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Abstract

We investigate the problem of active learning on a given w&ese nodes are assigned binary
labels in an adversarial way. Inspired by recent results bifl@dy and Bilmes, we characterize
(up to constant factors) the optimal placement of querigs soinimize the mistakes made on the
non-queried nodes. Our query selection algorithm is exd¢hgeificient, and the optimal number of
mistakes on the non-queried nodes is achieved by a simplefficieént mincut classifier. Through
a simple modification of the query selection algorithm weoahow optimality (up to constant
factors) with respect to the trade-off between number ofigeeand number of mistakes on non-
queried nodes. By using spanning trees, our algorithms eafficiently applied to general graphs,
although the problem of finding optimal and efficient actigarhing algorithms for general graphs
remains open. Towards this end, we provide a lower bound emtimber of mistakes made
on arbitrary graphs by any active learning algorithm usingumber of queries which is up to a
constant fraction of the graph size.

1 Introduction

The abundance of networked data in various application dufaeb, social networks, bioinformatics, etc.)
motivates the development of scalable and accurate gragbdiprediction algorithms. An important topic in
this area is the graph binary classification problem: Givgnagh with unknown binary labels on its nodes,
the learner receives the labels on a subset of the nodegdihang set) and must predict the labels on the
remaining vertices, betting on some notion of label redgiylatepending on the graph topology, a popular
one being that nearby nodes are likely to be labeled simil&tandard approaches to this problem predict
with the assignment of labels minimizing the induced cetge.g., [4, 5]), or by binarizing the assignment
that minimizes certain real-valued extensions of the zatBinction (e.g., [10, 2, 3] and references therein).

In the active learning version of this problem the learneidlmved to choose the subset of training nodes.
Similarly to standard feature-based learning, one expattise methods to provide a significant boost of
predictive ability compared to a noninformed (e.g., ranjfildnaw of the training set. The following simple
example provides some intuition of why this could happenmithe labels are chosen by an adversary, which
is the setting considered in this paper. Consider a “bintay $ystem” of two star-shaped graphs whose
centers are connected by a bridge, where one star is a cofrsiaion bigger than the other. The adversary
draws two random binary labels and assigns the first labdl tdes of the first star graph, and the second
label to all nodes of the second star graph. Assume thatdimérig set size is two. If we choose the centers
of the two stars and predict with a mincut stratégye are guaranteed to make zero mistakes on all unseen
vertices. On the other hand, if we query two nodes at randbem with constant probability both of them
will belong to the bigger star, and all the unseen labels efgmaller star will be mistaken. This simple
example shows that the gap between the performance of passivactive learning on graphs can be made
arbitrarily big.

In general, one would like to devise a strategy for placingrain budget of queries on the vertices of a
given graph. This should be done so as to minimize the nunftraistakes made on the non-queried nodes
by some reasonable classifier like mincut. This questiorbleas investigated from a theoretical viewpoint
by Guillory and Bilmes [6], and by Afshani et al. [1]. Our woikkrelated to an elegant result from [6] which

A mincut strategy considers all labelings consistent with the labels otsseo/éar, and chooses among them one
that minimizes the resulting cutsize over the whole graph.



bounds the number of mistakes made by the mincut classifigreoworst-case assignment of labels in terms
of ®/W(L). Here® is the cutsize induced by the unknown labeling, dnd.) is a function of the query (or
training) setl, which depends on the structural properties of the (unéa)ejraph. For instance, in the above
example of the binary system, the valueldfZ) when the query set includes just the two centersis This
implies that for the binary system graph, Guillory and Bishleound on the mincut strategy s mistakes

in the worst case (note that in the above exandplg 1). Since¥ (L) can be efficiently computed on any
given graph and query sét, the learner’s task might be reduced to finding a querylsttat maximizes
U(L) given a certain query budget (size bf. Unfortunately, no feasible general algorithm for sofythis
maximization problem is known, and so one must resort toisgeimethods [6].

In this work, we investigate the active learning problem cepdps in the important special case of trees.
We exhibit a simple iterative algorithm which, combinediwét mincut classifier, is optimal (up to constant
factors) on any given labeled tree. This holds even if therdlgm is not given information on the actual
cutsize®. Our method is extremely efficient, requirid®(n In Q) time for placing@ queries in am-node
tree, and space linearin As a byproduct of our analysis, we show tliatan be efficiently maximized over
trees to within constant factors. Hence the bourid;, ® /¥ (L) can be achieved efficiently.

Another interesting question is what kind of trade-off be¢éw queries and mistakes can be achieved if
the learner is not constrained by a given query budget. We ¢hat a simple modification of our selection
algorithm is able to trade-off queries and mistakes in amwgitway up to constant factors.

Finally, we prove a general lower bound for predicting thgela of any given graph (not necessarily a
tree) when the query set is up to a constant fraction of thebeurof vertices. Our lower bound establishes
that the number of mistakes must then be at least a consgatiofn of the cutsize weighted by the effective
resistances. This lower bound apparently yields a corttiadi to the results of Afshani et al. [1], who
constructs the query set adaptively. This apparent caotan is also obtained via a simple counterexample
that we detail in Section 5.

2 Preliminaries and basic notation

A labeled tree(T, y) is a treeT = (V, E) whose noded” = {1,...,n} are assigned binary labels =
(y1,--.,9n) € {—1,4+1}". We measure the label regularity @F, y) by thecutsized(y) induced byy on
T,i.e,®r(y) = |{(i,j) € E : y; # y;}|. We consider the followingctivelearning protocol: given a tree
T with unknown labelingy, the learner obtains all labels imaery setl, C V, and is then required to predict
the labels of the remaining nod&s\ L. Active learning algorithms work in two-phasesselectionphase,
where a query set of given size is constructed, apakeictionphase, where the algorithm receives the labels
of the query set and predicts the labels of the remainingsddete that the only labels ever observed by the
algorithm are those in the query set. In particular, no ksbet revealed during the prediction phase.

We measure the ability of the algorithm by the number of migal mistakes made oW \ L, where
it is reasonable to expect this number to depend on both thewrk cutsizeP(y) and the numbefZ| of
requested labels. A slightly different prediction meassrmonsidered in Section 4.3.

Given a treel’ and a query sef C V, anodei € V' \ L is afork node generated byL if and only if
there exist three nodes, i», i3 € L that are connected tathrough edge disjoint paths. LebRK(L) be the
set of all fork nodes generated Iy ThenL* is the query set obtained by addingfiall the generated fork
nodes, i.e..* = L UFORK(L). We say that, C V is O-forked iff L™ = L. Note thatZ* is O-forked. That
is, FORK(LT) =0 foral L C V.

Given a node subset C V, we useT \ S to denote the forest obtained by removing from the ffee
all nodes inS and all edges incident to them. Moreover, given a secondfifeere denote byl" \ 7" the
forestT \ V', whereV” is the set of nodes df’. Given a query sel. C V, ahinge-treeis any connected
component of" \ L™. We callconnection nodeof a hinge-tree a node df adjacent to any node of the
hinge tree. We distinguish between 1-hinge and 2-hings tieé-hinge-treehas one connection node only,
whereas 2-hinge-treehas two (note that a hinge tree cannot have more than two cbon@odes because
LT is zero-forked, see Figure 1).

3 The active learning algorithm

We now describe the two phases of our active learning algaritFor the sake of exposition, we calkL
the selection phase amikED the prediction phaseskL returns a O-forked query sétl;, C V of desired
size. PREDtakes in input the query sétl., and the set of labelg; for all i € L{;,. ThenPREDreturns a
prediction for the labels of all remaining nodgs\ Ld,.

In order to see the wayEL operates, we formally introduce the functidri. This is the reciprocal of the
¥ function introduced in [6] and mentioned in Section 1.
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Figure 1: Atreel’ = (V, E)) whose nodes are shaded (the queryl9air white (the sel” \ L ). The shaded
nodes are also the connection nodes of the depicted hirgg (et all hinge trees are contoured). The fork
nodes generated by are denoted by double circles. The thick black edges corthectodes in..

Definition 1 Given atreel’ = (V, E) and a set of nodes C V,

"o [{(i,4) € E: zEV’,gEV\V’}}

In words, ¥* (L) measures the largest set of nodes nal ithat share the least number of edges with nodes
in L. From the adversary’s viewpoinf;*(L) can be described as the largest return in mistakes per unit of
cutsize invested. We now move on to the description of theralgnssSeEL andPRED.

Theselection algoritm SeL greedily computes a query set that minimiZesto within constant factors.
To this end,SEL exploits Lemma 10 (a) (see Section 4.2) stating that, forfexeg query sef’, the subset
V']

V'’ C V minimizing |{( is always included in a connected componenfof L. Thus

J)EEHEV! jeEV\V/}
SEL places its queries in order to end up with a querylsgt such that the largest componentlof, Ld;, is
as small as possible.

SEL operates as follows. Let; C L be the set including the fir¢tnodes chosen bgeL, T, 1 . be the
largest connected componentof L;_;, ando (7", 7) be the size (number of nodes) of the largest component
of the forestI” \ {i}, whereT” is any tree. At each step=1,2,..., SEL simply picks the nodé; € T} .
that minimizeso (T?. ., 7) overi and setsL; = L;—1 U {i;}. Durmg this iterative constructiorseL also
maintains a set containing all fork nodes generated in e@ghtsy adding nodes to the sets,_,.2 After
the desired number of queries is reached (also countingueees that would be caused by the stored fork
nodes),SEL has terminated the construction of the query Bgt,. The final query sefd.,, obtained by
adding all stored fork nodes s, is then returned.

The Prediction Algorithm PRED receives in input the labeled nodes of the O-forked query.ggtand
computes a mincut assignment. Since each compondnt dfd;, is either a 1-hinge-tree or a 2-hinge-tree,
PREDIs simple to describe and is also very efficient. The algoripiredicts all the nodes of hinge-tr@e
using the same labgl. This label is chosen according to the following two cases:

1. If 7 is a 1-hinge-tree, thefi; is set to the label of its unique connection node;

2. If 7 is a 2-hinge-tree and the labels of its two connection node®qual, thery7 is set to the label
of its connection nodes, otherwige is set as the label of the closer connection node (ties aitebro
arbitrarily).

In Section 6 we show thaeL requires overalOD(|V|log Q) time andO(|V'|) memory space for selectirg
query nodes. Also, we will see that the total running timestakyPREDfor predicting all nodes iV \ L is
linearin|V]|.

4 Analysis

For a given tred’, we denote byn 4 (L, y) the number of prediction mistakes that algoritdnmakes on the
labeled tre€ T, y) when given the query sét. Introduce the function

ma(L, k)= max ma(L,
AL O = ey Al )

2In Section 6 we will see that during each step.; — L. at most a single new fork node may be generated.
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Figure 2: TheseL algorithm at work. The upper pane shows the initial ffee: 7', (in the box tagged with
“1"), and the subsequent subtregs, , 7., T+, andT?> . The left pane also shows the nodes selected
by seL in chronological order. The four lower panes show the cotetecomponents df’ \ L; resulting
from this selection. Observe that at the end of rounsle3, detects the generation of fork nodfe This node

gets stored, and is added &g, at the end of the selection process.

denoting the number of prediction mistakes madedbwith query setl. on all labeled trees with cutsize
bounded byK. We will also find it useful to deal with the “lower bound” futien LB(L, K). This is the
maximum expected number of mistakes that any predicticorigfgn A can be forced to make on the labeled
tree(T,y) when the query set i& and the cutsize is not larger than
We show that the number of mistakes maderlgD on any labeled tree when using the query 5&t
satisfies
Mepreo( Lz, K) < 10LB(L, K)

for all query sets, C V of size up to}|Ld, |. Though neitheseL nor PREDdo know the actual cutsize of
the labeled tre€T’, y), the combined use of these procedures is competitive dgaipslgorithm that knows
the cutsize budgek” beforehand.

While this result implies the optimality (up to constant fas) of our algorithm, it does not relate the
mistake bound to the cutsize, which is a clearly interpiletabeasure of the label regularity. In order to
address this issue, we show that our algorithm also sattsiesound

mPRED(L;rEU y) <4 \IJ*(L) (I)T(y)

for all query setsl. C V of size up to§|Ls+EL . The proof of these results needs a number of preliminary
lemmas.

Lemma 2 For any treeT = (V, E) it holds thatmi‘r/la(T, v) < 3|V
ve

Proof: Leti € argmin, ., 0(7,v). For the sake of contradiction, assume there exists a coamp@h =
(V;, E;) of T\ {i} such that|V;| > |V]/2. Lets be the sum of the sizes all other components. Since



[Vi| + s = |V] — 1, we know thats < |V|/2 — 1. Now letj be the node adjacent towhich belongs to

V; andT; = (Vj, E;) be the largest component &f\ {j}. There are only two cases to consider: either
V; C V;orV; nV; = 0. Inthe first case|V;| < |V;|. Inthe second casé); C {i} U (T"\ V;), which
implies|V;| < 14 s < |V|/2 < |Vi|. In both cases; ¢ argmin, .y o(T,v), which provides the desired
contradiction. |

Lemma 3 For all subsets C V' of the nodes of a tre& = (V, E) we have|LT| < 2|L|.

Proof: Pick an arbitrary node df’ and perform a depth-first visit of all nodesTh This visit induces an
ordering7;, 75, . . . of the connected componentsin, L based on the order of the nodes visited first in each
component. Now leT/, 77, ... be such that each is a component of; extended to include all nodes of
L adjacent to nodes if;. Then the ordering implies that, for> 2, 7,/ shares exactly one node (which must
be a leaf) with all previously visited trees. Since in anyettiee number of nodes of degree larger than two
must be strictly smaller than the number of leaves, we eoeKk(7;)| < |A;|, whereA; is the set of leaves

of 7. Thisimplies that, for = 1,2, ..., each fork node ifORK(Z,’) can be injectively associated with one
of the|A;| — 1 leaves of7; that are not shared with any of the previously visited tr&#ace|FORK(L)| is
equal to the sum dFORK(7;)| over all indices;, this implies thatFORK(L)| < |L|. |

Lemma 4 LetL; 1 C Lgg be the set of the firgt— 1 nodes chosen byeL. Given any tred” = (V, E), the
largest subtree of "\ L, contains no more thad|V'| nodes.

Proof: Recall thati; denotes tha-th node selected byeL during the incremental construction of the query
set Lsg, and thatT? . is the largest component @f \ L;_;. The first¢ steps of the recursive splitting
procedure performed bgeL can be associated with a splitting tréé defined in the following way. The
internal nodes of” areT? ., for s > 1. The children ofl’? . are the connected componentsZtif . \ {is},
i.e., the subtrees df?_ created by the selection &f. Hence, each leaf &f” is bijectively associated with
atreeinT \ L.

Let 77, be the tree obtained frof’ by deleting all leaves. Each nodeBf , is one of thet subtrees
split by SEL during the construction of;. As T?% . is split by, it is a leaf in7” ;. We now add a second
child to each internal nodeof 77, having a single child. This second child ofs obtained by merging all
the subtrees belonging to leavesidfthat are also children of. LetT” be the resulting tree.

We now compare the cardinality @f. . to that of the subtrees associated with the leaves"ofLet A
be the set of all leaves @ andA,qq = 7" \ T},,; C A be the set of all leaves addedZ}),, to obtain7".
First of all, note that7?.,,. | is not larger than the number of nodes in any leaf’6f,. This is because the
selection rule oBEL ensures thaf, . cannot be larger than any subtree associated with a |&gf jnsince

it contains no node selected before timen what follows, we write|s| to denote the size of the forest or
subtree associated with a nadef 7". We now prove the following claim:

Claim. Forall/ € A, |TE .| < |¢|, and for alll € A,qa, | T 1<,

Proof of Claim.The first part just follows from the observation that & A was split byseL before time

t. In order to prove the second part, pick a l[éaf A.qq. Let ¢ be its unique sibling il and letp be
the parent of and?’, also inT”. Lemma 2 applied to the subtrgamplies |¢'| < %|p|. Moreover, since
||+ |¢'| = [p| — 1, we obtain|¢| + 1 > L|p| > |¢'| > |TL.,| the last inequality using the first part of the
claim. This impliegT% .| — 1 < |¢|, and the claim is proven.

Let now N (A) be the number of nodes in subtrees and forests associatetheiteaves of”’. With each

internal node off”” we can associate a node b, which does not belong to any leaf in Moreover, the
number T \ A| of internal nodes i is bigger than the numbét 44| of internal nodes of’ _, to which a

child has been added. Since these subtrees and forestbdistiatt, we obtainV(A) 4 |77\ K| < N(A)+
|Aada| < |V]. Hence, using the above claim we can WiteA) > (|A|—[Aaaa|) [T ol + [ Aada | (| Thax — 1),
which implies|T?,. | < (N(A) + [Aaaal)/|A] < [V|/|A]. Since each internal node f’ has at least two

children, we have that\| > |7"|/2 > |T",|/2 = t/2. Hence, we can conclude that. . | <2|V|/t. W

ax‘ -

4.1 Lower bounds

We now state and prove a lower bound on the number of misthieany prediction algorithm (even knowing
the cutsize budgek’) makes on any given tree, when the querylsét 0-forked. The bound depends on the
following quantity: Given a tred’(V, E), a node subsdt C V and an integek’, thecomponent function
T(L, K) is the sum of the sizes of th€ largest components @ \ L, or |V \ L| if T'\ L has less thaf’
components.



Theorem 5 For all treesT = (V, E), for all O-forked subset&* C V, and for all cutsize budget& =
0,1,...,|V| -1, we have thatB (L™, K) > 1T (L, K).

Proof: We describe an adversarial strategy causing any algorithmake at least’ (L™, K)/2 mistakes
even when the cutsize budgktis known beforehand. Sindet is 0-forked, each component @f\ L™ is

a hinge-tree. Lef,., be the set of th&' (L', K) largest hinge-trees &f \ L™, and E(7) be the set of

all edges inE incident to at least one node of a hinge-tfEe The adversary creates at most anedgé

in each edge set(7;) for all 1-hinge-tree¥; € Fi,.x, €xactly onep-edge in each edge s&{7;) for all
2-hinge-treeds € F,.x, and nog-edges in the edge s&k(7") of any remaining hinge-tre& ¢ Fi,..x. This

is done as follows. By performing a depth-first visitBf the adversary can always assign disagreeing labels
to the two connection nodes of each 2-hinge-treE.jn,, and agreeing labels to the two connection nodes of
each 2-hinge-tree not ifi,,.. Then, for each hinge-trég € F,,., the adversary assigns a unique random
label to all nodes of ", forcing |7 | /2 mistakes in expectation. The labels of the remaining hinges not in
FLax are chosen in agreement with their connection nodes.

4.2 Upper bounds

We now bound the total number of mistakes theEDmakes on any labeled tree when the queries are decided
by SEL. We use Lemma 2 and 3, together with the two lemmas below, deepthatmprep( Lz, K) <
10LB(L, K) for all cutsize budgets and for all node subsét C V such thafL| < £[Ld,|.

Lemma 6 For all labeled treeqT', y) and for all O-forked query sets™ C V, the number of mistakes made
by PREDSsatisfiesnereo( LT, y) < T(LT, r(y)).

Proof: As in the proof of Theorem 5, we first observe that each compioofel” \ L™ is a hinge-tree. Let
E(T) be the set of all edges if incident to nodes of a hinge-trée, and F, be the set of hinge-trees such
that, for all7 € F, atleast one edge @ (7)) is a¢-edge. Sinc&(7)NE(7') =0forall 7,7’ € T\ L™,
we have thatF,| < ®r(y). Moreover, since for any” ¢ F, there are n@-edges inE(7), the nodes of
7 must be labeled as its connections nodes. This, togethkrtidt prediction rule oPRED, implies that
PREDmMakes no mistakes over any of the hinge-tréeg F4. Hence, the number of mistakes madeA®RED

is bounded by the sum of the sizes of all hinge-trées F},, which (by definition ofY) is bounded by
T(L+,®T(y)). |

The next lemma, whose proof is a bit involved, provides the/ent properties of the component function
Y(-,-). Figure 3 helps visualizing the main ingredients of the firoo

Lemma 7 Given atreel’ = (V, E), for all node subset& C V such thafL| < i|Lge | and for all integers
k, we have:

(@) Y(Lse, k) < B5Y(L,k);
(b) Y(Lser, 1) < T(L, 1),

Proof: We prove part (a) by constructing, V&EL, three bijective mappings:, jio, i3 : Pser — Pr, where
Pse. is a suitable partition of” \ Leg,, Py is a subset 02V such that anys € Py, is all contained in a single
connected component @f \ L, and the union of the domains of the three mappings covera/tizde set
T\ Lse.. The mappingsis, po andps are shown to satisfy, for all foredtd” € Pge,

\Fl <[p(F),  [FI<2pe(F)l,  |F| <2lps(F)| -

Since eactt € Py, is all contained in a connected componenfof L, this we will enable us to conclude
that, for each tre@” € T'\ L, the forest of all tree¥’\ Lsg, mapped (via any of these mappings) to any node
subset ofl” has at most five times the number of node§'afThis would prove the statement in (a).

The construction of these mappings requires some auxiiefipitions. We call-component each con-
nected component df\ Lsg, containing at least one node bf Leti, be thet-th node selected bgEL during
the incremental construction of the query égt,. We distinguish between four kinds of nodes chosen by
SEL. See Figure 3 for an example. Nodgas:

1. Acollision nodeif it belongs toLsg, N L;

A ¢-edge(i, j) is one wherey; # y;.

“In this proof,|u(A)| denotes the number of nodes in the set (of nog¢s). Also, with a slight abuse of notation,
for all forestsF € Pse., we denote byF'| the sum of the number of nodes in all treedofFinally, whenevel” € Psg.
contains a single tree, we refer foas it were a tree, rather than a (singleton) forest containing only one tree
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Figure 3: The upper pane illustrates the different kindsaafes chosen bgeL. Numbers in the square tags
indicate the first six subtreég. ., and their associated nodgs selected byseL. Nodei; is a[> 1;> 1]-
node, i, is an initial [0; > 1]-node, i3 is a (noninitial)[0; > 1]-node,i4 is an initial collision nodejs is a
(noninitial) collision node, and; is a[0; 0]-node. As in Figure 2, we denote BYthe fork node generated by
the inclusion ofi3 into Lsg,. Note that nodés may be chosen arbitrarily among the four node®in,. \ is.
The two black nodes are the set of nodes we are competingsagagn, the nodes in the query detForest
T\ L is made up of one large subtree and two small subtrees. s panes we illustrate some steps
of the proof of Lemma 7, with reference to the upper pane. #ime2: TreesT?2, . andT;, are shown. As
explained in the proofiT;,| < |T2,. \ T;,|. The circled black node is captured by The nodes of tree
T2, .\ T;, are shaded, and can be used for mappingiaoymponent through,. Timet = 3: TreesT?,
andT;, are shown. Again, one can easily verify th#t, | < |73, \ T;,|. As before, the nodes Gt \ T;,

are shaded, and can be used for mappingaogmponent via.». The reader can see that, according to the
injectivity of u», these grey nodes are well separated from the on&s jn\ 7;,. Timet = 4: T2 and the
initial collision nodei, are depicted. The latter is enclosed in a circled black nauest captures itself.
Timet = 5,6: We depicted tree%> . andT?¢_ , together with nodes; andig. Nodeis is a collision node,

which is not initial since it was already captured by fg> 1]-nodei». Nodeig is a[0; 0] node, so that the
whole treeT’$, . is completely included in a component (the largest, in thisey of "\ L. TreeT?S, . can be
used for mapping viags any(-component. The resulting forest\ Lg includes several single-node trees and
one two-node tree. Ifs is the last node selected Wy, then each component @f\ Ls can be exploited
by mappingu,, since in this specific case none of these components centaites of., i.e., there are no

¢-components left.

2. al0;0]-nodeif, at timet, the treeT’!

max

does not contain any node 6f

3. al0; > 1]-nodeif, at timet, the tre€l’t . containsk > 1 nodesjy, . .., ji € L all belonging to the same

max

connected component @f,.. \ {i;};

4. a[> 1;> 1]-nodeif i, ¢ L and, at time, the treel’. . containsk > 2 nodesjy, . .., jr € L, which do
not belong to the same connected componefit/gf, \ {i:}.

We now turn to building the three mappings.



w1 simply maps each tre€’ € T\ Lsg that isnot a (-component to the node set @f itself. This
immediately implie§ F'| < |u1(F)| for all forestsF' (which are actually single trees) in the domain.qf
Mappingsu» andug deal with the(-components of '\ L, . Let Z be the set of all suct-components, and
denote byVy.o, Vo.1, andVi,; the set of all[0; 0]-nodes,[0; > 1]-nodes, and> 1; > 1]-nodes, respectively.
Observe thafV;.1| < |L|. Combined with the assumptighse, | > 2|L|, this implies thatVy.o| + |Vo.1| plus
the total number of collision nodes must be larger th&n as a consequencg/y.o| + [Vo.1| > |Z]. Each
nodei; € V.1 chosen byseL splits the tree€l’’ . into one componerit;, containing at least one node bf
and one or more components all contained in a singleffeef 7'\ L. Now mappingu, can be constructed
incrementally in the following way. For eadh; > 1]-node selected bgEL at timet, u» sequentially maps
any¢-component generated to the set of nodeglin, \ 7;,, the latter being just a subset of a component of
T\ L. A future time steg’ > ¢ might feature the selection of a nély > 1]-node withinT;,, but mapping
w2 would cover a different subset of such componeni’df L. Now, applying Lemma 2 to tre€’ ., we
cansee thatl’t ..\ T;,| > |T¢ ..|/2. Since the selection rule afEL guarantees that the number of nodes in
T} . is larger than the number of nodes of angomponent, we havig”| < 2|u2(F)|, for any¢-component
I considered in the construction pf.

Mapping 3 maps all the remaining-components that are not mapped through Let ~ be an equiv-
alence relation ovev),, defined as follows:i ~ j iff ¢ is connected tg by a path containing onljo; 0]-
nodes and nodes Wi \ (Lsg, U L). Leti,,,i,,..., i, be the sequence of nodes of any given equivalence
class[C]~, sorted according tsEL's chronological selection. Lemma 4 applied to tEg, . shows that
Tk | < 2|Tt |/k. Moreover, the selection rule ofeL guarantees that the number of nodesT¥f .
cannot be smaller than the number of nodes of @apmponent. Hence, for each equivalence c[8s
containingk nodes of typg0; 0], we map throughus a setF, of k arbitrarily choser-components td’. . .
Since the size of eacfrcomponent is< |Tx |, we can write| F| < k|T%: .| < 2|T%L. |, which implies
|Fe| < 2|ps(Fe)| for all Fr in the domain ofus. Finally, observe that the number ¢gficomponents that are
not mapped through, cannot be larger thaj¥}.o|, thus the union of mappings, andus do actually map
all ¢-components. This, in turn, implies that the union of the dors of the three mappings covers the whole
setT'\ Lsg,, thereby concluding the proof of part (a).

The proof of (b) is built on the definition of collision nodé€8; 0]-nodes[0; > 1]-nodes and> 1; > 1]-
nodes given in part (a). Let; C Lgg be the set of the first nodes chosed bgeL. Here, we make a
further distinction within the collision anf@; > 1]-nodes. We say that during the selection of nade V5.1,
the nodes inL N T}, arecapturedby 4;. This notion of capture extends to collision nodes by sayfrag
a collision nodei; € L N Lsg just captures itself We say that; is aninitial [0; > 1]-node (resp.initial
collision node) ifi; is a[0; > 1]-node (resp., collision node) such that the whole set of saug captured by
1, contains no nodes captured so far. See Figure 3 for refer@heesimple observation leading to the proof
of part (b) is the following. Ifi; is a[0; 0]-node, ther? . cannot be larger than the componentof L that
containsT’: .., which in turn cannot be larger thaf( L, 1). This would already imp' (L, _1,1) < T(L, 1).
Let nowi, be an initial0; > 1]-node andr;, be the unique component @f,, . \ {i;} containing one or more
nodes of L. Applying Lemma 2 to tred,.. we can see thafT;,| cannot be larger that? .. \ T3,/

max max

which in turn cannot be larger thafi(L,1). If at timet¢ > ¢ the procedureseL selectsi, € T;, then
Tt .| < |T;,| < T(L,1). Hence, the maximum integgrsuch thatY'(L,,1) > T(L,1) is bounded by
the number of> 1; > 1]-nodes plus the number of initif); > 1]-nodes plus the number of initial collision
nodes. We now bound this sum as follows. The numbépof; > 1]-nodes is clearly bounded B¥| — 1.
Also, any initial [0; > 1]-node or initial collision node selected gL captures at least a new nodelin
thereby implying that the total number of initigl; > 1]-node or initial collision node must be |L|. After

g = 2|L| — 1 rounds, we are sure that the size of the largest tréBigf is not larger than the size of the
largest component &f \ L, i.e., Y(L,1). |

We now put the above lemmas together to prove our main resdtsrning the number of mistakes made
by PREDON the query set chosen B§L.

Theorem 8 For all treesT' and all cutsize budget&’, the number of mistakes made byeED on the query
setLd, satisfies
Mmegrep( Lz, K) < min 10LB (L, K) .
LCV:|LI<§ILE

Proof: Pick anyL C V such thatL| < |L|. Then

(Lemma 6) (Lemma 7 (a)) (Theorem 5)

A
mpRED(L;rEL,K) S T(L;'—EU K) S T(LSEL7K) S 5T(L+,K) S 10 LB(L+7K)

B)
<10LB(L,K) .



Inequality (A) holds becausksg, C Ld,, and thusl”\ Ld;, has connected components of smaller size than
Lse,. In order to apply Lemma 7 (a), we need the conditibr| < %|LSEL|. This condition is seen to hold
after combining Lemma 3 with our assumptions:"| < 2|L| < 1|Ldy | < 1|Lse|. Finally, inequality (B)
holds because any adversarial strategy using querl sah also be used with the larger query 6&tD L.

|

Note also that Theorem 5 and Lemma 6 imply the following stetiet about the optimality cFREDover
O-forked query sets.

Corollary 9 For all treesT, for all cutsize budget#’, and for all O-forked query sets™ C V, the number
of mistakes made IBRED satisfies

mereo(LT, K) < 21B(LT, K) .

In the rest of this section we derive a more intepretable Bammerep(L ™, y) based on the functiod*
introduced in [6]. To this end, we prove that:, minimizes¥* up to constant factors, and thus is an optimal
query set according to the analysis of [6].

For any subset’” C V, letT'(V’,V \ V') be the number of edges between node¥ baind nodes of
V'\ V’. Using this notation, we can write

. 14
U* (L) = -
(L) mz%’éu INUZRANE

Lemma 10 For any treeT" = (V, E) and anyL C V the following holds.

(@) A maximizero (vl/vvl*‘\w) exists which is included in the node set of a single compaufeéht\ L;

(b) U*(L) < Y(L, 1).

Proof: Let V.. be any maximizer o (v‘/ff\;‘\v')' For the sake of contradiction, assume that the nodes of
V! . belong tok > 2 components;,75,...,7;, € T\ L. LetV/ C V.. be the subset of nodes included
in the node set of;, fori = 1,..., k. Then|V'[ =3, [V/[and['(V', V\ V') =37, T(V/,V\ V).

Now leti* = argmax, . |V/|/T(V/,V \ V/). Since(>,a;)/(>°;bi) < max;a;/b; for all a;,b; > 0,

we immediately obtaini (V.) > W (V. ..), contradicting our assumption. This proves (a). Part (l@nis

max

immediate consequence of (a). |

Lemma 11 For any treeT’ = (V, E') and any0-forked subseL.™ C V we haveY (L*,1) < 20*(L™*).

Proof: Let 7,,.x the the largest component 6\ Lt andV;,. be its node set. Sincké™ is a O-forked query
set, 7,.x Must be either a 1-hinge-tree or a 2-hinge-tree. Since theenlyes that connect a hinge-tree to
external nodes are the edges leading to connection noddmdmdatl’ (Vinax, V' \ Vinax) < 2. We can now
write
14 | Vinax| Vimax|  Y(LT,1)
max > > =
0£V/'CV\L+ F(VV7 14 \ VI) P(Vmaxy Vv \ Vmax) 2 2

thereby concluding the proof. |

TH(LY) =

Lemma 12 For any treeT' = (V, E) and any subsel C V we havel*(L*t) < WU*(L).

Proof: Let V. be the any set maximizing*(L"). SinceV,,. € V' \ L, V.. cannot contain any node
of L C L™. Hence
V| [Vinax|
\I/* L — > max — \I/* L+
B = 0 BB TV VAV TV V \ Vi)
which concludes the proof. |

We now put together the previous lemmas to show that the caegilys;, minimizesW* up to constant
factors.

Theorem 13 For any treeT’ = (V, E') we have
U*(Leg) < min 2U*(L) .

1
LCV :|L|< 7| Ll



Proof: Let L be a query set such thdt| < |Lsg,|/4. Then we have the following chain of inequalities:

(Lemma 10 (b)) (Lemma 7 (b)) (Lemma 11) (Lemma 12)
U*(Lsgy) < Y(Lep, 1) < ML) < 20%(LT) < 20%(L).

In order to apply Lemma 7 (b), we need the conditjéri| < %|Lsg|. This condition holds because, by
Lemma 3,L*| < 2|L| < 1| Leg|. [ ]

Finally, as promised, the following corollary contains aterpretable mistake bound feRED run with
a query set returned IBEL.

Corollary 14 For any labeled tredT’, y), the number of mistakes made yeD when run with query set
Ld., satisfies
Mpgen(Lde, Y) < 4 min V(L) @7 (y) -
LCV:|LI<EILE,

Proof: Observe thapRED assigns labels to nodes in\ Ld;, so as to minimize the resulting cutsize given

the labels in the query sétl.,. We can then invoke [6, Lemma 1], which bounds the number stakes
made by the mincut strategy in terms of the functigrisand the cutsize. This yields

4 [6, Lemma 1] w4 A) N (Theorem 13) .
mereo(Lge, ) < 2V (L) Pr(y) < 2V (Lee) D7(y) < 4V (L) Pr(y).

Inequality (A) holds becauséss, C L, and thusT \ L, has connected components of smaller size
than Lsg,. In order to apply Theorem 13, we need the condjtion< i|LSEL|, which follows from a simple

combination of Lemma 3 and our assumptiofls: < 1| Lde | < §[Lsedl. [ |

Remark 1 A mincut algorithm exists which efficiently predicts everemvthe query seL is not O-forked
(thereby gaining a factor of 2 in the cardinality of the cortipg query setd. — see Theorem 8 and Corol-
lary 14). This algorithm is a "batch” variant of the TreeOptgorithm analyzed in [7]. The algorithm can
be implemented in such a way that the total time for predicfifl — | L| labels isO(|V]).

4.3 Automatic calibration of the number of queries

A key aspect to the query selection task is deciding whenojp asking queries. Since the more queries are
asked the less mistakes are made afterwards, a reasonable deal with this trade-off is to minimize the
number of queries issued during the selection phase plusutimder of mistakes made during the prediction
phase. For a given pait = (S, P) of prediction and selection algorithms, we denotédy m| 4 the sum of
queries made by and prediction mistakes made B Similarly tom 4 introduced in Section 4g + m]
has to scale with the cutsiZier (y) of the labeled tre€T’, y) under consideration.

As a simple example of computirjg + m] ., consider a line grapfi’ = (V, E)). Since each query set
onT is O-forked, Theorem 5 and Corollary 9 ensure that an optgtrategy for selecting the queriesinis
choosing a sequence of nodes such that the distance betwgeaiaof neighbor nodes ih is equal. The
total number of mistakes that can be forcedioh L is, up to a constant factof|V'|/|L|) @1 (y). Hence, the
optimal value oflg + m| 4 is about

2+ o). W
L]
Minimizing the above expression ovgr| clearly requires knowledge df(y), which is typically unavail-
able. In this section we investigate a method for choosiegitimber of queries when the labeling is known
to be sugficiently regular, that is when a bouRdis known on the cutsiz&(y) induced by the adversarial
labeling:

We now show that when a bourid on the cutsize is known, a simple modificationsEL(we call it
SELx) exists which optimizes thig 4+ m] 4 criterion. This means that the combinations&iLx andPREDcan
trade-off optimally (up to constant factors) queries agamistakes.

Given a selection algorithri and a prediction algorithn®?, define[q + m] s py by

[q +m]s,p) = 151;111(62 +mp(Ls(), K))

®In [1] a labelingy of a graphG is said to bea-balanced if, after the elimination of afl-edges, each connected
component ofi is not smaller than|V'| for some known constant € (0, 1). In the case of labeled trees, thébalancing
condition is stronger than our regularity assumption. This is becausevdatanced labelingy implies &1 (y) <
1/a — 1. In fact, getting back to the line graph example, we immediately see thaisifi-balanced, then the optimal

number of querie§l| is order ofy/|V|(1/a — 1), which is alsanf a[g + m]a.



whereLg () is the query set output by given query budge®), andm p (L), K) is the maximum number
of mistakes made by with query setl gy on any labelingy with @7 (y) < K —see definition in Section 4.
Define also[q + m|opr = infs p[q + m|(s py, WhereoPT = (S*, P*) is an optimal pair of selection and
prediction algorithms. IBEL knows the size of the query sét selected bys*, so thatseL can choose a
query budget) = 8|L*|, then a direct application of Theorem 8 guarantees| &t | + mpreo( Lz, K) <

10 [¢ + m]oer. We now show thasELx, the announced modification efL, can efficiently search for a
query set siz&) such thatQ + mpRED(L;“EL(Q), K) = O([qg + m]opr) when only K, rather thanL*|, is

known. In fact, Theorem 5 and Corollary 9 ensure thakep(Lde, K) = O(Y (L, K)). WhenK is
given as side informatiorseLx can operate as follows. For eath< |V, the algorithm builds the query
setL;” and compute&((L;", K). Then it finds the smallest valug minimizing ¢t + Y(L;", K) over all

t < |V|, and selectd.sen = Ly~ We stress that the above is only possible because the thlgocian
estimate within constant factors its own future mistakertub(fheorem 5 and Corollary 9), and because the
combination ofsEL andPREDis competitive against all query sets whose size is a confstation of | L, |
—see Theorem 8. Putting together, we have shown the follovésgit.

Theorem 15 For all trees (T, y), for all cutsize budget®’, and for all labelingsy such thatd(y) < K,
the combination oSELx and PREDachieves

‘LSEL*| + mPRED(Lg_ELw K) = O([q + m]OPT>
whenkK is given toSELx as input.

Just to give a few simple examples of h@&Lx works, consider a star graph. It is not difficult to see that
in this case™ = 1 independenbf K, i.e., SELx always selects the center of the star, which is intuitively
the optimal choice. Iff" is the “binary system” mentioned in the introduction, thén= 2 andSELx always
selects the centers of the two stars, again independéiit @t the other extreme, if” is a line graph, then
SELx picks the query nodes in such a way that the distance betweecoinsecutive nodes @fin 7" is (up to

a constant factor) equal t¢/|V'|/ K. Hence|L| = ©(/|V|K), which is the minimum of (1) ovell.| when
or(y) < K.

5 On the prediction of general graphs

In this section we provide a general lower bound for predictn arbitrary labeled grapiié&/, y). We then
contrast this lower bound to some results contained in Afiséigal. [1].

Let % (y) be the sum of the effective resistances (see, e.g., [9]) @p#dges ofG = (V, E). The
theorem below shows that any prediction algorithm using Gusry setL such thafL| < 1|V| makes at
least order ofb & (y) mistakes. This lower bound holds even if the algorithm isvedid to use a randomized
adaptive strategy for choosing the query Bgthat is, a randomized strategy where the next node of theyque
set is chosen after receiving the labels of all previouslyseim nodes.

Theorem 16 Given a labeled grapliG, v), for all K < |V|/2, there exists a randomized labeling strategy
such that for all prediction algorithmsl choosing a query set of siz&| < 1|V| via a possibly randomized
adaptive strategy, the expected number of mistakes madeobythe remaining nodels \ L is at leastk /4,
while ®E(y) < K.

The above lower bound (whose proof is omitted) appears ttradict an argument by Afshani et al. [1,
Section 5]. This argument establishes that for any 0 there exists a randomized algorithm using at most
K1n(3/¢) + KIn(|V|/K) + O(K) queries on any given graphi = (V, E) with cutsizeK, and making

at mostz|V| mistakes on the remaining vertices. This contradictiorailg obtained through the following
simple counterexample: assur@eis a line graph where all node labels aré but for K = o(|V[/In|V])

randomly chosen nodes, which are also given random labetslfe = 0(%), the above argument implies
that order of’ In |V | = o(|V]) queries are sufficient to make at meBt'| = o(K) mistakes on the remaining

nodes, among whicf( K') have random labels —which is clearly impossible.

6 Efficient Implementation

In this section we describe an efficient implementatiorsbf andPRED. We will show that the total time
needed for selectin@ queries isO(|V|log @), the total time for predictingl’| — @ nodes isO(|V]), and
that the overall memory space is agéi(|V|).

In order to locate the largest subtre€ldfL; 4, the algorithm maintains a priority deque [B]containing
at mostQ items. This data-structure enables to find and eliminatét¢ine with the smallest (resp., largest)
key in timeO(1) (resp., timeO(log Q)). In addition, the insertion of a new element takes tifhigog Q).



Each item inD has two records: a reference to a nod@’iand the priority key associated with that node.
Just before the selection of theth query node,, theQ references point to nodes contained in (hiargest
subtrees if" \ L;_4, while the corresponding keys are the sizes of such subttesce at time the item
top of D having the largest key points to a nodefify, ...

First, during an initialization stefseL creates, for each eddé j) € E, a directed edgé, j] fromi to
j and the twin directed eddg, i] from j to i. During the construction ofsg, the algorithm also stores and
maintains the current size(D) of D, i.e., the total number of items containedZin We first describe the
way SEL finds nodei, in T ... Then we will see howsEL can efficiently augment the query sktg, to
obtainLd;,.

Starting from the node of 7% referred to by D, seL performs a depth-first visit 6f? , ., followed by
the elimination of the item with the largest key in For the sake of simplicity, consid&F. . as rooted at
noder. Given any edgéi, j), we letT; and7} be the two subtrees obtained frdffy,, after removing edge
(1, 7), whereT; contains node, andT; contains nodg. During each backtracking step of the depth-first visit
from a node: to a nodej, SEL stores the number of nodgg;| contained iril;. This number gets associated
with [4, ¢]. Observe that this task can be accomplished very efficiesitige|T;| is equal tol plus the number
of nodes of the union of’;) over all childrenc(i) of i. These numbers can be recursively calculated by
summing the size values thaL associates with all direct edg@sc(i)] in the previous backtracking steps.
Just after storing the valy&;|, the algorithm also stored’;| = |77, | — |T;| and associates this value with
the twin directed edgg, j]. The size ofT’% . is then stored irD as the key record of the pointer to node

It is now important to observe that the quantity7’ .. ,7) used bysEL (see Section 3) is simply the
largest key associated with the directed edges over all;j such that, j) is an edge of ... Hence, a new
depth-first visit is enough to find in tim@(|7}. ... |) thet-th nodei, = argmin;er: o(T},,,, ) selected by
SEL. Let N(4;) be the set of all nodes adjacent to naden 7%, . For all nodes’ € N(i;), SEL compares
|T;/| to the smallest keyottom stored inD. We have three cases.

1. If |Ty/| < bottom ando (D) > @Q —t then the algorithm does nothing, siriEe (or subtrees thereof) will
never be largest in the subsequent steps of the construdtibg , i.e., there will not exist any node
with ¢ > ¢ such that,, € T;.

2. If |Ty| < bottom ando (D) < Q —t, or if | T;/| > bottom ando (D) < ) thensEL inserts a pointer to
i’ together with the associated kgg/|. Note that, sinceD is not full (i.e.,o(D) < @), the algorithm
need not eliminate any item iP.

3. If |T;;| > bottom ando (D) = @ thenseL eliminates fromD the item having the smallest key, and
inserts a pointer td, together with the associated ki |.

Finally, SeL eliminates nodé; and all edges (both undirected and directed) incident tdNibte that this
elimination implies that we can easily perform a depth-fiisit within 77, for eachs < @, sinceT? . is
always completely disconnected from the rest of the Tfee

In order to turnLs, into L4z, the algorithm proceeds incrementally, using a techniqueived from [7].
Just after the selection of the first noidea depth-first visit starting frory is performed. During each back-
tracking step of this visit, the algorithm associates wihleedgéi, j), the closer node th between the two
nodes: andj. In other wordssSEL assigns a direction to each undirected efigg¢) so as to be able to effi-
ciently find the path connecting each given nede:,. When thet-th nodei; is selectedseL follows these
edge directions frony towardsi;. Let us denote by (, j) the path connecting nodeo nodej. During the
traversal ofr (i1, i ), the algorithm assigns a special mark to each visited nod# tle algorithm reaches the
first nodej € 7(i1,14:) which has already been marked. k¢t, L) be the maximum number of edge disjoint
paths connectingto nodes in the query sét Observe that all nodesfor which (i, L;) > (i, L;—1) must
necessarily belong te(i;, 7). We haven(i;, L;) = 1, andn(i, L;) = 2, for all internal nodes in the path
m(it,j). Hence,j is the unique node that we may need to add as a new fork nogdediFORK(L;_1)).
In fact, j is the unique node such that the number of edge-disjointspaihnecting it to query nodes may
increase, and be actually larger than

Therefore ifj € L, ; we need not add any fork node during the incremental cortitruof <., . On the
other hand, ifi ¢ L, , thenn(i, L;_1) = 2, which impliesn(i, L;) = 3. This is the case wheSEL views j
as new fork node to be added to the querylsgt under consideration.

In order to bound the total time required B¥L for selecting@ nodes, we rely on Lemma 4, showing
that |7 ,.| < 2|V|/t. The two depth-first visits performed for each nadeake O(|T% .. |) steps. Hence
the overall running time spent on the depth-first visit®is _, _ , 2[V'[/t) = O(|V|log Q). The total time

ax

bIf ¢ = 1 the priority dequeD is empty.
’In the initial stept = 1 (i.e., whenI?,.. = T') noder can be chosen arbitrarily .



spent for incrementally finding the fork nodesbfz, is linear in the number of nodes marked by the algo-
rithm, which is equal tdV'|. Finally, handling the priority dequ® takes|V'| times the worst-case time for
eliminating an item with the smallest (or largest) key oriaddx new item. This is agai@®(|V|log Q).

We now turn to the implementation of the prediction phaseED operates in two phases. In the first
phase, the algorithm performs a depth-first visit of eaclyéitiee7, starting from each connection node
(thereby visiting the nodes of all 1-hinge-tree once, ardrtbdes of all 2-hinge-tree twice). During these
visits, we add to the nodes a tag containing (i) the label aferig- from which the depth-first visit started,
and (ii) the distance betweér and the currently visited node. In the second phase, we perdosecond
depth-first visit, this time on the whole trée During this visit, we predict each nodec V' \ L with the
label coupled with smaller distance stored in the tads.of he total time of these visits is linear [if| since
each node of " gets visited at mosi times.

7 Conclusions and ongoing work

The results proven in this paper characterize, up to confdators, the optimal algorithms for adversarial
active learning on trees in two main settings. In the firdirsgthe goal is to minimize the number of mistakes
on the non-queried vertices under a certain query budgethelisecond setting the goal is to minimize the
sum of queries and mistakes under no restriction on the nuailogieries.

An important open question is the extension of our resultisé@eneral case of active learning on graphs.
While a direct characterization of optimality on generalpdsiis likely to require new analytical tools, an
alternative line of attack is reducing the graph learningppem to the tree learning problem via the use of
spanning trees. Certain types of spanning trees, such demagpanning trees, are known to summarize
well the graph structure relevant to passive learning —see, [€]. In the case of active learning, however,
we want good query sets on the graph to correspond to goog gats on the spanning tree, and random
spanning trees may fail to do so in simple cases. For exammhsjder a set afz cliques connected through
bridges, so that each clique is connected to, Bayher cliques. The breadth-first spanning tree of this graph
is a set of connected stars. This tree clearly reveals a qatrithe star centers) which is good for regular
labelings (cfr., the binary system example of Section 1) ti@nother hand, for certain choicesrofandk a
random spanning tree has a good probability of hiding thsteted nature of the original graph, thus leading
to the selection of bad query sets.

In order to gain intuition about this phenomenon, we areanily running experiments on various real-
world graphs using different types of spanning trees, whareneasure the number of mistakes made by our
algorithm (for various choices of the budget size) againstmon baselines.
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