
The Traveling Salesman Problem

Introduction

The Traveling Salesman Problem (TSP) is
perhaps the most studied discrete optimization
problem. Its popularity is due to the facts that
TSP is easy to formulate, difficult to solve,
and has a large number of applications. It
appears that K. Menger [31] was the first re-
searcher to consider the Traveling Salesman
Problem (TSP). He observed that the problem
can be solved by examining all permutations
one by one. Realizing that the complete enu-
meration of all permutations was not possi-
ble for graphs with a large number of vertices,
he looked at the most natural nearest neigh-
bor strategy and pointed out that this heuris-
tic, in general, does not produce the shortest
route. (In fact, the nearest neighbor heuristic
will generate the worst possible route for some
problem instances of each size [17].) For inter-
esting overviews of TSP history, see [20, 40].

Basic Definitions and Notation. In applica-
tions, both the symmetric and asymmetric ver-
sions of the TSP are important. In the Symmet-
ric TSP ( STSP), given a complete (undirected)
graph Kn with weights on the edges, our aim is
to find a hamiltonian cycle in Kn of minimum
weight (the weight a cycle is the sum of the
weights of its edges). In the Asymmetric TSP
(ATSP), given a complete directed graph K∗

n

with weights on the arcs, find a hamiltonian
cycle in K∗

n of minimum weight. The Euclid-
ean TSP is a special case of STSP in which
the vertices are points in the Euclidean plane
and the weight on each edge is the Euclidean
distance between its endpoints. A hamiltonian
cycle in Kn or K∗

n is often called a tour. No-
tice that ATSP has (n − 1)! tours, but STSP
has (n− 1)!/2 tours (changing the direction of

the tour in STSP does not change the tour). By
TSP we refer to both STSP and ATSP simulta-
neously.

Throughout this entry, the set [n] =
{1, 2, . . . , n} denotes the vertices of Kn or K∗

n

or any other n-vertex graph under considera-
tion. The weight of an edge (arc) ij is denoted
by wij or w(i, j). We also call wij the distance
from i to j and the length of ij. A cycle factor
is a collection of vertex-disjoint cycles in K∗

n

covering all vertices of K∗
n.

Computational Complexity. The hamil-
tonian cycle problem on an n-vertex graph G
can be transformed into STSP by converting
G to an edge-weighted Kn as follows: assign
weight 0 to each edge of G; and assign weight
1 to each edge in the complement of G. A sim-
ilar transformation can be used for digraphs
and ATSP. This implies that TSP is NP-hard,
even if the triangle inequality holds. By re-
placing the weights 0 by 1 and the weights 1
by 1 + nr in this transformation, we obtain the
following result:

Proposition 1. For an arbitrary constant r,
unless P=NP, there is no polynomial time al-
gorithm that always produces a tour of total
weight at most r times the optimal.

It was proved in [12, 38] that even Euclid-
ean TSP is NP-hard. Despite this result, there
was a feeling among some researchers that the
Euclidean TSP is somewhat simpler than the
general STSP. More precisely, Proposition 1
does not hold for the Euclidean TSP. This was
confirmed by Arora [1] in 1996, see Theorem
2. Mitchell [33] independently made a similar
discovery a few months later (see [2]).

1



Theorem 2. For every ε > 0, there is a polyno-
mial time algorithm Aε that, for any instance
of the Euclidean TSP, finds a tour at most 1+ ε
times longer than the optimal one.

As of this writing, the fastest algorithm Aε

has time complexity O(n log n + n/poly(ε))
[42]. These Aε algorithms have been imple-
mented, but, in their current form, they are not
competitive with best TSP heuristics [2].

Arora’s result can be generalized to d-
dimensional Euclidean space for any constant
d. However, the next theorem limits the scope
of this generalization.

Theorem 3. [45] There exists a constant r > 1
such that, for the Euclidean TSP in O(log n)-
dimensional Euclidean space, the problem of
finding a tour that is at most r times longer
than the optimal tour is NP-hard.

We finish this subsection with a result from
[16] that indicates another limitation for ‘ap-
proximation’ ATSP algorithms. The domina-
tion number of an ATSP heuristic H is the
maximum d(n) such that for each instance of
ATSP on n vertices, H produces a tour T
which is not worse than at least d(n) tours in-
cluding T itself.

Theorem 4. Unless P=NP, there is no polyno-
mial time ATSP heuristic of domination num-
ber at least (n−1)!−bn−nαc! for any constant
α < 1.

Formulations

Perhaps, the simplest combinatorial formu-
lation of ATSP is as follows: given an n × n-
matrix W = [wij] find a permutation π of [n]
that minimizes the sum

wπ(n),π(1) +
n−1∑
i=1

wπ(i),π(i+1).

For STSP, we require that W is symmetric.

The earliest (and very useful) integer pro-
gramming formulation of ATSP is due to
Dantzig, Fulkerson and Johnson [10]. Define

n2−n zero-one variables xij by xij = 1, if the
tour traverses arc ij and xij = 0, otherwise.
Then ATSP can be expressed as:

min z =
n∑

i=1

n∑
j=1

wijxij

such that
n∑

i=1

xij = 1, j ∈ [n]

n∑
j=1

xij = 1, i ∈ [n]

∑
i∈S

∑
j∈S

xij ≤ |S| − 1 for all |S| < n

xij = 0 or 1, i 6= j ∈ [n].

The first set of constraints ensures that a
tour must come into vertex j exactly once, and
the second set of constraints indicates that a
tour must leave every vertex i exactly once.
These two sets of constraints ensure that there
are two arcs adjacent to each vertex, one in
and one out. However, this does not prevent
non-hamiltonian cycles. Instead of having one
tour, the solution can consist of two of more
vertex-disjoint cycles (called sub-tours), i.e.,
be a cycle factor with t ≥ 2 cycles. The third
set of constraints, called sub-tour elimination
constraints, requires that no proper subset of
vertices, S, can have a total of |S| arcs.

For STSP, we can get the following similar
formulation:

min z =
∑

1≤i<j≤n

wijxij (1)

such that
n∑

i=1

xij = 2, j ∈ [n] (2)

∑
i∈S

∑

j 6∈S

xij ≥ 2 for all 3 ≤ |S| ≤ n/2 (3)

0 ≤ xij ≤ 1, i 6= j ∈ [n] (4)
xij is integral for all i 6= j ∈ [n] (5)

While the Dantzig-Fulkerson-Johnson for-
mulation of ATSP has an exponential num-
ber of sub-tour elimination constraints and,
thus, of all constraints, there are other inte-
ger programming ATSP formulations that con-
tain only a polynomial number of constraints.
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One such exmaple is the formulation of Miller,
Tucker and Zemlin [32]. In this formulation,
we use (n−1)(n−2) additional constraints and
n− 1 additional variables. The following con-
straints replace the sub-tour elimination con-
straints in the Dantzig-Fulkerson-Johnson for-
mulation:

(n− 1)xij + ui − uj ≤ (n− 2)

for all i 6= j = 2, 3, . . . , n,

where ui, i = 2, 3, . . . , n are unrestricted real
variables. If a solution is not a tour, it contains
a cycle C without vertex 1. By adding the in-
equalities above corresponding to all arcs ij of
C, we arrive at a contradiction.

Notice that the Dantzig-Fulkerson-Johnson
formulation of ATSP is stronger than the
Miller-Tucker-Zemlin formulation in the fol-
lowing sense: the optimal value of the lin-
ear relaxation of the former is larger than that
of the latter [37]. As for the STSP, there
are two other formulations that are as strong
as the the Dantzig-Fulkerson-Johnson formu-
lation for STSP, but only the latter have been
used in computational practice. For more in-
formation on various formulations of TSP, see
[40].

Applications

It appears that the most natural and well-
studied application area of the TSP is machine
scheduling. A simple scheduling application
can be described as follows. Suppose there are
n jobs 1, 2, . . . , n to be processed sequentially
on a machine. Let wij be the set up cost re-
quired for processing job j immediately after
job i. When all the jobs are processed, the
machine is reset to its initial state at a cost of
wj1, where j is the last job processed. The
aim of the Sequencing Problem is to find an or-
der in which the jobs are to be processed so as
to minimize the total setup cost. Observe that
finding a permutation π of [n] that minimizes
wπ(n)π(1) +

∑n−1
i=1 wπ(i)π(i+1) solves the prob-

lem. Thus, the Sequencing Problem is equiva-
lent to ATSP.

Now consider a more interesting applica-
tion introduced and studied by Gutin et al.

[15]. The Seismic Vessel Problem (SVP) is de-
fined by a set of line segments (survey lines)
on the plane, all of which need to be tra-
versed exactly once. Some lines can be tra-
versed in either direction, other have direc-
tional constraints imposed on them. The ob-
jective is to minimize the travel time between
lines by choosing an optimal ordering of lines
(and specifying in which direction each line
has to be traversed). The function that defines
the travel time between lines can be of arbi-
trary complexity and in general is defined as a
matrix of ‘line change’ weights for all combi-
nations of pairs of lines and traversing direc-
tions.

More formally, SVP can be stated as fol-
lows: We are given a weighted complete di-
graph K∗

n, whose vertices are partitioned into
pairs P (representing survey lines). Each pair
{u, v} ∈ P is assigned a set Fuv such that
∅ 6= Fuv ⊆ {uv, vu}. If Fuv = {uv}, then
we must traverse the survey line correspond-
ing to uv from u to v, and if Fuv = {uv, vu},
either traversing direction is possible. Let F =
{uv : {u, v} ∈ P, uv ∈ Fuv}. Every arc in
F is assigned weight zero (as we must traverse
all survey lines and we assume that the time of
traversal of a survey line in both directions is
the same). We are required to find a minimum
weight Hamilton cycle in K∗

n that traverses one
arc from Fuv for every pair {u, v} ∈ P.

The Stacker Crane Problem (SCP) studied
in [18, 21] is a special case of SVP. In SCP, Fuv

consists of one arc for every pair {u, v} ∈ P.
To see that SCP is equivalent to ATSP it suf-
fices to contract all arcs of F .

Consider SVP. In order to enforce the re-
quirement that a Hamilton cycle has to tra-
verse one arc in Fuv for each pair {u, v} ∈ P ,
we apply a transformation which results in a
weighted complete undirected graph. Solv-
ing STSP on the transformed graph provides a
solution to the original problem. The trans-
formation replaces each pair {u, v} ∈ P
with a graph. We consider only the more in-
teresting case when the line {u, v} is undi-
rected (that is, |Fuv| = 2). In this case,

3



the two vertices are replaced with the so-
called diamond graph D8 with V (D8) =
{N,W,E, S, a, b, c, d} and E(D8) =
{Na, aW,Nb, bE, Wc, cS, Ed, dS, bc}. The
diamond graph can be traversed in two pos-
sible ways, N -S and W -E (see Chapter 19 in
[39]). These correspond to traversing the orig-
inal pair of vertices, {u, v} via arcs uv and vu,
respectively. To make the weight of the tour
consistent with the original graph:

• We set the weight of edges incident to W
to be the same as the weight of the cor-
responding original arcs entering vertex
v;

• The weight of edges incident to E are
taken to be the same as weight of arcs
leaving u;

• The weight of edges incident to N are
taken to be the same as weight of arcs
entering u;

• The weight of edges incident to S are
taken to be the same as weight of arcs
leaving v;

• Since arcs uv and vu have zero weight,
all edges inside the diamond graph have
their weight set to 0.

• The vertices a, b, c, d are not adjacent to
any vertices outside their copy of D8.

For more TSP applications, see, e.g., [40].

Methods

The methods to solve TSP can be divided
into two large classes: exact algorithms that
solve the problem or its special cases to opti-
mality and the algorithms that normally pro-
vide non-optimal tours. The members of the
second class are called TSP heuristics or TSP
approximation algorithms (the latter is often
used if there is some kind of approximation
guarantee). Exact algorithms are used when
we want to obtain an optimal tour. This may
not be possible as exact algorithms may well
require several hours or days of running time

even for instances of moderate size (for exam-
ple, the authors of [11] found out that no state-
of-the art exact algorithm could solve some
ATSP instances with 316 vertices within the
limit of 104 sec.). When running time is lim-
ited or the data of the instance is not exact,
one can use TSP heuristics. For discussion
of TSP software implementing both exact al-
gorithms and heuristics, see [30] and the site
www.or.deis.unibo.it/research.html.

Exact Algorithms. The brute-force method
of explicitly examining all possible TSP tours
is impractical even for moderately sized prob-
lem instances because there are (n−1)!

2
differ-

ent tours in Kn and (n − 1)! different tours in
K∗

n. The well-known dynamic programming
algorithm of Hell and Karp [19] reduces the
running time to O(n22n) only, but this time
complexity is still far too large to solve even
TSP instances of moderate size. On the other
hand, branch-and-bound, branch-and-cut and
other branching algorithms are proved to be
quite efficient in practice; branch-and-bound
algorithms will be discussed in this subsection.

While every STSP instance can be consid-
ered as an ATSP instance and, thus, solved
using ATSP algorithms, normally STSP-
specialized algorithms are used for STSP in-
stances as such algorithms are often more ef-
ficient that their ATSP counterparts (partially
because they exploit a more special structure
of STSP and partially because STSP algo-
rithms have received significantly more atten-
tion than their ATSP counterparts). More-
over, in many cases ATSP instances are trans-
formed into STSP instances and subsequently
solved using STSP algorithms. (This situation
may change in the future when advanced ATSP
solvers will have been developed.)

In this subsection, we will consider
two ATSP-to-STSP transformations and ba-
sic ideas behind STSP branch-and-bound al-
gorithms. We will not consider special
polynomial-time solvable cases of TSP; in-
stead we refer the reader to [5, 26] which are
excellent surveys on the topic.

The following are well-known ATSP-to-

4



STSP transformations:

The 2-node transformation: Replace every
vertex i of K∗

n by a pair i−, i+ of vertices
to form K2n. The weights of edges of
K2n are defined as follows: all weights
are equal to +∞ apart from w(i−, i+) =
0 and w(i+, j−) = w(i, j) + M for all
i 6= j ∈ [n], where w(i, j) is the weight
of arc ij in K∗

n and M is a sufficiently
large constant. The transformation value
nM has to be subtracted from the STSP
optimal weight to obtain the ATSP opti-
mal weight. The transformation was in-
troduced by Jonker and Volgenant [24].

The 3-node transformation: Replace every
vertex i of K∗

n by a triple i−, i0, i+

of vertices to form K3n. The weights
of edges of K3n are defined as fol-
lows: all weights are equal to +∞ apart
from w(i−, i0) = w(i0, i+) = 0 and
w(i+, j−) = w(i, j) for all i 6= j ∈ [n],
where w(i, j) is the weight of arc ij in
K∗

n. The transformation was introduced
by Karp [28].

Each transformation has its pros and cons,
see [11, 21].

Now we consider basic ideas behind TSP
branch-and-bound and branch-and-cut algo-
rithms using the Dantzig-Fulkerson-Johnson
formulation of STSP. The formulation allows
us to treat STSP as an integer programming
problem. If we drop (5), we will get a lin-
ear programming problem whose solution will
give us a lower bound to STSP. The linear pro-
gram is called the linear relaxation of STSP. A
branch-and-bound algorithm for STSP could
be as follows.

Step 1. A list L of problems to solve is initial-
ized by including into it the linear pro-
gram discussed above. This problem is
called the root problem.

Step 2. If L = ∅, then the best known fea-
sible solution (tour) is optimal. Other-
wise, choose a problem P and delete it
from the list.

Step 3. (a) Solve the linear relaxation of P . If
the solution is integral, return to Step 2
after eventually updating the best known
integral solution and the best known so-
lution value.

(b) If the value of the objective function
exceeds that of the best known feasible
solution, return to Step 2.

(c) Otherwise, using some linear in-
equality, partition the current problem
into two new problems which are added
to L. The union of the feasible (integral)
solutions to each of these two problems
contains all the feasible solutions of the
problem that has been partitioned. This
is commonly done by choosing a vari-
able with a current fractional value xij

and imposing xij ≥ 1 in one problem
and xij ≤ 0 in the other. Return to Step
2.

Due to computer memory limitations, the
branch-and-bound algorithm is appropriate for
an STSP formulation with a polynomial num-
ber of constraints, but this is not the case for
the Dantzig-Fulkerson-Johnson formulation of
STSP. Thus, we need to use a method that
allows to store only a small number of con-
straints at any given moment of time. One such
method is row generation. Using row gener-
ation, we replace Step 1 of the above algo-
rithm by the following: we initially solve the
problem consisting of (1), (2) and (4) obtain-
ing a solution x. Now we try to find a set
S ⊂ [n] such that

∑
i∈S

∑
j 6∈S xij < 2. To

do that we can use an efficient algorithm for
computing a minimum cut in a weighted undi-
rected graph applied to Kn with weight func-
tion x : E(Kn)→R (see, e.g., [7, 25]). If a
desired set S is found, we add the constraint to
the current linear program and solve it to find
a new vector x, and continue as above. If no
desired set S has been found, the problem is
solved.

Similarly, one can solve other problems
from the list L. In practice, we need to apply
a minimum cut algorithm very few times, see,
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e.g., [36]. The solution found in Step 1 usually
provides a good lower bound called the Held-
Karp bound in the literature.

STSP computational practice indicates that
while branch-and-bound algorithms are fairly
efficient in solving STSP, branch-and-cut algo-
rithms are normally much more efficient. For
an excellent overview of STSP branch-and-cut
algorithms, see [36].

TSP Heuristics. TSP heuristics can be
roughly partitioned into two classes: construc-
tion heuristics, and improvement heuristics.
Both classes and their performances in com-
putational experiments are discussed below.
More comprehensive overviews of TSP heuris-
tics can be found in [14], [21] and [22]. No-
tice that [21] and [22] discuss families of in-
stances on which many TSP heuristics have
been tested. Many new heuristics are now
tested using these families. This allows one
to compare new heuristics with many known
ones without too much effort.

We finalize the Heuristic subsection by a
brief discussion of approximation analysis of
TSP heuristics.

Construction Heuristics. Construction
heuristics build a tour from scratch and stop
when one is produced. The simplest and
most obvious construction heuristic is nearest
neighbor (NN): the tour starts at any vertex x
of the complete directed or undirected graph;
we repeat the following loop until all vertices
have been included in the tour: add to the tour
a vertex (among vertices not yet in the tour)
closest to the vertex last added to the tour. The
greedy algorithm is based on the observation
that a vertex-disjoint collection of paths in K∗

n

(Kn) can be extended to a tour in K∗
n (Kn). In

the ATSP greedy algorithm, we order all arcs
a1, a2, . . . , an(n−1) such that w(ai) ≤ w(ai+1)
for each i = 1, 2, . . . , n(n− 1)− 1, set C := ∅
and, in the i’th iteration, we check whether the
arcs of C and ai form a vertex-disjoint collec-
tion of paths or a tour, and if it is so, we add ai

to C.

Computational experiments in [21] indi-

cate that, in fact, on most real-world-like prob-
lem instances of ATSP, NN performs better
than the greedy algorithm; the greedy algo-
rithm fails completely on one family of in-
stances, where the average greedy-tour is more
than 2000 % above the optimum. Computa-
tional experiments for STSP in [22] show that
both the greedy algorithm and NN perform rel-
atively well on Euclidean instances and per-
form poorly for general STSP. The greedy al-
gorithm appears to perform better than NN for
STSP.

Vertex insertion (VI) is another type of TSP
construction heuristic. For ATSP, the inser-
tion algorithm begins with a cycle of length
2, and in each iteration, inserts a new vertex
into the cycle. For STSP, the algorithm be-
ings with a cycle of length 3. We describe
only the ATSP vertex insertion, but the STSP
algorithm is similar. Let C be a cycle in K∗

n,
and let v be a vertex not on C. For any arc
ab on cycle C, the insertion of vertex v at arc
ab is the operation of replacing arc ab with
the arcs av and vb. The resulting cycle is de-
noted C(a, v, b). Observe that the difference
between the wights of C(a, v, b) and C equals
w(a, v) + w(v, b)−w(a, b). The VI algorithm
always inserts a vertex v at arc ab of C for
which w(a, v) + w(v, b)− w(a, b) minimum.

Random vertex insertion (RVI), nearest
vertex insertion (NVI), and farthest vertex in-
sertion (FVI), which are defined below, are
three different versions of algorithm VI. Each
one of them is determined by how it chooses
vertex v to be inserted into the current cycle
C. Given a vertex v and a cycle C in K∗

n,
d(v, C) denotes the distance from v to C, that
is, d(v, C) = min{w(v, x) : x ∈ V (C)}.
The algorithm RVI chooses vertex v randomly.
The algorithm NVI chooses vertex v so that
its distance to cycle C is a minimum. That
is, d(v, C) = min{d(u,C) : u 6∈ V (C)}.
The algorithm FVI chooses vertex v so that its
distance to cycle C is a maximum. That is,
d(v, C) = max{d(u,C) : u 6∈ V (C)}.

The vertex insertion heuristics described
above perform quite well for Euclidean TSP
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(see [22]). Computational experiments with
RVI for ATSP in [13] show that RVI is good
only for instances close to Euclidean.

The following heuristic was initially sug-
gested, in a different form, for the Vehicle
Routing Problem by Clark and Write [9]. In
the savings heuristic, we choose one vertex,
say, n and compute new weights w′(i, j) =
w(i, j) − w(i, n) − w(n, j) for all i 6= j ∈
[n − 1]. Then the greedy algorithm is applied
for the new weights in Kn − n (K∗

n − n) un-
til all vertices (but n) are included in a path.
Then n is added to the path to form a tour. The
savings heuristic showed very good results for
STSP in the computational experiments dis-
cussed in [22], in which the heuristic clearly
outperformed the greedy algorithm, NN, RVI,
NVI, FVI and a large number other heuristics.
(The saving heuristic has not been tested for
ATSP in [21].)

The only heuristic, some versions of which
could successfully compete with the savings
heuristic in the experiments in [22], was the
well-known Christofides heuristic [8]. The
Christofides heuristic is designed only for
STSP and proceeds as follows: First we find
a minimum weight spanning tree T in Kn. Let
X be the vertices of odd degree in T . It is well-
known that |X| is even and, thus, the subgraph
G of Kn induced by X has a perfect matching.
We compute a minimum weight perfect match-
ing M in G. The edges of T and M for an
Euler graph H as all vertex degrees are even.
We find an Euler trail R of H and ‘short-cut’
it, i.e., delete all repetitions of the same vertex
in R. As a result, we obtain a tour. The way of
short-cutting is very important for getting good
quality tours [22].

According to [21] the best ATSP construc-
tion heuristics are based on finding a minimum
weight cycle factor (a vertex-disjoint collec-
tion of cycles covering all vertices of K∗

n) and
merging the cycles (the process often called
patching in the literature) to obtain a tour. The
operation of patching of two cycles C and Z
deletes an arc in each of the cycles and adds
an arc from C to Z and an arc from Z to C

such that we obtain a cycle containing all ver-
tices of C and Z. Often patching of cycles
C = i1i2 . . . isi1 and Z = j1j2 . . . jtj1 is done
optimally, i.e., we delete arcs ipip+1 and jqjq+1

such that the cycle

i1i2 . . . ipjq+1jq+2 . . . jtj1 . . . jqip+1ip+2 . . . isi1

is of minimum possible weight.

The following simple yet very successful
patching heuristic was introduced by Karp and
Steele [29]. In the Karp-Steele heuristic, we al-
ways choose a pair of cycles (in the current cy-
cle factor) with maximum number of vertices
and patch them optimally. The Karp-Steele
heuristic performs not so good when the mini-
mum weight cycle factor has many cycles with
just two vertices. In such cases, another patch-
ing heuristic, contract-or-patch (COP) gives
better results [21]. COP partitions the cycles
of the cycle factor into short and long cycles
(a short cycle has at most t vertices for some
fixed t). COP deletes the heaviest arc from
each short cycle and contracts each such path
using the operation of path-contraction defined
shortly. COP finds a minimum cost cycle fac-
tor in the new complete digraph and continues
as above until the current cycle factor has no
short cycles. In the last case, COP applies the
Karp-Steele heuristic, computes a tour and ‘ex-
tends’ it to a tour in K∗

n in the obvious way.
For a directed path P = x1x2 . . . xp in K∗

n,
the operation of path-contraction (see [3] for
the case of general weighted digraphs) con-
sists of replacing all vertices of P in K∗

n with
a single new vertex v and assigning weights
in the new digraph K∗

n−p+1 as follows: the
weight between vertices not including v is the
same as in K∗

n, the weight w(v, u) in K∗
n−p+1

equals w(xp, u) in K∗
n and the weight w(u, v)

in K∗
n−p+1 equals w(u, x1) in K∗

n for each u ∈
V (K∗

n)\V (P ). The contract-or-patch heuristic
was introduced by Glover et al. [13].

Improvement Heuristics. Improvement
heuristics start from a tour normally obtained
using a construction heuristic and iteratively
improve it by changing some parts of it at each
iteration. Improvement heuristics are typically
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much faster than the exact algorithms, yet of-
ten produce solutions very close to the optimal
one.

It appears that currently the best improve-
ment heuristics are based on local search, on
genetic algorithm approach, or on a mixture of
the two, which is often called memetic algo-
rithms. The most developed TSP improvement
algorithms are local search algorithms that use
edge exchange, in which a tour is improved by
replacing k its edges with k edges not in the
solution. For STSP, the 2-opt algorithm starts
from an initial tour T and tries to improve T
by replacing two of its non-adjacent edges with
two other edges to form another tour. Once an
improvement is obtained, it becomes the new
T . The procedure is repeated as long as an im-
provement is possible (or a time limit is ex-
ceeded). For k ≥ 3, the k-opt algorithm is the
same as 2-opt except that k edges are replaced
at each iteration.

The best local search algorithms use a vari-
able k-Opt search called the Lin-Kernighan
local search, where at each iteration the ac-
tual value of k varies depending on which
value of k gives the best improvement, for
details see, e.g., [43]. Although the Lin-
Kernighan local search can be applied only
to STSP, ATSP can be transformed into STSP
(see above). However, there is an approach,
the ejection chain methods, which include the
Lin-Kernighan search, that are applicable to
ATSP. Recently, Rego et al. [44] developed a
new ejection chain method, the doubly-rooted
Stem-and-Cycle method that can be directly
applied to ATSP. Computational experiments
in [44] clearly demonstrated high efficiency of
the new method. One interesting aspect of the
method indicated in [44] is the fact that the
method allows one to construct tours, in poly-
nomial time, that are better than an exponential
number of other tours.

The main problem with any kind of local
search is that no further improvement is possi-
ble once we have found a local optimum. To
get around this problem, one can restart the lo-
cal search from another tour and repeat this

many times. In the end, the best of all found
tours gives us a solution. In practice, two ways
to obtain restarting tours have been used. In
the first (called iterated local search), a restart-
ing tour is produced by a construction heuris-
tic as before. In the second (chained local
search), a kind of perturbation is applied to the
current or previous local optimum to obtain a
restarting tour. It seems Baum [6] was the first
to introduce chained local search; this method
proved to be significantly better than the iter-
ated local search for large instances of STSP
(see, e.g., Johnson and McGeoch [22]).

Genetic algorithms operate with a large
number of tours at any given time. They pro-
duce the initial population of tours and con-
secutively several other populations such that
the best tour in the previous population is not
worse than the best tour in the current pop-
ulation. Genetic operators that change tours
include mutations (a mutation makes small
changes to a single tour) and crossovers. A
crossover selects two tours and produces a new
tour from them. It appears that the currently
most efficient crossovers are variations of the
edge assembly crossover (EAX) introduced by
Nagata and Kobayashi [35]. In EAX, we iden-
tify a set A of edges from the first tour and a
set B of edges from the second tour such that
A ∪ B forms a collection of alternating cycles
(i.e., cycles in which edges alternate between
the first and second tours) and replace all edges
from A by the edges of B resulting in a cycle
factor. Then an operation of patching is ap-
plied to the cycle factor. Recently, Nagata [34]
reported on very impressive results for large
instances of STSP achieved by a genetic algo-
rithm using a new version of EAX and no local
search.

Worst Case Analysis of Heuristics. While
computational experiments are important in
the evaluation of heuristics, they cannot cover
all possible families of instances of TSP and,
in particular, they normally do not cover the
most difficult instances. Moreover, certain ap-
plications may produce families of instances
that are much harder than those normally used
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in computational experiments. For example,
such instances can arise when the Generalized
TSP is transformed into TSP. Thus, theoreti-
cal analysis of the worst possible cases is also
important in evaluating and comparing TSP
heuristics. One way to analyze worst cases of
heuristics is Domination Analysis, see its entry
in this book.

We provide only a brief overview of the
second approach to the worst case analysis
of heuristics, Approximation Analysis. For
the STSP with triangle inequality (i.e., wij +
wjk ≥ wik for all vertices i, j, k), the best
known approximation is 3/2 provided by the
Christofides algorithm discussed earlier. The
performance guarantee 3/2 means that a tour
produced by the heuristic has weight which
is at most 50% larger than that of an opti-
mal tour. For the Euclidean TSP, we can ob-
tain much better approximation as we saw ear-
lier. For ATSP with triangle inequality, no al-
gorithm with constant approximation guaran-
tee is known. The best approximation ratio
so far was obtained by Kaplan et al. [27]:
0.841 · log n. Recently, Blaeser et al. [4]
obtained a constant approximation guarantee
when a strengthen triangle inequality holds:
for some γ ∈ [1/2, 1) we have γ ·(wij+wjk) ≥
wik for all vertices i, j, k. The authors of [4]
proved that their algorithm always produces a
tour at most 1+γ

2−γ−γ3 times longer than an opti-
mal one.

We saw above that, if no triangle inequality
is imposed, there is no polynomial-time TSP
algorithm with constant approximation guar-
antee (unless P=NP). We can overcome the
inapproximability, by using another measure
of performance guarantee. One such mea-
sure was defined by Zemel [46] who provided
some mathematical arguments to show that
his measure is better, in some sense, than the
traditional performance (approximation) ratio.
Let A be a heuristic for TSP and I a prob-
lem instance. Then wmin(I), wmax(I), wA(I)
denote the weights, respectively, of an op-
timal tour, a heaviest tour, and a tour pro-
duced by A for instance I . The Zemel mea-

sure of A, denoted ρz(A), is the supremum of
(wA(I)−wmin(I))/(wmax(I)−wmin(I)), taken
over all TSP instances I for which wmax(I) 6=
wmin(I). The following theorem was proved
by Hassin and Khuller [18].

Theorem 5. There is a polynomial-time
heuristicA for ATSP with ρz(A) ≤ 1

2
, and one

for STSP with ρz(A) ≤ 1
3
.

See also: Approximation Algorithms for
Combinatorial Optimization, Domination
Analysis in Combinatorial Optimization,
Heuristic and Metaheurestic Algorithms for
the Traveling Salesman Problem.
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