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Abstract

An intensive practical experimentation is certainly required for the purpose of heuristics
design and evaluation, however a theoretical approach is also important in this area of
research. This paper gives a brief description of a selection of theoretical tools that can be
used for designing and analyzing various heuristics. For design and evaluation, we consider
several examples of preprocessing procedures and probabilistic instance analysis methods.
We also discuss some attempts at the theoretical explanation of successes and failures of
certain heuristics.

1 Introduction

While optimization heuristics do not offer any performance guarantees in general, in
practice they often produce better solutions than approximation and other algorithms.
However, many heuristic methods lack theoretical foundations and rely essentially on
computational experiments which often cannot explain good and bad behavior of
heuristics. Many researchers designing and analyzing optimization heuristics realize
that development of theoretical foundations of heuristics is very important and it is
the greatest challenge of future research of heuristics. In this relatively short paper
we give brief descriptions of some theory that can be used for designing and analyzing
various heuristics. We also provide some links for further reading on the topics we
discuss.

Certainly, we do not cover all useful theory and the choices of the topics reflect,
at least partially, our personal research interests. However, our sample of topics
covers various aspects of theory and includes several recent developments not widely
known yet. Thus, we believe that this short overview contains information that
is of interest to many researchers developing and analyzing heuristics for various
optimization problems.

Section 2 is devoted to preprocessing, which is extremely important in developing
very efficient heuristics. Preprocessing allows us to significantly speed up optimiza-
tion heuristics and sometimes transform virtually unsolvable instances of optimization
problems into instances that can be solved in a short period of time. We describe
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some successful examples of preprocessing and provide a short introduction into ker-
nelization, which is a more systematic way of developing preprocessing algorithms for
some optimization problems.

In Section 3, we discuss probabilistic analysis of testbeds for computational exper-
iments. Probabilistic approach sometimes allows us to provide a good estimate for the
optimal solution when all other approaches fail. Section 3 includes very recent results
on multidimensional assignment problem and better known results on the traveling
salesman problem.

In Section 4, we provide a theoretical explanation of why certain greedy heuristics
often obtain poor quality solutions. Our explanation is based on domination analysis,
which is a recent alternative and complement to approximation analysis.

Local search is an important part of memetic algorithms, see, e.g., [38, 39, 45].
Section 5 is devoted to Very Large Neighborhood Local Search (VLNLS), a local
search approach whose origins can be traced to 1980s (or even earlier in a wider
interpretation), but who was mainly investigated in the last decade. We show that
domination analysis offers a good explanation of why some VLNLS heuristics are
inferior to well-known local search heuristics based on small neighborhoods.

While designing and analyzing heuristics, two or more sections of this paper may
be useful. However, the sections are mainly independent and can be read separately.

2 Preprocessing

Different preprocessing procedures are often used for hard problems to reduce the
computation time. There are examples of such approaches in integer and linear pro-
gramming (e.g., [34, 47]) as well as for the Vehicle Routing Problem [41]. In some
cases preprocessing plays the key role in an algorithm (e.g., [17]). Next we show some
examples, that we find particularly interesting, of efficient preprocessing procedures
for several problems.

2.1 Preprocessing in Linear Programming

One of the most striking success stories of preprocessing is the one of CPLEX simplex
algorithms for linear programming (LP). In Example 3 of [7] Bixby considers a very
large LP problem that can be solved by a CPLEX LP solver in half an hour after
preprocessing, but cannot be solved after 4 hours without preprocessing. Preprocess-
ing for LP problems combines various approaches, and one of the most useful of them
is exploitation of network structures. In the rest of this subsection, we describe a
preprocessing method for LP problems close to networks (which is often the case for
real-world LP problems) introduced in [23]. Gulpinar, Gutin, Mitra and Zverovitch
[23] showed the efficiency of the method in computational experiments.
We consider an LP problem in the standard form stated as

Minimize {p?x; subject to Az = b, x > 0}.

LP problems have a number of equivalent, in a sense, forms that can be obtained from
each other by various operations. Often scaling operations, that is multiplications of
rows and columns of the matrix A of constraints by non-zero constants, are applied
such that A contains a large number of entries equal 0, +1 or —1.

A matrix B is a network (matriz) if B is a (0, £1)-matriz (that is, entries of B
belong to the set {1,0,—1}) and every column of B has at most one entry equal to 1
and at most one entry equal to —1. The operation of reflection of a row of a matrix B



2 Preprocessing 3

changes the signs of all non-zero entries of this row. A matrix B is a reflected network
(matriz) if there is a sequence of row reflections that transforms B into a network
matrix. The problem of detecting a maximum embedded reflected network (DMERN)
is to find the maximum number of rows that form a submatrix B of A such that B
is a reflected network. This number is denoted by v(A). The DMERN problem is
known to be NP-hard [4] and Gulpinar et al. [23] designed a heuristic that solves the
DMERN problem to optimality when A is a reflected network. In what follows we
assume that A is a (0, £1)-matrix as we can delete all rows of A containing entries
other than 0, +1 or —1 without any effect on the solution of the DMERN problem.

The heuristic uses the notion of a signed graph, i.e., a graph G in which each edge
has sign 4+ or —. For a signed graph GG, G~ denotes the subgraph of G whose vertices
are the same as in G and whose edges are the negative edges in G. For a non-empty
subset W of the vertex set V(G) of graph G, the W-switch of G is the signed graph
G" obtained from G by changing the signs of the edges between W and V(G) \ W.
For a (0,%1)-matrix A = [a;;] with n rows, we construct a signed graph G(A) as
follows: the vertex set of G(A) is {1,2,...,n}; G(A) has a positive (negative) edge
ij if and only if a;; = —aji # 0 (a = a;i # 0) for some k. The graph G(A) may
have parallel edges of opposite signs. A set I of vertices of a graph H is independent
if no pair of vertices in I are adjacent; a(H) denotes the cardinality of a maximum
independent set of vertices in H, the independence number of H.

The following is the main result of [23]. This theorem allows us to consider signed
graphs rather than matrices.

Theorem 1. For a (0,+1)-matriz A, we have v(A) = max{a((GV)™): W CV}.

We say that a graph H is a network graph if there is a reflected network matrix
B such that H = G(B).

Lemma 2. FEvery signed tree T is a network graph.

Proof. We prove the lemma by induction on the number of edges in T. The lemma
is true when the number of edges is one. Let x be a vertex of T' of degree one. By
the induction hypothesis, there is a set W C V(T) \ {z} such that u((T —z)") = 0.
In T the edge e incident to z is positive or negative. In the first case, let W/ = W
and the second case, let W’ = W U {z}. Then, u(T"") = 0. O

Now we will describe the heuristic of [23]. Gulpinar et al. [23] proved that this
heuristic finds the optimal solution when A is a reflected network matrix.

1. Construct the signed graph G = G(A).
2. Find a spanning forest 7" in G.

3. Using a recursive algorithm based on the proof of Lemma 2, compute W C V
such that (T")~ = 0.

4. Using some algorithm, find a maximal independent set I in the graph (G")~.

The vertices of I correspond to rows of A that form a reflected network matrix.

2.2 Preprocessing for the Generalized Traveling Salesman
Problem

The Generalized Traveling Salesman Problem (GTSP) is defined as follows. We are
given a weighted complete undirected graph G on N vertices and a partition V' =
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V1UVLU. ..UV, of its vertices; the subsets V; are called clusters. The objective is to
find a minimum weight cycle containing exactly one vertex from each cluster. Here
we present a problem reduction algorithm that deletes redundant vertices and edges,
preserving the value of the optimal solution. The algorithm’s running time is O(N?)
in the worst case, but it is significantly faster in practice. In our experiments the
problem size was reduced by 15-20% on average and this has decreased the solution
time by approximately 45% for each of the three solvers considered [28].

The weight of an edge xy of G is denoted by dist(x,y) and is often called the
distance between x and y. The expression cluster(z) denotes cluster that contains
the vertex x.

Definition 3. Let C be a cluster, |C| > 1. We say that a vertex r € C is redundant
if, for each pair x,y of vertices from distinct clusters different from C, there exists
s € C\ {r} such that dist(x,s) + dist(s,y) < dist(z,r) + dist(r,y).

Testing this condition for every vertex takes approximately O(N 3 m) operations,
where |V is the average cluster size. In some cases it is possible to reduce significantly
the preprocessing time.

Let us fix some vertex r € C. For every s € C and every x ¢ C calculate the value
AD® = dist(z, ) —dist(z, s). Observe that a vertex r is redundant if there is no pair of
vertices z,y ¢ C from different clusters such that A}* +Ap® < 0 for every s, i.e., ris
redundant if for every z,y ¢ C, cluster(z) # cluster(y), there exists s € C'\ {r} such
that AJ* + A} > 0. That is due to AL® + Ap® = dist(w, r) — dist(z, s) + dist(y,7) —
dist(y, s) = dist(z, r) + dist(r,y) — (dist(z, s) + dist(s,y)).

There is a way to accelerate the algorithm. If

minmax A% + min max A7° < 0

z¢Z seC zeZ seC
for some cluster Z, then r cannot be reduced immediately. We can use an equivalent
condition:

min  max A® + min max A7° <0

zer<i V; seC zeV; seC

This condition can be tested during the A values calculation by accumulating the
value of minwEUKi v, maxsec Ap°.

Removing a redundant vertex may cause a previously irredundant vertex to be-
come redundant. Thus it is useful to check redundancy of vertices in cyclic order until
we see that, in the last cycle, no vertices are found to be redundant. However, in the
worst case, that would lead to the total number of the redundancy tests to be ©(N?).
Our computational experience has shown that almost all redundant vertices will be
found even if we restrict ourselves to testing each vertex of GTSP at most twice.

Definition 4. Let u, v be a pair of vertices from distinct clusters U and C' respectively.
Then the edge uv is redundant if for each vertex x € V\(UUC) there exists v’ € C\{v}
such that dist(u,v’) + dist(v', x) < dist(u,v) + dist(v, ).

An algorithm we introduce for edge reduction is as follows. Given a vertex v € C,
|C| > 1, we detect redundant edges incident with v using the following procedure:

1. Select an arbitrary vertex v’ € C'\ {v}.

2. Set P, = Av"" for each vertex z € V' \ C.
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3. Sort array P in non-decreasing order.
4. For each cluster U # C' and for each vertex v € U do the following:

(a) 6 = ALY

(b) For each item A%Y" of the array P such that A% 4+ § < 0 check the
following: if z ¢ U and A%Y + AVY < 0 for every v' € C'\ {v,v"}, the
edge uv is not redundant, continue with the next u.

(¢) Edge uv is redundant, set dist(u,v) = co.

The procedure is executed exactly one time for every vertex v such that |cluster(v)| >
1. The whole edge reduction procedure takes O(N3) operations. The proof of the
algorithm can be found in [28].

2.3 Kernelization

While the preprocessing methods and approaches described above are of heuristic
nature and largely problem specific, there is a fast growing area of research where
preprocessing is being developed in a solid theoretical framework. The area is Fized-
Parameter Algorithmics (FPA) and preprocessing there is called kernelization. Below
we give a very brief introduction to FPA and kernelization; for detailed accounts of
the area, see the monographs [13, 16, 42].

FPA is a relatively new approach for dealing with intractable computational prob-
lems. In the framework of FPA we introduce a parameter k, which is often a positive
integer (but may be a vector, graph, or any other object for some problems) such
that the problem at hand can be solved in time O(f(k)n®), where n is the size of the
problem instance, ¢ is a constant not dependent on n or k, and f(k) is an arbitrary
computable function not dependent on n. The ultimate goal is to obtain f(k) and ¢
such that for small or even moderate values of k£ the problem under consideration can
be completely solved in a reasonable amount of time.

As an example, consider the Vertex Cover problem (VC): given an undirected
graph G (with n vertices and m edges), find a minimum number of vertices such that
every edge is incident to at least one of these vertices. In the (naturally) parameterized
version of VC, k-VC, given a graph G, we are to check whether G has a vertex cover
with at most k vertices. k-VC admits an algorithm of running time O(1.2738% + kn)
obtained in [11] that allows us to solve VC with k up to several hundreds. Without
using FPA, we would be likely to end up with the obvious algorithm of complexity
O(mnF). The last algorithm is far too slow even for small values of k such as k = 10.

Parameterized problems that admit algorithms of complexity O(f(k)n¢) are called
fized-parameter tractable (FPT). Notice that not every parameterized problem is
FPT, but there are many problems that are FPT. A parameterized problem is FPT
if and only if it admits kernelization, which is defined as follows. For a parameterized
decision problem II given by pairs (I, k), where I is an instance of II and k is the
parameter, a kernelization is a polynomial time (in the size of I and k) reduction
(I,k) — (I',K') such that I is a Yes-instance if and only if I’ is a Yes-instance, the
size of I is bounded (from above) by a function g(k) depending on k only and k" < k.
The instances (I’, k') comprise a kernel of II of size g(k).

Let us return to k-VC and consider the following kernelization rules. We start
from the empty vertex cover C.

1. If G has an isolated vertex, remove it from G.
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2. If G has a vertex z of degree 1, then add to C' the neighbor y of x and delete y
from G. Decrease k by 1.

3. If G has a vertex z of degree at least k + 1, add z to C' and delete z from G.
Decrease k by 1.

Rule 1 is obvious as no isolated vertex need to be in the vertex cover. Rule 2 is
justified since a vertex of degree 1 in a vertex cover can be replaced by its neighbor
and Rule 3 is justified since if a vertex z of degree at least k41 is not in a vertex cover,
the vertex cover must have at least k + 1 vertices as it must contain all neighbors of
z. Kernelization for k-VC, that uses the three rules as long as at least one of them
is applicable, gives us a new graph G’ and a new parameter k¥’ equal to the current
value of k. Since the degree of every vertex in G’ is at most k, each vertex of G’ can
cover at most k edges of G’. Thus, for G to be a Yes-instance of k-VC, G’ must have
at most k2 edges.

Research on kernelizations has already produced several important methods and
approaches of kernelization of parameterized problems that allow one to produce small
kernels for some problems (for k-VC there are reductions to kernels with at most 2k
vertices). For more information, see the FPA monographs [13, 16, 42] and a survey
paper [24].

Kernelizations are of interest when we know in advance that the parameter k is
small relatively to the size of the problem instance and if the kernels are polynomial
or moderately exponential function. Polynomial-size kernels are of special interest,
but many FPT parameterized problem are very unlikely to have such kernels, see a
recent paper [8], where the authors provide a widely applicable condition for an FPT
parameterized problem not to have polynomial-size kernel (unless coNPCNP /poly,
which is extremely unlikely).

3 Probabilistic Analysis of Testbeds

For the purpose of a heuristic evaluation it is important to know the optimal solution
of a given instance. However, it is often impossible to find the optimal solutions of
the instances used in computational experiments in a reasonable time. Instead of that
one can use a probabilistic estimation of the average optimal solution for an instance
family.

Probabilistic analysis of instances of various optimization problems has been car-
ried out by several authors, see, e.g., the monographs [2, 9]. In this section we
demonstrate some approaches for the average optimal solution estimation for two
combinatorial problems: the Multidimensional Assignment Problem and the Travel-
ling Salesman Problem.

3.1 Multidimensional Assignment Problem

The Multidimensional Assignment Problem (MAP) (abbreviated s-AP in the case of
s dimensions) is an extension of a well-known Assignment Problem (AP) which is
exactly the two dimensional case of MAP. While AP can be solved in a polynomial
time [40], s-AP for every s > 2 is NP-hard [19]. For a fixed s > 2, the s-AP is stated
as follows. Let X3 = Xo = ... = X, = {1,2,...,n}. We will consider only vectors
that belong to the Cartesian product X = X7 x Xs x ... x X,. Each vector e € X is
assigned a non-negative weight w(e). For a vector e € X, the component e; denotes
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its jth coordinate, i.e., e; € X;. A collection A of ¢ < n vectors el,e?,... e’ is a

(feasible) partial assignment if ez- + ef holds for each i # k and j € {1,2,...,s}.
The weight of a partial assignment A is w(A) = S.'_, w(e’). An assignment (or full
assignment) is a partial assignment with n vectors. The objective of s-AP is to find
an assignment of minimum weight.

We will sometimes use the notation x-assignment for an assignment of weight x.

One of the most used instance families for MAP is a Random Instance Family
(see [29] and references therein). In Random instances, the weight assigned to a
vector is an independent random uniformly distributed integer value in the interval
[a,b—1].

It is possible to estimate the average solution value for the Random Instance Fam-
ily. In fact, we prove that it is very likely that every large enough Random instance
has an an-assignment, i.e., a minimal possible assignment (note that a minimal as-
signment includes n vectors of weight a).

Let a be the number of assignments of weight na and let ¢ = b — a. We would
like to have an upper bound on the probability Pr(c = 0). Such an upper bound is
given in the following theorem whose proof in [29] is based on the Extended Jansen
Inequality given in Theorem 8.1.2 of [2].

Theorem 5. For values of n such that n > 3 and

n—1\""" 1
26'2"717 (1)

(&

1 n—2 (Z)Ck
we have Pr(a =0) < e~ 27, where 0 = kZ::I D (e T

Proof. Let [n] = {1,2,...,n}. Let t be the number of all feasible assignments and let
A be an arbitrary assignment consisting of vectors el,e?, ..., e such that e} =i for
each i € [n]. There are n! possibilities to choose the jth coordinate of all vectors in
A for each j =2,3,...,n and, thus, t = (n!)*~%.

Let R be the set of vectors in X of weight a and let {41, Ag, ..., A} be the set of
all assignments. Let B; be the event {A; C R} for each i € [n]. Let u=>.'_, Pr(B;)
and A =37, Pr(B; N Bj), where i ~ j if i # j and A; N A; # () and the sum for A
is taken over all ordered pairs (B;, B;) with ¢ ~ j.

By the Extended Jansen Inequality,

LZ
Pr(a =0) <e 2a (2)
provided A > u. We will compute p and estimate A to apply (2) and to show A > p.

It is easy to see that u = Cin
Now we will estimate A. Let A;NA; = K, k= |K| and ¢ # j. Thus, we have

1/ 1\ 1
PI‘(BzﬂBJ) = PI‘(K - R)PI‘(A,\K - R)PI‘(AJ\K - R) = 07 (Cn_k> = ch—k'
Let (f1,f%,...,f") be an assignment with fi = i for every i € [n] and consider

the following two sets of assignments. Let

P(k) = {(e',e?,....e") : Vi [n] (¢} =4) and Vj € [K] (¢/ = f7)}
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and let Q(n—k) = {(el,e?,...,e") : Vi € [n] (e} =i) and Vj € [n—k] (ek+j17é Jiazh)
Let h(n,k) = |P(k) N Q(n — k)|. Clearly, h(n,k) < |P(k)| = ((n —k)!)" . Observe
that

h(n, k) = [P(k)| = (n = k)|P(k + 1)| = L(n, k, 5),

where L(n, k,s) = ((n — k)!)s_l (n—k) (n—k-1))""". !
Let g(n,k) be the number of ordered pairs (A“AJ) buch that \A ﬂ Al =k
Observe that g(n,k) = t- (}) - h(n, k) and, thus, ¢ - (}) - L(n, k,s) ( k) <

() (=R

n—2 n—2
Observe that A= 5> > Pr(B;NB;)= Y g(n,k)-c*2". Thus,
k=1 |A;NA =k k=1

Tn_ z_: ( ) Ln,k,s) <A< (”g;_l g (Z) RN (5 ]) R &)

k=1

Now Pr(a = 0) < e~ 2+ follows from (2) by substituting y with ) " and A with
its upper bound in (3). It remains to prove that A > u. Since n 2 3 L(n,1,8) >
. 571
3((n— 1)!)6 " By the lower bound for A in (3), we have A > (ZZ,?L,I - L(n,1,k).
Therefore, % > % Now using the inequality (n — 1)! > , we
conclude that % > 1 provided (1) holds. O

The proof is provided here since this technique can be used for obtaining similar
results for some problems.

(222

Useful results can also be obtained from (11) in [22] that is an upper bound
for the average optimal solution. Grundel, Oliveira and Pardalos [22] consider the
same instance family except the weights of the vectors are real numbers uniformly
distributed in the interval [a,b]. However the results from [22] can be extended to
our discrete case. Let w’(e) be a real weight of the vector e in a continuous instance.
Consider a discrete instance with w(e) = |w'(e)] (if w'(e) = b, set w(e) = b—1). Note
that the weight w(e) is a uniformly distributed integer in the interval [a,b — 1]. The
optimal assignment weight of this instance is not larger than the optimal assignment
weight of the continuous instance and, thus, the upper bound for the average optimal
solution for the discrete case is correct.

In fact, the upper bound z; (see [22]) for the average optimal solution is not really
accurate. For example, z ~ an + 6.9 for s = 3, n = 100 and b — ¢ = 100, and
Zy = an + 3.6 for s = 3, n = 200 and b — a = 100. It gives a better approximation
for larger values of s, e.g., Z ~ an + 1.0 for s = 4, n = 40 and b — a = 100, but
Theorem 5 provides stronger results (Pr(a > 0) ~ 1.000 in the latter case).

The following table taken from [29] gives the probabilities for Pr(« > 0) for various
values of s and n. The table was used in [29] to show that the optimal solutions of all
the considered s-AP instances for s > 4 are almost surely to be the minimal possible
solutions.
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s=4 s$=09 s=6 s=17
n Pr(a>0) n Pr(a>0) n Pr(a>0) n Pr(a>0)
15 0.575 10 0.991 8 1.000 7 1.000
20 0.823 11 0.998
25 0.943 12 1.000
30 0.986
35 0.997
40 1.000

3.2 Travelling Salesman Problem

The Asymmetric Traveling Salesman Problem (ATSP) is the problem of computing
a minimum weight tour (Hamilton directed cycle) passing through every vertex in
a weighted complete digraph K on n vertices. The Symmetric TSP (STSP) is the
same problem but on a weighted complete undirected graph K,,. When a certain fact
holds for both ATSP and STSP, we will simply speak of T'SP. We often assume that
the vertices of K and K,, are 1,2,...,n and refer to the weight w(ij) of an edge of
K (or K,,) as the distance from i to j.

A widely used special case of TSP is Euclidean TSP, i.e., TSP with the Euclidean
distance. Random Euclidean TSP instances of large sizes are often used in literature
and, thus, an estimation of the optimal solution of such instances is of our interest.

Let V"™ = {vy,va,...,u,} be a set of independent random variables uniformly
distributed in [0, 1]¢, where d > 2. We define Random Euclidean TSP Instance as a
TSP instance on a graph with a vertex set V and Euclidean distance function. Let
T (V™) be the weight of a shortest Hamiltonian cycle through every vertex in V™.

The following result has been first proved by Beardwood, Halton, and Hammers-
ley [5]:

Theorem 6. For all d =2,3,... there exists a finite positive constant 3(d) such that

. TV
Jm e =6 ()

with probability one.

It appears [21] that the value of §(2) is approximately 0.7124 £ 0.0002, so one
can use the following estimation for the two-dimensional case: T(V™) = 0.7124/n.
However, the estimation of the expected solution convergences quite slow and it yields
a better result just to add 0.7% to the Held-Karp lower bound [36]. According to [37],
the expected value of the Held-Karp lower bound for the Random Euclidean Instance
can be approximated with the following empirical formula:

V- (0.70805 + 0.52229n %5 4+ 1.31772n~ " — 3.07474n" %) .

4 Why Some Greedy Type Heuristics Fail

The aim of this section is to warn the reader that not always a greedy like approach is
a good option and, in certain cases, it is a very bad option being sometimes among the
worst possible options. Our message is not a discouragement from using greedy like
algorithms altogether; we believe that for every combinatorial optimization problem
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of importance, researchers and practitioners should simply investigate the appropri-
ateness of greedy like algorithms and the existence of better alternatives to them
(considering both quality of solution and running time). In many cases, especially
when the running time must be very short, the conclusion may still be that the most
practical of known approaches is a greedy like algorithm.

There are some general theoretical results that indicate that there are, in fact,
many combinatorial optimization problems for which greedy like algorithms are not
the best option even among fast construction heuristics, see, e.g., [3, 6, 32]. We will
not consider these general results in order to avoid most mathematical details that
are not necessary for understanding the results of this section, but we will show how
they can be applied to two combinatorial problems, TSP and MAP, for which greedy
like approaches are usually not very successful.

It is not a trivial question whether a certain algorithm is greedy like or not. Next
we define an independence system and give the classic definition of the greedy algo-
rithm for such a system. We extend this definition to so-called greedy type algorithms
that include such well-known algorithms as the Prim’s algorithm for the minimum
spanning tree problem and the nearest neighbor algorithm for the traveling salesman
problem. We use the term ‘greedy like’ in an informal way and we include in this
class simple and fast construction heuristics that seem to be of greedy nature. Unfor-
tunately, no formal definition exists for the wide family of greedy like algorithms and
one can understand the difficulty to formally classify such algorithms by, for example,
considering local search algorithms which find the best solution in each neighborhood
they search. Intuitively, it is clear that such local search algorithms are not greedy
yet their every search is greedy in a sense.

Let P be a combinatorial optimization problem and let H be a heuristic for P.
The domination number domn(H,Z) of H for an instance Z of P is the number of
solutions of Z that are not better than the solution s produced by H including s
itself. For example, consider an instance 7 of the ATSP on 4 vertices depicted in
Fig. 1. The weights of tours in 7 are 13,14,17,17,20,21. Suppose that the greedy
algorithm computes a tour T of weight 17. Then domn(greedy,7) = 4. In general, if
domn(H,Z) equals the number of solutions in Z, then H finds an optimal solution for
Z. If domn(H,Z) = 1, then the solution found by H for Z is the unique worst possible
one. The domination number domn(H,n) of H is the minimum of domn(H,Z) over
all instances Z of size n.

Notice that the domination number depends only on the ranking of solutions rather
than the actual values of solutions.

For a formal definition of a greedy or a greedy type algorithms we should introduce
the following. An independence system is a pair consisting of a finite set E and a family
F of subsets (called independent sets) of E such that (I1) and (I2) are satisfied:

(I1) The empty set is in F;
(I2) If X € F and Y is a subset of X, then Y € F.

All maximal sets of F are called bases (or, feasible solutions).

Many combinatorial optimization problems can be formulated as follows. We are
given an independence system (E,F), a set W C Z, and a weight function w that
assigns a weight w(e) € W to every element of E (Z, is the set of non-negative
integers). The weight w(S) of S € F is defined as the sum of the weights of the
elements of S. It is required to find a base B € F of minimum weight. We will
consider only such problems and call them the (E, F, W)-optimization problems.
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Fig. 1: An example of four vertex ATSP instance 7. There are six possible tours of
the following weights in 7: 13, 14, 17, 17, 20, 21. Starting from a, greedy
finds the tour abeda of weight 17. Thus, domn(greedy, 7 ) = 4.

TSP is an (E,F,Z,)-optimization problem, where E is the set of arcs of the
complete digraph K* and F = {B C H : H € H}, where H is the set of Hamilton
directed cycles of K. MAP is also an (F,F,Z.)-optimization problem, where E is
the set of all vectors and F is the set of all partial assignments.

If S € F, then let I(S) ={z: SU{x} € F}\S. This means that I(.S) consists of
those elements from F'\ S, which can be added to S, in order to have an independent
set of size |S| + 1. Note that by (I2) I(S) # @ for every independent set S which is
not a base.

The Greedy Algorithm tries to construct a minimum weight base as follows: it
starts from an empty set X, and at every step it takes the current set X and adds to
it a minimum weight element e € I(X), the algorithm stops when a base is built. We
assume that the greedy algorithm may choose any element among equally weighted
elements in 7(X). Thus, when we say that the greedy algorithm may construct a base
B, we mean that B is built provided the appropriate choices between elements of the
same weight are made.

A greedy type algorithm H, introduced in [30] is similar to the greedy algorithm:
start with the partial solution X = @); and then repeatedly add to X an element of
minimum weight in I((X) (ties are broken arbitrarily) until X is a base of F, where
Iy (X) is a subset of I(X) that does not depend on the cost function ¢, but only on
the independence system (E,F) and the set X. Moreover, I(X) is non-empty if
I(X) # 0, a condition that guarantees that H always outputs a base.

An example of a greedy type algorithm for TSP is the Nearest Neighbor algorithm:
start from an arbitrary vertex i; and go to a vertex io # i; with shortest distance
from 41; when in a vertex ix, kK < n, go to a vertex ;41 with shortest distance from iy
among vertices not in the set {i1,a,...,9—1}. An example of a greedy type algorithm
for MAP is the First Coordinate Fixing algorithm: at the ith iteration, i = 1,2,...,n,
choose a vector e’ of minimum weight such that ei =i and {e!,e?, ... e’} is a partial
assignment.

Theorem 7. It is true for TSP with n > 3 and for MAP with s > 2 and n > 1
that for every greedy type algorithm there exists at least one instance such that the
algorithm finds the unique worst possible solution.

The proofs of this theorem for TSP [6] and for MAP [27] are not constructive and
use the main result of [6].
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Since greedy algorithm is always a greedy type algorithm (in the case I'y(X) =
I(X)), the domination number of any greedy or greedy type algorithm for TSP or
MAP is 1.

Consider a greedy-like heuristic maz-regret-fc first introduced by Ghosh et al. [20].
While the solution is not complete, choose i such that the value w(ik) — w(ij) (called
regret) is maximized, where the arcs ik and ij, w(ik) > w(ij), are the lightest arcs
among all the arcs from the vertex ¢ that can be add to the current solution, and add
the arc ij to the solution. A similar heuristic maz-regret chooses the maximal regret
not only among w(ik) —w(ij) but also among w(ki) —w(ji). It is true the domination
numbers of both max-regret and max-regret-fc are 1. A very similar heuristics can be
formulated for MAP, and the domination numbers of these heuristics still will be 1.

At this stage the reader may ask the following natural question: ‘Perhaps, it is
true that every TSP or MAP heuristic has the domination number equal 17" The
answer is negative. In fact, there are many TSP and MAP heuristics (see, e.g., [26,
29, 31, 44]) with larger domination numbers. Here is an incomplete list of TSP
heuristics with exponential (at least ©((n — 2)!)) domination number: several vertex
insertion heuristics, k-Opt local search (k > 2 for STSP and k > 3 for ATSP) and
Lin-Kernighan heuristic [31, 44]). These heuristics guarantee that their solution is not
worse than the average solution. This property holds also for some MAP heuristics of
exponential domination number such as 3-Opt local search (for 3-AP) and Recursive
Opt Matching [26].

5 Very Large Neighborhood Local Search: Theory and Practice

Local Search (LS) is one of the most successful approaches in constructing heuristics
for combinatorial optimization problems. Recently, several researchers investigated LS
with Very Large Scale Neighborhoods (see, e.g., [1, 10, 12, 15, 33, 35, 43]). The authors
of [1] point out that “as a rule of thumb, the larger the neighborhood, the better is
the quality of the locally optimal solutions, and the greater is the accuracy of the
final solution that is obtained.” However, several computational experiments do not
support this rule, see, e.g., [10, 14, 35], where LS algorithms with small neighborhoods
are superior to those with large neighborhoods. This means that it is not the size of a
neighborhood, but some other parameters that are responsible for the relative power
of the neighborhood. Gutin and Yeo [32] observed that theoretical and experimental
results on TSP indicate that one such parameter may well be the domination number
of the corresponding LS. Certainly, other parameters may also play a significant
role. One such parameter is the diameter of the neighborhood digraph defined and
discussed later on.

Very large domination number (see Section 4) and finite diameter of the neigh-
borhood digraph are no guarantee that a local search algorithm with a Very Large
Scale Neighborhood will be successful, so computational experiments are still nec-
essary. However, we believe that a very small domination number (with respect to
the total number of solutions) and/or infinite diameter of the neighborhood digraph
indicate that the corresponding LS algorithm is likely to be of poor quality. Note that
researchers have developed several high quality LS algorithms based on Very Large
Scale Neighborhoods, see, e.g., [15, 18]. In particular, De Franceschi, Fischetti and
Toth [18] extended a well-known polynomial-time searchable Punnen’s neighborhood
for TSP (Punnen’s neighborhood [43] is an extension of the neighborhood assign
described below) to a non-polynomial time searchable neighborhood. Then they used
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an Integer Linear Programming solver to find a tour that is not necessarily best in its
domain, but very close to the optimal.

In this section, to keep our discussion short, we consider only a few neighborhoods
for the Asymmetric TSP (ATSP). The papers [1, 10, 12, 15, 29, 33, 35, 43| and
many others consider many more neighborhoods for ATSP as well as for many other
optimization problems. We adopt the definition of a neighborhood for the ATSP due
to Deineko and Woeginger [12] (certainly, there are useful neighborhoods that are not
captured by this definition, but the vast majority satisfy this definition). Let II be a
set of permutations on n vertices. Then the neighborhood with respect to II of a tour
T = ujusg ... uyu; is defined as follows:

NH(T) = {uﬂ(l)uﬂ@) coUn(p)Un(l) ¢ T E H}

We are interested only in polynomial-time searchable neighborhoods, i.e., neighbor-
hoods where the best solution can be found in polynomial time.

One of the first exponential size TSP neighborhoods (called assign in [12]) was
considered independently by Sarvanov and Doroshko [46], and Gutin [25]. We describe
this neighborhood and establish a simple upper bound on the domination number of
the best improvement LS based on this neighborhood. We will see that the domination
number of the best improvement LS based on assign is significantly smaller than that
of the best improvement LS based on 3-opt, a well-known ATSP heuristic. (A best
improvement LS computes the best tour in every iteration.)

Consider an instance Z of ATSP on n = 2k vertices and let T' = x1y1Z2Ys2 . . . TpYrT1
be an arbitrary tour of Z. The neighborhood assign, N,(T), of T is defined as fol-
lows: No(T) = {Z1Yr(1)T2Yn(2) - - - ThYm ()21 = (7(1),7(2),...,7(k)) is a permutation
of (1,2,...,k)}. Clearly, No(T') contains k! tours. We will show that we can find the
tour of minimum weight in N,(7") in polynomial time.

Let B be a complete bipartite graph with partite sets {z1,...,2,} and {y1,...,yn},
and let the weight of z;y; be w(z;y;) + w(y;xit1) (where z,11 = 21). Let M be a
perfect matching in B, and assume that z; is matched to y,,;) in M. Observe that
the weight of M is equal to the weight of the tour 1y, (1)T2Ym(2) - - - Tn¥m(n)T1-
Since every tour in N,(T) corresponds to a perfect matching in B, and vice versa,
a minimum weight perfect matching in B corresponds to a minimum weight tour in
N, (T). Since we can find a minimum weight perfect matching in B in O(n?) time
using the Hungarian method, we obtain the following theorem.

Theorem 8. [46, 25] The best tour in No(T) can be found in O(n3) time.

While the size of N,(T') is quite large, the domination number of the best im-
provement LS based on assign is relatively small. Indeed, suppose that the weights
of all arcs of the forms z;y; and y;x; equal 1 and the weights of all other arcs equal 0.
Then, starting from the tour T = x1y1x2¥>2 - . . Tryrx1 of weight n the best improve-
ment heuristic will output a tour of weight n, too. However, there are only (k!)?/k
tours of weight n in Z and the weight of no tour in 7 exceeds n. We have obtained
the following:

Proposition 9. For STSP, the domination number of the best improvement LS based
on assign is at most (k!)?/k, where k = n/2.

The k-opt, k > 3, neighborhood of a tour T' consists of all tours that can be
obtained by deleting a collection of k arcs and adding another collection of k arcs. It
is easy to see that one iteration of the best improvement k-opt LS can be completed
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in time O(n*). Punnen, Margot and Kabadi [44] proved the following important
result.

Theorem 10. For the ATSP the best improvement 3-opt LS produces a tour, which
is not worse than at least (n — 2)! other tours, in at most O(n® logn) iterations.

The last two assertions imply that after a polynomial number of iterations the
best improvement 3-opt LS has domination number at least (2" /n!-5) times larger
than that of the best improvement assign LS.

Computational experiments show clearly that 3-opt LS produces much better
tours than LS based on assign does. Another theoretical explanation of this phe-
nomena is based on the notion of the diameter of the neighborhood digraph. Let 7
be the set of all tours of an ATSP instance and let NV be an ATSP neighborhood. The
neighborhood digraph D of N has vertex set 7 and there is an arc from a tour 7’ to
atour T" # T if T € N(T"). The diameter of D is the maximum over all distances
between vertices in D (the distances are measured in the number of arcs). If there is
no path between some vertices of D then the diameter is co.

It is not difficult to see that the diameter of the neighborhood digraph of N, is co.
Indeed, let T = z1y122y2 . . . xyrx1 and T = ziyjzhys . . . zLy,x) be a pair of tours
such that {x1,...,zx} N{z), ..., 2} # 0 and {z1,..., 25} # {z},...,2},}. Then
there is no directed path from T to 7" in the neighborhood digraph of N,. For the
diameter diams_opt(n) of the 3-opt neighborhood digraph the situation is different.

Proposition 11. For ATSP on n > 3 vertices, we have diamg._,p(n) <n — 2.

Proof. Consider a tour Ty = x1x3...x,x1, Where x1 = 1. At the i'th iteration
(i > 1), we will get a tour T; € N3(T;_1), where N3 denotes the 3-opt neighborhood.
It is sufficient to prove that we can choose 11,75, ...,T, with p < n — 2 such that

T, =12...n1. Our proof is by induction on n > 3.

The basis case n = 3 is trivial. Consider the (n — 1)-vertex ATSP where z; and
x9 are contracted to one vertex zf. Now instead of Ty we get T} = z12324 ... TpZ1.
Since we have n — 1 vertices rather than n vertices, by induction hypothesis, there
is a sequence 77,T3,...,T, (¢ < n — 3) of tours such that 7] € N3(7]_,) and T, =
2123... (22 — 1)|(z2 + 1)...nz}. Now replacing | by z1z2, we get the sequence
Ty, Ts,...,T, of tours of the original ATSP, where T, = 12923 ... (xa—1)(z2+1)...nl
(recall that 1 = 1). (If 2 = 2, T, = 12...nl and we are done, so we assume that
zg # 2.) Delete the arcs (1,x2), (z2,2) and (z2 — 1,22 + 1) from T, and add to it
the arcs (1,2), (x2 — 1, 22) and (x2,22 + 1). Since the obtained tour is 12...n1 and
q+1<n-—2, we are done. O

The diameters of several TSP neighborhood digraphs were computed in [33].

6 Conclusion

We have discussed several theoretical tools useful in optimization heuristics design
and analysis. Preprocessing is aimed at significantly decreasing the running time of
a heuristic and we provided certain examples when preprocessing is very successful.
Moreover, we saw that sometimes preprocessing plays the central role in the algo-
rithm under consideration. We showed that probabilistic analysis of testbeds allows,
in some cases, to find an exact solution making the experimental evaluation more
meaningful. We saw that domination analysis is aimed at studying the worst case
behavior of heuristics, but it may help in explaining experimental evaluation results
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and it may yield some new successful heuristics. Finally, we discussed which theoret-
ical parameters are of interest in choosing appropriate neighborhoods for local search
heuristics.

In this paper, we have covered just a few fields and certainly there are other
theoretical areas that are useful in design and analysis of heuristics. However, we
believe that we have achieved the main goal of this paper by providing several good
examples of linking experimental and theoretical approaches in heuristics design and
analysis.

Acknowledgment. We are thankful to the referees for a number of useful remarks
and suggestions.
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