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Abstract

Recent advances in total least squares approaches for solving various errors-
in-variables modeling problems are reviewed, with emphasis on the following
generalizations:

1. the use of weighted norms as a measure of the data perturbation size,
capturing prior knowledge about uncertainty in the data;

2. the addition of constraints on the perturbation to preserve the structure of
the data matrix, motivated by structured data matrices occurring in signal
and image processing, systems and control, and computer algebra;

3. the use of regularization in the problem formulation, aiming at stabilizing
the solution by decreasing the effect due to intrinsic ill-conditioning of
certain problems.

For extensive reviews of the total least squares approach and its applications,
we refer the reader to the following

e Overview papers: [@], [@], [Iﬂ], [@];
e proceedings and special issues: ], [@], @] and

e books: [51], [24].

The focus of this paper is on computational algorithms for solving the gen-
eralized total least squares problems. The reader is referred to the errors-in-
variables literature for the statistical properties of the corresponding estimators,
as well as for a wider range of applications.
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Weighted and structured total least squares problems

The TLS solution
ys = arg min || [A b] — [fl 5} |- subjectto Az =0 (1)
x,Ab

of an overdetermined system of equatiohs ~ b is appropriate when all elements

of the data matri>{A b] are noisy and the noise is zero mean, independent and iden-
tically distributed. More precisely, (under regularitynditions) Zys is a consistent
estimator for the true parameter vataén theerrors-in-variables (EIV) model

A=A+A, b=b+b Az =0, 2)
where the vector of perturbationsc(| A b|) is zero mean and has covariance matrix
that is equal to the identity up to a scaling facta,

E (vec( [K 5} ) =0 and cov ( vec( [K 5} )) = oI 3)
The noise assumptiofl(3) implies that all elements of the aeitrix are measured with
equal precision, an assumption that may not be satisfiecdhictipe.

A natural generalization of the EIV mod€&ll[2,3) is to allovetbovariance matrix of
the vectorized noise to be of the foudV/, whereV is a given positive definite matrix.
The corresponding estimation problem is the TLS prob[dmv(tt) the Frobenius norm
| - || replaced by the weighted matrix norm

|AD]y-1 := /vecT (AD)V 1 vee(AD)

i.e,

|,-. suchthat Az =Db. (4)

min|[[4 b= |4 b
min|[4 1] - [
In [E Section 4.3] this problem is callegeighted total least squares (WTLS). Closely
related to the WTLS problem are the weighted low rank appnaxion roblem@4,

%] and the maximum likelihood principal component anaysioblem 0].

As opposed to the weighted least squares problem, whictrigia generalization of
classical least squares, the WTLS problem does not havegriargl, a closed form
solution similar to the one of the TLS problem. The most gah@fTLS problem with
analytic solution has a weight matrix of the foffr ' = V, ' @ V; !, where® is the
Kronecker productl; is m x m, andVs is (n + 1) x (n + 1) (m is the number of
equations and is the number of unknowns iz = b). For general weight matrix, the
problem can be solved by local optimization methods. Howetaere is no guarantee
that a globally optimal solution will be found.

There are two main categories of local optimization mettfodsolving WTLS prob-
lems: alternating projections and variable projecti@.[]]’hey are based on the ob-
servation that the constraint of the WTLS probléin (4) istgitir, which implies that the
problemis linear in either or A and, therefore, can be solved globally and efficiently.
Alternating projections is an iterative optimization aliglom that on each iteration step
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1. solves a (linear) least squares problem iman(n + 1) extended parameteéfey:
with A fixed to the value obtained on the previous iteration step

min|| [4 5] — AXed], ., 5)

2. solves a least squares problem@mvith Xext fixed to the optimal value of15)
min [[A 0] = AXex])\, - (6)

The parameter is recovered fromYey;, as follows

n 1
— —

—1
T = Xeyi1Text 2, where Xey = [XexLl Iext,Q} .

In the statistical literature, the alternating projecti@igorithm is given the interpre-
tation of expectation maximization (EM). The problem of computing the optimal ap-
proximationA given Xey is the expectation step and the problem of compuliiag,
given A is the maximization step of the EM procedure.

The variable projections method uses the closed form solat the expectation prob-

lem (@):

f(z) = \/dT (V—l - V—1XextT(XextV—lXextT)—lxextV—l) d,

where
d:= Vec([A b]) and Xext 1= [In :C] @ Iy,

This is a projection of the rows ofA b on the subspace perpendicular tf ].

The minimization over: is then an unconstrained nonlinear least squares problem
min,, f(z), which can be solved by standard optimization metheds,the Levenberg-
Marquardt method.

Another generalization of the TLS problel (1) is to add caists on the approxi-
mation matrix| A b [El] Such constraints are needed in applications wheredkte d

matrix is structured and the approximation is required teetthe same structure. For
example, in signal processing the outpuif a finite impulse response (FIR) system
to an inputu is given by multiplication of a Toeplitz matrix constructikdm v by the
vector of the impulse response samples. In an FIR systemag#n problem, where
both the input and the output are noisy, the approximatiotriria required to have
Toeplitz structure in order for the result to have interatiein as a description of an
FIR system.

Similarly to the WTLS problems, in generadructured total least squares (STLS)
problems EB] have no analytic solution in terms of the SVD loé tlata matrix. |]2]
solved globally STLS problems with block-circulant sturet by using the discrete
Fourier transform and the solution of standard TLS probldfos other types of struc-
ture one has to resort to local optimization methods. In cddaearly structured
problems, the constraint of the STLS optimization probleiilinear, so that the alter-
nating projections and variable projections methods,laintd the ones developed for
the WTLS problem, can be used.



Regularized and truncated total least squares problems

Linear approximation problemdxz ~ b are considered ill-posed when small varia-
tions in the datad andb lead to large variations in the computed solutianin the
context of ordinary least squares, methods such as ridgessgn, Tikhonov regular-
ization [B] or truncated SVIjﬂG] are often employed to siabthe computations. In
recentyears, several regularization formulations has@laéen explored in the context
of the total least squares problem. We distinguish betweethods based on penal-
ties/constraints, and methods based on truncation.

The basic idea ofegularized total least squares (RTLS) is forcing an upper bound on
a weighted 2-norm of the solution vector(although other types of constraints can
be envisaged). Several formulations have been considérdidst formulation is the
quadratically constrained RTLS problem stated_in Eh@?ﬂ} as

min||[A 8] - [4 B[}  subjecttodz =5, |Lal} <5%  (7)
x,Ab

or, equivalently,

Az —b||3
o lAs bl

22 subjectto|Lz|3 < 6%, (8)
v 1+ |3 ’

whereL is ap by n matrix, usually the identity matrix or a discrete differeraperator,
and¢ is a given scalar value.

A second formulation adds a Tikhonov-like quadratic pgnetm || Lz||3 to the TLS

objective fu nctionm3]:

[ Az — b|J3
L+ 3

For 62 small enoughie., 62 < | Lz™5||3 wherez™> is the TLS solution), there

exists a value of the parameter> 0 such that the solution ofl8) coincides with the

solution of [@). A sufficient condition for attainability ahe minima in[[8) orl(P) is:

Omin ([AN bB < omin(AN), where the columns a¥ form a basis for the nullspace
.

of LTL [43,[4,

As opposed to classical regularization methods in the gonferdinary least squares,
these formulations do not have closed-form solutions. @ltih local optimization

methods are used in practice, the analysiﬂilﬂ[4, 3] sugdlestsboth formulations

can be recast in a global optimization framework, namelg stalar minimization

problems, where each function evaluation requires thetisolof a quadratically con-
strained linear least squares probléni [12].

+ Al Lz 3. (9)

min
T

The constrained formulatiofl(8) has been solved via a seguefrquadratic eigenvalue
problems by@S]. Combining this approach with the nonlinaenoldi method and

reusing information from all previous quadratic eigenegtuioblems, a more efficient
method for large RTLS problems has been proposemn [19]thEurE$] suggested
an iterative method based on a sequence of linear eigerpadbEems, which has also
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been accelerated by solving the linear eigenproblems bydhgénear Arnoldi method
and by a modified root finding method based on rational infatjom [ﬂ].

For the quadratic penalty formulatidd (9), a complete asialjas been presented by
[E]. A simple reformulationinto a scalar minimization makée problem more tractable:

2
In(in G(«), whereG(a) :=  min {% + /\||Lx||%} (20)

lzll3=a—1

In [E] another related formulation called dual RTLS is pveed. It minimizes the
norm || Lz||% subject to compatibility of the corrected system, as welt@sipper

bounds ori| A — Al|¢ and||b — b||.

Truncation methods are another class of methods for ragingtinear ill-posed prob-
lems in the presence of measurement errors. In essencaithey limiting the contri-
bution of noise or rounding errors by cutting off a certaimrber of terms in an SVD
expansion. Théruncated total least squares (TTLS) solution with truncation levet
is the minimum 2-norm solution ofi,z = bi, where[A, by] is the best rank:
approximation of A b]. More precisely, iU SV " is the SVD of[A  b],

arrsk = — V()T = =Vih(Vs) T /IIVas 12, (11)

where we partitiort as (withl = n — k + 1):

k l
—  —

v {V{;l V{IZQ] I n (12)
Vo Vs 11

The regularizing properties of truncated total least sggiand a filter factor expansion
of the TTLS solution have been described E [1@ [42] shotined the filter factors
associated with the TTLS solution provide more informafienchoosing the trunca-
tion level compared to truncated SVD, where the filter faxtmre simply zeros and
ones.

Applications and current trends

Core problem. The concept of core problem in linear algebraic systems lkeas b
developed by|E4]. The idea is to find orthogotahnd( such that

by || A11| 0

010 [ | 9

P b AQ] =
The block A4, is of full column rank, has simple singular values dacas nonzero
projections onto the left singular vectors 4f;. These properties guarantee that the

subproblemA;; ;1 = b; has minimal dimensions and contains all necessary and
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sufficient information for solving the original problez =~ b. All irrelevant and
redundant information is contained. iy, .

Low-rank approximation. TLS problems aim at approximate solutions of overdeter-
mined linear systems of equatiodsX ~ B. Typical application of TLS methods,
however, are problems for data approximation by linear fsd8uch problems are
mathematically equivalent to low rank approximation, vihiie turn isnot equivalent

to the AX ~ B problem EB]. This suggests that from a data modeling pdintew,

a low rank approximation is a better framework than the sohudf an overdetermined
linear system of equations. This viewpoint of the TLS datalelimg approach is pre-
sented in@].

in

Application of STLS in system identification and model reduction is described

,@,EB]. Further applications of STLS include the sh&pen moments prob-
lem @], approximate factorization and greatest commaisdr computation in com-
puter algebrzﬂ6 , and image deblurriv@[, 31]. The WTL8gkem has applications
in chemometric ﬂO] and machine learning [44].

Applications of RTLS. RTLS formulations, including weighted and structured gene
alizations, have been used in various ill-posed problemmtarious inverse problem—
blind deconvolution of one- or two-dimensional data—hasieed special attention.
Restoring one-dimensional signals from noisy measuresr@tioth the point-spread
function and the observed data has been addresséd m [9s Bdtemularized struc-
tured total least squares problem. A two-dimensional geization has been used for
image restoration irﬁ:kZ]. Interesting structured rega&d problem formulations and

efficient algorithms for image deblurring are analyzeﬁ,@ﬁl__abﬁd}ﬂﬂl].

RTLISZ{\as also been used in image reconstruction of electégmcitance tomogra-
phy [21].

Applications of TTLS. TTLS has successfully been applied to biomedical inverse
problems such as the reconstruction of epicardial potisrfiam body surface poten-
tials m] and imaging by ultrasound inverse scattedﬂj.[ZlZl’LS is also used as an
alternative to ridge regression in the estimation step efrégularized expectation-
maximization algorithm for the analysis of incomplete caiimdataIE8].
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