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Abstract

A key requirement facing organisms acting in uncertain dynamic environments
is the real-time estimation and prediction of environmental states, based upon
which e�ective actions can be selected. While it is becomingevident that or-
ganisms employ exact or approximate Bayesian statistical calculations for these
purposes, it is far less clear how these putative computations are implemented
by neural networks in a strictly dynamic setting. In this wor k we make use of
rigorous mathematical results from the theory of continuous time point process
�ltering, and show how optimal real-time state estimation an d prediction may be
implemented in a general setting using simple recurrent neural networks. The
framework is applicable to many situations of common interest, including noisy
observations, non-Poisson spike trains (incorporating adaptation), multisensory
integration and state prediction. The optimal network prop erties are shown to
relate to the statistical structure of the environment, and the bene�ts of adapta-
tion are studied and explicitly demonstrated. Finally, we recover several existing
results as appropriate limits of our general setting.

1 Introduction

The selection of appropriate actions in the face of uncertainty is a formidable task faced
by any organism attempting to actively survive in a hostile dynamic environment. This
task is further exacerbated by the fact that the organism does not have direct access
to the environment (or to its internal body state), but must assessthese states through
noisy sensors, often representing the world via random spike trains. It is becoming in-
creasingly evident that in many cases organisms employ exact orapproximate Bayesian
statistical calculations (Averbeck, Latham, & Pouget, 2006; Deneve, Latham, & Pouget,
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2001; Ma, Beck, Latham, & Pouget, 2006; Pouget, Deneve, & Duhamel, 2002; Doya,
Ishii, Pouget, & Rao, 2007; Knill & Pouget, 2004) in order to continuously estimate the
environmental (or bodily) state, integrate information from multiple sensory modalities,
form predictions and choose actions. What is less clear is how these putative computa-
tions are implemented by neural networks in a dynamic setting. Moreover, given that
the environment itself is uncertain, it would seem natural to capture this uncertainty by
a distribution over states rather than a single state estimator (Zemel, Dayan, & Pouget,
1998). This full distribution can be later utilized di�erent ially in various contexts, and,
in particular, for the optimal combination of di�erent info rmation sources. Thus, the
e�ective representation of full probability distributions by neural networks is also an
important issue which needs to be resolved.

The problem of hidden state estimation based on multiple noisy spike trains has been
receiving increasing attention over the past few years. Much emphasis has been laid
on Bayesian approaches, which facilitate the natural incorporation of prior information,
and which can often be guaranteed to yield optimal solutions. While many naturally
occurring problems are dynamic in nature, a large fraction of the work to-date has
focused on static stimuli (e.g., (Averbeck et al., 2006; Deneve et al., 2001; Ma et al., 2006;
Pouget et al., 2002; Pouget, Dayan, & Zemel, 2003; Zemel et al., 1998)). More recently
attention has shifted to dynamic phenomena and online estimation (e.g., (Barbieri et
al., 2004; Beck & Pouget, 2007; Deneve, 2008; Eden, Frank, Solo, & Brown, 2004; Huys,
Zemel, Natarajan, & Dayan, 2007; Pitkow, Sompolinsky, & Meister, 2007)). Our work,
formulated within the rigorous theory of real-time nonlinear �ltering, and applied to
dynamic spike train decoding, o�ers several advantages over previous work, as described
in more detail in Section 7.3. In fact, our results indicate that optimal real-time state
estimation based on point process observations is achievable byrelatively simple neural
architectures. As opposed to much previous work, there is no need for time discretization
and input process smoothing, which may lead to loss of information. These results
suggest a solid theoretical foundation for dynamic neural decoding and computation,
and recover many previous results in appropriate limits. A particularly useful feature
of the present framework is the demonstration that the computation of the posterior
distribution can be achieved in real-time by a bilinear neural network. Ultimately,
however, the merit of a model is based not only on its mathematical elegance, but on
its power to explain existing experiments, and to predict novel behaviors. While some
limits of our formulation, e.g., the static limit, lead to results which have already been
experimentally veri�ed, the main advantage of the general framework is in setting the
stage for mathematically precise, yet experimentally veri�able, predictions for future
experiments dealing directly with dynamic phenomena.

Consider the following generic situation. An agent observes theenvironment through
a set of noisy (possibly multimodal) sensory neurons. Based on these observations
the agent needs to estimate the state of the environment (more generally, the state
distribution) with the highest accuracy possible. It is well known that if the stochastic
dynamics of the environment and the observation process are fully known, then the state
distribution can be optimally recovered through the so-called Bayes �lter (Jazwinsky,
1970; Thrun, Burgard, & Fox, 2005) based on an exact calculation of the posterior state
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distribution. For example, if both the environmental and observational processes are
linear, and are corrupted by Gaussian noise, the optimal �lter reduces to the classic
Kalman �lter (Anderson & Moore, 2005). For the state estimation procedure to be
e�ective in a biological context, it must be possible to implement it robustly in real
time by a neural network. In a biological setting, the agent observes the environment
through a set of sensory neurons, each of which emits spikes at a rate which depends on
the current state of the environment according to the neuron's �xed response function
(a.k.a. tuning curve). These spike trains are continually sentto a neural network which
computes a probability distribution over environmental states.

Surprisingly it turns out that under well-de�ned mathematical conditions (hidden
Markov process and Poisson spiking activity; see Section 2 for precise de�nitions) the
solution to the problem of spike train decoding has been known for many years see, for
example, (Br�emaud, 1981), and the historical survey provided therein. However, the
mathematical derivation in (Br�emaud, 1981) is highly intricate, relying on sophisticated
mathematical techniques from the theory of stochastic processes, which may not be
widely available. This abstruseness may be one reason for the fact that this exact and
rigorous body of theory has rarely been used by the computational neuroscience com-
munity (see, for example, (Twum-Danso & Brockett, 2001) for a notable exception). In
fact, some of the results presented over the past few years in the context of hidden state
estimation and neural decoding can be viewed as special cases ofthe general theory de-
veloped in (Boel & Benes, 1980) and (Br�emaud, 1981). Because of the intricate nature
of the derivation in (Br�emaud, 1981), we present a simpli�ed derivation available as an
online appendix1. This online appendix will enable readers who are unfamiliar with the
advanced theory of martingales to follows the derivation using simple techniques. Within
this framework, the optimal posterior distribution over environmental states (the Bayes
�lter), given the sensory spike trains, is exactly computed in real-time by a bilinear
recurrent neural network. It is essential to note that the posterior distribution is based
on the exact spike times, so that no temporal information is lost (as is often the case
when time is discretized or other approximations are made). Apreliminary version of
the results appears in (Bobrowski, Meir, Shoham, & Eldar, 2007). Next, we summarize
the main contributions of this work.

The main contributions of this work: (1) Incorporation of environmental noise
in the general �ltering framework. Within this setting we establish the existence of
an optimal width for the tuning function of the sensory cells. This width depends on
the noise level, suggesting that for optimal performance the system must adapt to the
speci�c environmental conditions. (2) Application of the framework to the multisensory
integration of signals. Our results provide novel predictionsin the dynamic setting, and
recover previous results in the static limit (e.g., (Deneve etal., 2001)); see section 4
for details. Furthermore, they provide succinct explanations for several experimentally
observed phenomena related to enhanced response and inverse e�ectiveness. (3) Devel-
opment of a framework for history dependent spike trains, and a consideration of the
e�ect of adaptation on system performance. Interestingly, we can show that adapta-
tion can bene�t neural computation. More speci�cally, when the system is subjected to

1See http://www.technion.ac.il/ � rmeir/BobMeiEld-appendix.pdf
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energy constraints (e.g., limits on the overall number of spikes �red per unit time), adap-
tation leads to near optimal performance. (4) Showing how a simply modi�ed system
addresses prediction of future states, rather than estimating the current state).

The remainder of this paper is organized as follows: Section 2describes the precise
problem formulation, and the basic �ltering equation based on(Br�emaud, 1981). We
show how this equation can be implemented by a simple recurrentneural network,
followed by several simulations demonstrating the system's performance. Section 3 in-
corporates environmental noise and studies its e�ect. Section 4 considers multisensory
integration, and Section 5 discusses in detail the case where thestimulus (or world
state) is static. Section 6 presents an extension to a larger classof point processes, and
demonstrates how phenomena such as adaptation can easily be incorporated. Section 7
brie
y describes additional extensions (prediction, log-posterior computation) as well as
a detailed comparison to previous work.

2 Filtering a Markov Process from Poisson Mea-
surements

Consider a dynamic processX t representing the state of the world (e.g., the location
of an object, its shape, orientation, velocity, etc.). We assume that X t is a continuous
time �nite state Markov process, with a �nite state-space S = f s1; : : : ; sN g and an
in�nitesimal generator matrix Q = [ qij ]. This implies that the transition probabilities
are given by

P (� )
ij

4
= P(X t+ � = sj jX t = si ) =

�
qij � + o(� ) i 6= j
1 + qii � + o(� ) i = j;

(2.1)

with qii = �
P

j 6= i qij < 0 (see (Grimmett & Stirzaker, 2001) for more details).

The state X t is not directly observed, but is processed through a set ofM sensory cells,
each of which produces a spike train, associated with a countingprocessN (m)

t . At this
point we take the spikes to be generated by an inhomogeneous Poisson process, where
the process rate depends on the current environmental state (such process are referred
to as doubly-stochastic Poisson processes, see (Snyder & Miller, 1991)). We denote the
rate of the process generated by them-th cell by � m (X t ), where � m (�) represents the
tuning curve of the m-th cell. The �ring events of the di�erent sensory cells are assumed
to be independent given the state. Our goal is to compute the posterior probabilities

pi (t)
4
= P

�
X t = si

�
�
�N (1)

[0;t ]; : : : ; N (M )
[0;t ]

�
;

whereN (m)
[0;t ] =

n
N (m)

s

o t

s=0
is the full history of the processN t . More speci�cally, we are

looking for an online computation method that can be carriedout by a neural network.

In the remainder of this section we present the solution derivedin (Br�emaud, 1981),
and discuss the interpretation of this solution as a neural network, followed by simula-
tions. For completeness we present a full, albeit simpli�ed, derivation of these results
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in an online appendix. We note that simpli�ed derivations of special cases of the �l-
tering equations in (Br�emaud, 1981), based on time discretization followed by a limit
process, have been recently presented in (Deneve, 2008) and (Pitkow et al., 2007); see
also (Twum-Danso & Brockett, 2001) for an intuitive explanation of the results from
(Br�emaud, 1981) in a continuous time context. We discuss thiswork in a comparative
setting in Section 7.

2.1 The Filtering Equation

There is increasing interest in providing an answer to the problem presented above in
di�erent neuroscience contexts. Interestingly, as stated in Section 1, this mathematical
�ltering problem was addressed in the 1970s and rigorous solutions, under well de�ned
mathematical conditions, exist since then. In a historical context we note that a mathe-
matically rigorous approach to point process �ltering in continuous time was developed
during the early 1970s following the seminal work of Wonham (Wonham, 1965) for �nite
state Markov processes observed in Gaussian noise, and of Kushner (Kushner, 1967) and
Zakai (Zakai, 1969) for di�usion processes. One of the �rst paperspresenting a math-
ematically rigorous approach to nonlinear �ltering in continuous time based on point
process observations was Snyder (Snyder, 1972), extended later by Segall et al. (Segall,
Davis, & Kailath, 1975). We comment that this paper considers only the case of a �nite
state space. The formalism for continuous state spaces is also available in some cases
(e..g, (Boel & Benes, 1980)), but will not be pursued in this work.

The solution presented in (Br�emaud, 1981) introduces a new setof non-negative and
non-normalized functions� i (�), related to pi (t) by

pi (t) =
� i (t)

P N
j =1 � j (t)

: (2.2)

It is shown in Section VI.4 of (Br�emaud, 1981) (see also the online appendix) that
f � i (t)g

N
i =1 obey the following set ofN di�erential equations,

_� i (t) =
NX

k=1

qki � k(t)+

 
MX

m=1

(� m (si ) � 1)� m (t)

!

� i (t) � � (si )� i (t); i = 1; : : : ; N; (2.3)

where

� (si ) =
MX

m=1

� m (si ) ; � m (t) =
X

n

�
�
t � t (m)

n

�
;

and
n

t (m)
n

o1

n=1
denote the spiking times of them-th sensory cell. In other words, the

function � m (t) represents the spike train of them-th sensory cell. The parametersqki

are elements of the generator matrix Q. This set of equations can be written in vector
form as

_� (t) = Q > � (t) +

 
MX

m=1

(� m � I ) � m (t)

!

� (t) � � � (t); (2.4)
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whereI is the identity matrix, and

� (t) = ( � 1(t); : : : ; � N (t))> ; � m = diag ( � m (s1); : : : ; � m (sN )) ; � =
MX

m=1

� m :

In appendix A we present a full closed form solution to (2.4). Examining the solution
given in (A.3), we can analyze this network's activity pattern. Between spikes,� (t)
depends exponentially and smoothly on time, varying at a timescale which depends on
the eigenvalues of Q and on the maximal �ring rates of the sensory cells (through the
tuning curves). Upon the arrival of a spike from them-th sensory cell at timet, � (t) is
updated according to� (t+ ) = � m � (t � ). In other words, the variable� i (t) evolves on a
slow time scale between spikes and on a fast time scale upon the arrival of a spike.

Network interpretation

The variablesf � 1; � � � ; � N g in (2.3) can be interpreted as representing the activity of a
set of N neurons in a recurrent (posterior) neural network. The secondterm in (2.3)
represents the e�ect of the sensory inputs on each such posterior neuron. Each sensory
neuron emits a Poisson spike train2 based on the current input and its receptive �eld,
and a�ects the posterior cell through its impulse train� m (t). In addition, the �rst term
in (2.3) shows that each posterior neuron receives inputs fromother posterior neurons
based on the weightsf qij g. The third term represents a simple, state-dependent, decay
of the non normalized distribution. In many cases the variables � (si ) are near constant,
in which case they a�ect the posterior variables� i only the overall normalization, and
can be dropped. A graphical display of the network and its interpretation can be found
in Figure 1. Note that the �rst term in (2.3) represents a `mapping of the world' onto the
recurrent decoding network, establishing a representation ofthe environment through
the synaptic weights; this can be interpreted as a Bayesian prior in a Bayesian setting.

One possible implementational problem with (2.3) is that the solution may explode
exponentially. Since the physical variable of interest is theposterior probability, obtained
by renormalizing � i (t) as in (2.2), the overall normalization is irrelevant. Note,however,
that in some cases (e.g., computing the minimum mean squared error estimator) the
normalized distribution is required. In any event, as long aswe are interested in the
largest posterior probability, it is clear that the normalization has no e�ect. In principle,
one can add to (2.3) an operation which periodically renormalizes the variables so thatP N

i =1 � i (t) = 1. Alternatively, one can add a term to the equation which guarantees that
this normalization be automatically obeyed at each step, as was done, for example, in
equation (2.13) of (Beck & Pouget, 2007). In the numerical demonstrations presented in
the sequel we have renormalized� i (t) periodically in order to prevent explosive solutions.

The network described in (2.3) can be viewed as a formal neuralnetwork. While it seems
to be somewhat removed from a direct physiological interpretation, we believe that a
physiologically plausible network can be constructed based on its principles. We discuss

2The Poisson assumption will be relaxed in Section 6.
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the main interpretational issues here, but defer a full physiological implementation of
these ideas to future work.

First, we note that while the sensory neurons produce spike trains represented through
the variables� m (t), the posterior neurons are described by acontinuous variable � i (t).
Within a biological implementation of (2.4) one may view� i (t) as the probability of
spiking (see also (Pitkow et al., 2007)). This interpretation may seem to pose di�culties
in a biological context since the probability of spiking cannot be directly communicated
between neurons. However, an easy remedy for this would be to simply replicate each
posterior neuron many times, and allow each such replicated neuron to �re Poisson spike
trains at a rate consistent with (2.3). This would correspond tothe well-studied linear
Poisson spiking network, e.g., (Gerstner & Kistler, 2002). Sincespikes can be directly
communicated between neurons, such an implementation would be biologically feasible.
A second di�culty with the physiological interpretation rela tes to the multiplicative
gain, the second term in (2.4). This terms requires that the activity of the posterior
neuron i be modulated by a multiplicative term based on the activity ofthe sensory
neurons. While not entirely standard, there is an increasing evidence for this type of
multiplicative gain in biological neural networks in both the visual and somatosensory
cortices (e.g., (C. J. McAdams & Maunsell, 1999; C. McAdams & Reid, 2005; Sripati
& Johnson, 2006)), and such interactions are thought to play animportant role in neu-
ral computation (Salinas & Thier, 2000). Moreover, speci�c biophysical mechanisms
and computational models have been proposed for these phenomena (Murphy & Miller,
2003; Sripati & Johnson, 2006). A third issue which can be raised against the plausi-
bility of the network proposed is that posterior neurons are a�ected di�erentially based
on the feedforward input sensory neurons (multiplicative gain) and additively through
the posterior network recurrent weights. However, given the very di�erent nature of
the two types of inputs, and their e�ects on the postsynaptic target through di�erent
distributions of receptors, it is not implausible that the two types of interactions lead
to very di�erent e�ects; see, for example, (Rivadulla, Sharma, & Sur, 2001). In fact,
there is solid evidence for the existence of multiplicative interactions based on the special
properties of the NMDA receptor (Rivadulla et al., 2001), which is ubiquitous in cortical
circuits and is widely believed to lead to coincidence detection (Tsien, 2000). Next, we
comment on the renormalization issue alluded to above. This can be addressed within a
physiological context using the well documented phenomenon of divisive inhibition (e.g.,
(Cavanaugh, Bair, & Movshon, 2002)); see, for example, (Beck &Pouget, 2007) for a
simple implementation of divisive inhibition, in a context related to (2.4), leading to
normalization.

Finally, we comment brie
y on the possible implementation of the formal network (2.3)
in the brain. In a visual context we view the sensory layer in the model as correspond-
ing to the inputs from the retina via the LGN to the cortex (a similar interpretation,
mutatis mutandis, would hold for other sensory modalities). Therecurrent connections
f Qij g within the posterior network would then correspond to the lateral connections
between cortical pyramidal neurons. The latter are well known to play an essential role
in cortical processing, overwhelming the thalamic inputs by awide margin. Interest-
ingly, within our model, stronger connectionsQij exist between neurons which represent
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similar states. For example, in a dynamic context, the matrix elements between similar
states are larger, corresponding to higher transition probabilities between such states.
This observation is consistent with the larger observed functional connectivity between
cells of similar orientation selectivity (e.g., (Ts'o, Gilbert, & Wiesel, 1986)). Moreover,
the competitive dynamics of our model's posterior network isalso consistent with the soft
winner-take-all view of the lateral interactions between cortical neurons; see (Douglas &
Martin, 2004) for a physiological motivation and demonstration. Experimental tests of
our proposed model could consist of di�erentially interferingwith the feedforward mul-
tiplicative interactions (possibly through NMDA receptor antagonists) and the lateral
additive interactions suggested by our model, thereby comparing the di�erent spatial
and temporal e�ects of the two information streams. For example, we would expect
that disrupting lateral connections (`prior knowledge') would lead to particularly sig-
ni�cant performance degradation when the sensory input is sparse. We note that an
equation similar to (2.4) has been derived recently in (Pitkow et al., 2007) for a two
dimensional random walk Markov process. The latter paper provides further support to
the idea that the visual area V1 may naturally implement this type of network.

Figure 1: The decoding network structure. The sensory cells respond to a stimulus with spike
trains N (m)

t . The connection strength between themth sensory cell and thei th posterior net-
work cell is � m (si ) (as in (2.3)). This connection weight multiples the sensory cell activity and
is passed as input to the second recurrent layer. This layer computes the posterior probabilities
� (t) based on (2.3). The recurrent synaptic weights in the posterior network are controlled by
the prior transition parameters qji .

2.1.1 Numerical demonstrations of the �ltering equations

Next, we examine the system behavior by numerically solving (2.4) and its extensions3.
The numerical solution corresponds to an actual implementation of the abstract neural
network described in (2.3,2.4). These results are aimed at demonstrating performance,
and can be viewed as a simple implementation of the experimental setup considered in
(Warland, Reinagel, & Meister, 1997) in the context of retinal decoding.

3A closed form solution to (2.4) can be found in Appendix A
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We consider a simple setting where the decoding system attempts totrack a moving
particle; this basic setup, with modi�cations, will serve for all the numerical demonstra-
tions in this work. Consider a small object moving vertically on a line, jumping between
a set of discrete statesf si gN

i =1 , each representing the position of the object. The object
is observed by a retina consisting ofM sensory cells, where each sensory cellm generates
a Poisson spike train with rate� m (X t ) where X t is the world state at time t. The tun-
ing curve of themth sensory cell is taken to be a Gaussian4 centered atcm , of width � ,
height � max , and baseline level� base , namely � m (s) = � base+ � max exp (� (s � cm )2=2� 2).
The tuning-curve centerscm are uniformly spread over the input domain. The same ex-
perimental protocol is used throughout the paper with slight variations required by the
extended settings described in sections 3, 4 and 6.

For the simulations presented throughout this paper we use di�erent Q matrices to
represent the world state dynamics. The Q matrices are constructed in such a way that
the most likely transitions are from any state to one of its neighbors, where a a neighbor
is de�ned by the Euclidean distance between the physical states.The general structure
of the Q matrix is as follows:

qij =

(
ci exp

�
(i � j )2

2� 2

�
i 6= j

� � i = j;
(2.5)

where � and � are positive real numbers, andci = �=
P

j 6= i

�
exp

�
(i � j )2

2� 2

��
, so that

P
j qij = 0. The average number of transitions per unit time is� .

Figure 2 displays the motion of the particle betweenN = 250 di�erent states, for
a choice of Q matrix as described above. The spiking activity ofM = 125 position
sensitive sensory cells, and the tracked posterior distribution. In Figure 2(a)-2(c) the
tuning curve parameters are chosen to produce only a few spikes.In this case we can
see how the level of uncertainty (posterior variance) increases between spike arrivals,
when no information is provided. In Figure 2(d)-2(f), the spiking activity is much more
intense, leading to more accurate results (lower posterior variance).

Next, we consider a naturally discrete state discrimination task.This example also
demonstrates how to achieve improved performance by enriching the state space of
the model. Speci�cally, we augment the state representation by adding the movement
direction as well as the visibility mode of the stimulus. De�ne anew set of states ~sijk =
(si ; dj ; vk), where si represent the object's locations,dj denotes the current movement
direction (in this case d1 = up, d2 = down), and vk represents whether or not the
stimulus is visible to the system (v1 = visible, v2 = invisible). The tuning curves � ijk ,
i = 1; 2; � � � ; N; j; k = 1; 2, are constructed as follows. For states where the stimulus is
visible, the tuning curves are Gaussian functions of the location as before. However, for
the states where the stimulus is invisible, the cells cannot di�erentiate between di�erent
locations and hence they all respond with the same spontaneous rate � spon. Note that
the movement direction isnot encoded in the �ring rate of the sensory cells.

4The results are demonstrated for a Gaussian tuning curve, but the theory applies to arbitrary
tuning functions.
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Figure 2: Tracking the motion of a single object in 1D. (a) The trajectory of the object's
movement. (b) Sensory activity. A dot represents a spike arriving from a sensory cell, where
the y-axis represents the cell's preferred location. In thissimulation the �ring rates are ex-
tremely low (� max = 15; � base = 0). (c) The activity of the posterior network. The y-axis
represents the location represented by each cell, and the black intensity represents the prob-
ability P(X t jspiking activity), ranging from 0=white to 1=black. (d)-(f) Same setup, with
� max = 75; � base = 2 :5 leading to an intense sensory activity. In both simulations N = 250,
M = 125, � = 0 :016, � = 2 and � = 500.

The basic dynamic setup is as in Figure 2, except that the states are augmented as
described in the previous paragraph. Denoting the non-normalized probabilities of this
3D state by � ijk (t) we can retrieve the distribution of the location alone, by using the
marginal distribution � s

i (t) =
P

j;k � ijk (t). The results are presented in Figure 3(c).
Alternatively, by pooling the probabilities over all possiblelocations and visibility modes,
we get � d

j (t) =
P

i;k � ijk (t) - the discrete probabilities discriminating between the two
possible movement directions. The results presented in Figure 3(d) demonstrate the
high quality of the binary decision possible by classifying the direction of motion based
on the maximal posterior probability for the (up,down) directions. Similarly, by pooling
the probabilities over all possible locations and directionswe get � v

k(t) =
P

i;j � ijk (t) -
the discrete probabilities discriminating between stimulus visibility and non-visibility.
The results are presented in Figure 3(e).

The Q matrix used in this simulation is di�erent than the previous one, and somewhat
more complicated, as it has to include the transitions between directions and visibility
modes. As there areN � 2 � 2 = 4N possible states, Q is of size 4N � 4N . The
construction of the matrix Q in this example is provided for completeness in appendix
B.
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Tracking the movement direction naturally lends further robustness to the position es-
timation. As can be seen in Figure 3(c), when the input of the sensory cells is blocked
(and the sensory cells �re spontaneously) the system estimates a movement that contin-
ues in the same direction. When the blockade is removed, the system is re-synchronized
with the input. It can be seen that even during periods here sensory input is absent,
the general trend is well predicted, even though the estimated uncertainty increases.

0 0.25 0.5 0.75 1
-1

-0.5

0

0.5

1

t

X
(t

)

stimulus location

(a)

0 0.25 0.5 0.75 1
-1

-0.5

0

0.5

1

t

pr
ef

er
re

d 
lo

ca
tio

n

sensory activity

(b)

0 0.25 0.5 0.75 1
-1

-0.5

0

0.5

1

t

lo
ca

tio
n

location posterior distribution

(c)

0 0.25 0.5 0.75 1
0

0.2

0.4

0.6

0.8

1

t

pr
ob

ab
ili

ty

upward movement probability

(d)

0 0.25 0.5 0.75 1
0

0.2

0.4

0.6

0.8

1

t

pr
ob

ab
ili

ty

visible stimulus probability

(e)

Figure 3: Tracking based on position and direction sensors. (a) The object's trajectory.
(b) The activity of sensory cells. The red bars mark points in time where the input was
blocked (i.e., the transition (si ; dj ; v1) ! (si ; dj ; v2)), and the green bars mark the times when
the blockade was removed.(c) The posterior evolution basedon place and direction sensory
input. (d) The direction discriminating distribution. We p resent the probability of upward
movement pup , the downward movement probability is simply pdown = 1 � pup . (e) The
visibility discriminating distribution. We present the pr obability that the stimulus is visible
pvisible , the invisible stimulus probability is pinvisible = 1 � pvisible . The simulation parameters
are: N = 101; M = 50; � max = 75; � base = 5 ; � spon = 18:75.

3 Noisy Environment

The assumption so far (as in previous work) is that the tuning curve � m (X t ) is a direct
function of the state, and that the uncertainty in the system arises from the Poisson
spike trains only. In other words, we assume that the sensory cellshave accessto the
state of the world, and the uncertainty is due to their own noisyactivity. However, noise
is likely to appear even before the spike trains are generated. For example, consider the
task of tracking an object moving through haze. In this case theimage perceived by the
retina is blurred and unclear, therefore the neural activity cannot represent the object's
location directly, but rather noisy information about its location.

We consider the model in which a hidden state processX t (de�ned similarly to the
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previous section) passes through a noisy channel. This channel introduces an interference
processWt . As a result, the input arriving to the sensory system isF (X t ; Wt ) rather than
X t itself, implying that the tuning curves are now� m (F (X t ; Wt )) rather than � m (X t )
(see Figure 4). For example, assuming an additive-noise model wetake F (x; w) = x + w.
However the model presented here applies to any general function F . To simplify the
notation we de�ne ~X t = ( X t ; Wt ), and � m ( ~X t ) , � m (F (X t ; Wt )).

Figure 4: Environmental noise model.

Assuming that Wt 2 f w1; : : : ; wL g is a continuous time �nite state Markov process
(CFMP), independent of X t , the combined process~X t is also a CFMP (with N � L
di�erent states). Thus, using (2.4) we can compute the non-normalized probabilities

~� i;j (t) / P
�

~X t = ( si ; wj )
�
�
�N (1)

[0;t ]; : : : ; N (M )
[0;t ]

�
. To obtain X t 's non-normalized posterior

distribution, we compute the marginal non-normalized probabilities - � i (t) =
P

j
~� i;j (t)

(see Figure 5). In order to avoid the computation of the nuisance noise distribution (as
in Figure 5), we present in Appendix C the derivation of the following set of equations
computing the state distribution directly

_� i (t) =
NX

k=1

qki � k(t) +

 
MX

m=1

(� m (si ; t) � 1)� m (t)

!

� i (t) � � (si ; t)� i (t); (3.1)

where

� m (si ; t) = E
h
� m (X t ; Wt )

�
�
�X t = si ; N (1)

[0;t ]; : : : ; N (M )
[0;t ]

i
; � (si ; t) =

MX

m=1

� m (si ; t):

Equation (3.1) is similar to (2.3), except that instead of� m (si ) we require a time-
varying synaptic weight � m (si ; t) which is the average sensory response (with respect to
the noise).

In principle, computing the expectation required to estimate � m (si ; t) requires condi-
tioning on the spiking history. Assuming thatWt changes su�ciently rapidly relatively
to the spiking activity, and that all its moments are �nite, we may remove the spiking
history from the conditional expectation implying the following approximate relationship

� m (si ; t) � E [� m (X t ; Wt ) jX t = si ] , � m (si );

which yields the equation

_� i (t) =
X

k

qki � k(t) +

 
MX

m=1

(� m (si ) � 1)� m (t)

!

� i (t) � � (si )� i (t) ( i = 1; 2; : : : ; N );

(3.2)
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Figure 5: Computing the posterior distribution in the presence of noise. The full posterior
network computes the posterior distribution of the combined state ~X t = ( X t ; Wt ). By a simple
summation we get the posterior distribution of the state X t alone.

where� (si ) =
P M

m=1 � m (si ). The equation set (3.2) calculates the posterior distribution
of the state processX t alone, using the average responses of the sensory cells, with
respect to the noise processWt .

Similarly to the noiseless case, we can represent (3.2) in a vector form, as

_� (t) = Q > � (t) +

 
MX

m=1

(� m � I ) � m (t)

!

� (t) � � � (t); (3.3)

where

� m = diag ( � m (s1); : : : ; � m (sN )) ; � =
MX

m=1

� m :

Figure 6 presents the performance of the system in the presence ofnoise. Figure 6(a)-
6(c) present a single trial of tracking a stimulus moving through N = 250 states, observed
by M = 125 sensory cells. The state model is similar to the one used in Figure 2. The
noise state-space is uniformly distributed in the range [w1; wL ] with w1 = � 1=2; wL =
1=2; L = 1000. The noise distribution is of the formcexp

�
� w2

j =2� 2
w

�
with � 2

w = 0:01,
and we assume that it contributes additively to the input, i.e., F (X t ; Wt ) = X t + Wt . It
can be observed that the posterior network �lters out the noise signi�cantly. In Figure
6(d) we simulate di�erent levels of noise, and compare the performance of the original
�ltering equation (2.4) with its noisy version (3.3). The comparison is based on the
empirical mean squared error (MSE) of the minimum MSE (MMSE) optimal estimator
calculated from the posterior distribution represented by thenetwork, i.e.,

X̂ t =
X

i

si P
�

X t = si

�
�
�N (1)

[0;t ]; : : : ; N (M )
[0;t ]

�
:
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Obviously, taking the noise statistics into account, signi�cantly improves the system's
accuracy.
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Figure 6: Noisy input simulation. (a) The original stimulus (N=250). (b) The noisy version
perceived by the sensory cells (M = 125; � 2 = 0 :01; � max = 75; � base = 5, � = 0 :008, � = 3
and � = 50). (c) The posterior network response, �ltering out the n oise. (d) Comparing the
MSE of the optimal estimator in the presence of noise. The solid line represents the MSE of
the correct model that takes the noise into account. The dashed line represents the original
model, where noise is ignored.

4 Multisensory Integration

Organisms usually observe the environment through multiple sensory modalities, inte-
grating these di�erent modalities in order to obtain a more reliable percept. Clearly
a signi�cant bene�t may result from multisensory integration in situations where noise
disrupts one, or both, of the modalities. Interestingly, it turns out that multisensory inte-
gration is much more prevalent in sensory processing than was once believed (Ghazanfar
& Schroeder, 2006). In this section, we discuss how the framework described in Section
2 may be applied in this context to derive optimal multisensoryintegration of signals.
In this work we only deal with the issue of theintegration of the multimodal signals.
As pointed out in (Deneve & Pouget, 2004) the problem is more involved than simple
averaging of sensory modalities since the di�erent modalitiesoften use di�erent coordi-
nate frames, and some mechanism must be proposed in order to dynamically translate
the signals to a common frame of reference. The present section deals with the general
dynamic setting introduced in Section 2. The restriction to the static case is discussed
in Section 5.

Consider the case of multi-modal inputs, where a subset of the sensory inputs arises
from one modality (e.g., visual) while the remaining inputs arise from a di�erent sensory
modality (e.g., auditory). These modalities may di�er in the shapes of their tuning
curves, their response latencies and the information they provide about the stimulus.
In the sequel we will use the symbols `V' and `A' to refer to any two modalities, and
they should not be interpreted literally as visual and auditory. While we present the
formulation for two sensory modalities, it can be easily extended to any number of
modalities.

We brie
y summarize our main contributions concerning multimodal integration. As
far as we are aware our results provide the �rst derivation of optimal multimodal sensory
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state estimation in a dynamic setting. Even though they follow directly from the general
formulation in Section 3, they provide some speci�c insight into multisensory integration.
First, we note that while it is clear that multisensory information is essential in providing
information when one of the sensory sources disappears or is occluded, we show in Section
4.2 that it is essential also in standard noisy situations where multisensory information
sources exist simultaneously. More speci�cally, given a �xed number of sensory cells, we
show that splitting the information gathering between two sensory modalities leads to
superior performance. As we show in Section 4.2 this occurs due to the independence
of the noise processes contaminating each observation. Second,we provide a simple
mechanistic explanation for the widely observed phenomenon of inverse e�ectiveness.
Finally, we show in Section 5.1 that the dynamic extension to multisensory integration
o�ered in this section, yields well known results that had beenderived previously only
in the static limit (Witten & Knudsen, 2005; Deneve & Pouget, 2004).

4.1 Multimodal Equations

We start with the simpler case, where no environmental noise is present. Consider the
following case - we have a state processX t that is observed via a set ofM v visual sensory
cells with spiking activities -

n
N v;(1)

t ; : : : ; N v;(M v )
t

o
�ring at rates

�
� v

1(X t ); : : : ; � v
M v

(X t )
	

,

and a set ofM a auditory sensory cells with spiking activities
n

N a;(1)
t ; : : : ; N a;(M a )

t

o
�ring

at rates
�

� a
1(X t ); : : : ; � a

M a
(X t )

	
. We are interested in calculating the posterior probabil-

ities
pi (t) = P

�
X t = si

�
�
�N v;(1)

[0;t ] ; : : : ; N v;(M v )
[0;t ] ; N a;(1)

[0;t ] ; : : : ; N a;(M a )
[0;t ]

�
:

Extending the unimodal case, it is easy to show that the non-normalized probabilities
in this case satisfy

_� (t) = Q > � (t) +

 
M vX

m=1

(� v
m � I ) � v

m (t) +
M aX

m=1

(� a
m � I ) � a

m (t)

!

� (t) � � � (t); (4.1)

where

� v
m (t) =

P
n �

�
t � tv;(m)

n

�
� v

m = diag( � v
m (s1); � v

m (s2); : : : ; � v
m (sN ))

� a
m (t) =

P
n �

�
t � ta;(m)

n

�
� a

m = diag( � a
m (s1); � a

m (s2); : : : ; � a
m (sN ))

� =
P M v

m=1 � v
m +

P M a
m=1 � a

m

Equation (4.1) represents the optimal multisensory computation in this case.

The formulation in the presence of environmental noise is as follows. Consider a state
processX t that has two projections - Vt = Fv (X t ; W v

t ) and A t = Fa (X t ; Wa
t ). Each

of these projections contains partial and noisy information about X t . We assume that
Vt and A t are independent givenX t . The input to the visual system isVt (instead of
X t ), namely the visual tuning curves are

�
� v

1(Vt ); : : : ; � v
M v

(Vt )
	

. Similarly, the input to
the auditory system isA t , so the auditory tuning curves are

�
� a

1(A t ); : : : ; � a
M a

(A t )
	

. In
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other words, we introduce di�erent sources of noise to each of the modalities. Extending
the derivation in Section 3 it is easy to show that the �ltering equation in this case is,

_� (t) = Q > � (t) +

 
M vX

m=1

(� v
m � I ) � v

m (t) +
M aX

m=1

(� a
m � I ) � a

m (t)

!

� (t) � � � (t); (4.2)

where

� v
m (si ) = E [� v

m (Vt ) jX t = si ] � a
m (si ) = E [� a

m (A t ) jX t = si ]
� v

m = diag( � v
m (s1); � v

m (s2); : : : ; � v
m (sN )) � a

m = diag( � a
m (s1); � a

m (s2); : : : ; � a
m (sN ))

� =
P M v

m=1 � v
m +

P M a
m=1 � a

m

Note that this representation is very general. The only assumption made is thatVt ; A t

have some statistical relationship withX t . This allows, for example, for each of the
inputs Vt and A t to convey di�erent pieces of information about the stateX t , with
di�erent levels of uncertainty and noise.

4.2 Multimodal observations provide more information

The following discussion is qualitative, and aims to provide some intuition for the bene�t
gained by multimodal processing, especially in the noisy setting. Looking at (4.2) it may
seem that havingM v visual cells andM a auditory cells yields the same results as a system
with M v + M a sensory cells of the same modality. This claim, however, is incorrect.

Consider two sensory modalities denoted by `V' and `A', each of which observesnoisy
state processesf Vtg and f A tg, respectively (see Section 3 for a de�nition). The most
accurate information that can be extracted about the state from the sensory spike trains
of each modality alone are the probabilitiesP

�
X t = si

�
�V[0;t ]

�
and P

�
X t = si

�
�A [0;t ]

�
. In

the multisensory case, the ideal state reconstruction is given byP
�
X t = si

�
�V[0;t ]; A [0;t ]

�
,

which is never worse than the reconstruction o�ered based on a single modality. This
occurs because all inputs of the same modality are driven by thesame partial noisy
information, and therefore the accuracy level of such a unimodal system is restricted.
However, adding inputs from a di�erent modality provides a second observation on the
same data, and increases the system's accuracy signi�cantly. We demonstrate this e�ect
in Figure 7, by showing that for a �xed number of sensory cells it is advantageous to
split the resources between two sensory modalities rather than using a single modality
with the same number of sensory cells5.

Consider a tracking task where the number of states isN = 51, and we useM v = 25
sensory cells of theV modality. We now add to those sensory cells another group of
M a cells of a second modality, for varying values ofM a. The state and noise setup here
are similar to those of Fig.6, only now we solve (4.2) instead of (3.3). The solid line
represents the empirical MSE of the MMSE optimal estimator in amultimodal network
receiving M v inputs from the �rst modality and M a inputs from a second modality.

5The example provided of this enhancement applies to a speci�c setup. Establishing general condi-
tions for it to hold is an interesting open question.
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Recall that each sensory modality is driven by a di�erent noise process. The dashed
line represents the MSE in a unimodal network receivingM v + M a inputs from a single
modality. Following the discussion above, since the second modality is driven by a
di�erent noise process, it provides a second observation on the process, which for this
choice of parameters, improves the system's accuracy.
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Figure 7: Increasing accuracy by using a second modality. Solid line -Taking M v inputs
from one modality and M a inputs from the other modality. Dashed line - Using M v + M a

inputs from a single modality. The noise variance for both modalities was equal to 0:2. We
plot the empirical MSE of the optimal estimator for di�erent values ofM a. The remaining the
simulation parameters areN = 51; M v = 25; � max = 50; � base = 1 and � = 0 :02; results are
averaged over �ve trials.

5 The Static Case

In this section we examine the case of a static (yet random) stimulus, in order to gain
further insight into the system's behavior. As stated in Section 1, much earlier work has
dealt with this limit, and we show how many previous results arerecovered with this
setting. Moreover, we present some explicit experimental predictions in this context.

The assumption that the processX t � X is constant in time, implies that Q = 0.
Using (A.3) is it easy to see that

� i (t) = � i (0) exp

 

� t
MX

m=1

� m (si )

!
MY

m=1

(� m (si ))
N ( m )

t ; (5.1)

whereN (m)
t is the number of spikes arriving from them-th input cell during the interval

[0; t]. This result has already been presented in previous work, e.g., (Sanger, 1996).

5.1 The Gaussian Case

We examine the static stimulus results, assuming Gaussian tuning functions, and a
Gaussian prior. In the unimodal case we show that the optimal estimator can be ap-
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proximated by the population vector method (see (Georgopoulos, Kalaska, Caminiti,
& Massey, 1982)). We can also show that the optimal multisensory estimator can be
approximated by a weighted average of the optimal unimodal estimators. Similar results
have been described in previous work (e.g., (Deneve & Pouget,2004; Witten & Knudsen,
2005)), and are supported by experimental data.

We start by examining the model without noise, and extend the results in the noise
model later.

Unimodal case Assume that all the tuning functions are shifted versions of the same
prototype Gaussian, namely

� m (s) = � max exp
�

�
(s � cm )2

2� 2

�
: (5.2)

The parameter � max represents the maximal �ring rate of the cells and will remain
constant throughout this discussion. The cell's preferred location is represented by
cm , where we assume that all thecms are uniformly spread over a given range (i.e.
cm = m� c). The tuning function's width is represented by� . The assumption on the
prior is that � i (0) is a `discrete Gaussian' of the form

� i (0) / exp
�
� s2

i =2� 2
x

�
: (5.3)

Assuming that the state space spans a wide range, and thatjsi � si � 1j ! 0, we can
regard � 2

x as the prior's variance. Applying (5.2) and (5.3) to (5.1) yields

� i (t) = cexp
�
� s2

i =2� 2
x

�
exp

 

� t
MX

m=1

� m (si )

!
MY

m=1

�
� max exp

�
�

(si � cm )2

2� 2

�� N ( m )
t

:

(5.4)
When the tuning functions are dense enough, the sum in the secondexponential is a
constant (independent ofi ), and by combining all the other exponentials we obtain a
posterior distribution that is still discrete, but its expressionis the same as a Gaussian
distribution with the following mean and variance

� =
P M

m=1 cmN (m)
t

� 2

� 2
x

+
P M

m=1 N (m)
t

; � 2 =

 
1
� 2

x
+

P M
m=1 N (m)

t

� 2

! � 1

: (5.5)

Thus, if we consider su�ciently many cells in the network (dense enough si 's), then the
mean and variance of the posterior distribution calculated bythe system are those in
(5.5). Note that both the minimum mean squared error (MMSE) andthe maximum
a-posteriori (MAP) estimators in this case equal to� . Interestingly, when we take the
prior to be 
at (i.e. � x ! 1 ) the posterior mean is given by a average of the receptive
�eld centers, weighted by the spiking activity of the corresponding sensory cells, leading
to the well known population vector estimator (Georgopouloset al., 1982). However, as
is clear from our analysis, the population vector is optimal only under very restrictive
conditions.

Multimodal case The Bayesian approach is widely used in the framework of multisen-
sory integration (e.g., (Deneve & Pouget, 2004; Witten & Knudsen, 2005)). Assume we
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have a random variableX observed via two abstract measurementsV and A, and that
given the value ofX the measurementsV and A are independent. In this case, using
Bayes theorem

p(X jV; A) =
p(V; AjX )p(X )

p(V; A)
=

p(V jX )p(AjX )p(X )
p(V; A)

/
p(X jV)p(X jA)

p(X )
; (5.6)

and when the prior overX is 
at we get

p(X jV; A) / p(X jV)p(X jA): (5.7)

Equations (5.6) and (5.7) are extensively used in the multisensory integration literature,
and are supported by experimental evidence (see (Witten & Knudsen, 2005)). Using
our framework, it is easy to show that in the static case

� v;a
i (t) =

� v
i (t)� a

i (t)
� i (0)

; (5.8)

analogously to (5.6). Now, assume that the di�erent modalities have di�erent tuning-
curve widths, denoted by� v and � a. Decoding using each modality separately, according
to (5.5) we get approximately the following mean and variance for the calculated poste-
rior distributions

� v =
P M v

m=1 cmN v;(m)
t

� 2
v

� 2
x

+
P M v

m=1 N v;(m)
t

; � 2
v =

 
1
� 2

x
+

P M v
m=1 N v;(m)

t

� 2
v

! � 1

� a =
P M a

m=1 cmN a;(m)
t

� 2
a

� 2
x

+
P M a

m=1 N a;(m)
t

; � 2
a =

 
1
� 2

x
+

P M a
m=1 N a;(m)

t

� 2
a

! � 1

:

Using (5.8), it is easy to show that the posterior distribution produced by the multimodal
network is also a Gaussian with the following mean and variance

� v;a =
�

1=� 2
v

1=� 2
v + 1=� 2

a � 1=� 2
x

�
� v +

�
1=� 2

a

1=� 2
v + 1=� 2

a � 1=� 2
x

�
� a

� 2
v;a =

1
1=� 2

v + 1=� 2
a � 1=� 2

x
:

This implies that the optimal MMSE (or MAP) estimator in this case is a linear com-
bination of the unimodal optimal estimators (� v; � a), where the weight applied to each
modality is inversely proportional to its posterior variance. If we assume that the audi-
tory input, for example, supplies no information about the stimulus then � 2

a = � 2
x , which

leads us back to the unimodal case. Also, taking� x ! 1 (a `
at' prior), yields

� v;a =
�

1=� 2
v

1=� 2
v + 1=� 2

a

�
� v +

�
1=� 2

a

1=� 2
v + 1=� 2

a

�
� a ; � 2

v;a =
1

1=� 2
v + 1=� 2

a
: (5.9)

The posterior mean estimate based on a weighted mixture of the single modality re-
sponses has been experimentally observed (e.g., (Ernst & Banks, 2002; Deneve & Pouget,
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2004; Witten & Knudsen, 2005)). One possible application of these ideas concerns the
situation where di�erent contrast levels distinguish between the two modalities. In this
case the modality with lower contrast will lead to reduced �ring activity, and increased
variance (see equations above for the dependence of the variance on the spiking activity),
thereby reducing its relative contribution.

We now turn to extend the results above to the noisy setting. Note that the only
di�erence between the recursive equations (2.4),(3.3) is the replacement of �m by � m .
Assuming that the noise follows a `discrete Gaussian' distribution,it is not hard to show
that in this case, � m (si ) / � max exp

�
� (si � cm )2

2(� 2+ � 2
w )

�
. Following the steps described in the

unimodal setting above results in a `discrete Gaussian' posteriordistribution with the
following mean and variance

� =
P M

m=1 cmN (m)
t

� 2+ � 2
w

� 2
x

+
P M

m=1 N (m)
t

; � 2 =

 
1
� 2

x
+

P M
m=1 N (m)

t

� 2 + � 2
w

! � 1

: (5.10)

Note, that by taking � w = 0 (no external noise), we get the same result as in (5.5). The
results in the multimodal case are similar.

The multi-modal case o�ers speci�c predictions for the optimal weighting of di�erent
sensory modalities. From (5.9) we see that the optimal posterior mean estimate is given
by a weighted average of the unimodal means, weighted by theirinverse variances (this
result has been established previously). Such a weighted combination seems to be a
general feature of multisensory integration (Witten & Knudsen, 2005), and has been
observed in both the visual-auditory case (Deneve & Pouget, 2004) and in a visual-
haptic setup (Ernst & Banks, 2002). Another interesting feature of our solution relates
to the strength of the response of multisensory neurons, as compared to the responses
to individual modalities. It has been observed (Stanford, Quessy, & Stein, 2005) that
multisensory neurons in the mammalian superior colliculus exhibit an enhanced response
when a bimodal stimulus is presented. The enhancement can be super-additive, additive
or sub-additive. Moreover, the phenomenon of inverse e�ectiveness has been observed,
whereby neurons which respond weakly to either of two sensory modalities respond
super-additively when receiving bimodal input. In the case where both modalities alone
respond vigorously, no such enhancement is observed. In Figure 8we use (5.9) to present
typical bimodal responses in two cases, which agree qualitatively with these observations
related to cross-modal enhancement; see �gure captions for details. These results provide
a mechanistic explanation for the phenomenon of cross-modal enhancement, an explana-
tion which has hitherto been lacking (Stanford et al., 2005). Finally, we comment that
the relation established between the optimal tuning curve width to the environmental
noise level leads to a clear and testable prediction.

5.2 Optimal Tuning-Curve Width

In this section we demonstrate the existence of an optimal valuefor the tuning curve
width, which depends on the environment. The intuition behind this is simple. Consider
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Figure 8: Multimodal Enhancement based on (5.9). (a) Typical Gaussian responses (after
normalization) to strong and coherent stimuli. Here, we observe that neurons responding
to both modalities exhibit a sub-additive enhancement (i.e., the response to the multimodal
stimulus is smaller than the sum of the responses to the unimodal stimuli). (b) Typical
Gaussian responses (after normalization) to weak stimuli. Here, we observe that neurons
responding to both modalities exhibit a super-additive enhancement (i.e., the response to the
multimodal stimulus is larger than the sum of the responses to the unimodal stimuli).

a �xed number of tuning curves covering some �nite domain. Narrow tuning curves lead
to a low number of spikes, but to good localization of the source once a spike is detected.
When the tuning curves are wide, a large number of spikes is detected, while only poor
localization can be achieved. Interestingly, we �nd that theoptimal width of the tuning
curve is proportional to the noise level.

Similarly to (5.5), we can show that in the presence of additivenoise, where the tuning-
functions, the prior distribution, and the noise distribution are Gaussians, the posterior
distribution computed by the network is a `discrete Gaussian' with the following mean
and variance

� =
P M

m=1 cmN (m)
t

� 2+ � 2
w

� 2
x

+
P M

m=1 N (m)
t

; � 2 =

 
1
� 2

x
+

P M
m=1 N (m)

t

� 2 + � 2
w

! � 1

: (5.11)

where� is the tuning-curve width, � 2
x is the prior variance, and� 2

w is the noise variance.
Notice the ambivalent e�ect of the tuning curve's width on theposterior variance (which
is strongly related to the MSE, as will be shown soon). In the variance expression given
by (5.5) we can see that as the width of the tuning-curve increases (larger� ), � 2 increases,
which makes the input less reliable. On the other hand wider tuning-curves cause an
increase in the total activity of the cells (since they respond to a wider range of states),
thus decreasing the value of� 2. In this section we explore the system's performance
as a function of the tuning curve width. The time parametert will remain constant
throughout this discussion.

The optimal estimator of X in the MSE sense, given the observationsN (1)
[0;t ]; : : : ; N (M )

[0;t ]

is the conditional expectationX̂ = E
h
X

�
�
�N (1)

[0;t ]; : : : ; N (M )
[0;t ]

i
. Recalling that both X̂ and

� 2 are random variables (as they are functions of the stochastic spike counts), it is easy
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to show that

E
� �

X � X̂
� 2

�
= E

�
� 2

�
:

This means that the expectation of� 2 is actually the MSE of the optimal estimator.
Thus, it is desirable to choose a value of� that minimizes E[� 2].

De�ning the random variable Y =
P M

m=1 N (m)
t , we can write the MSE as

MSE (� ) = E
�
� 2

�
= E

" �
1
� 2

x
+

Y
� 2 + � 2

w

� � 1
#

: (5.12)

Given the value ofX and the full trajectory of the noisef Ws; 0 � s � tg, we know that

N (m)
t � Poisson

� Rt
0 � m (X; W s)ds

�
, and that N (1)

t ; : : : ; N (M )
t are independent. Therefore,

Y is also a Poisson random variable, with rate parameter which canbe shown (assuming
a large value ofM and a small value of � c) to be given by

� =
X

m

Z t

0
� m (X; W s)ds � � max t

p
2��
� c

:

Note that this value is independent of the speci�c realizationof X and W[0;t ], and
therefore for the current discussion we shall treatY as being a Poisson random variable,
with a constant parameter� = � max t

p
2��
� c .

Evaluating the expression in (5.12) analytically is complicated, however we can ap-
proximate it numerically. In Figure 9 we plot the MSE as a function of the width �
for di�erent values of environmental noise level (� w). As we can see in Figure 9(b)-9(c),
there is indeed an optimal value for the width� , which increases monotonically with
the noise level. In other words, as the noise level increases, the tuning curve must adapt
and increase its width accordingly. Such a result is of ecological signi�cance, as it relates
the properties of the environment (noise level) to the optimal system properties (tuning
curve width).

6 History Dependent Point Processes and Sensory
Adaptation

So far we assumed that the input spike trains emitted by the sensorycells are Poisson
spike trains, with state-dependent rate functions� m (X t ). Poisson spike trains serve
as a convenient model that is often used for mathematical tractability. However, this
assumption falls short from providing an adequate model for many well known biophys-
ical phenomena such as refractoriness and adaptation. In thissection we introduce a
larger family of processes, which, similarly to Poisson processes, are characterized by a
rate function, except that this rate function depends on thehistory of the process itself.
This class of processes is referred to as Self Exciting Point Processes in (Snyder & Miller,
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Figure 9: Determining the optimal tuning curve. (a) Sample tuning curves with di�erent
widths covering the input domain. (b) The MSE as a function of the tuning curve width,
computed using (5.12) (normalized by the prior standard deviation � x ), for increasing levels
of environmental noise, with � c = 10 � 3; � max = 50; t = 10 � 3(c) The optimal value of � , as a
function of the environmental noise level� 2

w .

1991); however, in order to conform to the nomenclature in the neuroscience literature
(e.g., (Eden et al., 2004)) we use the termhistory-dependent point processes, which we
abbreviate as HDPP. This family contains the Poisson, general renewal, and other more
complex processes. Using such processes we can model complex biophysical phenomena.
Surprisingly, assuming general history dependent point processes as inputs instead of
Poisson inputs, yields similar results to the ones that were presented throughout this
paper. history dependent point processes have been used previously in (Barbieri et al.,
2004; Eden et al., 2004) in the context of a discrete time approximation to optimal
�ltering.

An important motivation for weakening the assumption of Poisson �ring relates to
adaptation. Adaptation is a ubiquitous phenomenon in sensory systems, whereby a
system changes its response properties as a function of the environmental stimuli (see
(Wark, Lundstrom, & Fairhall, 2007) for a recent review). In some cases adaptation is
shown to improve performance and reduce ambiguity (e.g., (Fairhall, Lewen, Bialek, &
Ruyter Van Steveninck, 2001; Sharpee et al., 2006)). We havealready seen an example
of adaptation in Section 3, where we showed that improved performance in the face of
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increasing noise can be obtained by modifying the properties of the cells' tuning curves.
However, we did not consider dynamic mechanisms for achieving adaptation. In this
section we allow the sensory cells' responses to change dynamically depending on their
past behavior. We show that adaptation indeed leads to improved performance when
resources are limited. More speci�cally, we show that given energetic constraints (e.g.,
a limit on the number of spikes �red within a given interval), adaptation outperforms a
naive approach which does not use adaptation.

The precise mathematical de�nition of HDPPs which can be characterized by a con-
ditional rate function can be found in (Snyder & Miller, 1991). Such processes extend
Poisson processes in allowing the rate function to depend on the history of the process.
The conditional rate function (a.k.a. intensity process) is given by

�
�
t; N [0;t ]

� 4
= lim

� ! 0

1
�

P
�
N(t;t + � ] = 1

�
�N [0;t ]

�
: (6.1)

In analogy to the de�nition of doubly stochastic Poisson processes,we de�ne the doubly
stochastic history dependent point processas a HDPP for which the intensity has some
stochastic element (other than the history).

6.1 Filtering a CFMP from HDPP Observations

We aim here to weaken the assumption about the sensory activity. Instead of assum-
ing that each spike train is a DSPP with rate function� m (X t ), we assume now that
each spike train is a doubly stochastic HDPP with state-dependentintensity process
� m (t; N [0;t ]; X t ). To simplify the notation we will use the abbreviation� m (t; X t ). In this
case, similar derivation to the Poisson case (see appendix D) leadsto the following set
of equations computing the posterior distribution

_� i (t) =
X

k

qki � k(t) +

 
MX

m=1

(� m (t; si ) � 1) � m (t)

!

� i (t) � � (t; si )� i (t); (6.2)

where � (t; si ) =
P M

m=1 � m (t; si ). This equation is similar to (2.3), except that here the
e�cacy of the input depends on its history in addition to the current state. Next, we
show how adaptation can be captured within this general framework.

6.2 Application to Sensory Adaptation

As in the Poisson case, we interpret the set of equations in (6.2) asrepresenting the
activity of a recurrent neural network, where the synaptic weights are represented by
the values ofqki . In contrast to the Poisson setting, here the e�cacy of the input is
time-dependent rather than constant. A spike arriving from the m-th sensory cell at
time t (m)

n a�ects the network according to the time-dependent tuning-curve� m

�
t (m)
n ; si

�
.

The present framework signi�cantly expands the class of processes that can be handled
by the model, and the types of phenomena that can be examined.As an example
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we demonstrate how a simple adaptation mechanism can be implemented within this
framework. Using this model we can show not only that adaptationcan be used to
reduce the total number of spikes emitted by the sensory cells (energy saving) without
degrading performance, but also that in some cases adaptation helps in improving the
system's precision.

To model adaptation we use the rate function

� m (t; si ) = � m (t)� m (si ) (6.3)

where � m (si ) = � max exp (� (si � cm )=2� 2) is a deterministic Gaussian state response,
and � m (t) is the adaptation factor (a similar model was used in (Berry & Meister, 1998)).
The variable � m (t) obeys the following dynamics:

� When no spikes are emitted by them-th cell,

� _� m (t) = 1 � � m (t):

This leads to an exponential recovery to 1 with a time-scale of� .

� When the m-th cell emits a spike,� m (t) is updated according to

� m (t+ ) =
�
� m (t � ) � �

�
+

;

wherex+ = max(0; x). In other words, each spike reduces the �ring potential of
a cell, a phenomenon referred to as spike rate adaptation.

This adaptation scheme decreases the �ring-rate of sensory cells that �re most inten-
sively, while the others are hardly a�ected. The parameters� and � control the speed
and strength of the adaptation process.

Note, that upon the arrival of the n-th spike from the m-th sensory cell,� i (t) is mul-

tiplied by � m

�
t (m)
n ; si

�
= � m

�
t (m)
n

�
� m (si ). Since the term� m

�
t (m)
n

�
is independent of

i , and constant multiplication does not a�ect the normalized distribution, we can write
the recursive equation in this case as

_� i (t) =
X

k

qki � k(t) +

 
MX

m=1

(� m (si ) � 1) � m (t)

!

� i (t) � � (t; si )� i (t); (6.4)

where� (t; si ) =
P M

m=1 � m (t; si ).

Next, we demonstrate that a non-adapting system with a�xed rate leads to inferior
performance with respect to an adaptive system, which �res far fewer spikes. Figure
10 compares the performance of the system with and without adaptation, for di�erent
values of � and � . We examine two parameters - thespike-count ratio and the MSE
ratio, de�ned by

spike-count ratio =
total spike-countf � ; � g

total spike-countf no adaptationg

MSE ratio =
MSEf � ; � g

MSEf no adaptationg
:
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In Figure 10(a) we see that increasing the level of adaptation (by increasing either�
or �) reduces the total amount of spikes emitted by the system. InFigure 10(b) we
observe that in spite of the lower spiking activity, the error inthe adapting system does
not increase, on the contrary - in most cases it even decreases. Figures 10(a) and 10(b)
represent a temporal average over a window of 10 seconds, averaged over 25 di�erent
realizations. This phenomenon can be explained by examiningthe self-inhibition term
represented by� (t; si ). The dashed line in Figure 10(c) represents� (t; si ) (for a constant
value of t) without adaptation. In this case, � is nearly constant, slightly decreasing at
the edges. This implies that the variables� i corresponding to states near the edge of the
domain exhibit weaker self inhibition. Thus, when no spikes arrive these posterior cells
dominate the others, implying that low sensory spiking activitystrengthens the belief
that the stimulus is outside the network's coverage area. However, when an adaptation
mechanism is introduced (the solid line in Figure 10(c)),� (t; si ) displays a local minimum
in the neighborhood of the true state, which implies that the posterior cells in this
neighborhood will exhibit weaker self inhibition. This e�ect helps to maintain higher
probability for the true state even though the sensory activitydecays.

7 Extensions and Comparisons to Previous Work

7.1 Prediction

The network discussed so far deals with estimating the current state of the world. How-
ever, in order to perform real-time tasks and act in a dynamic environment, an organism
must be able to make predictions about future world states. In this section we show
how our framework can be easily adjusted to predict future states.

In appendix E we present a simple extension of our framework to compute the non-
normalized future probability vector denoted by� � (t), which represents the posterior
probability distribution for the state at time t + � based on the sensory data available
up to time t. The prediction equation in this case is

_� � (t) = Q > � � (t) +

 
MX

m=1

(� �
m � I )� m (t)

!

� � (t) � � � � � (t); (7.1)

where
� �

m =
�
P (� )

� >
� m

�
P (� )

� �>
; � � =

�
P (� )

� >
�

�
P (� )

� �>

and (�)�> represents the inverse of the transpose. Note that (7.1) is identical to (2.4)
except for a change in the tuning curve matrices �m . The underlying connectivity
structure of the posterior network, given by the matrix Q, is unchanged.

7.2 Computing the Log-Posterior Distribution

Another approach often used in the �eld of neural decoding is based on computing the
logarithm of the posterior probabilities, rather than the probabilities themselves (e.g.,
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Figure 10: Comparing the performance of the system with and without adaptation, for dif-
ferent values of � and �. (a) Comparing the total spiking activity, by examinin g the spike-
count ratio. Clearly, for most values of � , the overall number of spikes in the adaptation
model is signi�cantly lower than the non-adaptive model. The simulation parameters are
N = 101; M = 50; � base = 0, � = 0 :04, � = 5 and � = 5. In the non-adapting model we use
and � max = 40, while in the adapting model � max = 75. (b) Comparing the MSE performance,
by examining the MSE ratio. Evidently, for most values of � an d � , the MSE ratio is less than
1, implying that the adapting system is more accurate (even though less spikes are emitted).
(c) A sample of the self inhibition term � (t; s i ) =

P
m � m (t; s i ). Solid line - the self inhibition

term in the adaptation model. One can observe a local minimumwhere the stimulus is located.
Dashed line - the self inhibition term without adaptation. H ere � is nearly constant, with no
preference to the current state.

(Rao, 2004, 2006) ). Using the framework suggested in this paper,it is easy to derive
the �ltering equations computing the log of the non-normalized probabilities denoted
by r i (t) = log � i (t). The derivation, presented appendix F, yields the following set of
equations

_r i (t) =
NX

k=1

qki exp (r k(t) � r i (t)) +
MX

m=1

log (� m (si )) � m (t) � � (si ): (7.2)

One advantage of the log representation is that the input arriving from the sensory
cells contributeslinearly to the evolution of r i (instead of multiplicatively as in (2.3)).
However, the recurrent interaction between the di�erent elements isnon-linear (as the
r k variables appears in an exponent). Note also that the periodicnormalization required
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to retain stability in (2.3) renders the equations nonlinear.

Considering a binary processX t 2 f 0; 1g, and denoting

L t = log
P

�
X t = 1

�
�
�N (1)

[0;t ]; : : : ; N (M )
[0;t ]

�

P
�

X t = 0
�
�
�N (1)

[0;t ]; : : : ; N (M )
[0;t ]

� ;

then L t = r1(t) � r0(t), and thus, using (7.2), it is easy to show that

_L t = q01
�
1 + e� L t

�
� q10

�
1 + eL t

�
+

MX

m=1

log
�

� m (s1)
� m (s0)

�
� m (t) � (� (s1) � � (s0)) :

This equation was introduced in a recent paper (Deneve, 2008), where it was suggested
that a single-cell computes this log-ratio.

7.3 Comparison to Previous Work

In order to place our contribution in context we brie
y review existing work, and then
stress the novelty of the approach taken here. We would like to stress that our main
motivation has been on the real time implementation of state estimation by a neural
network in continuous time. While a fair amount of work has been devoted to developing
e�ective discrete time numerical schemes for �ltering in the context of neural decoding
(e.g., (Barbieri et al., 2004; Eden et al., 2004; Shoham et al., 2005)), our aim di�ers in
suggesting a scheme which can be implemented by a neural system. Moreover, we have
provided signi�cant extensions of this framework (summarizedin Section 1), which, to
the best of our knowledge, have not appeared previously in the literature.

As stated in the �rst part of the paper, a large fraction of the work to date has focused on
static stimuli. The work most closely related to ours, and dealingwith time-dependent
phenomena, appears in (Deneve et al., 2001; Rao, 2004, 2006;Barbieri et al., 2004;
Eden et al., 2004; Huys et al., 2007). Rao (Rao, 2004) proposed amechanism for
representing time-varying probability distributions in the neurons' activity patterns,
where the network's connectivity structure and intrinsic dynamics are responsible for
performing the required computation. Rao's networks (Rao,2004) use linear dynamics
and discrete time to approximately compute the log-posteriordistributions from noisy
continuous inputs (rather than actual spike trains). However,the domain of applicability
of the approximations suggested in (Rao, 2004) is unclear (see (Beck & Pouget, 2007)
for further discussion). The work of (Rao, 2006) suggests a discrete time formulation
for stat estimation in the log probability domain, and proposesseveral physiological
mechanisms for implementing these algorithms. The work suggest performing exact
inference in nonlinear networks, and approximate inferencein linear networks. Barbieri
et al. (Barbieri et al., 2004) consider a continuous state linear dynamical system in
continuous time, observed through an inhomogeneous point process model, and develop
a recursive decoding algorithm. This derivation requires time discretization and the
approximation of the posterior distribution by a Gaussian. No neural implementation
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is o�ered for their algorithm. Beck and Pouget (Beck & Pouget, 2007), probably closest
in spirit to our work, introduced networks in which the neurons directly represent and
compute approximate posterior probabilities (rather than their logarithms as in (Rao,
2004)) from discrete-time approximate �ring rate inputs, using non-linear mechanisms
such as multiplicative interactions and divisive normalization. The main distinctions
with the work presented here are: (i) The state estimation is approximate; (ii) a time
discretization process is used in the derivation, thereby limiting the class of observation
processes for which the results hold (see Eq. (2.7) in (Beck & Pouget, 2007)). Huys et al.
(Huys et al., 2007) have recently suggested an exact solution to spike train decoding of
real-valued states evolving in continuous time, and observedthrough Poisson spike trains.
This work assumes a Gaussian process prior over input trajectories and Gaussian tuning
curves, facilitating an exact calculation of the posterior state distribution. The optimal
state estimator derived is nonlinear and cannot be implemented in real time. Moreover,
no neural architecture is o�ered for state estimation (but, see(Zemel, Huys, Natarajan,
& Dayan, 2005) for an approximate neural solution). However, this work suggested
a very interesting approach to dynamic spike train decoding through population codes,
based on di�erent underlying assumptions than those used here. Finally, we comment on
two recent papers suggesting a solution to the problem of dynamic spike train decoding.
The work of Deneve (Deneve, 2008) considers a binary state process and derives the
di�erential equation for the logarithm of the ratio of the posterior probabilities. As shown
in Section 7 equation (2.4) can be manipulated to establish Deneve's results. Another
derivation of the �ltering equation appeared recently in (Pitkow et al., 2007), where the
authors suggested a mechanism by which the visual system may identify objects in spite
of retinal jitter. The retinal motion was modeled as a two-dimensional random walk,
which is a special case of the hidden Markov model in the present formulation. We note
that the object in (Pitkow et al., 2007) was static, while the dynamics was due to the
random jitter of the retina. In fact, it is possible to use the formulation presented in
Section 3 to extend this work to the detection of moving objects.

In summary, we have developed an approach which leads to exactdynamic spike train
decoding using neural networks operating in real time. The framework is su�ciently
general to deal e�ectively with noise, multimodality, adaptation and prediction within a
single uni�ed setting. However, in the context of continuous state spaces our approach
is approximate since, in this case, it would be based on discretization. Since sensory
systems possess a �nite resolution, we do not think this is a major restriction, but this
is clearly an issue which warrants further detailed study. As faras we are aware none
of the work in the literature, which deals with continuous state spaces, has suggested
exact continuous time online neural solutions. We view this issue a a signi�cant open
question for future research in neural decoding.

8 Discussion

We have presented a mathematically rigorous and biologically plausible approach to
state estimation and prediction based on computation by spikingneurons. The estima-
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tion is performed by a recurrent neural network incorporating prior information through
its synaptic weights, and receiving a continuous stream of environmental data through
spiking sensory cells. The proved optimality of the solution under rather general condi-
tions, and its implementation through a neural network, provide a solid foundation for
future extensions. The approach extends very naturally to noisy inputs, to multimodal
observations, and to non-Poisson spiking processes. In the static limit we recover well
known and experimentally veri�ed solutions.

We view this work as providing only a �rst step in a long road towards understanding
the means by which a neural system can use spiking sensory activity to estimate and pre-
dict environmental states in real time. A recent example (Pitkow et al., 2007) presents
an application of this framework to the decoding of retinal signals. Many extensions can
be envisaged, of which we mention only three. First, it is important to provide detailed
biophysical mechanisms by which the decoding network dynamics can be implemented
by real biological neurons and synapses, rather than the more abstract neurons described
in this work. Second, we have assumed prior information is available through the transi-
tion matrix Q. Ideally, this matrix, forming the synaptic connectivity in (2.3) should be
learned on a slow time scale through interacting with the environment, and the utiliza-
tion of biologically plausible synaptic plasticity rules. Finally, our current formulation
leads to a representation in which each neuron corresponds to asingle environmental
state (grandmother cell representation). An open question relates to the derivation of a
distributed state representation, which is optimal in terms ofstate estimation, similarly
to the current network, while o�ering further robustness and error-correction abilities
characteristic of distributed representations.
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Appendix

A Closed-Form Solution

In this section we present a closed-form solution to the �lteringequation (2.4). The
solution will be later used to analyze the system's behavior.

Denote by t i the time of arrival of the i -th event in the combined group of processesn
N (1)

[0;t ]; : : : ; N (M )
[0;t ]

o
, and by m(t i ) the index of the input process emitting the event att i .

For every t in [t i ; t i +1 ) (during which no events occur) we have

_� (t) =
�
Q> � �

�
� (t):

The solution to this equation is

� (t) = e(Q > � �)( t � t i ) � (t i ) t i � t < t i +1 : (A.1)

When an event is emitted at timet i +1 by input m(t i +1 ) the vector � is instantly updated
according to

� (t i +1 ) = � (t �
i +1 ) +

�
� m(t i +1 ) � I

�
� (t �

i +1 ) = � m(t i +1 ) � (t �
i +1 ); (A.2)

Combining (A.1) and (A.2) yields the closed-form solution to (2.4),

� (t) = e(Q > � �)( t � tn )

 
nY

i =1

� m(t i )e
(Q > � �)( t i � t i � 1 )

!

� (0); (A.3)

wheretn is the last event in the interval [0; t], and t0 = 0.

B Construction of the transition matrix in Section
2.1.1

We describe the construction of the matrix Q for the example in section 2.1.1 where the
`direction' and `visibility' modes are contained in the statede�nition (see Figure 3).

Figure 11 demonstrates the Q matrix for 5 possible locations. As wehave 2 possible
directions and 2 possible visibility modes, there are 5� 2 � 2 = 20 states overall. We
number the composite states as follows: states 1� 5: f visible, upg; states 6� 10: f visible,
downg; states 11� 15: f invisible, upg; states 16� 20: f invisible, downg.

The dark blue squares along the diagonal represent the averagetime spent in each
state (as in any generator matrix). The orange squares describea transition to the
next location (depending on the movement direction) without changing the direction
or the visibility mode. For example, state #2 = (2, up, visible) to state #3 = (3, up,
visible). The yellow squares describe changing the movement direction, and the location
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Figure 11: The matrix Q chosen for the example of Figure 3

accordingly. The visibility is unchanged. For example: state#2 = (2, up,visible) to
state #6 = (1, down, visible). The brown squares describe a transition from the edge
locations (1 or 5). For example, state #1 = (1, up, visible) to #2 = (2, up, visible).
The probability represented in brown is the sum of the probabilities from the yellow and
orange squares. Finally, the light-blue squares describe visibility changes. The location
and direction remains unchanged. For example, state #2 = (2, up, visible) to state #12
= (2, up, invisible).

C Noise Model

We present the derivation of (3.1) for the non-normalized posterior distribution in the
case of noisy observations. Consider a CFMPX t passing through a noisy channel. This
noise channel introduces an interference processWt . We model the sensory tuning curves
in this case as a function of the combined process~X t = ( X t ; Wt ), namely � m ( ~X t ). We
assume thatWt is a CFMP with state-spaceW = f w1; : : : ; wL g.

Notation: Throughout this section, terms related to the combined process ~X t are
annotated with the tilde symbol � .

The derivation in the noisy case relies on the observation that the combined process
~X t is also a CFMP (with N � L states). Therefore, we can apply equation (2.4) to

compute the non-normalized probabilities ~� ~i (t) / P
�

~X t = ~s~i

�
�
�N (1)

[0;t ]; : : : ; N (M )
[0;t ]

�
, where

~i = ( i x ; iw) 2 N2 is a double-entry index, and ~s~i = ( si x ; wi w ) represents a combined
state. To obtain X t 's non-normalized posterior distribution, we compute the marginal
non-normalized probabilities -� i (t) =

P

i w

~� i;i w (t).
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C.1 Filtering the Combined Process (State & Noise)

As mentioned previously, the process~X t = ( X t ; Wt ) is a CFMP with N � L di�erent
states. Thus, using (2.3) we have

d
dt

~� ~i (t) =
NX

k=1

~q~k;~i ~� ~k(t) +

 
MX

m=1

(� m (~s~i ) � 1)� m (t)

!

~� ~i (t) � � (~s~i )~� ~i (t): (C.1)

where ~q~k;~i is an element in ~X t 's generator matrix ~Q 2 RNL � NL .

In order to simplify the equations, we explore the structure of~Q. Denoting the tran-
sition probabilities of the process~X t by ~P (� )

~k~i
= P

�
~X t+ � = ( si x ; wi w )

�
�
� ~X t = ( skx ; wkw )

�
,

yields

~q~k;~i =
d
d�

~P (� )
~k~i

�
�
�
�
� =0

:

However, recalling thatX t and Wt are independent, clearly~P (� )
~k~i

= P (� )
kx i x

Pw;(� )
kw i w

, where

Pw;(� )
kw i w

is the transition probability of the noise processWt . Therefore

~q~k;~i =
d
d�

�
P (� )

kx i x
Pw;(� )

kw i w

� �
�
�
�
� =0

=
�

d
d�

P (� )
kx i x

Pw;(� )
kw i w

+ P (� )
kx i x

d
d�

Pw;(� )
kw i w

�

� =0

= qkx ;i x Pw;(0)
kw i w

+ P (0)
kx i x

qw
kw ;i w

= qkx ;i x � kw ;i w + � kx ;i x qw
kw ;i w

:

(C.2)

Substituting (C.2) into (C.1) yields

d
dt

~� ~i (t) =
X

~k

�
qkx ;i x � kw ;i w + � kx ;i x qw

kw ;i w

�
~� ~k(t) +

 
MX

m=1

(� m (~s~i ) � 1)� m (t)

!

~� ~i (t) � � (~s~i )~� ~i (t)

=
X

kx

qkx ;i x ~� kx ;i w (t) +
X

kw

qw
kw ;i w

~� i x ;kw (t) +

 
MX

m=1

(� m (~s~i ) � 1)� m (t)

!

~� ~i (t) � � (~s~i )~� ~i (t):

(C.3)

The recursive set of equations in (C.3) computes the posterior distribution of the joint
(state and noise) process~X t . However, since the system is required to estimate the state,
rather than the noise, we show how to reduce this set of equationsso that the posterior
state distribution is obtained.
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C.2 Filtering the State Process

Recalling that � i (t) =
P

i w
~� i;i w (t) we can use (C.3) to derive a di�erential equation for

X t 's non-normalized posterior distribution,

_� i (t) =
X

i w

d
dt

~� i;i w (t)

=
X

kx ;i w

qkx ;i ~� kx ;i w (t)

| {z }
S1

+
X

kw ;i w

qw
kw ;i w

~� i;k w (t)

| {z }
S2

+
MX

m=1

(� m (t) � 1)
X

i w

(� m (si ; wi w ) � 1)~� i;i w (t)

| {z }
S3

�
X

i w

� (si ; wi w )~� i;i w (t)

| {z }
S4

(C.4)

Examining the �rst two sums in (C.4) yields

S1 =
X

kx

qkx ;i

X

i w

~� kx ;i w (t) =
X

kx

qkx ;i � kx (t); (C.5)

S2 =
X

kw

~� i;k w (t)
X

i w

qw
kw ;i w

| {z }
=0

= 0: (C.6)

In order to simplify S3 recall that

P
�

Wt = wi w

�
�
�X t = si ; N (1)

[0;t ]; : : : ; N (M )
[0;t ]

�
=

P
�

Wt = wi w ; X t = si

�
�
�N (1)

[0;t ]; : : : ; N (M )
[0;t ]

�

P
�

X t = si

�
�
�N (1)

[0;t ]; : : : ; N (M )
[0;t ]

� =
~� i;i w (t)
� i (t)

;

or alternatively

~� i;i w (t) = � i (t)P
�

Wt = wi w

�
�
�X t = si ; N (1)

[0;t ]; : : : ; N (M )
[0;t ]

�
:

Therefore,

S3 = � i (t)
X

i w

(� m (si ; wi w ) � 1) P
�

Wt = wi w

�
�
�X t = si ; N (1)

[0;t ]; : : : ; N (M )
[0;t ]

�

= � i (t)
�

E
h
� m (X t ; Wt )

�
�
�X t = si ; N (1)

[0;t ]; : : : ; N (M )
[0;t ]

i
� 1

�
:

Denoting � m (si ; t) = E
h
� m (X t ; Wt )

�
�
�X t = si ; N (1)

[0;t ]; : : : ; N (M )
[0;t ]

i
, we can write

S3 = ( � m (si ; t) � 1)� i (t): (C.7)

Similarly, one can show that
S4 = � (si ; t)� i (t); (C.8)
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where� (si ; t) =
P M

m=1 � m (si ; t).

Substituting (C.5)-(C.8) into (C.4), yields

_� i (t) =
NX

k=1

qki � k(t) +

 
MX

m=1

(� m (si ; t) � 1)� m (t)

!

� i (t) � � (si ; t)� i (t): (C.9)

The equation set (C.9) calculates the posterior distribution of the state processX t only,
using the average responses of the sensory cells, with respect to thenoise processWt .
This set of equations is presented as (3.1) in the main text.

D Filtering a CFMP from SEPP Observations

Consider a CFMPX t observed via a set of SEPPsN (1)
t ; : : : ; N (M )

t , with history dependent
rate functions denoted by� 1(t; X t ); : : : ; � m (t; X t ). The derivation in (Br�emaud, 1981)
(and also in the online appendix) for Poisson observations is based on the likelihood
function (or sample-density function) of each of the Poisson processes. It can be proved
(see section 6.2 in (Snyder & Miller, 1991)) that given the trajectory ofX t , the likelihood
function for a realization ofN (m)

t is given by

f N ( m )

�
N (m)

[0;t ]

�
=

 
Y

tn � t

� m (tn ; X tn )

!

exp

0

@�

tZ

0

� m (s; X s) ds

1

A : (D.1)

wheref tngn2 N are the event arrival times of the processN (m)
t . This expression is similar

in structure to the likelihood function of the Poisson process (see section 2.3 in (Snyder
& Miller, 1991), and also VI.3 in (Br�emaud, 1981)). Thus, it is possible to verify that
all the steps in the Poisson derivation still hold, and thereforethe �ltering equation in
this case is the one presented in (6.2).

E Prediction

In this section we show how our framework can be easily adjusted topredict future
states. Formally speaking, we de�ne the prediction problem as calculating the posterior
probabilities

p�
i (t) = Pr

�
X t+ � = si jN

(1)
[0;t ]; : : : ; N (M )

[0;t ]

�
:

Denoting the non-normalized prediction probability vector by � � (t), and recalling that
X t is a CFMP, it is easy to show that

� � (t) =
�
P (� )

� >
� (t); (E.1)

and thus, using (2.4) we �nd that

_� � (t) =
�
P (� )

� >
_� (t) =

�
P (� )

� >

 

Q> +
MX

m=1

(� m � I )� m (t) � �

!

� (t):
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Assuming that P (� ) is a non-singular matrix, according to (E.1) we can replace� (t)
with

�
P (� )

� �>
� � (t), where (�)�> denotes the inverse of the transpose. This yields

_� � (t) =
�
P (� )

� >

 

Q> +
MX

m=1

(� m � I )� m (t) � �

!
�
P (� )

� �>
� � (t)

= Q > � � (t) +
MX

m=1

(� �
m � I )� m (t)� � (t) � � � � � (t);

where
� �

m =
�
P (� )

� >
� m

�
P (� )

� �>
; � � =

�
P (� )

� >
�

�
P (� )

� �>

using the fact that
�
P (� )

� >
Q

�
P (� )

� �>
= Q. This equation is presented as (7.1) in the

main text.

F Computing the Log-Posterior Distribution

In this section we show how to compute the logarithm of the non-normalized probabilities
denoted byr i (t) = log ( � i (t)). In order to �nd the di�erential equation computing r i (t)
we examine the original equation in two di�erent cases.

Between spike arrivals :
During the periods between spike arrivals,� i (t) is a di�erentiable function. Therefore
we can write

_r i (t) =
d
dt

log (� i (t)) =
_� i (t)
� i (t)

: (F.1)

Using equation (2.3), during these periods,� i (t) evolves according to

_� i (t) =
X

k

qki � k(t) � � (si )� i (t): (F.2)

Combining (F.1) and (F.2) yields

_r i (t) =
X

k

qki
� k(t)
� i (t)

� � (si ) =
NX

k=1

qki
� k(t)
� i (t)

� � (si ):

Recalling that � i (t) = exp ( r i (t)) we get

_r i (t) =
NX

k=1

qki exp (r k(t) � r i (t)) � � (si ): (F.3)

At a spike arrival :
Recall, that when a spike arrives from them-th sensory cell, the e�ect on� i is (see
(A.2))

� i (tn ) = � m (si )� i (t �
n ):
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Therefore, the e�ect onr i is

r i (tn ) = log ( � i (tn )) = log
�
� m (si )� i (t �

n )
�

= log � m (si ) + r i (t �
n );

implying that
r i (tn ) � r i (t �

n ) = log � m (si ): (F.4)

Combining (F.3),(F.4) leads to

_r i (t) =
NX

k=1

qki exp (r k(t) � r i (t)) � � (si ) +
MX

m=1

log (� m (si )) � m (t): (F.5)

This equation is presented as equation (7.2) in the main text.
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