transition, namely p £lwe, qm was removed — it suffices to show that

B el = ( D v@ﬂ’(x)) ® (we® Ly, (z)) (12)
(p,e,v,q)EE (p,e,v,q")
eE\{(p,e,we,qm)}

Eq. 12 holds immediately using distributivity.

Since L—q; (x) is identical to [x] .4 for all z € X*, we conclude that Algorithm 1
does not change the weighted language of the input automaton A. a

Note that in bounded semirings w? is 1. That means that in these semirings
lines 7-14 in Algorithm 1 need not to be executed.

Moving to the complexity analysis, we assume that the cost of the three
semiring operations ®, @ and x* is cg, ¢g and c,, respectively. Since in the worst
case, every state p € @) is connected to every other state ¢ by an e-transition,
the while-loop (4-34) in Algorithm 1 is executed |Q|? times. Removing an e-
transition from the priority queue in line 5 is in O(log |@|) time. The first foreach-
loop (8-10) executes |Q| times in the worst case, while the second foreach-loop



(15-24) is in O(|Q|log |Q]). Assuming a Fibonacci heap for the priority queue —
which takes amortised O(1) time for insertion (see [9]) — this can be reduced to
O(|Q])- The other parts of the while-loop are in O(cg +cg). The final connection
step which removes non-accessible states can be performed in O(|Q| + | E|) by a
depth-first search.

Putting it all together, we conclude that the running time of Algorithm 1 is in
O(|Q12((log |Q|+ ¢« +ce)+Q|(ce+ca))), irrespective of the semiring used. This
upper bound is comparable to the one stated in [4] for the tropical semiring. If an
adjacency list representation (see [9]) is used, the algorithm can take advantage
of the possible sparsity of the automaton, since the inner foreach-loops have only
to run over the outgoing transitions of p and g,.

3.3 Enhancements

While the priority queue ensures termination of the while-loop in the presence
of e-cycles, it is clear that the e-transitions can be removed in an arbitrary
order if the underlying e-subautomaton of 4 — that is, the automaton A, which
contains only the e-transitions of A — is acyclic. This can be established in time
proportional to the size of A, using a depth-first search. In [4] is is proposed to
process the transitions of the e-subautomaton in reverse topological order when

being acyclic. By always choosing an e-transition p Elwe, Gm such that g,, does

not have outgoing e-transitions, we are able to process an e-path of length [ in
[ iterations of the while-loop.

However, as it was argued in [10], this strategy might be time and memory
consuming for automata typically arising in natural language processing (NLP).
Consider the stylised automaton in Fig. 5(a) which is following [10] a core pattern
in applications of weighted automata to NLP.

When processing the e-transitions in reverse topological order (see Fig. 5(b)),
the state-bypassing technique attaches the two non-e-transitions leaving ¢ to
state p. This is necessary since these two transitions carry the weight of p = ¢
and feed the next step. After the second e-transition is processed, the connect-
step in line 35 of Algorithm 1 will delete p (and also ¢) since p and g were only
reachable by e-transitions. If ¢ has n outgoing transitions, this means to first
create n transitions bypassing ¢ and delete them afterwards.

If, on the other hand, we process the e-transitions in forward topological
order and maintain a set of reachable states (reachable with non-¢ transitions),
initialised with o, we can prevent creating transitions for p. In Fig. 5(b), after
removal of gy — p, we create a new transition gy — ¢. When now choosing
between that one and p = ¢, the algorithm chooses the former, since p is only
reachable by €. Thus the creation of transitions at state p is entirely avoided.

A reachability constraint can be easily integrated into the priority queue
mechanism. Again, when using Fibonacci heaps, the time complexity of Algo-
rithm 1 remains the same, since the queue’s update operation — further states
may become reachable after the state-bypassing operation — is also in O(1).
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Fig. 5. e-REMOVAL IN ACYCLIC A. (a) WFSA A, (b) After e-removal in reverse topo-
logical order p = ¢,q0 = p, (c) After removal of go = p in (forward) topological
order.

4 Conclusion and further work

We presented an incremental e-removal algorithm which is exact also for non-k-
closed semirings. Future work will include the implementation of the algorithm
and also its enhancements stated in Section 3.3.
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