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Abstract

26 This paper proposes a novel framework for labelling prolslevhich is able to combine multiple
28 segmentations in a principled manner. Our method is bas&ibber order conditional random fields and
29 uses potentials defined on sets of pixels (image segmentgyated using unsupervised segmentation
31 algorithms. These potentials enforce label consistenapage regions and can be seen as a generaliza-
tion of the commonly used pairwise contrast sensitive simoegs potentials. The higher order potential
34 functions used in our framework take the form of the RohR@%tmodel and are more general than the
P™ Potts model proposed recently in [3]. We prove that the ogltisvap and expansionmoves for

37 energy functions composed of these potentials can be cethfuyt solving a st-mincut problem. This
39 enables the use of powerful graph cut based move makingitger for performing inference in the
40 framework. We test our method on the problem of multi-clasfead segmentation by augmenting the
42 conventionalcRF used for object segmentation with higher order potentiafinéd on image regions.
Experiments on challenging data sets show that integrafidnigher order potentials quantitatively and
45 qualitatively improves results leading to much better dédin of object boundaries. We believe that

47 this method can be used to yield similar improvements foryrather labelling problems.
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I. INTRODUCTION

In recent years an increasingly popular way to solve variouage labelling problems like
object segmentation, stereo and single view reconstiudiao formulate them using image
segments (so called superpixels) obtained from unsumefvegmentation algorithms [5]-[7].
These methods are inspired from the observation that poatstituting a particular segment
often have the same label; for instance, they may belongecs#ime object or may have the
same surface orientation. This approach has the benefhitjtagr order features based on all the
pixels constituting the segment can be computed and useddssificatio. Further, it is also
much faster as inference now only needs to be performed osgenadl number of superpixels
rather than all the pixels in the image.

Methods based on grouping segments make the assumptiosetiraents are consistent with
object boundaries in the image [5], i.e. segments do notagombultiple objects. As observed by
[8] and [9] this is not always the case and segments obtaised) wnsupervised segmentation
methods are often wrong. To overcome these problems [8] @hdse multiple segmentations
of the image (instead of only one) in the hope that althouglstmegmentations are bad, some
are correct and thus would prove useful for their task. Theyga these multiple superpixels
using heuristic algorithms which lack any optimality gugees and thus may produce bad
results. In this paper we propose an algorithm that can ctenfne solution of the labelling
problem (using features based on image segments) in agedainanner. Our approach couples
potential functions defined on sets of pixels with convemlounary and pairwise cues using
higher ordercrrs. We test the performance of this method on the problem @&obBpgmentation
and recognition. Our experiments show that the results ofapproach are significantly better

than the ones obtained using pairwisRF models (see figure 1).

A. Object segmentation and recognition

Combined object segmentation and recognition is one of th& ohallenging and fundamental

problems in computer vision. The last few years have seeentegence of object segmentation

!By unsupervised, we mean that the segmentation algorithes dot use information from object recognition.

2In some sense this causes the problem of scene understandivgy decoupled from the image resolution given by the

hardware; it is conducted using more natural primitiveg #ra independent of resolution.



OCoO~NOUTAWNE

Building

Grass

(€) (f) (9) (h)

Fig. 1. Incorporating higher order potentials for object segmdiaa. (a) An image from the MSRC-21 dataset. (b),(c) and

(d) Unsupervised image segmentation results generatedsing wifferent parameters values in the mean-shift segatient
algorithm [10]. (e) The object segmentation obtained udiing unary likelihood potentials from Textonboost. (f) Theuit of
performing inference in the pairwise CRF defined in sectlofgl) Our segmentation result obtained by augmenting thenpse
CRF with higher order potentials defined on the segments shiovb),(c) and (d). (h) The rough hand labelled segmentetio
provided in the MSRC data set. It can be clearly seen that sieeafi higher order potentials results in a significant imgnment
in the segmentation result. For instance, the branches efitbe are much better segmented.

algorithms which integrat@bject specifictop-down information withimage basedow-level
features [11]-[15]. These methods have produced excetnilts on challenging data sets.
However, they typically only deal with one object at a timetie image independently and
do not provide a framework for understanding the whole ima&gether, their models become
prohibitively large as the number of classes increases fiilgvents their application to scenarios
where segmentation and recognition of many object classdesired.

Shottonet al. [16] recently proposed a methodeiktonboogtto overcome this problem. In
contrast to using explicit models to encode object shapg tised a boosted combination of
textonfeatures which jointly modeled shape and texture. They @oenthe result of textons
with colour and location based likelihood terms in a comditrandom field ¢rRF). Although
their method produced good segmentation and recognitisultse the rough shape and texture
model caused it to fail at object boundaries. The problemxtrfaeting accurate boundaries of

objects is considerably more challenging. In what followes sthow that incorporation of higher
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order potentials defined on superpixels dramatically imgsathe object segmentation result. In
particular, it leads to segmentations with much better defimof object boundaries as shown

in figure 1.

B. Higher Order CRFs

Higher order random fields are not new to computer vision.yTh&ve been long used to
model image textures [17]-[19]. The initial work in this e#d has been quite promising and
higher ordercrRrs have been shown to improve results for problems such aseirdagoising
and restoration [19], and texture segmentation [3]. Howéwveir use has been quite limited due
to lack of efficient algorithms for performing inference imese models.

Traditional inference algorithms such ag are quite computationally expensive for higher
order cliques although recent work has improved their perémce for certain classes of potential
functions. Lanet al. [17] proposed approximation methods fep to make efficient inference
possible in higher ordemRrFs. This was followed by the recent work of Potetz [20] in which
he showed how belief propagation can be efficiently perfarmmegraphical models containing
moderately large cliques. However, as these methods wesedbanspP, they were quite slow
and took minutes or hours to converge.

Kohli et al. [3] recently showed how certain higher order clique potdatcan be minimized
using move making algorithms for approximate energy mination such asv-expansion and
af-swap [21]. They introduced a class of higher order potentalled theP™ Potts model
and showed how the optimakpansionand swapmoves for energy functions containing these
potentials can be computed in polynomial time by solving-mstcut problem. The complexity
of their algorithm increased linearly with the size of theqake and thus it was able to handle
cliqgues composed of thousands of latent variables.

The higher order energy functions characterizing the highager cCRFs arising from our work
are more general in form than the™ Potts model and thus cannot be minimized efficiently
using the algorithm of [3]. We introduce a new family of higharder potentials which is
a generalization of the®” Potts class. The potential functions belonging to this kamare
parameterized with a truncation paramefewhich controls theirobustnessWe will show how
energy functions composed of thesmbust potentials can be minimized using move making

algorithms such as-expansion and3-swap. Specifically, we show how the optimal swap and
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expansion moves for such potentials can be found usingitiiges for computing the st-mincut.

C. Organization of the Paper

This paper proposes a general framework for solving latgeliroblems which has the ability
to utilize higher order potentials defined on segmentée test this framework on the problem
of object segmentation and recognition by integrating ll@io@sistency and shape based terms
defined on segments with conventional unary and pairwisenpiads. We show how inference in
this framework can be efficiently performed by extendingréeent work on minimizing energy

function with higher order cliques [3]. To summarize, thevgities of our approach include:

1) The method for efficiently solving a new family of higheder potentials which we call
the robustP™ model, and is a generalization of t#&" Potts model.

2) A novel higher order region consistency potential whishaistrict generalization of the
commonly used pairwise contrast sensitive smoothness{iate

3) The application of higher ordetrRrs for object segmentation and recognition which
integrate the above mentioned higher order potentials eativentional unary and pairwise

potentials based on colour, location, texture, and smasihn

An outline of the paper follows. In section Il we discuss tlasib theory of conditional random
fields. We then show how pairwiseRFs can be used to model labelling problems like object
segmentation. In section Il we augment the pairnése model by incorporating novel higher
order potentials based on super-pixel segmentations.ciioedV we review the work on move
making algorithms for solving higher order energy functiomhe potential functions which can
be solved using our method are described in section V. Kinallsection VI we show how the
optimal expansion and swap moves for energy functions cesgpof such potentials can be
computed by solving a st-mincut problem. The experimergsaliits of our method are given in
section VII. These include qualitative and quantitativeutes on well known and challenging
data sets for object segmentation and recognition. Thelesioas and directions for future
work are listed in section VIII. The proofs of the theorematetl in the paper are given in the

Appendix.

3An earlier version of this paper appeared as [22].
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[I. PRELIMINARIES

We start by providing the basic notation used in the papens@er a discrete random field
X defined over a lattica’ = {1,2,..., N} with a neighbourhood syster@. Each random
variable X; € X is associated with a lattice pointe )V and takes a value from the label set
L ={l,ls,...,lt}. The neighborhood systeis the set of edges connecting variables in the
random field. A cliquec is a set of random variables,. which are conditionally dependent on
each other. Any possible assignment of labels to the randmmabtes will be called #&abelling
(denoted byx) which takes values from the skt= L.

The probabilityPr(X = x) of any labellingx of the random variables will be referred to
as Pr(x). From the Hammersley Clifford theorem, the posterior @hstion Pr(x|D) over the
labellings of a Markov Random FieldiQF) is a Gibbsdistribution and can be written as

Pr(x|D) = —exp > the(xc)) (1)

ceC

where.(x.) are potential functions defined over the variables € {z;,7 € ¢}) constituting
the cliquec, Z is a normalizing constant known as the partition functiarg & is the set of all
cliques [4]. The corresponding Gibbs energy is defined as

E(x) = —log Pr(x|D) —log Z = Y _ th(x.) 2

ceC

The maximum a posteriorMAP) labelling x* of the random field is defined as

x" = argmax Pr(x|D) = arg min F(x). 3)

xeL xeL
A conditional random field¢rRF) may be viewed as amrF globally conditioned on the data [23].
In this case, the potential functions are conditioned bydédwa and are thus should be written as
.(x.|D). To be concise, we will dro, and just use).(x.) to denote the potential functions

of a CRE

A. Pairwise CRFs for Object Segmentation

The crRF models commonly used for object segmentation are chaizeteoy energy functions

defined on unary and pairwise cliques as:

= Z ¢z(l’z Z ¢ZJ i xﬁ (4)

ey (4,9)€€
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Here V corresponds to the set of all image pixels, whilas the set of all edges connecting
the pixelsi,j € V. The edge set is commonly chosen to define a 4 or 8 neighbodirfidee
labels constituting the label sétrepresent the different objects. The random variabldenotes
the labelling of pixel: of the image. Every possible assignment of the random Jasab (or
configuration of thecRF) defines a segmentation.

The unary potential); of the CRF is defined as the negative log of the likelihood of a label
being assigned to pixel It can be computed from the colour of the pixel and the apgress
model for each object. However, colour alone is not a vergrdisnative feature and fails to
produce accurate segmentations. This problem can be owerbyg using sophisticated potential
functions based on colour, texture, location, and shapepsds shown by [14], [16], [24]-[26].

The unary potential used by us can be written as:

Vi(2;) = Orr () + Ocortheor () + Oty () %)
wheredr, 0., andf, are parameters weighting the potentials obtained fromofdBaost())

[16], colour(.;) and location{;) respectively.
The pairwise termg);; of the CRF take the form of a contrast sensitive Potts model:

(@i, x5) = (6)

g(i,7) otherwise
where the functiory(i, j) is an edge feature based on the difference in colors of nergid
pixels [27]. It is typically defined as:

9(i,5) = 6y + 0, exp(=05]|1; = L;][?), (7)
where I; and I; are the colour vectors of pixéland j respectivelyd,, ¢,, and 6z are model
parameters whose values are learned using training dataeMfethe reader to [16], [26], [27]
for more details.

1) Inferring the most probable segmentatiohhe object segmentation problem can be solved
by finding the least energy configuration of tbher defined above. As the pairwise potentials
of the energy function (4) are of the form of a Potts model it b minimized approximately
using the well knownr-expansion algorithm [21]. The resulting segmentation lbanseen in
figure 1. We also tried other energy minimization algorithénsh as sequential tree-reweighted
message passingkw-s) [28], [29]. The a-expansion algorithm was preferred because it was

faster and gave a solution with lower energy comparetrRa-S.
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2) Need for Higher Order CRFsThe use of Potts model [21] potentials in tbeF model
makes it favour smooth object boundaries. Although thisroues results in most cases it
also introduces an undesirable side effect. Smoothnesnids make the model incapable
of extracting the fine contours of certain object classeh agtrees and bushes. As seen in
the results, segmentations obtained using pairn@m®es tend to be oversmooth and quite often
do not match the actual object contour. In the next sectionstv@v how these results can
be significantly improved by using higher order potentiatsived from multiple segmentations

obtained from an unsupervised image segmentation method.

[1l. INCORPORATINGHIGHER ORDER POTENTIALS

Methods based on grouping regions for segmentation géynenake the assumption that all
pixels constituting a particular segment (or region) bgléo the same object [5]. This is not
always the case, and image segments quite often contaiis gieéonging to multiple object
classes. For instance, in the segmentations shown in figtire Bottom image segment contains
some ‘building’ pixels in addition to all the grass pixels.

Unlike other object segmentation algorithms which use tigell consistency in segments
as a hard constraint, our method uses it asoft constraint This is done by using higher
order potentials defined on the image segments generated usisupervised segmentation
algorithms. Specifically, we augment the pairwRF model explained in the previous section
by incorporating higher order potentials defined on setsegions of pixels. The Gibbs energy

of this higher ordeilcRF can now be written as:

E(x) =Y tiw) + D vulwiz) + Y telxe), ®)

i€V (i,§)€E ceS
whereS refers to a set of image segments (or super-pixels),sanare higher order potentials

defined on them. In our experiments, theSensisted of all segments of multiple segmentations
of an image obtained using an unsupervised image segn@ntakjorithm such as mean-
shift [10] (see section 1lI-D for more details). We will novweskcribe in detail how these higher

order potentials are defined.

A. Region based consistency potential

Theregion consistency potential similar to the smoothness prior present in pairvages [27].

It favours all pixels belonging to a segment taking the saabell and as will be shown later is
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Fig. 2. Quality sensitive region consistency prior. (a) An imagerfrthe MSRC data set. (b) and (c) Two different segmentations
of the image obtained using different parameter valuesHerrean-shift algorithm. (d) A hand labelled object segatent of

the image. (e) and (f) The value of the variance based qufilitgtion G(c) (see equation 11) computed over the segments of
the two segmentations. Segments with high quality valieslanker. It can be clearly seen that segments which contaitipte
object classes have been assigned low quality. For instaheetop segment of the left tree in segmentation (c) insladpart

of the building and thus is brighter in the image (f) indicagilow quality. Potentials defined on such segments will have

lower labelling inconsistency cost and will have less infeein the CRF.

particularly useful in obtaining object segmentationshwiine boundaries. It takes the form of

a P™ Potts model (see equation 16) [3]:

WP(x) = 0 if | x; =1, Vi € c, ©)
0"|c|% otherwise

where |c| denotes the cardinality of the pixel setwhich in our case is the number of pixels
constituting superpixel, while 6]’; andd,, are parameters of the potential. The expreséﬁdea
gives the label inconsistency cost, i.e. the cost added doetiergy of a labelling in which
different labels have been assigned to the pixels constifiuhe segment. The paramet@f;s
andd, are learned from the training data by cross validation asries] in section VII. The
reader should note that this potential takes multiple \dem as argument and thus cannot be

expressed in the conventional pairwiserF model.
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B. Quality sensitive consistency potential

Not all segments obtained using unsupervised segmentat®mrequally good, for instance,
some segments may contain multiple object classes. A regiosistency potential defined over
such a segment will encourage an incorrect labelling of th@ge. This is because the potential
(9) does not take the quality goodnes®f the segment into account. It assigns the same penalty
for breaking ‘good’ segment as it assigns to ‘bad’ ones. phidblem of the consistency potential
can be overcome by defining a quality sensitive higher ordeéemngial (see figure 2). This new
potential works by modulating the label inconsistency suish a function of the quality of the
segment (which is denoted k¥(c)). Any method for estimating the segment quality can be
used in our framework. A good example would be the method 6f {8hich uses inter and
intra region similarity to measure the quality or goodnesa segment. Formally, the potential

function is written as:

) 0 if 2, — 1,,Vi € c,
Ve(xe) = , (10)
|c|% (0 + 02 G (c)) otherwise

For our experiments, we use the variance of the response né&y feature evaluated on all

constituent pixels of a segment to measure the quality ofganeat, i.e.

610) = exp (- ZlH ) =71 a

]

wherey = Lice/0) 50 f() is a function evaluated on all constituent pixels of the sppel c.

le|

If we restrict our attention to only pairwise cliques ilel. = 2, the variance sensitive potential

becomes
0 if T, = Xy,

Vo (i, 5) = (12)

&

Oa (93 + 92 exp(—%‘ Hf(i)—4f(j)

e )) otherwise

This is the same as the pairwise potential (6) commonly usegairwise crrs for different
image labelling problems [26], [27]. Thus, the variances#are potential can be seen as a
higher order generalization of the contrast preservingmal. The variance function response

over two segmentations of an image is shown in figure 2.

C. Making the potentials robust

The P™ Potts model enforces label consistency rigidly. For instaif all but one of the pixels

in a super-pixel take the same label then the same penaltgusred as if they were all to take
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Fig. 3. Behaviour of the rigidP™ Potts potential and the Robu#t™ model potential. The figure shows how the cost enforced
by the two higher order potentials changes with the numbewasfables in the cligue not taking the dominant label i.e.

N;(xc) = ming(|c| — nk(xe)).

different labels. Due to this strict penalty, the potentiaght not be able to deal with inaccurate
super-pixels or resolve conflicts between overlappingaomrgiof pixels. This phenomenon is
illustrated in figure 4 wherein a part of the bird is mergedhvihie ‘sky’ super-pixel and results
in an inaccurate segmentation. Intuitively, this problean be resolved using tieobusthigher

order potentials defined as:

Ni(xc)é’Ymax If Ni(xc) S Q
“Ymax otherwise

Pe(xe) = (13)

where N;(x.) denotes the number of variables in the cliqueot taking the dominant label i.e.
Ni(x.) = ming (|| —n(xc)), Ymax = |c|* (07 +0,G(c)), andQ is the truncation parameter which
controls the the rigidity of the higher order clique potahtiWe will show in section IV how
energy functions composed of such potentials can be mieinising move making algorithms
such asa-expansion andvG-swap.

Unlike the standard®™ Potts model, this potential function gives rise to a cost itha linear
truncated function of the number of inconsistent varialige® figure 3). This enables the robust
potential to allow some variables in the clique to take ddfeé labels. In the image shown in
figure 4, the robusP™ potentials allows some pixels of the ‘sky’ segment to talel#bel ‘bird’
thus producing a much better segmentation. Experimenttseate shown for multiple values

of the truncation parameté&p. More qualitative results can be seen in figure 13.
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(h) (1)

Fig. 4. Object segmentation and recognition using the RokR&t higher order potentials (13). (a) Original Image. (b)
Labelling from unary likelihood potentials from Textonkbl6]. (c) and (d) Segmentations obtained by varying thexpeeters
of the Mean shift algorithm for unsupervised image segntiemtd10]. (e) Result obtained using pairwise potential étions as
described in [16]. (f) Result obtained using™ Potts model potentials defined on the segments (or sup&pisieown in (c)
and (d). These higher order potentials encourage all pixela superpixel to take the same label. TR& Potts model rigidly
enforces label consistency in regions thus causing ceppaiels belonging to the ‘bird’ to erroneously take the latgity’ as
they were included in the ‘sky’ superpixel. This problem banovercome by using the Robu3t model potentials defined in
(13) which are robust and allow some variables in the cliquéatke different labels. (g) and (h) show results obtainedifing
the robust potentials with truncation paramet€r equal t00.1|c| and 0.2|c| respectively. Heréc| is equal to the size of the
superpixel over which the RobuBf® model potential is defined. (i) Hand labelled segmentatromfthe MSrRC dataset.

D. Generating multiple segmentations

We now explain how the s& of segments used for defining the higher order energy fumctio

(8) was generated. Our framework is quite flexible and cardleamultiple overlapping or
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Hand Labelling (18, 6.5)

Fig. 5. Generating multiple segmentations. The figure shows theesegtions obtained by using different parameters in the
mean-shift algorithm. The parameters used for generatirgsegmentation are written below it in the fornfat, ), where

hs and h, are the bandwidth parameters for the spatial and range (@9lalomains.

non-overlapping segments. The computer vision literatorgains algorithms for sampling the
likely segmentations of an image [31] or for generating irgghle segmentations [32]. However,
following in the footsteps of [9] we choose to generate nplatisegmentations by varying the
parameters of the mean shift segmentation algorithm [10js Tethod belongs to the class of
unsupervised segmentation algorithms which work by ctugiepixels on the basis of low level

image features [10], [33], [34]. They have been shown to geent results which have proved
to be useful for many applications [6], [8], [35].

The kernel used in the mean shift algorithm is defined as tbdymt of spatial and range
kernels. The spatial domain contains they) coordinates, while the range domain contains
pixel colour information inLuUv space. An assumption of Euclidian metric in both of them
allows the use of a single bandwidth parameter for each dantaifor spatial andh, for
range. The segmentation results obtained uginlifferent spatial{ 7, 18} and 3 different range
parameter value§.5,9.5, 15} are shown in figure 5. It can be seen that the results do nogehan
dramatically on small images by modifyirig. The only difference occurs on very noisy parts
of the image like trees and bushes. By increasing the rangerederh, we can get a range
of segmentations which vary from over-segmented to unegmented. We decided to use three
segmentations with parametds,, h,.) = {(7,6.5),(7,9.5),(7,15)}.
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V. INFERENCE INHIGHER ORDER CRFs

The problem of inferring the most probable solution of a leighrdercrF is equivalent to
minimizing an energy function. In general, the energy mimation problem is NP-hard [36].
However, there exist classes of functions which can be dodv@ctly in polynomial time. Two
well known classes of tractable functions are: submodulactions, and functions defined over
graphs with bounded tree width. However, most energieswarieced in practical problems do not
belong to these families. They are instead solved usingitthgas for approximate energy mini-
mization. These algorithms can be divided into two broadgaties: message passing algorithms
such as belief propagation and its variants [28], [29], [@#]d move making algorithms such
as the graph cut basedexpansion andv5-swap [21]. Message passing algorithms have been
shown to produce excellent results for many energy funstiblowever, their runtime complexity
increases exponentially with the size of the largest cliqu¢he random field, making them
inapplicable to functions defined over large cliques. Edfitigraph cut based-expansion and
af-swap move algorithms have been successfully used to naeiemergy functions composed
of pairwise potential functions. In this paper, we show hitweyt can be applied to a large and

useful class of higher order energy functions.

A. Expansion and Swap Move Algorithms

Move making algorithms start from an initial solution and@eed by making a series of
changes which lead to solutions having lower energy. At estep, the algorithms search a
move space and choose the move which leads to the solutionghthe lowest energy. This
move is referred to as th@ptimalmove. The algorithm is said to converge when no lower energy
solution can be found.

The size of the move space is a key characteristic of theswithlgn. A large move space
means that bigger changes to the current solution can be.riade makes the algorithm less
prone to getting stuck in local minima and also results instefiarate of convergence. This paper
deals with two particulalarge move making algorithms, nametyexpansiorand a5-swap[21]
whose move space size increases exponentially with the ewwiovariables involved in the
energy function. We will use the notation of [3] to describmwhthese algorithms work. The
moves of the expansion and swap algorithms can be encodedvasta of binary variables

t ={t;,Vi € V}. The transformationfunction 7'(x?,t) of a move algorithm takes the current
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labelling x?» and a movet and returns the new labelling™ which has been induced by the
move.

An «-expansion move allows any random variable to either retairturrent label or take
label ‘a’. One iteration of the algorithm involves making moves fdr @ in £ in some order
successively. The transformation functidp() for an a-expansion move transforms the label of

a random variableX; as

To(wi, t;) = (14)

An af-swap move allows a variable whose current labekisr § to either take labeby or 5.
One iteration of the algorithm involves performing swap ®®vor alla and 3 in £ in some
order successively. The transformation functiby() for an a5-swap transforms the label of a

random variabler; as

Top(ints) a if x;=aor g andt; =0, (15)
G if x;=«orandt; = 1.

The energy of a move is the energy of the labelling the movet induces i.e.E,,(t) =
E(T(x,t)). The move energy is a pseudo-boolean functiéh, ( {0,1}" — R) and will be
denoted byF,,(t). At each step of the expansion and swap move algorithmsgtimal move
t*, i.e. the move decreasing the energy of the labelling by tbetramount is computed. This
is done by minimizing the move energy it€.= arg ming £(7'(x,t)). The optimal move* can

be computed in polynomial time if the move functiéf, (t) is submodular.

B. Recent Developments

The last few years have seen a lot of interest in graph cutdbawere algorithms for energy
minimization. Komodakiset al. [38], [39] recently gave an alternative interpretation bét
a-expansion algorithm. They showed thatexpansion works by solving the dual of a linear
programming relaxation of the energy minimization prohléssing this theory, they developed
a new algorithm KAST-PD) which was faster than vanilla-expansions and produced the exact
same solution. Alaharet al. [2] have recently proposed a similar but simpler method Wwhic
achieves the same performance.

Researchers have also proposed a number of novel move egcstlategies for solving

particular forms of energy functions. Veksler [40] proppsemove algorithm in which variables
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can choose any label from a range of labels. They showed hisatrtove space allowed them
to obtain better minima of energy functions with truncatedwex pairwise terms. Kumar and
Torr [1] have since shown that the range move algorithm aelsi¢he same guarantees as the
ones obtained by methods based on the standard linear progng relaxation. More recently,
Lempitsky, Rother and Blake [41] proposed an algorithm Wwhéncoded labels by a binary
string. During each move, the variables were allowed to ghaa particular bit of the binary
string. They showed that this particular move encodingesgsaresults in a substantial speedup

when minimizing energy functions with large label sets.

C. Computing Moves using Graph Cuts

We had discussed in section IV-A that the optimal expansimhsavap moves can be computed
by minimizing a (move) function of binary variables. Fuwcts of binary variablesH : {0,1} — R)
are usually referred to aBseudo-boolearfunctions. It is known that a move function can
be minimized in polynomial time if it is submodular [45] (Ség@pendix A). Submodular set
functions are encountered in many areas of research andagreufarly useful in combinatorial
optimization, probability and geometry [42], [43]. Manytopization problems relating to sub-
modular functions can be solved efficiently. In this resgbely are similar to convex/concave
functions encountered in continuous optimization.

Algorithms for submodular function minimization have higimtime complexity. Although
recent work has been successful in reducing the runtime lexibp of these algorithms, they
are still quite computationally expensive and cannot beluseminimize large functions. For
instance, the complexity of the current best algorithm feneyal submodular function mini-
mization isO(n>7 +n%) whereT is the time taken to evaluate the function [45]. This aldworit
improved upon the previous best algorithm by a facton dig n.

Some submodular functions can be minimized much more ettigiby solving an st-mincut
problem [44]. Specifically, all submodular functions of &iy variables of order at mo8tcan be
minimized in this manner [36], [44]. Researchers have shthah certain higher order functions
can be transformed into submodular functions of orZlesind thus can also be minimized [44],
[46]. The same transformation technique can be used to naaisome functions of multi-valued
variables [47]-[49].

Solving pairwiseCRFs using move making algorithms involves computing optimaives
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by minimizing quadratic pseudo-boolean move functionsyl®w et al. [21] showed that all
expansion move functions encountered while minimizingrergy function composed of metric
potential functions are submodular. As these functionscuradratic, they can be efficiently
minimized by solving an equivalent st-mincut problem. Trego showed that allv3-swap

move functions can be exactly minimized if the pairwise ptitds of theCRF are semi-metric.

V. ROBUST HIGHER ORDER POTENTIALS

Kohli et al. [3] recently characterized a class of higher order cliquéeepials for which
the optimal expansion and swap moves can be computed by imingra submodular function.
However, as discussed earlier, minimizing a general sulbmaoéunction is quite computationally
expensive and it is infeasible to apply this procedure toimmire energy functions encountered
in computer vision problems, which generally involve naifis of random variables. In the same
work, they also introduced a class of higher order cliquesptidls called theP™ Potts model
and showed that the optimakpansionand swap moves for energy functions containing these
potentials can be computed in polynomial time by solving-anstcut problem. TheP" Potts

model was defined as:

Vi if x; =1, Vi € ¢,
Ve(xc) = (16)

Ymax Otherwise

wherevmax > v, Vi € L. This potential is a higher order generalization of the Widesed
Potts model potential which is defined over cliques of size 881);;(a,b) = v if a =b =1}
and v, Otherwise.

In this paper we introduce a novel family of higher order ptitds which we call the Robust
P™ model. This family contains thé>” Potts model as well as itgobust variants, and can
be used for modelling many computer vision problems. We stiwat the optimal swap and
expansion move energy functions for any Robt8tmodel potential can be transformed into a
second order submodular function by the addition of at mesttinary auxiliary variables. This

transformation enables us to find the optimal swap and eipamsoves in polynomial tinfe

4All second order submodular functions of binary variables @e minimized exactly in polynomial time by solving an
st-mincut problem [36], [44].



O©CO~NOOOTA~AWNPE

The RobustP™ model potentials take the form:

te(xe) = min{min((le] — r4(xc)) bk + ), Ymax } (17)

where|c| is the number of variables in cliquen,(x.) denotes the number of variables in clique
¢ which take the labet in labelling x., and~;, 0k, 7max @re potential function parameters which

satisfy the constraints:

0, = W and Y < Yanax, ¥k € L. (18)

@ is called the truncation parameter of the potential ands®esi the constrairtQ) < |c|. It can
be seen that the Robugt” model (17) becomes &" Potts model (16) when the truncation
parameter is set to 1.

Example 1:Consider the set of clique variablés = { X, X5, ..., X7} where eachX;,i €
{1,2,...,7} takes a value from the label sét = {a,b,c}. If the clique potential takes the
form a P™ Potts model, it assigns a cosgt... to all labellings of the random variables except
those where all variableX; take the same label. Thus, the configuratios: (a, a, b, a, c, a, a)
will be assigned cost,,.., even though there are onB variables (specificallyX; and X5)
which are assigned label& &ndc) different from the dominant label. In contrast, if the clique
potential takes the form of the RobuBt" model with truncatiors i.e., Q = 3, it assigns the
cost:v, + w x 2 to the same configuration.

The region based consistency potentials (13) used in otnrehigrdercrF takes the form of
a RobustP™ model where the constantg have the same value for all labelse L. In this
case, the higher order potential can be seen as encourdgithg aariables in the clique to
take the same label. In other words, the potential tries doce the number of variables in the
clique not taking the dominant label i.6V;(x.) = ming(|c| — ng(x.)). In what follows we will
refer to these variables asconsistent

Unlike the P™ Potts model that rigidly enforces label consistency, theuRbP™ Potts model
gives rise to a cost that is a linear truncated function of ribenber of inconsistent variables
(see figure 3). This enables the robust potential to alloweseariables in the clique to take

different labels.



O©CO~NOOOTA~AWNPE

I Tmax | :
falx.) /
0 :

o
|

f’l (xc) + fZ(xc)

o

o

['» R CLLLCLEILILEEEE
r

Fig. 6. Approximating Concave Consistency Potentials. The fighmvs the result of combining two robust higher order

potentials (a) and (b). The resulting potential functiorsf®wn in (c).

A. Approximating Concave Consistency Potentials

Multiple Robust P* model potentials can be combined to approximate any noredsing

concave consistency potential up to an arbitrary accurBlaig potential takes the form:

wc(xc) = mln{rknel? fc((|c| - nk(xc)))v ’}/max} (19)

where F, is a non-decreasing concave funcfiomhis is illustrated in figure 6.

B. Generalized form of Robust Higher Order Potentials

We now provide a characterization of a larger class of famatifor which at most two auxiliary

variables are sufficient to transform the higher order swapexpansion move energy functions

°A function f(z) is concave if for any two pointéa, b) and A where0 < A < 1: Af(a) + (1 — A)f(b) < f(Aa+ (1 — A)b).
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to second order functions. The potentials belonging to rtleis family have the form:

77bc(Xc) - mln{rknelg((P - fk (Xc))ek + ’}/k)a ’Vmax} (20)

where the parametd?P and functionsf,(x.) are defined as:

P=> wf VkeL (21)
i€c
frlxe) =D whdy(w:) (22)
i€c
where 0, (z;) = (23)
0 otherwise

and weightsw? > 0,i € ¢,k € £ encode the relative importance of different variables in
preserving consistency of the labelling of the clique. Theametersy,, 0x, 7max Of the potential

function satisfy the constraints:

0), = W and Yk < Yoax, ¥k € L. (24)

Qr, k € L are the truncation parameters of the potential functiorts satisfy the constraints
Qo+ Qp< PNa#be L.

If we assume that? = w; > 0 andQ,, = Q for all £ € L, the potential family (20) can
be seen as weighted version of the Robb%tmodel. The weights can be used to specify the
relative importance of different variables. For instanites can be used to change the robust
region consistency potential (13) to reduce the inconststecost for pixels on the segment
boundary by reducing their weights. We will show that for ttese of symmetric weights i.e.
wk = w;, the higher order swap and expansion and move energy fuiscfar the potentials

(2

(20) can be transformed to a submodular second order bimamng.

VI. MINIMIZING HIGHER ORDER MOVE FUNCTIONS USING GRAPH CUTS

We will now explain how the optimal swap and expansion mowgsehergy functions con-
taining potential functions of the form (20) can be compuisthg graph cuts. The computation
of the optimal moves requires the minimization of higherasrchove functions. This is done by
first transforming the higher order move functions to quadrsubmodular functions by adding

auxiliary binary variables, and then minizing them usingr cuts.

®Higher order potentials with asymmetric weights can alsarhasformed to quadratic functions in a similar manner. We

restrict our attention to potentials with symmetric wegfdr a cleaner exposition.
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Fig. 7. (a) Graph construction for minimizing higher order quadcatunctions of the form (25) using the transformation given
in theorem 1. For every binary variablg in the energy function there is a corresponding graph nodeThe minimum cost
source sink cut (st-mincut) divides the graph into two séits:source setS) and the sink setX). v; € (S) impliest; = 1 while

v; € (T) impliest; = 0. (b) Graph illustrating how two higher order potentials ttform (25) can be summed together to attain
any function of the generalized concave form (29). Functiamd g are defined ovet0 binary variables (¢ = {1,2, ..., 10}).
They are defined asf(t) = min(1 + >3, 2(1 —£:),2+ >, . ti,5) and g(t) = min(2 + >, (1 — i), 1 + >, . £:,6).

A. Transforming Higher Order Move Energies

The problem of transforming a general submodular higheerofdnction to a second order
one has been well studied [44]. It is known that in the worsiecdis may require the addition
of exponential number of auxiliary binary variables. Duethie special form of the Robugt”
model (10), the method described in the paper only needsddveal binary variables per higher
order potential to transform the move energy to a submodydadratic function. This allows
for the efficient computation of the optimal swap and expamsnoves. The complexity of our
algorithm for computing the optimal move increases lingavith the size of the clique. This
enables us to handle potential functions defined over vegelaliques.

The important observation that inspired our method is thetfaat higher order pseudo-boolean
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functions of the form:

f(t.) = min (90 3wl —1),00+ Y wlt, emax) (25)
i€c 1EC
can be transformed to submodular quadratic pseudo-bofleations, and hence can be min-
imized using graph cuts. Here, = {t; € {0,1}, i € ¢} is the set of binary random variables
included in the cliquec, and w? > 0, w} > 0, 6y, 01, 0. are parameters of the potential
satisfying the constraint&,.. > 0, fmax > 01, and
((90 5 w01 =) 2 O) V (01 + > wlty > 9%)) —1 VWt e{0,1} (26
i€c 1€C
whereV is a boolean OR operator. The transformation to a quadragcgn-boolean function
requires the addition of only two binary auxiliary variablmaking it computationally efficient.
Theorem 1:The higher order pseudo-boolean function:
F(te) = min (6 + 3" wl(1—),00 + > w!t, b 27)

i€c 1€C
can be transformed to the submodular quadratic pseud@fodunction:

f(t.) = min <r0(1 —my) + mOZw?(l —t;) +rimy + (1 —my) Zwilti — K) (28)

mo,mi - -
1€C 1€C

by the addition of binary auxiliary variables, andm;. Here,rq = 0,ax — 0o, 71 = Omax — 01
and K = 6,,.x — 6o — 0;. Proof in appendix.

The graph construction for minimizing the quadratic psebdolean function (28) is shown in
figure 7 (a).

Multiple higher order potentials of the form (25) can be sumdntogether to obtain higher

order potentials of the more general form
flte) = F.O_t) (29)
i€c
whereF,. : R — R is any concave function. See figure 7 (b) for an illustration.

In what follows we show that any swap or expansion move enfngitigher order potentials
of the form (20) can be converted to a submodular pairwisetfon if w* = w; for all k € L.
Our transformation requires the addition of only two binayxiliary variables. To proceed
further, we will need to define the functidi'(s), s C ¢:

W(s) =Y w;. (30)
€5
It can be seen from constraint (21) tHat(c) = P.
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B. Swap Moves

Recall from the definition of the swap move transformatiomction that only variables which
are currently assigned labelsor 3 can take part in ax5-swap move. We call these variables
activeand denote the vector of their indices fyy t., will be used to denote the corresponding
vector of move variables. Similarly, variables in the ckgwhich do not take part in the swap
move are calleghassive and the set of their indices is denoteddyLet functionsf;"(t., ), k €
{0, 1} be defined as:

fi(be,) = D widi(t:). (31)

1€Cq
The move energy of a-swap move from the current labelling is equal to the energy of

the new labellingk” induced by the move and is given as

V' (te,) = Ye(x7). (32)

The new labellingx? is obtained by combining the old labelling of the passivaaldes X,

with the new labelling of the active variablé§,, as:
x¢ =xb UTop(xt, te,)- (33)

On substituting the value ot? from (33) in (32), and using the definition of the higher order

potential functions (20) we get:

U (be,) = ve(xt, UTop(xC,, te,)) (34)
= mln{rknelg(zkek + 7’6)7 ’Ymax} (35)

Wherezk =P — fk(Xgp U Taﬁ(Xga, tca))-
It can be easily observed that if conditions:

Wi(e,) < P— Qg and Wi(c,) < P —Qg, (36)
are satisfied, then the expression:
(P = fa(x?, UTap(x?, te,))) Ok + i (37)

is greater thany,,., for both k = « andk = 3. Thus, in this case the move energy'(t.,) is

independent ot., and is equal to the constant:

o . e
n mm{keg}gﬁ}((l’) Te(x2))0k + Vi), Ymax } (38)
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which can be ignored while computing the swap moves. Howeleonstraints (36) are not

satisfied, the move energy becomeg:(x? . t.,) =

min{(W(Ca) - f(;n(tca))ea + )‘Om (W(Ca) - flm(tca))eﬁ + )‘57 )‘max} (39)

where\, = 7, + Ragea, )\5 =7+ Ra[g@g, Amax = Ymax and Ra[g = W(C — Ca).
The higher order move energy (39) has the same form as théidandefined in equation
(27), and can be transformed to a pairwise function by intooay binary auxiliary variables

mgy andm, as:

(L) = nleM1—nmy+%nm§:wx1—u)
o i€Cq

+7mm+ﬂ41—mg§jwn—&) (40)

1€Cq
wherery = Ay + 6, 71 = Ag + 9, andd = Apax — Ao — As.

The propertieSyn.x > Y, Vk € £ andw; > 0 of the clique potential (20) imply that all
coefficients of the energy function (40) are non-negativee Tunction is thusubmodularand
can be minimized by solving a st-mincut problem [36]. Thepraonstruction for minimizing
the energy function (40) is shown in figure (8a). The constaim (40) does not affect the
minimization problem i.e. it does not change the move havimg least energy and thus is

ignored.

C. Expansion Moves

We now describe how the optimal expansion moves can be cedpot the higher order po-
tentials (20). Let;, denote the set of indices of variables in cliquéhat have been assigned label
k in the current solutiox?. We find thedominantlabeld € £ in x? such that? (c;) > P — Qq
whered # «. The constraints), + Q, < P, Va # b € L of the higher order potentials (20) make
sure that there is at most one such label. If we find such a labile current labelling, then
the expansion move energy can be written8(t.) = 1.(T.(x2, t.)) or, Y7 (t.) =

min{)\a + ‘904 Z witi, )\d + ed Z wl(l — tl>, )\max} (41)

1€c 1€cq
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(a) Swap Move (b) Expansion Move

Fig. 8. (a) Graph construction for minimizing the swap energy fiorct(40). (b) Graph construction for minimizing the
expansion move energy function (43). For every binary maviable ¢; in the energy function there is a corresponding graph
nodewv;. The minimum cost source sink cut (st-mincut) divides tlaglginto two sets: the source set)(and the sink setX).

v; € (8) impliest; = 1 while v; € (7) impliest; = 0.

whereA, = Yo, Ad = Y4 + Rabas Amax = Ymax @nd Ry = W(c — ¢4). Without the minimization
operator the function (41) becomes:

K. if () >P—Qa
V' (te, tey) = K, if fi(te,) < Qa— Ry (42)
Amax Otherwise
where K, = A\, + (P — fJ*(t.))0,, and Ky = \g+ fJ*(t.,)04. Next we will show that this higher
order move energy can be written as a second order submdduletion with the addition of
the auxiliary binary variables:, andm;.

Theorem 2:The expansion move energy (42) can be transformed into tineipa function:

YM(t) = min (ro(l—m0)+€dm02wi(l—ti)
o 1€cq

+ rimy+ 9a(1 — ml) sztz — 5) (43)

i€c
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whererg =\, + 6, 11 = Ay + 6, andd = M. — Ao — Ag. Proof in appendix.
The energy function (43) is submodular and can be minimizefifgding the st-mincut in the
graph shown in figure (8b).
If a dominant label cannot be found then the move energy canrhien as:
W;n (tc) = min{)\a + ea Z witi7 )\max} (44)

1€C
where\, = 7., and \.x = Ymax- This can be transformed to the binary pairwise energy:

P (te) = rimy + 6a(1 —my) Zwiti + A (45)
i€c
where r; = Anax — Ao. The proof for this transformation is similar to the one shofer

Theorem 2.

VIl. EXPERIMENTS

In this section we provide the details of our experimentscitare divided in two parts. The
first set of experiments analyze the performance of our ghgorfor minimizing higher order
energy functions, while those in the second set deal withuatiag the performance of using

our higher order potentials for the problem of object segwatém.

A. Computational Performance

We have tested our methods on randomly generated higheremdegy functions. We compare
the performance of our methods with the Iterated ConditidM@des (cm) algorithm. Compar-
ison with the conventional factor graph formulation [17]roéssage passing algorithms like
and TRwW-s was infeasible due to the large size of cliques defining theeggnfunctions used in
our test$. Our experiments show that the graph cut based expansiosveaya move algorithms
for the RobustP™ model potentials produce solutions with lower energy camegbdo theicm
algorithm. Further, they required much less time to corweim the final solution compared
to iIcM. The graph in fig. 10 show how the energy of the solutions abthifrom different
minimization algorithms changes with time. The graphs in figshow how the convergence

time for the different algorithm is influenced by parametefshe energy function.

“It should be noted that the RobuBt" model potentials can be transformed into pairwise potknkig the addition of multi-
label auxiliary variables. This enables the use of messagsipg algorithms for minimizing energy functions compbséthem.
However, the analysis of these transformations, and theesutent study of the performance of message passing algsribn

the transformed functions lies outside the scope of thiepap
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Fig. 9. Convergence times of the swap and expansion move algoriffiteggraphs show how the convergence times of the move

algorithms is affected by changes in the higher order enéuggtion. The experiments were performed on grids corneding

to 10 randomly selected images from the Sowerby datasetbijprcOSegmentation. The size of the grid Was< 64. The unary

and pairwise potentials were generated using the methogqgsed in [16]. Higher order potentials of the form of the Rsbu

P™ were generated randomly and incorporated in the conditicmadom field. A detailed description of the graphs can be

found in the text. The average convergence time (in secaridhBe expansion, swap and ICM algorithms (in this order) thoe
different experiments were: (a) 3.3, 6.4, 312.3, (b) 3.5, 884.6, (c) 3.3, 5.8, 318.4 (d) 9.6, 35.9, 298.1.

The graph in figure 9(a) shows how the convergence time isctafieby the number of

higher order potentials. In the energy functions used far éxperiment, each random variable

is included in the same number of higher order cliques. Tlaxes of the graph shows the
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Fig. 10. Comparison of solution energy with respect to runtime. @ éxperiment, we used a CRF defined over a rectangular
grid of 6000 random variables with a label set of size The pairwise terms of the random field enforé&donnectivity. The
energy function used in the experiment had higher orderniiatis defined over a random number of cliques. These cliques
were generated so that each variable of the random field imided in exactly one higher order clique. The graph shows how
the energy of the solution obtained from different minimdraalgorithms changes with time when we use a Robtismodel

with the truncation parametef) equal to one tenth of the clique size i@.= 0.1|¢|. It can be seen that expansion and swap

algorithms are much faster and produce better solutions th@aM.

number of higher order potentials each variable is involiredAs expected the convergence
time increases with the number of higher order potentialtha energy function. The graph
in figure 9(b) shows the effect of parametgr,, of the RobustP™ model potentials on the
convergence time. The graph in figure 9(c) shows the effeth®ftruncation parametep of
the RobustP™ model. ) is specified as the percentage of the size of the higher oldgrec
The change in convergence time of the move making algorithitisthe increase in size of the

label set of the random variables can be seen in graph 9(d).

B. Object Segmentation Results

For comparative evaluation of our method we implementedtte of the art TextonBoost [16]

algorithm which uses a pairwiserRF. We then augmented trerRF model by adding higher order
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Road

Fig. 11. Qualitative object segmentation and recognition resultse first column shows the original image from the Sowerby-7
dataset. Column 2 shows the result of performing inferendhe pairwiseCcRF model described in section Il. The result obtained
using theP™ Potts potential (10) is shown in column 3. The results of gishre RobustP™ potential (13) is shown in column

4. The hand labelled segmentation used as ground truth is/sho column 5.

potentials defined on segments obtained from mean-shift [10

Datasets: We tested both the pairwiserRF and higher ordecrRF models on the MSRC-
21 [16] and Sowerby-7 [5] datasets. The MSRC dataset cangdrobject classes and comprises
of 591 colour images of 320213 resolution. The Sowerby dataset contains 7 objectedaasd
comprises of 104 colour images of 964 resolution. In our experiments, 50% of the images

in the dataset were used for training and the remaining weeel for testing.

C. Setting CRF parameters

The optimal values for different parameters of the higheleocrRF were found in a manner
similar to the one used for the pairwigRF in [16]. The model parameters were learned by
minimizing the overall pixelwise classification error rate a set of validation images - a subset
of training images which were not used for training unaryeptials.

A simple method for selecting parameter values is to perfeross-validation for every
combination of unary, pairwise and higher order parametaitsin a certain discretized range.
Unfortunately, the space of possible parameter valuegisdimensional and doing an exhaustive
search is infeasible even with very few discretization levier each parameter. We used a
heuristic to overcome this problem. First we learned theghtiig between unary potentials
from colour, location and Textonboost. Then we kept thesghie constant and learned the

optimal parameters for pairwise potentials. Pairwise aighdr order potentials have similar
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functionality in the framework, thus learning of higher erdgparameters from the model with
optimal unary and pairwise parameters would lead to veryi@ights of higher order potentials.
Instead we learned optimal higher order parameters in CRF ewnly unary and higher order
potentials and in the last step the ratio between pairwisehégher order potentials. The final
trained coefficients for theisrc dataset werd, = 0.52, 6., = 0.21, 6, = 0.27, 6, = 1.0,

0, = 4.5, 05 = 16.0, 0, = 0.8, 6} = 0.2, 6 = 0.5, 0 = 12.0%. Parameter learning for higher

order CRFs is an ongoing topic of research.

D. Quantitative Segmentation Results

The results of our experiments show that integration of @igivderP™ Potts model potentials
guantitatively and qualitatively improves segmentatieauits. The use of the robust potentials
lead to further improvements (see figure 4,11, 13 and 15¢rénice on both the pairwise and
higher ordercRF model was performed using the graph cut based expansion aiguathm.
The optimal expansion moves for the energy functions cointgithe Robust” potential (13)
were computed using the method described in the previougsec

Effect of Multiple Segmentations: The use of multiple segmentations allows us to obtain
accurate segmentations of objects with thin structuresirfsance, consider the image shown in
figure 12 (a). Our method produces an accurate segmentéitione(12 (g)) of the bird which,
unlike the solution of the pairwiserF (figure 12 (f)), also contains the bird’s leg. This result
does not require that many super-pixels contain both: agdatie bird’s leg, and a part of the
bird’s body. In fact, as shown in figures 12 (b) and (c), manyestpixels contain only the leg
and many other super-pixels contain only (a part of) the kirthout the leg. As we explain
below, our method can work even if only one super-pixel cmstdoth the bird body and leg
together.

The reader should observe that solution of the higher ocder (figure 12 (g)) is roughly
consisterit with all super-pixels present in the multiple segmentati¢iigures 12 (b), (c) and

8The magnitude of the learned parameter values does notctlgrreflect the relative strength (importance) of highedesr
potentials vis a vis pairwise potentials. Higher order ptigé costs (see equations 9 and 10) are multiplied by a tependent
on the size of the clique (segment). This is typically a langmber and makes the cost of higher order potentials higlpaced

to that of the pairwise potentials.

®The solution does not assign different labels to many pikelsnging to the the same super-pixel.
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Fig. 12. Segmenting objects with thin structures using multipleremgations. (a) An images from the MSRC-21 dataset.

(e)

(b), (c) and (d) Multiple segmentations of the image obtaibg varying the parameters of the mean shift algorithm [X@).
Labelling from TextonBoost unary potentials (see sectipr(f) Result of the pairwise CRF (see section Il). (g) Rissabtained
by incorporating the RobusP™ higher order potential (13) defined on the segments. (h) Habélled result used as ground
truth.

(d)). The solution is thus assigned a low cost by the highdemwlabel consistency potentials.
Now consider the solution of the pairwigRF (figure 12 (f)). This labelling is consistent with
super-pixels in two segmentations (figure 12 (b) and (c)),idinconsistent with regards to the
segmentation shown in figure 12 (d). It assigns ‘bird’ andt&valabels to pixels constituting

the super-pixel which contained the bird, and is thus assign high cost by the higher order
label consistency potential defined on that super-pixel.

Use of Image Specific Appearance ModelsShottonet al. [16] used the segmentation
result obtained from the pairwiseRrF to build an image specific colour appearance model for the
different object classes. They added unary potentialyeléfirom these models in their pairwise
CRF model. The appearance models were also iteratively refiaggioposed by Rothet al.
[26]) to obtain the final segmentation result. In our expemts, we observed that although
the use of image specific models leads to better segmergatiorsome of the images, it led
to worse solutions for some others. Therefore, while compgaresults of pairwise and higher

order random field models, we decided against using thistquk to avoid obfuscation of the



OCoO~NOUTAWNE

Sky

Tree
Aeroplane

Grass

Fig. 13. Some qualitative results. Please view in coldtirst Row: Original Image.Second Row:Unary likelihood labelling
from Textonboost [16]Third Row: Result obtained using a pairwise contrast preserving shmaests potential as described in
[16]. Fourth Row: Result obtained using th®™ Potts model potential [3]Fifth Row: Results using the Robugt™ model
potential (13) with truncation parametep = 0.1|c|, where|c| is equal to the size of the superpixel over which the RobUist
higher order potential is define®ixth Row: Hand labelled segmentations. Observe that the resultsirddausing the Robust
P™ model are significantly better than those obtained usingothethods. For instance, the leg of the sheep and bird have
been accurately labelled which was missing in other res@tsne can be said about the tail and leg of the dog, and theswing
of the aeroplane.
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Fig. 14. Accurate hand labelled segmentations which were used amdrtruth. The figure shows some images frommbec
data set (column 1), the hand labelled segmentations thaiecaith the data set (column 2), and the new segmentatiors han

labelled by us which were used as ground truth (column 3).

results.

Ground Truth: The hand labelled ‘ground truth’ images that come withMs®c-23 data
set are quite rough. In fact qualitatively they always labkerse than the results obtained from
our method. The hand labelled images suffer from anothexlziek. A significant numbers of
pixels in these images have not been assigned any labele Tidabelled pixels generally occur
at object boundaries and are critical in evaluating the @oyuof a segmentation algorithm. It
should be noted that obtaining an accurate and fine segnmmtdtthe object is important for
many tasks in computer vision.

In order to get a good estimate of our algorithm’s accuraoy, generated accurate seg-
mentations which preserved the fine object boundaries présehe image. Generating these
segmentations is quite time consuming. It takes betweeBOlBHinutes to hand label one image.
We hand labelled 27 images from tlesRC data set. Figure 14 shows the original hand labelled
images of themMsRrcC data set and the new segmentations manually labelled by ichwrere
used as ground truth.

Evaluating Accuracy: Typically the performance of a segmentation algorithm issueed

by counting the total number of mislabelled pixels in the gmaWe believe this measure is
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(a) Original (b) Pairwise CRF (c) Robust Pn Model (d) Ground Truth

Fig. 15. Qualitative results of our method. (a) Original Images. @gmentation result obtained using the pairwise CRF
(explained in section II). (c) Results obtained by incogdiorg the RobusP™ higher order potential (13) defined on segments.

(d) Hand labelled result used as ground truth.

not appropriate for measuring the segmentation accuratlyeifuser is interested in obtaining
accurate segmentations as alpha mattes with fine objecdbades. As only a small fraction of
image pixels lie on the boundary of an object, a large qualéamprovement in the quality of
the segmentation will result in only a small increase in teecpntage pixel-wise accuracy. This
phenomenon is illustrated in figure 16.

With this fact in mind, we evaluate the quality of a segmeataby counting the number
of pixels misclassified in the region surrounding the actgect boundary and not over the
entire image. The error was computed for different widththefevaluation region. The evaluation
regions for some images from tiMsRC dataset are shown in figure 17. The accuracy of different

segmentation methods is plotted in the graph shown in fig8re 1
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(a) (b) (c) (d)

Fig. 16. The relationship between qualitative and quantitativeutss (a) Original Image. (b) Segmentation result obtained
using the pairwise CRF (explained in section Il). Overalkgiwise accuracy for the result is 95.8%. (c) Results ole@iby
incorporating the RobusP™ higher order potential (13) defined on segments. Overalklpiise accuracy for this result is
98.7%. (d) Hand labelled result used as ground truth. It cansken that even a small difference in the pixelwise accurany

produce a massive difference in the quality of the segmientat

. g

——————
Image (MSRC) Ground Truth Trimap (8 Pixel) Trimap (16 Pixel)

Fig. 17. Boundary accuracy evaluation using trimap segmentatidree first column shows some images from the MSRC
dataset [16]. The ground truth segmentations of these imageshown in column 2. Column 3 shows the trimaps used for
measuring the pixel labelling accuracy. The evaluationioBgs coloured gray and was generated by taking an 8 pixeldban
surrounding the boundaries of the objects. The correspandiimaps for an evaluation band width of 16 pixels is shown i

column 4.

VIIl. CONCLUSIONS ANDFUTURE WORK

In this paper we proposed a novel framework for labellingbpgms which is capable of
utilizing features based on sets of pixels in a principlechne. We also introduced a novel
family of higher order potentials which we call the robudt model. We showed that energy

functions composed of such potentials can be minimizedgutiie graph cut based expansion
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Fig. 18. Pixelwise classification error in our results. The graph wischow the overall pixelwise classification error varies as

we increase the width of the evaluation region.

and swap move algorithms. Our methods for computing ther@texpansion and swap moves
are extremely efficient. They can handle potentials defineat oliques of thousands of random
variables.

We tested this approach on the problem of multi-class olgegtnentation and recognition.
Our experiments showed that incorporation /f Potts and robusf™ model type potential
functions (defined on segments) in the conditional randoid fieodel for object segmentation
improved results. We believe this method is generic and eamsbd to solve many other labelling
problems. In the future we would like to investigate the usenore sophisticated higher order
potentials based on the shape and appearance of image segWierbelieve that such potentials
would be more discriminative and will result in even betterfprmance.

Up until now, the work on solving higher order potentialsngsmove making algorithms has
targeted particular classes of potential functions. Dmyely efficient large move making for
exact and approximate minimization of general higher oefeergy functions is an interesting
and challenging problem for future research. Another @gting direction would be study and
use of primal-dual schema (such as Fast-PD [39]) for effiieninimizing the class of higher

order potentials proposed in this paper.
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APPENDIX A: SUBMODULAR FUNCTIONS

To provide a formal definition of a submodular function, welJirst need to define the
concept of a projection of a function. A projection of a fuoat f : £ — R on s variables
is a function f? : £° — R which is obtained by fixing the values af— s arguments off(-).
A function of one binary variable is always submodular. Adtion f(z;,x2) of two binary
variablesz,, z, € B = {0, 1} is submodular if and only iff(0,0)+ f(1,1) < f(0,1) + f(1,0).
A function f : B” — R is submodular if and only if all its projections oh variables are
submodular [36], [44].

APPENDIX B: PROOFS

Theorem 1 The higher order pseudo-boolean function:

f(t.) = min (90 5wl —1),00+ Y wlts, emax) (46)
1€C 1€C
can be transformed to the submodular quadratic pseud@dodunction:
f(t.) = min (ro(l —mg) + My Zw?(l —t;) +rimy + (1 —my) Zwilti - K) 47)

mo,mi - -
1€C 1€Cc
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by the addition of binary auxiliary variables, andm;. Here,rqg = 0,.x — 0o, 71 = Omax — 01,

K = Opax — 60p — 61, t. = {t; € {0,1}, i € ¢} is the set of binary random variables included in

the cliquec, andw) > 0, w} > 0, 6y, 61, Omax are function parameters that take valueRin

Proof: We decompose the function (47) as:
fte) = FO(t.) + F'(t.) — K where (48)

FO(t.) = minro(L — mo) +mg Y _ wf(1L—t,). (49)
mo
i€c
It can be seen that the above function can be written withmeitiinimization operator as:

F(t,) = Diccwi(1—t;) if Dice W (1 —1t;) <o (50)

To otherwise

Similarly, the functionF'(t.,) can be written as:

_wlt, if _wlt; <
f'l (tc) _ Zzec w; Zzec Wity =71 (51)
1 otherwise
Adding equations (50) and (51) and using the constraint 26get.F°(t. ) + F'(t.,) =
ro + D, Wits if Diee Witi <1y
Tt e wi (1 — 1) if Dice WL =) <o (52)
ro+ 11 otherwise
Substituting this in equation (48), we get
91+Zi60wilti if Ziecwiltigrl
f(te) = q 6o+ > wd(l—1t;) if dicewi (1 —t;) <o (53)
O nax otherwise
This equation can alternatively be written as:
F(t.) = min (90 5wl t).00+ > wlts, emax) (54)
i€c 1EC
u

Theorem 2 The expansion move energy (42) can be transformed into tinevipa function:

Y7 (t,) = min (ro(l —mg) + Gamy E wi(1—t;)
mg,mi <
1€Cq

4+ a1 —my) Yty — 5.) (55)

1€c
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wherery = A\, + 90, r1 = A\g+ 9, andd = Apax — Ao — A

Proof: We decompose the move energy (55) as:

P (te) = FOt.,) + F'(t.) — § where

Ft.,) = rrrgonro(l —mg) + 3 (te,)0amo
= min(A, +0)(1 —mo) + Oamo fo"(tc,)
= Iilqion(’Ymax —Yd — Rd0d><1 - mo)

+ k%iﬂmﬁﬂ%) (Recall Ry = W(c — ¢g))

= in(yme — 7)(1 — m0)

Ymax — Vd
Qa

B Amax — Aa If - fi(te,) > Qa — Rq

- { [ (be)0a TF f(te,) < Qu—Ra

mo(fo" (tey) + Ra) — Raba

Similarly,
fl(tc) = Hnlzln rimy + f{n(tc)ea(l - ml)
= r£1ni1n()\d +0)my + 0,(1 —mq) f1"(t,)
= H%iln(’Ymax - 7a>m1
£ m) ()
B Amax — Ao If - f1(te) > Qu
[t () if - f(te) < Qa-

) M A () S P - Qa
flm(tc)ea |f f(;n(tc) > P — Qa
Adding (59) and (64) and using the relatiéhs
fo'(te,) S Qa— Ry = f'(te) <P —Qq

fo'(te) > P=Qa = [f5"(te;) > Qa — Ra

YThese relations are derived from the constraiis+ Q; < P,Vi# j € £L andW (s) < P,Vs C c.

(56)

(57)

(58)

(59)

(60)
(61)

(62)

(63)

(64)

(65)

(66)
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we get: FO(t.,) + Fl(t.,) =

)\max - )\d + (P - f(gn(tc))ea if fgn(tc) > P — Qa
f(gn(tcd)‘gd + )\max - )\a If fg”(tcd) S Qd - Rd
Amax — Aa + Amax — Ad otherwise
Substituting in (56) and simplifying we get™(t., t.,) =:
)‘Oé + (P_ me(tc))ea If me(tc) > P — Qoe
)\d + f(?"b(th)Hd If f(?"b(tcd) S Qd - Rd
Amax otherwise

which is the same as (42).

(67)

(68)





