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Abstract

We study the problem of learning with incomplete information in a

student-teacher setup for the committee machine. The learning algorithm

combines unsupervised Hebbian learning of a series of associations with a

delayed reinforcement step, in which the set of previously learnt associa-

tions is partly and indiscriminately unlearnt, to an extent that depends on

the success rate of the student on these previously learnt associations. The

relevant learning parameter λ represents the strength of Hebbian learning.

A coarse-grained analysis of the system yields a set of differential equa-

tions for overlaps of student and teacher weight vectors, whose solutions

provide a complete description of the learning behavior. It reveals com-

plicated dynamics showing that perfect generalization can be obtained if

the learning parameter exceeds a threshold λc, and if the initial value

of the overlap between student and teacher weights is non-zero. In case

of convergence, the generalization error exhibits a power law decay as a

function of the number of examples used in training, with an exponent

that depends on the parameter λ. An investigation of the system flow

in a subspace with broken permutation symmetry between hidden units

reveals a bifurcation point λ
∗ above which perfect generalization does not

depend on initial conditions. Finally, we demonstrate that cases of a com-

plexity mismatch between student and teacher are optimally resolved in

the sense that an over-complex student can emulate a less complex teacher

rule, while an under-complex student reaches a state which realizes the

minimal generalization error compatible with the complexity mismatch.

1 Introduction

Learning agents, be they natural or artificial, can be regarded as systems en-
dowed with a cognitive apparatus which allows them to construct representa-
tions of their environment. Learning is an adaptive process in which the cogni-
tive structure of an agent is improved to increase its ability to reach its goals,
or simply to survive if the environment is competitive.

Reinforcement learning theory has been constructed as a formal language to
describe learning by agents through interactions with their environment. In this
context, the environmental feedback typically consists of an evaluative stimu-
lus (a reward) obtained in response to an action of the learning agent [1, 2].
Reinforcement learning, i.e. learning via rewards which quantify the success of
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specific actions, is to be contrasted with supervised learning, where the environ-
mental feedback is instructive rather than evaluative, and consists in providing
correct target outputs for the learning agent. Some neurobiological evidence
supporting reinforcement learning appears to exist: signals that share charac-
teristic features with the so-called Temporal Difference Error, the difference be-
tween the reward obtained and the expected reward that features in some of the
reinforcement learning algorithms, have been found in the human brain [3, 4].

Yet there is an open issue. In general, a learning agent needs to perform a
sequence of actions before it receives a delayed global reward. Therefore, it is
unclear which parts of the sequence of actions were conducive and which detri-
mental to the actual reward received. Hence, it remains unclear in which way
the cognitive apparatus ought be adapted to improve the agent’s probability of
success in the future. The information provided by the reward is insufficient to
decide this question, and it is in this sense incomplete. In what follows we will
refer to the problem of learning under such conditions as “learning with incom-
plete information”. This problem was already recognized in the early days of
learning theory and was named the (temporal) ‘credit assignment problem’ [5].
Sophisticated methods, like Dynamic Programming, Monte Carlo Methods and
TD-Learning with eligibility traces, have been developed to solve this problem
efficiently [1]. In nature, however, solutions of this type would require the ex-
istence of complex mechanisms already in place before learning can actually
occur. If reinforcement learning is a fundamental learning principle underlying
the behavior of most (if not all) species, it seems reasonable to postulate the
existence of an elementary learning mechanism that is phylogenetically older
than and thus precedes the more sophisticated methods mentioned above. Al-
ternatively, it could constitute a basis for the emergence of more sophisticated
mechanisms in the course of evolution. Either way, it would be of interest to
identify this elementary mechanism.

A simple approach to the credit assignment problem is to assume non-
specificity of the reward: the reward is global, is calculated from a sequence of
actions, and is non-specific with regard to individual actions in the sequence [6].
For a single-layer neural network, the credit assignment problem can be solved
using non-specific feedback based on an algorithm which is elementary enough
to have conceivably developed under natural conditions [7, 8, 9]. The learning
model proposed here consists of a simple combination of two “natural” learn-
ing steps: (i) unsupervised Hebbian learning of a series of associations combined
with (ii) a reinforcement step consisting of a reward-dependent non-specific Heb-
bian unlearning of these associations. Referring to the two steps involved, this
learning scenario has been called “Association Reinforcement” (AR) learning.

However, it is a well known fact that single-layer networks can only represent
linearly separable functions [10], and are thus too restricted for many real-world
applications. On the other hand, two-layer feed-forward networks of neurons
with sigmoidal transfer functions have been shown to constitute universal ap-
proximators for continuous functions from IRN to IRM [11]. A feed-forward
network consisting of a layer of N input units, a hidden layer with K units, and
a single output unit implements a function that maps ξ ∈ IRN to s ∈ IR via

s = f

(

1√
K

K
∑

k=1

wk g

(

Jk · ξ√
N

)

)

, (1)
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where the Jk are adjustable input weight vectors of the K hidden units, and
the wk are the K adjustable hidden-to-output weights. In such systems, the
transfer functions f and g are usually taken to have sigmoidal form.

In the present paper we investigate AR learning for a simple variant of a two-
layer network, the committee machine, for which the hidden-to-output weights
are identical and fixed at wk = 1. We will choose g(x) = sgn(x) and focus on the
the so-called soft-committee machine [12] with f(x) = x. Conventional online
learning in the soft-committee machine with a differentiable transfer function
has been studied [13] and the convergence to perfect generalization in this frame-
work has been proven. First results about AR learning in this system, using
simulations that indicated convergence to good generalization, were reported in
[14, 9]. In order to further understand AR learning for this system we will in-
vestigate it analytically using standard online learning methods to describe the
learning dynamics in terms of ODEs for overlaps between the weight vectors
Jk and analogous weight vectors Bk of a similarly structured teacher network
implementing a given rule. This allows for systematic investigation of learning
with incomplete information in the soft-committee machine, as described above,
thereby deepening our understanding of AR learning.

Although we cannot demonstrate that AR learning is used in nature, we wish
to point out that neurophysiological evidence supporting its main ingredients
exists. First, replay of spike sequences has been found in various brain areas and
animals. For example, they have been found in the hippocampus of rats, which
recall the way through a labyrinth in reverse order immediately after spatial
experience [15] and in time-compressed forward order during sleep [16]. Similar
observations have been made in the rat prefrontal cortex [17]. Very recently,
it has been shown that the activation of rat hippocampal assembly sequences
correlates with memory and can be used for behavioral prediction [18]. In
humans, hippocampal cell firing has been linked to episodic recall [19]. The
observed spike sequences in these experiments might reflect the recall necessary
for the reinforcement step of the proposed algorithm. Second, it has recently
been found that the brain has mechanisms to reverse the polarity of plasticity
processes [20]. This ability is required for the unspecific reinforcement learning
step of AR learning, which has a polarity opposite to that of the unsupervised
Hebbian learning step during the first phase of AR learning.

This paper is organized as follows. Section 2 explains the problem of incom-
plete information feedback for the committee machine. Section 2.1 presents the
Association Reinforcement (AR) learning model for this system, and Section 2.2
introduces a statistical physics inspired description of AR learning for the com-
mittee machine based on the dynamical evolution of overlaps between pairs of
student-student and student-teacher weight vectors [7, 8, 14, 9]. In Section 3
we explain our approach to solving the differential equations that describe the
online learning dynamics. In Section 4 we present results obtained from both
direct simulations and numerical computations of these differential equations.
Finally, Section 5 provides a summary of the results and concluding remarks.
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2 The Incomplete Information Problem for the

Committee Machine

As described on the previous pages, “incomplete information” here means that
the reward for a sequence of actions does not contain information concerning
each particular action in the sequence. Here we will study AR learning for
the committee machine using a teacher student scenario. That is, the student
network defined by Eq. (1) will be trained to implement a function that maps
ξ ∈ IRN to t ∈ IR, defined by a teacher network of a similar structure, viz.

t =
1√
M

M
∑

m=1

sgn

(

Bm · ξ√
N

)

. (2)

Here we have already specialized to the sign function for the transfer function
of the hidden units, to uniform hidden-to-output weights characteristic of com-
mittee machines, and to f(x) = x for the transfer function of the output unit.

The task of the student network, Eq. (1), is to adapt its internal configura-
tion, i.e. the weight vectors Jk, to improve agreement with the output of the
teacher network (2). Note that we allow for different relative complexities of
the teacher and the student network: for K > M the the student is of higher
complexity than the teacher, and may therefore implement the rule defined by
the teacher in several ways. In the case K = M both are of equal complexity,
whereas for K < M the student is of lower complexity than the teacher, and
the rule defined by the teacher will in general not be perfectly realizable by the
student.

2.1 AR Learning for the Committee Machine

In associative reinforcement learning, the student network processes whole series
(‘bags’) of patterns {ξ(q,l); l = 1, . . . , L}, where q ∈ IN enumerates the bags,
each containing L input patterns, labeled by l = 1, . . . , L . In the association
phase it modifies its internal weights by simple Hebbian adaptation, pairing pre-
and post-synaptic activities of its hidden units using their own classification

as computed on the basis of the momentary values of the synaptic weights

J
(q,l)
k = (J

(q,l)
ki ),

(i) : J
(q,l+1)
ki = J

(q,l)
ki +

λ√
N

sgn
(

x
(q,l)
k

)

ξ
(q,l)
i , l = 1, . . . , L , (3)

where we have introduced

x
(q,l)
k =

J
(q,l)
k · ξ(q,l)

√
N

, (4)

to denote the local field of the k-th hidden unit for the input pattern ξ(q,l), and
where λ denotes a learning rate characteristic of the association phase.

After the series of Hebbian adaptations, Eq. (3), in response to the L patterns
of bag q, an “unspecific” reinforcement learning step is performed. It consists
in partially, and indiscriminately undoing the synaptic adaptations of phase (i),
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to an extent that depends on an online bag-error eq which is a measure of the
success rate of the students on the patterns in bag q,

(ii) : J
(q+1,1)
ki = J

(q,L+1)
ki − eq√

N

L
∑

l=1

sgn
(

x
(q,l)
k

)

ξ
(q,l)
i . (5)

Note that without loss of generality we have chosen a unit learning rate for the
reinforcement step in Eq. (5), such that the only parameter of the model is λ,
Eq. (3).

Several possibilities exist for the error signal eq received by the network after
having completed phase (i). In the present paper we will use the so-called hidden
instance (HI) error [9]

eq =
1

4L2

(

L
∑

l=1

(

t(q,l) − s(q,l)
)

)2

, (6)

in which t(q,l) and s(q,l) are the teacher and student-committee classifications
of pattern ξ(q,l). The normalization in Eq. (6) leads to 0 ≤ eq ≤ 1 for binary
outputs.

The present setup implements learning which deals with incomplete infor-
mation on three different levels. First, there is incompleteness of information
related to the existence of a hidden layer. Learning happens in response to the
overall output of the committee machine, which is non-specific w.r.t. the contri-
bution of individual hidden units to that output. Second, there is incompleteness
of information due to the reinforcement signal being based on the performance
of the student network on a bag containing several patterns, a signal which is
non-specific w.r.t. the contribution of individual patterns to that error. Third,
finally, the HI error measure eq itself contains an element of incompleteness,
as errors made for different patterns l in a bag can cancel. Instances of actual
misclassifications remain hidden or unidentified with this error measure.

The first form of non-specificity of feedback is present already in standard
supervised learning scenarios for the committee machine. The second form is
a central feature of the AR learning paradigm, according to which the rein-
forcement signal is global for a sequence of patterns and non-specific concerning
individual contributions of patterns in this sequence. The third form of non-
specificity finally is a property of the HI error measure. It is used here to
pose what might be called a deliberate additional challenge for the AR learning
paradigm. Indeed, by demonstrating that AR learning based on the HI error sig-
nal can be successful, one can safely assume that AR learning using more infor-
mative error measures (such as the average bag error eq = 1

2L

∑L
l=1 |t(q,l)−s(q,l)|

used previously for single-layer networks [7, 9]) will be successful as well.
The unsupervised learning of phase (i) amounts to self-strengthening of the

hidden units own experience without feedback from the environment. The rein-
forcement phase (ii) uses an error signal which is non-specific concerning indi-
vidual patterns within a bag, and implements a Hebbian unlearning step that
is non-specific in the same way.

The following section is devoted to deriving flow equations for a set of over-
laps between student and teacher weight vectors following the standard ap-
proach to online learning [12, 13, 21]; these equations provide a comprehensive
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description of the learning dynamics for this system in the thermodynamic limit
N → ∞.

2.2 Coarse-Grained Analysis

To derive a closed set of flow equations for the order parameters of the system
[12, 13, 21], we follow [7, 9], and combine the two phases Eqs. (3) and (5) of a
session of length L into a single coarse-grained step,

J
(q+1,1)
ki = J

(q,1)
ki +

λ − eq√
N

L
∑

l=1

sgn
(

x
(q,l)
k

)

ξ
(q,l)
i . (7)

In the following we assume the components of the input patterns to be inde-
pendently identically distributed random variables with zero mean and unit

variance, i.e. 〈ξi
(q,l)ξj

(q′,l′)〉 = δijδqq′δll′ . As explained after Eq. (14) below, it
then follows that in the thermodynamic limit N → ∞ the learning dynamics is
fully described by the evolution of a set of overlaps between student and teacher
weight vectors, which we define as

Q
(q,1)
kk′ =

1

N

N
∑

i=1

J
(q,1)
ki J

(q,1)
k′i , (8)

R
(q,1)
km =

1

N

N
∑

i=1

J
(q,1)
ki Bmi . (9)

The corresponding set of teacher overlaps

Tmn =
1

N

N
∑

i=1

BmiBni (10)

characterizes the configuration of the teacher committee that defines the rule,
and is time-independent.

From Eqs. (7) – (9) one obtains

R
(q+1,1)
km = R

(q,1)
km +

(λ − eq)

N

L
∑

l

sgn
(

x
(q,l)
k

)

y(q,l)
m , (11)

Q
(q+1,1)
kk′ = Q

(q,1)
kk′ +

(λ − eq)
2

N

L
∑

l

sgn(x
(q,l)
k )sgn

(

x
(q,l)
k′

)

+
λ − eq

N

L
∑

l

[

sgn(x
(q,l)
k )x

(q,l)
k′ + sgn

(

x
(q,l)
k′

)

x
(q,l)
k

]

, (12)

where, in analogy to Eq. (4), we have introduced

y(q,l)
m =

Bm · ξ(q,l)

√
N

, (13)

to denote the local field of the m-th hidden unit of the teacher committee ma-
chine. By the Central Limit Theorem the local fields {x(q,l)

k } and {y(q,l)
m } are
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jointly Gaussian with covariances which depend only on the overlaps in Eqs. (8)
– (10), viz.

〈

x
(q,l)
k x

(q,l′)
k′

〉

= δll′ Q
(q,1)
kk′

〈

x
(q,l)
k y(q,l′)

m

〉

= δll′ R
(q,1)
km (14)

〈

y(q,l)
m y(q,l′)

n

〉

= δll′ Tmn

Note that we have neglected terms O(N−1) in Eq. (14), allowing us to restrict

the discussion to the l = l′ = 1 terms and thus to use Q
(q,1)
kk′ and R

(q,1)
km instead

of Q
(q,l)
kk′ and R

(q,l)
km , respectively. This can be seen by inserting the Hebbian

weight update rule of Eq. (3) into the definition for the student field in Eq. (4)
and performing the averages in Eqs. (14).

To arrive at a set of flow equations for the order parameters Q and R, we
follow standard reasoning to analyze online learning [12, 13], and introduce a
continuous time α = qL/N , with ∆α = L/N → 0 in the thermodynamic limit

N → ∞. The order parameters R
(q,1)
km ≡ Rkm(α) and Q

(q,1)
kk′ ≡ Qkk′ (α) then

become smooth functions on the α-scale. Combining S steps of the form of
Eq. (7) with S → ∞ in such a way that S/N → 0 in the thermodynamic limit,
one obtains an autonomous set of flow equations which, by appeal to the law of
large numbers, can be formulated in terms of averages over the jointly Gaussian
fields, with covariances that become functions of α themselves,

dRkm

dα
=

〈

λ − eq

L

L
∑

l

sgn
(

x
(q,l)
k

)

y(q,l)
m

〉

,

dQkk′

dα
=

〈

(λ − eq)
2

L

L
∑

l

sgn
(

x
(q,l)
k

)

sgn
(

x
(q,l)
k′

)

〉

(15)

+

〈

λ − eq

L

L
∑

l

[

sgn
(

x
(q,l)
k

)

x
(q,l)
k′ + sgn

(

x
(q,l)
k′

)

x
(q,l)
k

]

〉

.

The performance of the student is characterized in terms of its generalization
error. Denoting by x = (xk) and y = (ym) the local fields of the student and
teacher nodes for an input pattern ξ, one defines the single pattern error as

ε(ξ) ≡ ε(x, y) =
1

4

(

1√
K

K
∑

k=1

sgn (xk) − 1√
M

M
∑

m=1

sgn (ym)

)2

, (16)

giving the generalization error as its average over the distribution of inputs

εg = 〈ε(x, y)〉ξ . (17)

The normalization factor 1/4 has been chosen to allow an interpretation as
probability of disagreement between student and teacher in the case of K =
M = 1. An analytic expression of Eq. (17) in terms of the overlap matrices
Q, R and T is derived in Appendix A. Note that the generalization error, εg

defined by Eq. (16) and Eq. (17), is used only to assess the performance of the
student, while the online bag error eq provides the graded reinforcement signal
during learning.
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3 Solving of the Flow Equations

By expanding the online bag error eq defined in Eq. (6) and expressing it in

terms of the jointly Gaussian fields {x(q,l)
k } and {y(q,l)

m }, the right-hand sides of
Eqs. (15) can be broken down into a sum of simpler terms [14]. The resulting
integrals are listed in generic form in Appendix C. There are analytic expressions
for the two dimensional integrals, Eqs. (24) and (25), but unfortunately not for
the four and six dimensional integrals of the form of Eqs. (26) and (27) which
also appear in the expansion.

We therefore decided to use Monte Carlo sampling over the Gaussian fields

{x(q,l)
k } and {y(q,l)

m } to estimate the expressions on the right-hand sides of
Eqs. (15). Note that this amounts to simulating the system in the thermo-
dynamic limit N → ∞, thereby avoiding finite size effects. This approach
shares some features of the Eissfeller-Opper algorithm for spin-glass dynam-
ics [22]. The mutual correlations of the fields are given by the order parameter
matrices of the system Q, R and T, as described in Eqs. (14). Samples are eas-
ily generated using a Cholesky decomposition of the overall correlation matrix
constructed from these matrices. Unless explicitly noted otherwise, we used a
set of 106 samples to estimate the expressions. Since integrating over a single
time step of Eqs. (15) requires considerable computational resources, we chose
a Runge-Kutta-Fehlberg 4,5 Algorithm with an adaptive step size sensitive to a
relative error of 10−3 to integrate these equations. Once the self-correlations of
the fields became very small, the step size had to be decreased to prevent the
updated self-correlations from becoming negative.

To compare the theory described in the previous section with direct stochas-
tic simulations of the learning algorithm, we have to impose appropriate initial
conditions on the weight vectors Jk and Bm of the simulation. We start by
choosing random initial weights. Afterwards, a standard Gram-Schmidt process
is used to yield a set of orthonormal basis vectors Ĵk and B̂m. Weight vectors
with desired initial overlaps are then easily expressible as linear combinations
of the orthonormal ones.

4 Results

In Fig. 1 the two different methods for analyzing the learning behavior, stochas-
tic simulation of the learning rule defined by Eqs. (3) and (5) and Monte Carlo
integration of the coarse-grained equations (15), are compared for the single-
layer perceptron (K = M = 1). We find excellent agreement between the two
methods. For the initial conditions chosen in this example, we find that for
a value of λ = 0.1 the network converges to the target function, exhibiting
a power law decay of the generalization error. The small deviations between
the simulation and the theoretical results are mainly due to finite size effects
affecting the former but not the latter. Decreasing the value of the learning
rate ratio λ below a critical value λc changes the behavior of the system, and it
gets trapped in a state with a poor generalization error. This is shown for both
methods in the extreme case λ = 0 in Fig. 1. In the trapped state, the simulated
system is subject to fairly large fluctuations due to the stochastic nature of the
inputs; these fluctuations disappear in the thermodynamic limit described by
the coarse-grained theory.
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0.01
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0.5

εg

 0.01  0.1  1  10  100  1000  10000 100000 1e+06

α

λ=0.1 sim
λ=0.1 cg

λ=0.0 sim
λ=0.0 cg

Power Law

Figure 1: Comparison of simulations (sim) and coarse-grained theory (cg) for
a single-layer perceptron. The size of the bags was L = 5 and feedback was
via the hidden instance error. For the simulations, the input dimension was
N = 300. The lighter colors in the background illustrate the standard deviations
for the simulations (in this figure the standard deviations are very small and
the simulation and coarse-grained data practically fall on top of each other).
Initial conditions were random with R(0) = 0 and Q(0) = 1.0. The power

law εg(α) ∝ α− 1

2L2λ derived from an asymptotic analytic study [9] is in good
agreement with the simulation result for λ = 0.1.

0.1

εg

0.1 1 10 100 103 104 105 106 107

α

R0 = 0.00
R0 = 0.05
R0 = 0.10
R0 = 0.20

0.1

εg

0.1 1 10 100 103 104 105 106

α

R0=0.0
R0=0.2

Figure 2: The evolution of the generalization error is shown for varying initial
values of the teacher-student overlaps Rkm(0) = R0δkm, for a network with K =
M = 2, λ = 0.1 and L = 3. The left panel shows results of the coarse-grained
theory, the right panel the mean and standard deviations over 5 simulation runs
for a system of N = 300 input nodes.
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εg

0.1 1 10 100 103 104 105 106 107 108 109

α

λ=0.05, sim
λ=0.08, sim

λ=0.1, sim
λ=0.05, cg
λ=0.08, cg

λ=0.1, cg
α^-0.28
α^-0.21

Figure 3: Simulations and coarse-grained analysis for K = M = 2 and bag size
L = 3. The initial conditions were Qkk′(0) = δkk′ and Rkm(0) = 0.1δkm. For
these initial conditions, λ has to exceed a λc ≈ 0.06 for convergence to good
generalization. The input dimension was N = 300. The straight lines represent
power law fits to the asymptotic behavior: the results from the cg-simulation
with λ = 0.08 yields εg = α−0.28 and with λ = 0.1 yields εg = α−0.21.

In the case of more complex networks additional fixed points in the dynamics
arise due to symmetries in the configurations of the student-teacher overlaps
Rkm [21]. As an example, consider the case of Fig. 2 for a student with K = 2
hidden units, trained by a teacher with M = 2 hidden units and Tmn = δmn,
and a bag size of L = 3. Initial conditions Rkm(0) = R0δkm with different
values for R0 are chosen. In the case R0 = 0, all student weights have no initial
overlap with the teacher weights. This initial symmetry w.r.t. permutation of
the hidden units of the student can never be broken in the thermodynamic limit
(see left panel of Fig. 2). The student weights can never specialize for specific
teacher weights, leading to a non-vanishing generalization error εg even in the
α → ∞ limit. As the value of R0 6= 0 is increased, specialization of the student
weights to teacher weights takes place earlier in the dynamics. This leads to
shorter plateaus in Fig. 2 and therefore faster learning.

The right panel of Fig. 2 shows the same system for some of the initial con-
ditions shown in the left panel, but now studied through stochastic simulations
of a system with N = 300 input units. In finite N simulations, symmetries in
initial conditions can be broken due to finite-size fluctuations, so a transition
to specialization occurs even for the R0 = 0 case. Analogous observations have
also been made for standard supervised learning in committee machines [13, 21].
For a given R0, residence times in the plateau phase can vary considerably be-
tween individual runs due to large fluctuations of the time needed to achieve
specialization. This is the main reason for the fairly large error bars in the
‘post-plateau’ results exhibited in the right panel of Fig. 2.

The effect of the leaning rate λ is investigated for a K = M = 2 committee
machine in Fig. 3. As in the perceptron case, learning behavior is found to
depend on λ. For a value λ = 0.1 > λc ≈ 0.06, the system converges to
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ρ11 & ρ22
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Figure 4: Plot of generalization error and the normalized order parameters
ρkm = Rkm√

Qkk

as functions of time α, for K = M = 2, λ = 0.1, L = 3. Initial

conditions were Rkm(0) = 0.1δkm and Qkk′ = δkk′ , which lead to ρ11 = ρ22 and
ρ12 = ρ21 at all values of α, as the initial symmetry is preserved in Eq. (15).

the target function with a λ-dependent power law decay of the generalization
error. For λ < λc, the learner gets trapped in a state with a bad generalization
error. We have found that λc depends on initial conditions for the student self-
overlaps, for which we chose Qkk′ = Q0δkk′ , with Q0 = 1 in the present case.
Theory and simulations agree to within a standard deviation of the fluctuations
characteristic of the simulation results.

For an isotropic teacher with Tnm = δnm, Figure 4 shows the normalized
overlaps ρkm = Rkm√

Qkk

for λ = 0.1; for this value of λ the system converges to

a state of perfect generalization with a power law decay of the generalization
error. During the transient initial phase, both the off-diagonal elements ρkm

and the diagonal elements ρkk increase until the hidden units of the student
network specialize to emulate specific hidden units in the teacher network. If the
student-teacher overlaps are initialized with R0 > 0, we find that as α → ∞ the
diagonal elements ρkk → 1 while the off-diagonal elements ρkm → 0, indicating
convergence to perfect generalization.

A global flow diagram would provide a more complete understanding of
the dynamics. However, as we deal with a high-dimensional system, we have to
select a reasonable subspace for visualization. We have demonstrated specializa-
tion of the student’s hidden units in the case of an isotropic teacher, Tnm = δnm.
We look at a subspace with diagonal order parameter matrices: Qkk′ = Qδkk′

and Rkm = Rδkm. We used R > 0 in order to avoid issues specifically related
with symmetry between hidden units; these issues have been studied in detail
(e.g. [13, 21]). In Fig. 5 we exhibit the dynamical flow in this subspace in a εg-√

Q-plane, as obtained from Eqs. (15). We see that the global behavior changes
with the control parameter λ. For λ = 0.03, the system has a stable fixed point
at

√
Q ≈ 0.3 and ǫg ≈ 0.4, and a partially stable fixed point at

√
Q ≈ 0.7 and

ǫg ≈ 0.11. The presence of these two fixed points entails that, depending on the
initial conditions, learning might fail. However, we see in the second panel of
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Figure 5: Flow in a subspace chosen as Qkk′ = Qδkk′ , Rkm = Rδkm and Tmn =
δmn for L = 3 obtained from a K = M = 2 system. For λ = 0.03, below the
bifurcation point at λ∗ ≈ 0.06, a stable fixed point at

√
Q ≈ 0.3 and ǫg ≈ 0.4

exists that may trap learning in a state with bad generalization (see Fig. 3).
Above λ∗ learning in this subspace always converges to perfect generalization.
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Figure 6: Over- and unrealizable learning for AR learning using a bag size
L = 3 and λ = 0.1. The left panel shows that a student network with higher
complexity (K = 2) than that of the target function (M = 1) learns perfectly,
with a power law decay of the generalization error. The right panel shows that
in the case of lower complexity (K = 1 and M = 2) the network finds the best
possible approximation of the teacher rule.

Fig. 5 for λ above a “bifurcation point” λ∗ ≈ 0.06 (for the K = M = 2 system
and L = 3) that the two fixed points coalesce and disappear, allowing con-
vergence to perfect generalization independent of initial conditions for λ > λ∗

(provided that R0 > 0). Similar global flow diagrams have been obtained for
single-layer perceptrons [7]. Note that in general λc ≤ λ∗, as for specific initial
conditions learning can succeed despite of the presence of attractive fixed points
with poor generalization.

In real situations, it is unlikely that a learning system, be it biological or
artificial, faces the task of learning a function that has the same complexity as
its inner architecture. It is therefore of both theoretical and practical interest
to investigate whether the system can learn an overrealizable task (K > M)
or whether it can approximate an unrealizable (K < M) task the optimal way
compatible with its lower complexity. Results for these two cases are shown in
Fig. 6.

Soft-committee machines of different complexity differ both in the number
and range of values produced by the output unit. Thus, soft-committee ma-
chines of different complexity cannot emulate each other without adapting the
normalization of their output values. There is however the possibility that by
appropriately changing the normalization of the outputs a soft-committee ma-
chine with, say K = 2 hidden units — normally {−

√
2, 0,

√
2} — can reproduce

the outputs of a perceptron with outputs {−1, +1}, if the outputs of the former
were rescaled by a factor 1/

√
2, and the K = 2-machine could be trained to

avoid the output 0. Likewise, a soft-committee machine with K = 4 hidden
units could be rescaled and trained to reproduce the outputs of a (less complex)
K = 2 machine (e.g. by combining the hidden units of the K = 4 machine in
pairs which do the same thing), etc. Whereas functions of lower complexity can
thus sometimes be realized, the opposite is never possible: a network of lower
complexity attempting to learn a target function of higher complexity will never
achieve a vanishing generalization error.

Here we look at the simplest situation, a K = 2 machine learning a rule
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defined by a perceptron with M = 1, and the opposite case, where a perceptron
with K = 1 attempts to learn a rule defined by an M = 2 committee. In the left
panel of Fig. 6 we demonstrate that the more complex network (K = 2) is able to
approximate the simpler network (M = 1) with the expected power law behavior
of the generalization error. For the opposite case, the right panel of Fig. 6
reveals that independently of initial overlaps of student and teacher weights, the
simpler K = 1 perceptron is able to find the best possible approximation of an
M = 2 committee. The optimal configuration itself is analytically characterized
in Appendix B.

5 Discussion

In this paper we investigated a simple learning algorithm as a solution to the
delayed reinforcement task for the committee machine. We showed that the
algorithm, in addition to dealing with the non-specificity in time caused by the
delayed reward, can also cope with the non-specificity in “space” presented by
the hidden units in the committee machine. Good learning behavior persists
over various student and teacher network complexities, extending to nonlinear
decision boundaries. This flexibility can be regarded as one of the features that
lends biological plausibility to the algorithm, and perhaps relevance for techni-
cal applications. The flexibility and the simplicity of the algorithm support the
hypothesis that it might be phylogenetically relevant, and could have formed
the basis of more advanced solutions. Indeed, its key ingredients, i.e. unsuper-
vised Hebbian learning, global replay, and specifically the control of polarity of
plasticity through neuromodulators in individual neurons, have been observed
in various systems [16, 15, 20].

To analyze the system, a set of flow equations describing the deterministic
evolution of the learning dynamics in the infinite size limit have been derived and
were solved using Monte Carlo sampling of key integrals. The symmetries in the
hidden units were shown to lead to fixed points in the dynamics, which manifest
themselves as plateaus in the temporal behavior of the generalization error,
much as in the conventional online learning scenario for these systems [13, 21]. In
case of convergence, the power law dependence of the asymptotic generalization
error over many orders of magnitude in time indicates asymptotically perfect
generalization. Importantly, the power law has been found to depend in a non

universal manner on the systems parameters. In particular, there is no perfect
generalization if λ < λc, where λc depends on the initial conditions.

Analysis of the global flow in a subspace of symmetric systems revealed a
picture similar to that of the flow in the perceptron: if the Hebbian learning
rate λ characterizing the association phase of the algorithm remains below a
bifurcation point λ∗, two fixed points of the learning dynamics exist, one stable
and one partially stable, and convergence to perfect generalization depends on
initial conditions. Increasing the value of λ moves the two fixed points closer
to each other, until at λ∗ they eventually coalesce and disappear, leading to
asymptotic convergence independently of initial conditions in this subspace for
λ > λ∗. Note that the fixed points originating from the permutation symmetry
of the hidden units still exist, and it is left to future research to see whether
the present algorithm can be modified in a manner that would speed up the
breaking of this symmetry (e.g. [23, 24]).
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A Generalization Error

In this section, we explicitly calculate the generalization error for the soft-
committee machine with sgn(x) as transfer function for the hidden units, as
investigated in the present paper. We remind the reader that the term “soft”
refers to the transfer function of the output unit. See Eq. (1) and the text below
it. A similar derivation was performed in [13] for erf(x) as transfer function.

As discussed in Section 2.2, in the case of independent identically distributed
inputs ξi of zero mean and unit variance, the local fields of the hidden student
and teacher units are jointly Gaussian, with covariance matrix determined by
the mutual weight overlaps:

C =

(

Q R

RT T

)

.

We can write the multivariate Gaussian distribution of the fields as

P (x, y) =
1

√

(2π)M+K |C|
exp

(

−1

2
(x, y)C−1(x, y)T

)

. (18)

The generalization error 〈ε(x, y)〉ξ of Eq. (17) then becomes

εg =
1

4K

K
∑

i,j=1

〈sgn(xi)sgn(xj)〉

+
1

4M

M
∑

n,m=1

〈sgn(yn)sgn(ym)〉 (19)

− 1

2
√

KM

K
∑

i=1

M
∑

n=1

〈sgn(xi)sgn(yn)〉 ,

in which averages are over the multivariate Gaussian distribution, Eq. (18).
Using marginalization we can rewrite these averages as a sum of two dimensional
Gaussian integrals of the type in Eq. (25) below. Performing the appropriate
substitutions we get

εg =
K

4
− 1

2πK

K
∑

i,j=1

arccos

(

Qij
√

QiiQjj

)

+
M

4
− 1

2πM

M
∑

m,n=1

arccos

(

Tmn√
TmmTnn

)

(20)

−
√

KM

2
+

1

π
√

KM

K
∑

i=1

M
∑

m=1

arccos

(

Rim√
QiiTmm

)

.

B Optimal εg for Perceptrons

In this Appendix we calculate the optimal generalization error for perceptrons
approximating more complicated committee machine functions. Note that this
value is independent of the specific learning algorithm and gives a bound on the
performance of any learning algorithm.
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For K = 1 hidden unit in the student network and M hidden units in the
teacher network we find that all except the last term of Eq. (20) are indepen-
dent of the student weight J . Therefore minimizing the generalization error εg

corresponds to minimizing

εg = c +
1

π
√

M

M
∑

m=1

arccos

(

R1m√
Q11Tmm

)

= c +
1

π
√

M

M
∑

m=1

arccos

(

J · Bm

|J ||Bm|

)

, (21)

w.r.t J ; here c denotes the terms in Eq. (20) that are independent of J .
As the generalization error is invariant under rescaling J (or the Bm), we

can look for a minimum at fixed |J | =
√

N , using a Lagrangian multiplier to
enforce this constraint. For an isotropic teacher-committee with Tmn = δmn

this gives

∇J

(

εg + λ(J2 − N)
)

= − 1

π
√

M

M
∑

m=1

Bm
√

1 − R2
1m

+ 2λJ = 0 (22)

Performing a scalar product with any of the Bn and exploiting isotropy, we
conclude that the overlaps R1n must (up to sign) be independent of n, giving

J ∝
M
∑

m=1

Bm . (23)

Thus the optimal weight is a linear combination of the teacher weights with
equal coefficients. Inserting this into Eq. (20) for an isotropic teacher and M = 2
yields εopt

g ≈ 0.146.

C Integrals

The following integrals need to be evaluated to solve the flow equations or to
compute the generalization error,

I1 =
1

2π
√

|C|

∫ +∞

−∞
dx1dx2 sgn(x1) x2 exp(−1

2
(x1, x2)C

−1(x1, x2)
T )

=

√

2

π

C12√
C11

, (24)

I2 =
1

2π
√

|C|

∫ +∞

−∞
dx1dx2 sgn(x1) sgn(x2) exp(−1

2
(x1, x2)C

−1(x1, x2)
T )

= 1 − 2

π
arccos

(

C12√
C11C22

)

, (25)

as well as their generalizations to higher dimensions

IN,1 =
1

(2π)N/2
√

|C|

∫ +∞

−∞
dNx

N−1
∏

i=1

sgn(xi)xNe−
1

2
xC−1xT

, (26)

IN,2 =
1

(2π)N/2
√

|C|

∫ +∞

−∞
dNx

N
∏

i

sgn(xi)e
− 1

2
xC−1xT

. (27)
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Analytic expressions for the latter are unfortunately not in general available.
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