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Abstract

Parametric modeling and estimation of non-Gausaialtidimensional probability density
function is a difficult problem whose solution squired by many applications in signal and
image processing. A lot of efforts have been deltteescape the usual Gaussian assumption
by developing perturbed Gaussian models such asrigphy Invariant Random Vectors
(SIRVs). In this work, we introduce an alternatiselution based on copulas that enables
theoretically to represent any multivariate digition. Estimation procedures are proposed
for some mixtures of copula-based densities andcanepared in the hidden Markov chain
setting, in order to perform statistical unsupesdislassification of signals or images. Useful
copulas and SIRV for multivariate signal classifica are particularly studied through

experiments.

Keywords: Copulas, statistical classification, sphericalipvariant random vector,
multivariate modeling, hidden Markov models, hidddfarkov chains, EM algorithm,

inference for margins, maximum likelihood.

1. Introduction

One of the main problems in the statistical analydi multi-component images and multi-
dimensional signals is the choice of relevant stial parametric laws. This difficulty is
usually overcome by an assumption of Gaussianitychvis often justified by the use of the
central limit theorem, the maximum entropy prineiplor the interpretability of the

parameters. As a last resort, the tractability loé formulae for estimation, filtering,



classification, can be a self-justification for tluse of Gaussian laws. Nevertheless, in
numerous applications, the non-Gaussianity canaotdyglected and other laws have to be
used. For example, different particular non-Gaus$aavs have been relevantly proposed in
radar signal processing [5, 13, 38]. Among oth#rs,presence of heavy tailed distributions
can present a serious limitation for applicatioh&aussian models, and the use of the family
of laws called “stable laws”, which include varidusavy tailed distributions, is an interesting
alternative [1]. Another problem that can also beceintered is the choice of a multivariate
law that is compatible with some previous knowled§®r instance, such a previous
constraint can be due to physical knowledge of ghenomena involved, implying some
knowledge of the statistical behavior of each congmb of the multivariate distribution
considered.

In particular, this modeling problem occurs whemtiay consider unsupervised Bayesian
classification procedures, which is the subjecthid paper. For the classification of scalar
data, it is usually assumed that the expected edagdiéfer from each other by a mean level
and an inner degree of dispersion. The Gaussiaathggis is an illustration of this priori
knowledge on the classes, and the use of Gaussdaars for multivariate data shows that the
same implicit assumption is made for multivariaignals. This idea is not limited to the
multivariate Gaussian law, and wider families sashthe “elliptical laws”, which will be
specified below, are indexed by mean and covariggamameters. However, this can be
restrictive, because the difference between thesekcan depend on the ways the different
components are linked, independently of their miawel and of their inner dispersion.
Moreover, the choice of multivariate models is faore restricted than for univariate one,
especially when one wants to respect some constrain the law of each component.
Therefore, for a given class, the general problenoimodel the corresponding multivariate
distribution in such a way that the various compuseare correlated, are not necessarily
Gaussian, and the marginal distributions of théedkht components can differ from each
another. A very stimulating answer to this gengnadblem is provided by the theory of
copulas [31]. Indeed, copulas enable us to widenathility of multivariate modeling by
separating the problem of finding adequate formshefmarginal distributions, and finding
adequate dependence structure of the vector. Trereft is possible to cross different
classical margins and different dependence modelsrder to obtain a large variety of
original multivariate models. Moreover, it also enches the influence of dependence
between the components for the characterizatiadheotlasses.

The aim of this paper is to propose some originatlehs simultaneously using multivariate



hidden Markov chains and copulas, with originalgpaeter estimation methods. The new
models and related new parameter estimation metbodble us to propose unsupervised
image and signal classification, whose interesalglated by some experiments.

The paper is organized as follows. In the nextisectwe recall the definition and some
properties of Spherically Invariant Random Vect&RV) models and give two major

examples encountered in signal and image processiitg related parameter estimation
methods. The main properties of copulas are alsallegl in the Section 2. Section 3 is
devoted to Bayesian unsupervised classificatioh Wwilden Markov chains, and we present
original unsupervised learning methods for theseats Different experiments showing the
interest of the new modeling and of the associgiedessing are presented in Section 4.
Finally, conclusions are drawn in the final Section

2. Multivariate modeling and estimation in single class case

There are two sub-sections in the present sechipthe first one, we recall two classical

multivariate parametric models and describe sonsected estimation procedures in the
case of independent observations. Some noveltiesecoing parameter estimation are also
proposed for the K law. In the second one we intcedcopulas and we recall some of their
classical properties. Therefore there are neitharkbl models nor numerous classes in this

section, which will be studied in the third one.

2.1 Spherically I nvariant Random Vector

2.1.1. Definitions and examples

Let Y =(Y',....Y") be a Gaussian random vector taking its valueR", M =2 with mean
m=(m,...M,) and covariance matriZ = ()i jsv . This Gaussian law, which will be

denoted by N(m2) s widely used in different statistical modelsdaprocessing; in

particular, in statistical signal and image processHowever, the stochastic behavior of
some phenomena can deviate from the normal law, famdnstance, such is the case in
remote sensing data. Spherically Invariant Randoectdfs (SIRV) model is a possible

generalization of the Gaussian one. Its law casdsn as a modification of the normal law
N(m2) due to a random fluctuation, modeled by a strintip-negative real random variable

U | of the covariance matrix. More precisely, a veY»is called a SIRV if there exists a



1
strictly non-negative real random variall : andV ~ N(0.2) such thary = m+y 2y - Let

us notice that in radar signal processiU ,andV are sometimes called “texture” and
“speckle”, respectively.

Let us recall some basic properties of SIRVs [#, B/e will assume that the distribution of

U admits a density 9 with respect to the Lesbegue measure. Setting
1 1~ — 1
acy) :E(Y‘m) SH(y-m), where (Y=M)' is the transpose of the veci(Y =M one can

see classically that the density of the distributioof the couple Y.U) s

1
.

s|2 M
p(y,u) = g(u) p(yu) = g(u)———;u ? exp[-ud(Y)l . Thus the marginal density, which is the
(2m) ?

density of the distribution of a SIRV, has the daling integral expression

z‘% oM
p(y) =||—M [ u? expl-ug(y] d Y dt (1)
(2m)? °

Therefore we see, according to (1), that the géma@ression of the densi P(Y) is of the

1
form p(y):|Z|_5h[(y—m)'Z‘1(y—m)], with h being the integrable non-negative function

M 40 M

defined from the densit9 and the integeM by h(a) = (2m) 2 J.U7 exp[-aulg(u)du Thus
0

the model distribution is indexed by a trip(M.2,9) . It is sometimes said that SIRVs belong
to the family of “elliptical models” or “ellipticdy contoured densities models” since the
densities have elliptical iso-contours, which me#imat they are constant fi¥ such that
(y—-m)'Z™(y-m) is constant.

The paramete™M is a location parameter and the ma2 xs a scatter parameter; however, it
is important to notice that they are, in generalther a mean vector nor a covariance matrix.
Let us notice that the classical SIRVs consisthef $ub-family with mean equals to 0. The
location paramete™M is introduced for greater generality since it does change the main
features of centered SIRVs. Otherwise, SIRVs pitethentwo following important properties:

(i) all the componentY?, ..., Y" have the same marginal distribution;

(i) the functional expression of the joint law af SIRV Y is determined by its



marginal laws [35].

The consequence of the second claim is that uidespherical invariance assumption, the
marginal behaviors of channels imply the way thattare interacting. This assumption can
be true for some kinds of data or signal - as aattgoulses for radar signals - but in the case
of more general data, it can turn out to be queabte. We will see below how copulas make

possible to deal with such more general cases.

Remark 2.1

Let us notice that the same densP(Y) can be defined by different triple(M.Z,9): for
1 u
example, (0.2,9) and (M A2, ;) where 95 is defined from9 by 9, (U)=§9(E), give

rise to the same densi P(Y). In order to obtain a one-to-one correspondentedan p(Y)
and the parameters, we must consider some coristraithe mean oY , or on the scale of

3 . For instance, one possible conditio TT(Z) =M

A closed-form expression for the dens P(Y) can be derived for particular laws U . In

this paper, we consider two such (well-known) catles K law and the Student’'s T law.
These distributions are related to tBedistribution. We recall that thé distribution (2. b)

ab
r(b)

has a density equals f(Y)= e Y™, where&b>0 and T is the Eulers function

v 2
[2]. We have the following classical result: if tHistribution ofU is V(E,;) - which will be

v 2
denoted byU ~ V(?;) - then the distribution cY is the following “Student law witlV

degrees of freedom” (also called “T law”) :

+ =12 —V+M
el 200" 2
p( y) - M/2 v 1+ vV (2)
()" er )
v
Let us note that iV >2, M is the mean of the T law ar _22 IS its covariance matrix.

The lowerV s, the fatter the tails are and, for the extrerase? =2, we obtain the Cauchy

law which does not even admit a mean, and whicmésof the few stable laws with a closed-



form density.

_ v 2
Concerning the second case we deal with, it isiptes® show that iU~ ~ V(E ,;), thenY

has the following “K distribution”:

p(y)—(l (,/q(y)j K, (W27G03) ®

(27) (2

where K. is the modified Bessel function of the second Kiid
The K law behaves better than the T law becausasitmeai™ and covariance matr 2 for
all V>0 _WhenV =2 we have a generalized Laplace law and K tendsQoac distribution

at M whenV goes to zero. Classical asymptotic approximatafrthe K function enable to

exp-/x]

show that the tails are equivalemT for X going to infinity, which implies heavier

tails than the Gaussian law [2]. Some plots ofdéesities in dimension 2 are given in Figure
1.

(a) Normal density (b) T density witrv =10 (c) K density withV =2

1 05
05 1

Figure 1. 2D and contour plots of the Normal, T and K density with zero mean and 2= {

In conclusion, the K and T laws are interesting\biRodels because they have closed form
densities and they can still be interpreted indhme manner as the Gaussian law. However,
they are richer because of an additional tuningupater for the heaviness of the tails, which
enables us to cope more easily with outliers. Rerttvo families, the Gaussian law is a limit
case wherV tend to infinity, but they differ significantly dm each other by their behavior
around the mean wheV. decreases: the K law becomes sharper while th@vTbecomes

flatter.



2.1.2. Parameter estimation with EM algorithm

The estimation of SIRVs has been addressed in nuofbgapers, especially for the T law
(see [28] and references therein) and the K law rdidar detection [5, 6, 12, 18]). For the
latter, the method of moments is widely used, aalked in [23]. The same method can also
furnish estimators for the KUBW family obtained bpplying the «compound generating

principle» to wider families of densities for ter[13].

We propose to estimaif = (M Z,V) py the Maximum Likelihood Estimator (MLE). The
main problem is the effective computation of thexmmaum of the log-likelihood. To solve it,

we use the classical Expectation-Maximization (Epnciple to build a sequence of

parameters(en)nzl converging to a stationary point of the log-likelod. EM has been
successfully applied to the T law [28] and moreergly to the univariate K law [37], and we
refer to these papers for the explicit computatiointhe E-steps, which are the only difficulty
here.

By the way, we give the general algorithm for teenputation of the MLE by EM because it
can be used in practice for every SIRVs: the Esstaephich is the only challenge for SIRV -
can be computed either analytically (as in thisgoppr by simulatione.g Monte Carlo EM
(based on empirical estimates of the posterior nmds)e Stochastic-EM [11] or Bayesian

estimators with MCMC sampling methods [36].

Let (YasUn) =((¥wien» (Uisen ) be N independent realizations (Y,U) whose density is

1
N

Py, U) =—— UZ exp-ud Y] d 9. The sample(Yn:Un) is called “complete data” i
2

(2m)

contrast with the observatiol ¥n , which are sometimes termed “incomplete data”. [Bige
N

likelihood of the complete data Lt (6) = X 10g(p(¥,4)). According to the EM principle, a
i=1

sequence (@) is defined by starting from an initial valu®s and by computing

Gra(yy) = arg maxg L €)Yn 8.1, Given the form o P(Y:U), we have

E[LY (6)|yy.6.] = —%log((Zﬂ)M =) + Z E[%Iogwi )=U,q(y,) +log(gU))|yy.6.] (4)

which is the general “E step” in SIRVS. Its achiesnt requires the calculation of the three



following  conditional  expectations: W' =EU |y,4],  Ellog(U)|y.4] and

Eflog(g(U)))| ¥.6,]. The solution of the “M step” admits a genericriiothat corresponds to

the standard expression of robust M-estimatorsadtlon and scatter parameters [27], i.e.

n+1 — Zi'\il VW yI

m = =

2
n+1 1N n 1 1y '
2= Wy -y - i)

i=1

(5)

with W' = E[U | y.41 .

The posterior expectation necessitates the cloz®a-fexpression of the integrals

J.OmUp(y, U du (divided by P(Y)). These expressions are directly derived from sitas

tables of integrals  transforms [2]. Indeed, for  theT-distribution
M +v

up(y, WO u? exp(-uq(Y+v)/3, and for the K-distribution,

M -v

= Vv
up(y, Y u 2 exp(— uo( »_Z_UJ it finally gives the following weights:

M +p"
2q" +v"

Ki w' = {KWH(JZV“q”)}/{\/ZV—FKW(«/W“q“)}

(6)

The tail paramete is found by solving the maximization problem

N
argmaxy_ E{ logg U, )}yN, H”}
v i=1

o . d o
which is done by solvincg E|log(g(U)|yy. 8]=0. If the derivative oflog(g(u)|yy . 6)

w.r.tto v is dominated (which is the case of the gamma aminga inverse distribution), the

Lebesgue's dominated convergence theorem enalpesrnwte integration and differentiation



1
so that we have only to compu; Ellog(U;)-U;|y.6] when 9 is G distribution and

E|log(U; )+ |yi19 when Y is inverseG distribution. The updating formula are
I/n+1
ToA)= qo(—)+1+ﬁ2{logw> Wl
i=1
, ™
K: ¢«

)= 1—ﬁ;E[Ui+Iog(ui)lyi 61

where AX) =109(X) =T '(X)/T (X). Indeed in both cases, the logarithm of the noizimg

V. v v
constant of the densi 9 equals?ogz‘ logl (—2) that we have to differentiate also wY't

The only difficulty is the computation of the righind side expression of Eq. (7) for the K-

distribution, which is done in Roberts and Furu][Finally, we have:

Eflog(U,)|y 6] = -log( Z—‘ﬁ")+aa log K, (/2" q"))
@)
B8] = KL G2 [ K (7))

2.2. Copulas

Let us consider a random vecY =(Y;,---.Yy) taking its values itR" . The distribution of

Y defines the distributions of the componeY;s..., Yu and the converse is false in general.
However, there are some situations in which thegitai distributions oY do determine its
distribution. The most known case, which is outimtkrest in this paper, is the case of
independent components. More surprisingly, Rangagmandal. have shown that the law of
one marginal is sufficient to determine the whalgrtbution of a SIRV [35]. In spite of the
interest of SIRVs described above, such a propgppears as a rather strong limitation. In
fact, we have seen that SIRV are of interest becthesy can be viewed as a generalization of
Gaussian vectors that allows heavier tails. Copwdsch we describe below, will permit to
build more general models that can have differeatgmnal laws. In fact, we will see that
copulas allow one to dissociate marginal distritmsgi modeling from dependence modeling,
and therefore make possible building unusual am@danultivariate densities.



2.2.1. Generality on copulas

Let Yi, ..., Yu be M real random variable F., ..., Fu the cumulative distribution functions

(cdf) of their laws, antF the cdf of the law oY = (X, X0 ). If F, ..., Fu are continuous,

which will be assumed in this paper, then accordm&klar theorem there exists an unique

function C:[0,1]" O ~ [0,1], called “copula”, such that [31]:

O(Yy,-Yu) O RY, F(YiseoYm) = C(F (Vo) Fy (Ym)) 9

An important property is that for a random vecYrthe associated copula models the
dependence of its components in an intrinsic wagependently of the marginal distributions

of these components. More precisely, the randomtoveY =(Y,.»Y,) defined by

Y, =4.(Y), ..., Yu =&y (Yu), with any @, ..., #u continuous strictly increasing functions
from R to R, has the same copula Y In particular, we can use the vecY rto obtain a
vector Y' whose components are any desired marginal disivits) and whose copula is the
same that the copula defined Y/ More precisely, le F., ..., Fu be theM desired cdf.
Then the vectoY =(Y ... Y, ) defined with®;, =(F ) ™o F;, ..., #y = (Fy) ™" o Fy has the
same copuliC asY, and has the desircF, , ..., Fy as marginal cdf. Otherwise, we can see
that taking forFr , ..., Fu the identity from[01] to [0.1] the copula defined LY is the cdf

of the vectorY =(Y ..., Xy ). Therefore, a copula can also be seen as a diffeomypercube

[0,1]" with uniform marginal distributions.

Finally, we can summarize the properties of coputsesful for this paper as follows:

(i) a copulaC:[0,1" O - [0,1] s a cdf with uniform marginal distributions;

(i) each cdiF on R™ is given by a copula arM cdfs Fy, ..., Fu on R with (9);

(iii) considering (9), one can either make theritisttionsF1, ..., Fw vary and keep the same
C, or make the copulC vary and keep the sarFi, ..., Fu. In the first case, it is possible
to obtain any desired marginal distributions faaadom vector with correlated components.
In the second case, it is possible to obtain a Viéaeily of different random vectors with
correlated components having the same marginalliisons.

To illustrate the flexibility offered by copulasgtius consider the models of the previous

section: Gaussian, Student, and K model. Accorttin(®), we have three different copulas,

10



denoted respectively tCcs, Cr, and C« . According to (iii), each of these copulas can be

used with any other marginal distributions. Forregke, we can takiCs with Gaussian

margins — which gives the classical Gaussian 8igtion - , with Student margins, or with K

margins. The same can be made C;-and C« , which provides, assuming that for a given

distribution all components are of a same natureg different models. If we assume that for

a given model the components can be of differeniraawe obtair3x3" different models.
Let us notice that the last hypothesis is not puasl academic one and it can occur in real
situations, especially when the multivariate daapaovided by sensors of different nature.
Copulas are generally introduced by Eqg. (9), bytrarctice it is more useful to deal with the
densities. When the different cdfs considered abare differentiable, we can use the

M
densities p(yl""’yM)z—au a0 F(Y1:-Yu) with respect to the Lebesgue measureRn
1" M

aM
and R , and Eq. (9) can be rewritten by introduc ¢(Uy,-...Uy ) = WC(%---'UM) :
1" M

P(Y1s-sYu) =[|] f (YDIAFL(Ya)s - P (Vi) (10)

Conditional densities are then written:

c(F(Y), Ky (Wu )
Com (Fo(Y2)s--s By O ) (11)

HCA AR ERA

where c,, is the density of the sub-copuIzCz,M obtained from C by

Com (Ui ) =C AU, Uy ) (Coy is also the copula of the vec (s -» ¥i)).

2.2.2. Gaussian and Student copulas

Numerous families of parametric copulas enable tonexplore different kinds of stochastic
dependence; one can find in [31] a very completnogw. In this paper, we deal only with
the Gaussian and Student copulas whose densigegamy to compute and enable us to
recover known models. Nevertheless, we can defemsitdes with very different shapes, with

11



particular symmetry or completely asymmetric. Sobneariate densities exemplifying the
versatility of copulas are presented in Figure 2.
We invert Eg. (10) in order to compute gives thpregsion of the density of the Gaussian (or

normal) copula:
Co,p (Uyr s Uy) =|p|_”zexp(—%i’ - |, )Zj, (12)

where ,o:[rij ]KHSM is a correlation matrix{ = (®7(W),...®™(4,)) and P is the cdf of a

centered and standardized Gaussian distributic R o8imilarly, we obtain the density of the
Student copula:

(13)

2 v+M v\M-1 1+
o (s ) =] TR (1+3 ))

reH" ( a2

Here ¢ = (t,7(W),...t;*(Uy)) . wheret," is the cdf of a centered and standardized unitaria
Student law, witltV degrees of freedom.

Let us note that the matr # involved in these copulas is no more the cormfathatrix of

Y but it is the correlation matrix of the transfom@andom vecto{ .

12



() (d)

Normal copula Student Copula :
(a): Gamma and Normal margins (c): Student Margins with same tail parameters,
(b): K margins with different tail parameters (d): Student Margins with different tail parameters

Figure 2 Bivariate densities with various copulad garious marginal distributions

2.2.3. Parameter Estimation

Let Y=(Y'....,Y!) be a random vector iR" with cdf F and marginal cdf:Fi(8) ...,
Fu(|6w) depending on paramete 8, ..., 6y, and let f.(18) ..., fu({6u) be the
corresponding densities. LC, be the copula oF indexed by a paramet’7, and ¢, its
density. The problem we address is the estimatibrf =(6.,--.6y) and 77 from an

independent sampl Y = (¥ )wien , with ¥ = (YY" ). If one wants to use the MLE, the

log-likelihood to be maximized is:

N M N

L(8.7)=>">" loglf; (%'|6)1+ > loglc,[ F(¥|6)..... K (¥[8 )]] (14)

i=1 j=1 i=1

The search of the global maximum Lfis difficult in general, since we do not have elds
form solutions. We propose to use insteaditiierence Functions for Marginsiethod (IFM,
described by Joe in [21]) whose idea is to perféwn (easy) maximizations instead of a

single difficult one. One first maximizes the fitetrm of the right-hand side in (14), which
gives 8= (8,,...0,): eachd, is then the MLE 06 based on the da (Y.~ ¥k ). Then we

search /7 that maximizesL" (9,17), which defines an estimatc7. Under the classical

13



regularity conditions for the consistency of the B)Lthis procedure furnishes consistent
estimators of the paramete (6.77) : hence, it suffices to know how to estimate copwiéth
i.i.d samples in the hypercu[0,1]" to estimate a copula-based densities.

In order to obtain the MLE, we differentiate theétion L" which give the normal equations

to solve, and we give in this paper the correspapdblutions for the copul:iCs and Cr .

In the case of the Gaussian copula, the normaltiegquderived from Eq. (12) gives a closed

form estimator for the matri?

p=x222 (15)
with Z =(@7(U),-.®™({")) . So the ML estimator is the covariance matrix bé t
“Gaussianized” sampl(Z)i< .
Considering the Student coptCr, let us first assume that the tail parame’2of Cr is
known. The likelihood (13) itP of the Student copula boils down to the likelihaafdthe
random VeCtOl(Zl""’ZM):(t/_l(F].(Y]Jel))""’L_l(FM (Y |6y ))) computed with the Student

density (2) and paramete (0,0.V). In that case, we have only to estimate the gcatte

parametel” which has only 1s on the diagonal (because itdsreelation matrix). Hence,
the MLE of the copula is simply the MLE of the Tsttibution defined by

N a1
pOargminy ¢ +M )Iog'”zl'/#+ N lodo| (16)

i=1

This MLE is a consistent estimator for elliptic tdilsutions under broad conditions, as it has

been shown by Maronna [27] (since the transformedtor (Zi:---»Zu) is elliptic, it
furnishes also a consistent estimator for the @purhe MLE (16) can be computed by

remarking that the first order condition implie%utrf? satisfies the following implicit

equation

P4

v+M

m% Z. (17)

)
I
Z|-

iy

14



- 13 .
P is then a fixed point ofiPHNz 2 ZZZ, which can be approximated by
|:l

computing the sequence of iteralt>0.0., = f(2). For allV>0 and N=M | Kent and

Tyler [24] have shown thi@ in (17) exists and is unique and that the iteeatigarch reaches

the minimum. An initial value providing fast congence is then the Gaussian estimator
-1 N ! . .. . . .

Ao —Wzizlfifi . Nevertheless, the obtained matrix is not necégsarcorrelation matrix,

and we suggest to normalize the matric® by the following transformation

Ui,j. o5 =01\ A B . This slight modification of the fixed point algttim does not modify
the convergence, and it still provides a corretiheste, as we have empirically observed.

When the paramete” is unknown, the iterative computation cannot beduand we must

perform a multidimensional search of the squi(VuO). We avoid the global optimization
by splitting again the computation of the differestimators. We suggest using a moment

estimator oi” and then doing a numerical optimization Yor Indeed, there is a relationship

between the Kendall's Tau [13] (which is a rankist&) and the matri:p:(pu )]si,,-sM ,i.e.

T .
o :SW‘(E I;) for 1<i,j =M whereT; stands for the Kendall's Tau betwe Y1and Y; .

3. Unsupervised classification using multivariate hidden Markov chains

The multivariate modeling (SIRV and copulas) coesdd in the previous section is

introduced in order to propose suitable multivariadtatistical models for Bayesian

classification of multidimensional data. More psaty, we focus on classical hidden Markov
chains (HMC) which enable to deal with dependernt dacountered in signal and image
processing problems, but the main point is the rnmoglef the conditional distributions of the

observations and the ability to estimate mixturésnaltivariate densities for unsupervised
classification. Hence, we show how the differentapseter estimation methods described
above can be extended to HMC.

3.1. Classification with multivariate hidden Markov chains

For notational convenience and to make the papécaatained, let us first briefly recall

main principles of Bayesian classification with twdriate hidden Markov chains (MHMC,

15



also see [9, 34]). Le Xy = (X4, Xy) be a Markov chain, eacX; taking its values in a
finite set of classe @ ={1---K} , and letYy =(%,--Y4) be a random multivariate process,

each Y =(Y',....¥') taking its values irR" . The pair (Xx:Yy) is a called multivariate

HMC if its joint distribution is:
P(Xy, Yn) = p(xl)D P | >.<_1)u €y (18)

The classification problem is thus the estimatidrthe unobserved proce: Xy from the

observations Yn. The MHMC model is often used because we can yeasimpute the

Bayesian estimators Maximum A Posteriori (MAP) &taximum Posterior Mode (MPM). In

this paper we will focus on MPM, denoted Xupm = (X wpmr-» Xumwem) . The MPM, which

is optimal in that it minimizes the mean ratio afowgly classified points, is defined by:

X vpw = argmaxp (x = kin : (19)

I<k<K

The computation of the posterior marginal distribws is feasible thanks to the “forward-
backward” method, which is a fast and exact algaritallowing one to calculate, among

others, the marginal posterior distributions usetq. (19).

3.2. Parameter estimation and unsupervised classification

In practical cases, we need to use a parametrielingdof the distributions involved in Eq.
(18) and to estimate the parameters by using ¢r@yobservation ¥n . We assume then that
the multivariate HMC considered is stationary, Isat neither P(%:%.1) nor P(¥:/X) depend

on 1<i<N Moreover, we assume th P(Y|X = ) belongs to a parametric family of
densitiesP (@j) indexed by a paramet 8,00,  we have to estimate the global parameter

¢ formed by the joint probability matri P(X,, X,) , noted P :( Pic )ELKSK, and?, ..., 6. As

in the independent case considered in the predeason, we propose to use the general EM
method. When the laws are assumed to be Gaussienb&iong to the exponential family,
the EM principle gives simple algorithms for thepegximation of the MLE of a finite
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mixture of densities. Despite some well-known draeks like sensibility to initial conditions
and low speed of convergence, the obtained EM seggeof parameters present, in general,
satisfying qualities. For estimation of a mixtufenaultivariate laws considered in this paper,
the EM principle usually stumbles across the mazation step so that we propose some
adaptations of the classical EM for finite mixtus#RV and copula-based models. Let us
notice that the methods below can be seen as extsnef the methods discussed in the
previous section to the multivariate HMC.

3.2.1. SIRV modelswith K and T laws

We present in this subsection the EM formulas endase of MHMC defined by (18), where
p(yi|xi) are either K or T distributions. In both casessitseful to introduce the “"texture”
random chain involved in the definition of SIRUn = Ui)wa such that PY;[X) is the

marginal distribution of p(yi'Ui|Xi). Thus let us consider the complete process
N N
Ty = (XU Yoy |, with the law given by POt Uy, Yy ) = p(xl)[J IO(>§|>§-1)E| P, Yi[%) .

We can notice that we have a “double” hidden cl(Xy,Uy), which is such that the . v.
U,, ..., Uy are independent conditionally oXn. Otherwise, the distribution of

Yy =(Y)win  conditional on (Xy:Uy) is the very classical independent Gaussian

distribution.
Finally, the problem is to estimate froYn =(Ywien the parameter P and &, ..., 6«

where8 =(m,Z,,v;) .

After having chosen an initial val@ = (Po’elo"" 9»3) we derive from the EM principle an
iterative  algorithm, where ¢ :(Pn+l,91n+1'-~- 19Kn+l) is obtained from Y,
¢ =(P".6",...6) and the nposterior probabilities 77" =pP(X = k‘ Yo:?") and

" = p(X = j, %, = k‘ Y +#") in the following manner:
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ka+1 :_Zi'\;nijk’n
N n n
n+ LWy
e = 2 W 0)

lenkn kn
Tt =13 Wty - )y - )’

The updating formulas for the location and disgergparameters are similar to those of Eq.
(5), which are adapted to the mixture context \W"" = E[lU |, X = k ¢"] and the posterior
probabilities (77" wsev ek . In the same fashion, the equation for the tailapesters
(Vi)wekek is the adaptation of Eq. (7) by using the postezipectation:EI/U; ¥, X = k@'],
Eflog(U))|y;, X = k@'l and the posterior probabilitii (77 ") -

vets ) 1
T: o S )= 7)+1+Wz_lﬂlk {log(wf™ )~ we"}
. - (21)
o) = 1- nk”E[—+log(U)y k¢']
2 ZI l’zk nz | X

The difference between the mixture and the sinfilescestimation procedures is that in the

latter case, we did not need the expression ofi¢gimsity in Eq. (1) unlike in the mixture case,

where we need it for the computation of the poetqn'robabilities(@k’n)i x. This can be a
serious limitation to the use of general SIRV medelthe classification setting; however, we

can calculate the needed density for the T andwiwhich are among the most used models.
3.2.2. Copula-based models

We will use the following notations. For ttK classes, we have for eak=1, ..., K a
copulaC(U, - Uy [73) andM marginal cdfe(F (|6,))iizw , whose densities will be denoted
by f(%|64). Thus the parameters to be estimated #= (6 )wav /) wek . Let us first

consider the complete dE(Xi’Yi)jsisN . According to (18) and (14), the log-likelihoodnche

written as:
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L 61=loaPOO)+ 3. . loa(t /8, Dt

y (22)
+ z |Og(C(F(y,l‘€1k ), oy F( W ‘HM ,k)|,7k))1{>€:k}

i=1Lk=1

The E-step consists in replacing the funct =4 by the posterior probabilit”ik'n. Hence,

as in subsection 2.3.3, we have to come up agairdifficult maximization program on
((Hi,k)]sisM T )EksK , and we propose then the following two step edionaat each M-step:

«Compute the maximization step for tM mixtures of marginals, so that we hef

(i.e. maximize the second term of the right-hantnida of Eq. (22));

N, K n
*Plug the estimators intzizlyk:ﬂog(c(':()/il‘@l,k ), F(Y! ‘HM ,k)|/7k))”ik' and maximize
on (’7k)15ks|<.

The estimation of the transition parameter of tharkdv chain Xn is the same as in the
previous subsection. The parameters are updateat tbat sequence stabilizes around a
particular value occurs.

The motivation of this algorithm is that we canirestte independently the parameters of the
M univariate HMC (Xn:Yi)iem indexed with parameter(P: (64 )wek) and then plug
these values in the log-likelihoc Lt (@) for computing the dependence parameters of the
multivariate HMC. This is the application of thefdrence Function for Margins method to

the vector(Yi.---»Y0). Indeed, we estimate first the marginal distribntof Yn which is the

mixture O 7% (V. () iew ), and plug the estimated parameters in the comptete
likelihood. Hence, the algorithm links tIM +1 models in order to have the same estimation

for the paramete P . In particular, the interest of this approachhiattit enables to use already
known maximization procedures for the marginal laavmgl also known estimators for the

copulas, as the ones given in subsection 2.2.3.

4. Experiments

The first subsection is devoted to the unsupervidassification in five different test beds.
The models used are SIRVs, and the parameters stireated with EM. In the second
subsection, we compare the estimates of SIRV pasasehen they are computed by IFM in
the context of the new copula based multivariateGdM
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4.1. Estimation and classification of HMC with EM

Let us consider three SIRV models, denotedhbyor Gaussian)T (for Student) and (for
K law). Otherwise, let us consider a finite Markolvain Xy with three classe<K =3), a
transition matrix A= (8 ) j« , with & =0.8 and & =0.1 for 1 # ] Finally, a HMC is
defined by three P(Ya%.), % =1, ..., %, =3 distributions onR?. The location (mean)

parameters of these three distributions M =(0,0) m, =(1.5,1.5) M, =(3,3) and the

1 o
P 1

parameters being fixed, we then study five kindsnofdels with various tail parameters: a

scatter matrices artzk{ } with 2.=04 0,=0.2 gnd P;=0.5 All these

Gaussian model (noteid), a Student model with identical tail parametV: =V, =V;=10
(noted T1), an another Student model with different tail gmaetersVy =9, V, =10,v;= 1t
(noted T,), a K model with identical tail paramete¥s =V, =V3;=10 (notedK,), and an

another K model with different tail paramete:=2,V,=4,V;=8 (noted K,). The
theoretical error rates of the five models are @at@d by Monte-Carlo and presented in the
first line of Table 1. Despite of different tail ©@aneters, we can observe that the models
andT,, as well as the modek§; andK; give nearly the same error rate, so that the reiffee

is then mainly due to the shape of the densited|wstrated in Figure 3.

We simulate data with models T4, T, K1, K2 and the error rates are presented columnwise
in Table 1. We show also in Figure 3 the densifie3,, K;. The parameters are estimated
with EM applied toG, T, andK models, and the data are classified accordinge®tyesian
MPM method. The unsupervised error rates are preden lines 3, 4, and 4 of Table 1. The

EM algorithm uses 100 iterations, which was suéintito obtain convergence.

(a) mixtureN (b) mixture (c) mixture K

Figure 3. Three examples of SIRV models
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We can observe that for each model the worst cag®t of Student laws and that the easiest

is that of K laws. Moreover, we obtain the bestfgrenance in unsupervised classification

with the true model (except for, but the difference is small), but we have a défere

between the models with equal or unequal tail patars in the case of the K law. While

there is no difference for; and T, (except when we use the mod), we have a noticeable

difference for the K distribution, and it appeansitt different tail parameters (or different

textures in radar language) help for retrieving difeerent classes. We can also remark that

the K distribution seems to be well-adapted fordlassification ofG andT models since we

have the best performance with the K model in yezath configuration.

r T, Ky T, K,
True models 12.4 14.5 10.9 14.5 10.9
G 134 16 13.1 16.9 13
T 134 15.6 13.8 15.7 11.7
K 135 15.5 13.1 15.7 11.7

Table 1. Error rates for supervised and unsupeaiwtassification (%)

In order to evaluate the robustness of the estimadnd classification procedures, we have
performed the same comparison of the 3 models ottunes of Cauchy distributions (i.e.
mixture of Student witlv, =v, =v,=2). This is the most difficult case since the sujzad
error rate equals 20%, nevertheless the T and Kildisons behave analogously to the
situations described in Table 1. Indeed, we reposupervised error rates equal to 21,5% for
the T-model and 22% for the K-model. As one cowfdeet, the Gaussian model gives very
poor results since two thirds of the experimentgegan error rate higher than 40% (and one

guarter have an error rate higher than 50%).

4.2. Estimation and classification of HMC with copulasand | FM

The aim of this subsection is to compare the EM I&hdl efficiencies in the case 6fandT;
models. Forl", we interpret a Gaussian distribution as a denditgined with a Gaussian
copula and Gaussian marginals, so that the comdaeb model is exactly the parametric

model G. In the case of the mixtur€;, instead of considering the mod€| we use a

generalized Student model obtained with a co|Craand Student marginals, so that each
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marginal can have different tail parameter. Howewer use a simpler model by imposing the
same tail paramettYn for all the margins. Hence, each component oftheure is indexed
by one additional parametYc (by comparison with a T law), which is the tairameter of
the Student copula (see Eg. (13)). We note thisetr (Cr... » T, ) and when Yec = Uy, for all

the components, we obtain tie model, which is then nested (Croo'To, ); but if the

Uc # Uy, then the estimated model is out of the SIRVs fanaihd we are in the same case as
the distributions drawn in figure 2. In this papee fix Yc =10 for all the classes, so that the
mixture T belongs tc(Cri0: T, ). We then compare the mean estimation of the paease

and error rates whe N =500 gbservations by Monte-Carlo (with 500 simulatigrend by
using 300 iterations for the EM and the IFM aldamit The results are presented in Tables 2,
3,4, and 5.

r T,
Class True EM IFM EM IFM
parameters
1 (0, 0) (-0.01, -0.01 (0, 0) (0, -0.01) (0, 0)
2 (1.5, 1.5) (15,15) | (L47,1.47) (149, 1.50) 1.5(1.52)
3 3, 3) (3.01, 3.05) 3, 3) (3, 2.99) (3, 2.99)
Table 2. Estimations ((M).s with EM and IFM forl andT;
r T,
Class True EM IFM EM IFM
Parameters
1 1, 1) (0.96, 0.97)] (0.98, 0.96 (1,0.96 (0.096)
2 1, 1) (0.96,0.98)] (0.96,0.98) (0.97,0.99) 9200.94)
3 1, 1) (0.96, 0.96)] (0.99, 0.99 (1,1.02 (00B9)

Table 3. Estimations of the variances (diagon:Z¥with EM and IFM forl” andT;

r T
Class True EM IFM EM IFM
Parameters
1 0.4 0.39 0.38 0.38 0.38
2 0.2 0.19 018 017 0.12
3 05 05 0.49 05 05

Table 4. Estimations ((0,)<kes With EM and IFM forl” andT;
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Class True EM IFM
pal’ameters
1 10 184 158
2 10 23.9 172
3 10 183 143

Table 5. Estimations ((U)<ies with EM and IFM forT,

To initialize both EM and IFM algorithms we usedeliminary classification based on a
HMC with T distributions whose parameters are eateéd by EM. This EM algorithm is itself
initialized with a classification based on a K-mearlustering. When we consider data

coming from heavy tailed distribution as Cauchyisinecessary to use t ‘1 norm and not

the Euclidear?2 norm at this stage, or else a bad initializatian make the IFM diverge. In
order to reduce the risk of spurious local minimd@gse number is increased with heavy-

tailed distribution), we use also a multi-start my@eh (10 different initial conditions), by

keeping the parameters with the higher likelihodgthwlass probabilitie P(X; = k), k=1,2,3
higher than 5%.
The conclusion of these experiments is that theieffcies of EM and IFM are similar.

However, we remark that EM better estima®.;, while IFM better estimates the tail
parameters. We remark also that since the parasrUeare different from the parameter of

the copulaYc, the estimated model tends to differ from theiahimixture of student
distribution: we get then generalized elliptic misd®therwise, we obtain similar results for
unsupervised classification. In fact, we have aareate of 14.2 % for the modElestimated
by EM, and 14.4 % when the model is estimated by. Il the case off; these error rates
are 17.1 % and 16.9%, respectively.

These experiments show that the copula-based raudte models, which are extensions of
the classical SIRV models, can be efficiently l¢avith the proposed IFM method.

We complete this study with a robustness analygisdnsidering the extreme case of 3
Cauchy distributions, as in part 4.1. The conclusgthat EM algorithm is more robust than
IFM (the error rate for IFM is 22.5% versus 21.586 EM) in this particular extreme case.
This comes from difficulties in the estimation bketsecond class for which there is a bias in
the position and the scatter parameters. The diffar is essentially due to the fact that IFM

23



lies on a model that does not contain the geneyatiocess. Indeed, we recall that the copula

paramete/Yc is different from the parametet of the margins. This discrepancy might be
amplified when the fluctuations become importarg, ihis the case with the Cauchy
distribution. But for classification and estimatiparpose, the difference between the margins
and the dependency matric?sare still clearly identified.

The proposed algorithm for computing the Inferecax Margins estimator is a slight
modification of the EM algorithm, and hence it pesses the same local property, i.e. it
depends on the choice of the initial value. Itifiailt to discuss and evaluate the robustness
of IFM with respect to the modeling errors and diféerent realizations of the data, because it
is related to the finite sample statistical projgsrof IFM, which are different from the MLE.

It has been shown that IFM gives better resulta fd&E on small samples [16] (obviously
MLE tends to be the best estimator as the sampke tends to infinity). Nevertheless, we
advocate that there is a lower sensitivity (greaatistical robustness) with respect to
modeling errors as the estimation of the parameteesach marginal does not depend on the
models (possibly wrong) used for the other margimalthe joint distribution. Moreover, the
robustness can be increased for the estimatioheoparameters of the copulas, by using a
semiparametric version of the IFM, called the orasilestimator which estimates the copula
without the explicit use of the parametric assuondi made on the marginals. In the
particular robustness analysis we dealt with, weatgeck that the copula-based model with 3
additional parameters (the tail parameters of tlegms) can still be correctly estimated by
IFM (and parameters remain close to the asymptbticgptimal estimator) despite its

increased complexity.

Cauchy
Class True EM IFM
parameters
1 (0, 0) (-0.01,-0.01) (0.01, -0.01)
2 (1.5, 1.5) (1.48,15)| (1.28, 1.35)
3 (3, 3) (3.01, 3.01)] (2.99, 2.97

Table 6. Estimations «((M)w<s with EM and IFM Cauchy mixture
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Cauchy
Class True EM IFM
Parameters
1 (1, 1) (0.95, 0.95) (0.96, 0.96
2 (1,1) (1, 0.99) (0.92, 0.88
3 (1, 1) (0.93, 0.95) (0.94, 0.95

Table 7. Estimations of the variances (diagon: Z¥with EM and IFM for Cauchy mixture

Cauchy
Class True EM IFM
Parameters
1 0.4 0.37 0.37
2 0.2 0.19 0.11
3 0.5 0.45 0.47

Table 8. Estimations «((O)ikes With EM and IFM for Cauchy mixture

Class True EM IFM
pal’ameters

1 2 18 2.

2 2 2.2 73

3 2 18 1.0

Table 9. Estimations (U )<k with EM and IFM for Cauchy

4.3 Real data processing

4.3.1. Radar Doppler segmentation: motivation and modeling

In this section we present an application of the-@aussian modelling to the segmentation
of radar Doppler data. An important aim in rad@nal processing is the estimation of the
velocity field of the radar environment [10, 26jadeed, the differenceAf between

frequencies of the transmitted signal and the vecksignal is given b Af :?, wherev is
0

the speed of the reflector aiA, the wave length of the transmitted wave. The feeqgies
Af are usually called « Doppler frequencies ». Ircfica, the signals received are structured

on a distance-azimuth map; azimuth representingatigle formed by the radar and the

normal direction. For a given distance and azimutlg observe a complex vector

Y =(Y,...Y") whose the fast Fourier transform provides us il distribution of the
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signal power through the Doppler frequencies, dalisually a « Doppler spectrum » :

y T
ZY” exp(Zi mﬂAfj
e M

time and correspond to the time needed to gettaldeiDoppler spectrum, in practise, this

2
, where T_, is the coherent

DAfD{— MM }S(Af)=i
27

coh coh

time is aboutT_, =1Ims. S(Af) represents the Doppler intensity due to the Dapple

f

frequencyA , if the reflector has a speed equalvp S(Af) is proportional to a Dirac

distribution centered ¢ Af :%. However, a reflector such as a fluid can haveshsaveral

0
speed components, that corresponds to differemispaghe Doppler Spectrum.
It is to say, in a range-azimuth map, one can berested in finding and characterizing the
spatial changes in the Doppler spectra. A possiblg to construct such a map is to perform
unsupervised segmentation of the radar returnsdbasehe Doppler (frequency) content of
the range-azimuth cells [25].

Let us detail some of the statistical assumptidritithe radar signal. It is assumed that each

vectorY =(Y,.... Y ) is centered and stationary, so that the Doppfernmation is contained

in the Toeplitz covariance matr = = (y(K))occm—y Of the samplingY =(Y. Y1) where

y(k)=E(Y"Y"*)and the spectrum can be estimated by Fast Fourimsform of this

covariance matrix:

M M 1 4 T
OAf O] - ,  S(Af)=— k) exp@i 7k —" Af ) .
{ oT } (Af) 2HZV() p@ M )

coh coh k=0

Under the auto-regressive assumption, the Dopplecteum can be parametrized by a finite

numberq of reflexion coefficientsy™ = (,ul(”),..., ,ué”)) and the back-scattered intens#y’,

which are easily computed via the Durbin-Watsonoaigm, [20]. More precisely, we

propose then to construct automatically a map & welocity field by applying the

unsupervised classification algorithm defined iotisam 3.1 to the reflexion coefficien #

instead of to the returrY =(Y4,..., Y').

Let p(,u‘”’|>gq) be the distribution of the™ cell on C* (C being the set of complex

numbers), to be defined. Wecan not consider aiclsSIRV model because the reflexion
arg " ),...,‘,ué”)

from the distance-azimuth cefl. In the following, we will suppose that= 10n order to

arg " )) be the observation

coefficients are in the unit disc. Let = q,ul‘”) p
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reduce the complexity ¢ P(4"|%,), we will suppose that the anglarg(s™),...,arg(y)

are independent of each other conditionally onstiages X,. Moreover, as the arguments lie

on [0277] and are likely not to be uniformly distributed, weppose that the angles have a

Von Mises Fisher distribution with direction parders [llxn,...,[lqyxn and concentration
parametersc,, ,....K,, [3], hencep(arg( (”)), arg(,u(”) |x H parg(,u‘”) with

plard” )1x,)0 exp(K(cos(arg(u(” JRelg, )+ sinlard” )im(z, )|

Moreover, we suppose tha(i,ul‘”) ) and (ard(™)....ardu)) are independent

n
i

conditionally on the stateX, so that p(z, | x,) = q ol

o

H D arg(,u(“’

Finally, as‘,uﬁ”)

will  suppose that pq,ul‘”’ n) has beta distributions for margins, i.e.

,...,‘/Jé")

by, -1

q,ulﬁn’ |X)D‘/J‘“) " (1—‘,u|§”’) , and we will consider two dependence structures

between the modules:

-Model 1 (independence):

(n)

- ,Ulo (25)

DQM‘”’

L—' pq ()
-Model 2 (dependence with Gaussian copula):

(n)

o ' (| Lho

oG %, BCF (4D

), (26)

DQM‘”’

l—' Pq ()

where pQ/Jlﬁ“) |xn) is the beta distribution with f.d.F* andc is the Gaussian copula.

4.3.2. Data and classification of radar returns

We use data kindly provided by THALES coming froreaaurement made with a coastal X-
band radar whose transmitted frequencyg#40Ghz The radar resolution is 300 meters (size
of a cell), and we are provided wililt=16 pulses. The data environment is divided into 1548
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distance cells and 8 azimuth cells which gives ustal of 8 x 1548 cells. During the

measurement campaign, weather conditions were emdyso we attempted to recognize in
the radar environment four classes: a class canedpg to the dominancy of sea return, a
class to the dominancy of rain return, anotheh@srhal noise and the last probably being the

blind area of the radar (close to the radar). enfture 4.(a), we have represented as a color
graduation the return’s intensitie$” , even if we don't use these data as observatioiisei
hidden Markov model, they let us visualize the ratf the radar signal in terms of intensity.
The hidden Markov model was detailed in the previparagraph witlg=10. In the figure

4.(b), the segmentation using independent copslaspresented and the segmentation using

Gaussian copulas is represented in the figure.4.(c)

1134 - =

1324 —

waE

(a) (b) (c)
Figure 4. (a): range-azimuth map of returned intensities Z@naths and 1548 range cells);
(b): classification of radar returns using indepartdmodules; (c) classification of radar
returns using dependent modules with Gaussian aspul

From Figure 4, we can see that the Gaussian cgpea more homogeneous classes than the
independent copula. So in guise of conclusion ftbese results, it can be important to notice
that the radar return are widely likely to be spliticorrelated. It can be interesting, in the
future, to compare different copulas based modets seelect the most suitable dependence
model in the context of this experiment. Regardimg different classes, in figure 4.(c), the
light blue class seems to correspond to the blred af the radar, the yellow one to thermal
noise (targets being negligible compared to noit®) dark blue class to a dominancy of sea

returns and the brown class to rain speckle.
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5. Conclusion

In this paper we have introduced a general modelufivariate density and we have applied
it in the setting of classification, in particulaith hidden Markov chains. We also introduced
a related parameter estimation method as well gouhsupervised classification is allowed
with this model.

The model is based on copulas and multivariate démd Markov chains” (HMC), which
enables one to consider correlated sensors and nasgins of any form. In particular, the
model contains extensions of the classical “sph#yidnvariant random vectors” (SIRV)
models, such as asymmetric T and K laws, reusiegettpression of Fanegt al. in [15].
Hence, the model introduced should be of particulterest for the classification of radar
signals, but the model is quite versatile, tharkshie generality and flexibility of copulas.
Otherwise, the model proposed can also be seen astension of the models introduced in
[19, 22], where the sensors are assumed to beendept.

The proposed parameter estimation method is aatiiteralgorithm based on the “inference
functions for margins” (IFM) principle for the estation of hidden Markov models. It does
not correspond to the classical maximization of likelihood, and it appears as a slight
modification of the classical EM algorithm [23, 2&}) particular, despite a common feature
with the general ECM algorithm proposed in [30] e¥htonsists in a sequential estimation of
the parameters, the IFM algorithm does not perf@ansystematic increase of the log-
likelihood. We perform instead a sequential seartckthe roots of the estimating equations
defining the IFM estimator. Nevertheless, in p@gtione can see a “nearly” monotone
increase of the log-likelihood after each stephef iFM algorithm, as the normal equations of
MLE remains quite close the IFM equations.

For the estimation of HMC with SIRV based on EM, ha&ve shown that our algorithm
enables each sensor to be decoupled, so that vie @ansider the case of different textures
for different sensors. Nevertheless, the complexitythe algorithm is not increased
significantly, and it gives similar estimates. Tihterest of the proposed algorithm also lies in
the fact that it makes it possible to derive estiomamethods for recent multivariate models
proposed in [8], or for generalizations of HMCs ls@as pairwise Markov chains [7, 14, 32],
or triplet Markov chains [33].

Possible extensions of this work concern the dgmeknt of various copulas, and of criteria

for the choice of copulas in image and signal pserrg, in order to fully exploit the
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generality of copula-based models. We consideredCHMt other hidden Markov models,

like trees or fields, could be used in a similarywthe first results obtained with hidden

Markov trees seem very promising [17].

Let us also mention that other general estimatiethods would have been well-suited in the
hidden data setting, as “iterative conditionalraation” (ICE [14, 19]).
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