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Abstract

The Jensen-Shannon divergence (JSD) is a symmetrized and smoothed version of the
all important divergence measure of informaton theory, the Kullback-Leibler divergence. It
defines a true metric – precisely, it is the square of a metric. We prove a stronger result
for a new family of divergence measures based on the Tsallis entropy, that includes the
JSD. Furthermore we elaborate on details of geometric properties of the JSD. Analogously,
the quantum Jensen-Shannon divergence (QJSD) is a symmetrized version of the quantum
relative entropy that has recently been considered as a distance measure for quantum states.
We prove for a new family of distance measures for states, including the QJSD, that each
member is the square of a metric for all qubits, strengthening recent results by Lamberti
et al. We also discuss geometric properties of the QJSD. In analogy to Lin’s generalization
of the JSD, we also define the general QJSD for a weighting of any number of states and
discuss interpretations of both quantities.

1 Introduction

The general Jensen-Shannon divergence is a divergence measure for a weighted set of probability
distributions which has recently gained interest among physicists and statisticians. It has useful
interpretations in information theory and attractive features as a function: it is symmetric,
bounded and always defined. For evenly weighted pairs of distributions, Endres and Schindelin
proved that it defines the square of a metric [1], which we call the transmission metric (dT ).

We define a family of divergence measures based on Tsallis entropies, which includes the
JSD and prove that each member defines the square of a metric that with elegant geometric
properties.

Divergence measures also play an important role in quantum information theory. In this
case, their purpose is to define a distance measure for quantum states. Similar to the classical
version, we generalize the JSD to a family of quantum divergence measures based on quantum
Tsallis entropies (defined in Section 2.3), which we put in the context of quantum channel
capacity and a coding scheme called indeterminate length quantum encoding [2]. In contrast
to most other distance measures for states, this family is also symmetric, bounded and always
defined.
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The JSD itself has also been studied in the context of a distance measure for even mixtures
of two quantum states [3, 4]. However, the quantum Jensen-Shannon divergence (QJSD) was
specifically tailored for this purpose [5, 4]. The most interesting question regarding this quantity
is if it also defines the square of a metric. Lamberti et. al proved that this is indeed the case
for pure-states, but whether or not this holds in general is still unknown.

Our main result regarding our family of quantum divergence measures is that for two-
dimensional mixed states (qubits) and pure-states of arbitrary dimension, each member defines
the square of a metric has nice geometric properties.

Our technique is to evoke a theorem by Schoenberg that links the metric and geometric
properties to the condition of negative semidefiniteness. We prove that all members of our
families of (classical and quantum) divergence measures indeed satisfy this condition, in the
quantum case with restriction to qubit- and pure-states. Though we concentrate on the discrete
case, well-known limiting properties imply that the results related to classical divergence – and
this includes Jensen-Shannon divergence – carry over to the general case of probability measures
on arbitrary Borel spaces.

2 Preliminaries and notation

Throughout we use the notation introduced in this section. We provide a concise overview of
the concepts of quantum theory used in this paper, for extensive introductions we refer to [6].

2.1 Classical information theoretic quantities

We write [n] for the set {1, 2, . . . , n}. The set of probability distributions supported by N

is denoted by M1
+(N) and those supported by [n] is denoted by M1

+(n). We associate point
probabilities (p1, p2, . . . , pi, . . . ) and (q1, q2, . . . , qi, . . . ) with probability distributions P and Q
respectively. The Tsallis entropy of order α 6= 1, Shannon entropy and Kullback-Leibler diver-
gence are given by

Sa (P ) :=
1 −∑i p

α
i

α − 1
,

H(P ) := −
∑

i

pi log pi (1)

and
D(P‖Q) :=

∑

i

pi log
pi

qi
(2)

respectively. Here log denotes the natural logarithm. It is important to note that Sa(P ) → H(P )
for α → 1.

2.2 Quantum theory

States. A d-dimensional complex Hilbert space, denoted by Hd, is a space composed of all
d-dimensional complex vectors, endowed with the standard inner product. A physical system
is mathematically represented by a Hilbert space. Our knowledge about a physical system is
expressed by its state, which in turn is represented by a density operator (a trace-1 positive
semidefinite linear operator) acting on the Hilbert space. The set of density operators on a
Hilbert space H is denoted by B1

+(H).1 Rank-1 density operators are called a pure-states.

1This deviates from the notation used in [4]. We do this for the sake of consistency with regard to the notation
for probability distributions.
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Two-dimensional Hilbert spaces are called qubits. Because the eigenvalues of a density operator
are always positive real numbers that sum to one, a state can be interpreted as a probability
distribution over pure-states. Hence, sets of states with a complete set of common eigenvectors
can be interpreted as probability distributions on the same set of pure-states. This interpretation
is not possible when such a common basis does not exist. States thus generalize probability
distributions. Two states ρ and σ have a set of common eigenvectors if and only if and only if
they commute: ρσ = σρ.

Measurements. Information about the state of a physical system can only be obtained
by performing a measurement. The most general measurement with k outcomes is a set
A := {A1, . . . , Ak} of k positive semidefinite matrices that satisfy

∑k
i=1 Ai = I and correspond

to k measurement outcomes. The probability that a measurement A of a system in state ρ
yields the i’th outcome is Tr(Aiρ). Hence, the measurement yields a random variable A(ρ) with
Pr [A(ρ) = λi] = Tr(Aiρ). Naturally, the measurement operators and quantum states should
act on the same Hilbert space.

2.3 Quantum information theoretic quantities

For states ρ, σ ∈ B1
+(H), we use the quantum versions of the Tsallis entropy, the von Neumann

entropy and the relative von Neumann entropy (or quantum relative entropy), given by

Sa (ρ) :=
1 − Tr (ρα)

α − 1
,

S(ρ) := −Tr(ρ log ρ), (3)

and
S(ρ‖σ) := Trρ log ρ − Trρ log σ (4)

respectively. Here, it also holds that Sα(ρ) → S(ρ) for α → 1.

3 Divergence measures

3.1 The general Jensen-Shannon divergence

Consider a mixture P =
∑

ν ανPν . Concavity of the Shannon entropy implies that

H

(

∑

ν

ανPν

)

≥
∑

ν

ανH(Pν),

according to Jensen’s inequality. We can subtract the right-hand side from the left-hand side
and use this as a measure of how much Shannon entropy deviates from being linear. The
difference is called the general Jensen-Shannon divergence and, allowing an abuse of notation,
is denoted JSD(

∑

ν ανPν). We have

H

(

∑

ν

ανPν

)

−
∑

ν

ανH(Pν) =
∑

ν

ανD(Pν‖P ) (5)

and therefore

JSD

(

∑

ν

ανPν

)

=
∑

ν

ανD(Pν‖P ) . (6)
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In the general case where entropies may be infinite the last extession can be used, but we will
focus on the situation where the distributions are on a finite set so that all entropies are finite
and in this case can use the left-hand side (5).

Like Shannon entropy, the Tsallis entropy is a concave function of P so we shall define the
Jensen-Tsallis divergence of order α by the formula

JSDα

(

∑

ν

ανPν

)

= Sα

(

∑

ν

ανPν

)

−
∑

ν

ανSα(Pν)

Similarly, if ρν are states on a Hilbert space we define

QJSD

(

∑

ν

ανρν

)

=
∑

ν

ανS(ρν‖Σ), (7)

where Σ =
∑

ν ανρν . For states on finite dimensional Hilbert spaces we have

QJSD

(

∑

ν

ανρν

)

= S

(

∑

ν

ανρν

)

−
∑

ν

ανS(ρν).

The quantum Jensen-Tsallis divergence of order α is defined by

QJSDα

(

∑

ν

ανρν

)

= Sα

(

∑

ν

ανρν

)

−
∑

ν

ανSα(ρν).

We refer to quantities (6) and (7) as the general JSD1 and the general QJSD1 respectively.

Interpretations of the general JSD. A discrete memoryless channel is defined as a system
with input alphabet X, output alphabet Y and conditional probabilities p(y|x) that give the
probability that y ∈ Y is received when x ∈ X was sent (see for example [7]). For an input
distribution π over letters x ∈ X that are sent over a discrete memoryless channel with Y = X
and conditional distributions Px := {(y, p(y|x)) | y ∈ Y }, we have that JSD1(

∑

x∈X π(x)Px) in
fact gives the transmission rate.

Another interpretation relates to the model which we shall refer to as the switching model,
previously presented in [8]. In this model, a source generates an infinite sequence of letters
x1x2 . . . , such that each letter is selected independently of previous letters, according to distri-
bution Pν with probability αν .

Consider an observer who knows the Pν ’s as well as the αν ’s but does not know which
distribution is used at any particular time. The observer wants to design a code such that the
expected redundancy is minimized. By redundancy we have the following in mind:

An ideal observer always knows which distribution was used for the letter selection at the
source, and will use this insight to choose, at each instant, a code adapted to the distribution
used for the selection. Hence, the ideal observer will use on average H(Pν) nits for his observa-
tions (here we use units based on the natural logarithm instead of bits as a unit of information).
A typical observer, however, will not know when this or that distribution is used at the source
and has to choose one and the same code, say κ, all the time. If Q is the probability distribution
for which κ is the optimal encoding scheme, then the code length used for the letter with index i
is − log qi. In this case we say that κ corresponds to Q. If the code κ, used by the actual observer
corresponds to Q, then the average amount of nits used by the observer is

∑

i pν,i log
1
qi

when Pν

is the actual distribution. The redundancy is the difference between this number and H(Pν).
Hence, the redundancy is D(Pν‖Q) and the average redundancy is R(Q) :=

∑

ν ανD(Pν‖Q).
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Thus, the observer should choose the distribution Q as the basis for coding which minimizes
average redundancy R(Q). In order to identify the associated argmin-distribution, we refer to
the so called compensation identity which states that for P =

∑

ν ανPν , the equality

∑

ν

ανD(Pν‖Q) =
∑

ν

ανD(Pν‖P ) + D(P‖Q) (8)

holds for any distribution Q. It follows immediately from this identity that Q = P is the
unique argmin-distribution sought and that JSD1(

∑

ν ανPν) is the corresponding minimum
value. Therefore, the general Jensen-Shannon divergence can also be interpreted as minimum
redundancy for the switching model.

By (8), for any fixed Q, divergence D(·‖Q) is a convex function:

D

(

∑

ν

ανPν‖Q
)

≤
∑

ν

ανD(Pν‖Q) . (9)

Furthermore, we realize that if we apply the same strategy of definition as the one applied to the
entropy function and consider the “Jensen-type” divergence, looking at the difference between
the right hand and the left hand side in (9), we are back to the quantity (6), we started with
and that this is independent of the distribution Q we choose to take as our reference.

Interpretations of the general Quantum JSD. Suppose now that we have a channel with
input and output alphabets X and Y with Y = X, and input distribution π over x ∈ X, where
the letters are encoded in quantum states ρx before they are sent to the receiver (see for example
[9]). The receiver decodes the message by performing a measurement {My | y ∈ Y } on the state
he or she obtained after the transmission. As proved by Holevo [11], the maximum achievable
transmission rate (the channel capacity) is given by QJSD1

(
∑

x∈X π(x)ρx

)

.
Analogously to the classical switching model, we can think of a situation where a source

generates an infinite sequence of quantum states ρ1, ρ2, . . . with each state selected indepen-
dently of the previous ones, according to distribution Pν with probability αν . A typical observer
does not know when which distribution is used but wants to encode the received states using as
few qubits as possible. An ensemble {(ρ1, pν,1), (ρ2, pν,2), . . . } can be represented by the density
operator ρν =

∑

i pν,iρi . Schumacher [12] showed that the mean number of qubits necessary to
encode the states in such an ensemble is S(ρν), which equals H(Pν) if all ρi are projectors onto
orthogonal subspaces. Schumacher and Westmoreland [13] proposed an encoding scheme called
indeterminate length quantum coding, where the optimal encoding of a state ρν indeed requires
S(ρν) qubits. In this scheme, an optimal encoding τ for a state σ would require S(ρν)+S(ρν‖σ)
qubits to encode the state ρν . Hence, when τ is used as the indeterminate length quantum en-
coding, the average redundancy is R(σ) :=

∑

ν ανS(ρν‖σ). Again, the typical observer is faced
with the task of seeking a state σ as basis for encoding for which R(σ) is minimized. Let
ρ =

∑

ν ανρν . From Donald’s identity [14]:
∑

ν

ανS(ρν‖σ) =
∑

ν

ανS(ρν‖ρ) + S(ρ‖σ),

it follows that σ = ρ is the argmin-state that the typical observer should code for, and that
QJSD1(

∑

ν ανρν) is the minimum redundancy.

3.2 The Jensen-Shannon divergence

For even mixtures of two distributions the general JSD1 has been discussed before. Implicitly,
the quantity (5) was introduced by Wong and You [15]. Then Lin and Wong derived some

5



simple properties [16, 17]. More recently, Topsøe derived further identities and inequalities [18].
For other recent references with a focus on statistical applications, see El-Yaniv et al [19].

We consider a family of divergence measures based on the Tsallis entropy and introduce the
notation JSDα(P,Q) for JSDα(1

2P + 1
2Q). That is,

JSDα(P,Q) := Sα

(

P + Q

2

)

− 1

2
Sα(P ) − 1

2
Sα(Q). (10)

For even mixtures of two states the QJSD1 was defined in [5], to which we refer for a list of its
basic properties. We generalize this quantity the same way as JSD1 and write QJSDα(ρ, σ) for
QJSDα(1

2ρ + 1
2σ). That is,

QJSDα(ρ, σ) := Sα

(

ρ + σ

2

)

− 1

2
Sα(ρ) − 1

2
Sα(σ). (11)

For the remainder of this paper we shall work with the specific divergence measures just
introduced and refer to (10) and (11) simply as the Jensen-Tsallis divergence of order α (JSDα)
and quantum Jensen-Tsallis divergence of order α (QJSDα) respectively.

4 Metric properties

We begin by recalling the properties that a function should posses for it to be a metric. For a
set X, a function d : X × X → R is a metric if for every x, y, z ∈ X:

1. d(x, y) ≥ 0 with equality if and only if x = y

2. d is symmetric: d(x, y) = d(y, x)

3. d satisfies the triangle inequality: d(x, y) + d(x, z) ≥ d(y, z).

If d only satisfies properties 1 and 2 then it is called a distance. Endres and Schindelin
proved that JSD1 is in fact the square of a metric [1]. The QJSD1 was proved to be the
square of a metric for pure-states by Lamberti et al. [4], who conjectured this to be true in
general. Here we show the stronger result that JSDα is in fact the square of a metric which
can be isometrically embedded in a real Hilbert space, and that the same holds for QJSDα for
two-dimensional mixed states and pure-states of any dimension.

We prove these results by a method which is quite different from the methods used by the
previous authors.

Proposition 1. Let X be a set and K : X × X → R be a distance and for x1, x2, x3 ∈ X and
c1, c2, c3 ∈ R such that c1 + c2 + c3 = 0, satisfies

∑

1≤i,j≤3

cicjK(xi, xj) ≤ 0. (12)

Then K defines the square of a metric.

Proof: First, let us agree that a triple (α, β, γ) of non-negative numbers are squared distances if
α1/2 ≤ β1/2 + δ1/2, β1/2 ≤ δ1/2 +α1/2 and δ1/2 ≤ α1/2 +β1/2. Assuming that γ = max{α, β, γ},
this amounts to the condition γ1/2 ≤ α1/2 + β1/2 which, after some simple algebra can be
transformed to the equivalent inequality

α2 + β2 + γ2 ≤ 2αβ + 2βγ + 2γα . (13)
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Assume that (12) holds and let α = K(x1, x2), β = K(x2, x3) and γ = K(x3, x1). We realize
that what we have to prove is that (α, β, γ) are squared distances. To prove this we exploit (12)
with c1 = 1, c2 = t, c3 = −t − 1 where t is a real parameter. This gives us the inequality

αt + βt(−t − 1) + γ(−t − 1) ≤ 0 .

It is then a matter of simple algebra to deduce (13) from the non-positivity of this second order
polynomial.

Theorem 2. Let H be a Hilbert space with inner product 〈·, ·〉 and associated norm ‖ · ‖2. Then
for all finite sets of real numbers (ci)i≤n and all finite sets (xi)i≤n of points in H, the implication

n
∑

i=1

ci = 0 =⇒
∑

1≤i,j≤n

cicj‖xi − xj‖2
2 ≤ 0 (14)

holds.

Proof: Note that if we expand (14) in terms of the inner product, we get

∑

i,j

cicj〈xi − xj , xi − xj〉 =
∑

i,j

cicj

(

‖xi‖2
2 + ‖xj‖2

2 − 2〈xi, xj〉
)

= 2
∑

i

ci

∑

j

cj‖xj‖2
2 − 2

∑

i,j

cicj〈xi, xj〉

= 0 − 2
∑

i,j

cicj〈xi, xj〉

= −2
∥

∥

∥

∑

i

cixi

∥

∥

∥

2

2
≤ 0.

The importance of the implication in (14) justifies the following formal definition.

Definition 1 (Negative semidefiniteness). Let X be a set and K : X×X → R a mapping. Then
K is said to be negative semidefninite if and only if for all finite sets (ci)i≤n of real numbers
and all corresponding finite sets (xi)i≤n of points in X, the implication

n
∑

i=1

ci = 0 =⇒
∑

i,j

cicjK(xi, xj) ≤ 0 (15)

holds.

Conversely, we define positive semidefiniteness:

Definition 2 (Positive semidefiniteness). Let X be a set and K : X×X → R a mapping. Then
K is said to be positive semidefinite if and only if for all finite sets (ci)i≤n of real numbers and
all corresponding finite sets (xi)i≤n of points in X, we

∑

i,j

cicjK(xi, xj) ≥ 0 (16)

holds.
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Note that in the last definition, there is no restriction on the sum of the c’s. The basis of
our results in this section is that the converse of Theorem 2 also holds, as proved by Schoenberg
in 1938 [20]:

Theorem 3 (Schoenberg’s theorem). Let X be a set and K : X×X → R a negative semidefinite
mapping (a kernel) such that, for (x, y) ∈ X × X, K(x, y) = 0 if and only if x = y, K(x, y) =
K(y, x), K(x, y) ≥ 0. Then (X,

√
K) is a metric space which can be embedded isometrically as

a subspace of a real Hilbert space.

The kernels we are going to discuss are defined on convex sets and the following definition
shall be useful.

Definition 3 (Exponential convexity). Let X be a convex set and φ : X → R a mapping.
Then φ is said to be exponentially convex if and only if the kernel X × X → R given by
(x, y) → φ

(x+y
2

)

is positive semidefinite.

4.1 Metric properties of the JSD

First, using Theorem 3, we prove the following.

Theorem 4. For all α ≥ 1 the kernel JSDα is negative semidefinite on M1
+(N) × M1

+(N).
Therefore, there exists a subset HJSD ⊆ H of a real separable Hilbert space H and a one-
to-one bijection Φ between M1

+(N) and HJSD such that, for all (P,Q) ∈ M1
+(N) × M1

+(N),
JSDα(P,Q) = ‖Φ(P ) − Φ(Q)‖2 with ‖ · ‖ denoting the norm in H.

This theorem implies that the same holds for QJSDα for sets of commuting elements in
B1

+(H). Theorem 4 can be proved in a basically elementary way, using facts and tricks from
harmonic analysis, as found in, for example, [20].

Proof of Theorem 4: We need to prove that JSDα is negative semidefinite on M1
+(N) ×

M1
+(N). The implication of the theorem then follows from Schoenberg’s theorem. Let (ci)i≤n

be the set from the definition of negative semidefiniteness. First assume that 1 < α < 2. For
two probability distributions P and Q, we have

JSDα(P,Q) = Sα

(

P + Q

2

)

− 1

2
Sα(P ) − 1

2
Sα(Q).

Observe that for any function f , we have
∑

i,j cicjf(xi) = 0. Hence, we only need to prove that

Sα

(

P + Q

2

)

=
1

α − 1
− 1

(α − 1)

∑

i

(

pi + qi

2

)α

is negative semidefinite. From this decomposition into a sum over point probabilities it follows
that we need to prove that x y xα is exponentially convex. For this to run smoothly, we need
the following representation formula for the power functions involved2:

−xα+1 =
α(1 + α)

Γ(1 − α)

∫ ∞

0

1 − e−tx − tx

tα+2
dt, (17)

2This follows by integration in the formula

x
β =

β

Γ(1 − β)

Z ∞

0

1 − e−tx

tβ+1
dt

which, in turn, can be easily checked by differentiation. As usual Γ denotes the gamma function: Γ(a) =
R ∞

0
tβ−1e−tdt; β > 0.
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Equation (17) shows that for fixed 0 < β < 1, x y −xβ+1 can be obtained as the limit of
linear combinations with positive coefficients of functions of the type x y 1 − e−tx − tx. Each
such function is exponentially convex since x y 1 − tx is, and for non-negative real numbers
x1, . . . , xn,

∑

i,j

cicj(−e−t(xi+xj)) = −
(

n
∑

i=1

cie
−txi

)2

≤ 0.

The case α = 1 follows by continuity. The case α = 2 also follows by continuity, but a direct
proof without (17) is straightforward.

Precisely how one can make the Hilbert space embedding is described by Fuglede [21].
Motivated by the interpretations of the general JSD1, we call the metric defined by the square
root of JSD1 the transmission metric, and denote it by dT .

4.2 Metric properties of the QJSD for qubits

Using the same approach as above, we prove:

Theorem 5. The kernel QJSDα is negative semidefinite on B1
+(H2) × B1

+(H2). Therefore,
there exists a subset HQJSD ⊆ H of a real separable Hilbert space H and a one-to-one bijection
Φ between B1

+(H2) and HQJSD such that, for all (ρ, σ) ∈ B1
+(H2) × B1

+(H2), QJSDα(ρ, σ) =
‖Φ(ρ) − Φ(σ)‖2 with ‖ · ‖ denoting the norm in H.

Proof: Using the same techniques as in the commutative case, what has to be shown is that
for ρ ∈ B1

+(H2), ρ y Tr (exp (−tρ)) is exponentially convex. Since ρ acts on a two-dimensional
Hilbert space it has only two eigenvalues, λ+ and λ−, that satisfy

λ+ + λ− = 1

λ2
+ + λ2

− = Tr
(

ρ2
)

.

A straightforward calculation gives

λ+/− =
1

2
±
(

2Tr
(

ρ2
)

− 1
)1/2

2
. (18)

Plugging this into Tr (exp(−tρ)) gives

Tr
(

e−tρ
)

= 2e−t/2 cosh

(

t

2

(

2Tr
(

ρ2
)

− 1
)1/2

)

= 2e−t/2
∑

k=0

t2k

(2k)!4k

(

2Tr
(

ρ2
)

− 1
)k

,

where the second equality follows form the Taylor expansion of hyperbolic cosine. The task can

thus be reduced to proving that
(

2Tr
(

ρ2
)

− 1
)k

is exponentially convex for all k ≥ 0. For this
we can use the following theorem:

Theorem 6 ([20, Slight reformulation of Theorem 1.12 in this book]). Let φ1, φ2 : X y C be
exponentially convex functions, then φ1 · φ2 is exponentially convex too.

This implies that proving it for k = 1 suffices. The trace distance of two density operators is
defined as the trace-norm ‖ · ‖1 of their difference. The trace-distance is a Hilbert-space metric
and therefore by Theorem 2, we have that (ρ, σ) y ‖ρ − σ‖2

1 is negative semidefinite. Since

‖ρ − σ‖2
1 = Tr(ρ − σ)2 = 2(Trρ2 + Trσ2) − Tr(ρ + σ)2

this implies that Tr
(

(ρ + σ)2
)

is positive semidefinte and thus that 2Tr
(

ρ2
)

−1 is exponentially
convex.
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4.3 Metric properties of the QJSD for pure-states

Third, we prove that QJSDα is the square of a metric when restricted to pairs of pure-states.
For a Hilbert space of dimension d we denote the set of pure-states as P (Hd).

Theorem 7. For any d ≥ 1, the kernel QJSD is negative semidefinite on P (Hd) × P (Hd).
Therefore, there exists a subset HQJSD ⊆ H of a real separable Hilbert space H and a one-to-one
bijection Φ between P (Hd) and HQJSD such that, for all (ρ, σ) ∈ P (Hd)×P (Hd), QJSDα(ρ, σ) =
‖Φ(ρ) − Φ(σ)‖2 with ‖ · ‖ denoting the norm in H.

Proof: Again using the same method as in Section 4.1, we have to prove that ρ y Tr (exp (−tρ))
is exponentially convex. For ρ, σ ∈ P (Hd) such that ρ 6= σ, the matrix ρ+σ

2 has two non-zero
eigenvalues, λ+ and λ−, which can be calculated in the same way as above. In this case (18)
reduces to

λ± =
1

2
± 1

2
(Tr(ρ · σ))1/2 .

When we plug this into Tr(exp(−t(ρ + σ))), we get

Tr
(

e−2t( ρ+σ
2 )
)

= (n − 2) + 2e−t cosh
(

t (Tr(ρ · σ))1/2
)

= (n − 2) + 2e−t
∞
∑

k=0

t2k (Tr(ρ · σ))k

(2k)!
,

where the (n − 2) term comes from the fact that n − 2 of the eigenvalues are zero. We need to
prove that (ρ, σ) y (Tr(ρ · σ))k is positive semidefinite for all integers k ≥ 0. Using Theorem 6,
we only need to prove it for k = 1. Again appealing to the trace distance, we have

‖ρ − σ‖2
1 = Trρ2 + Trσ2 − 2Tr(ρ · σ),

Since this is negative semidefinite, the result follows.

5 Geometric properties

Theorems 4, 5 and 7 indicate that interesting geometric properties are associated with JSD1

and QJSD1.

5.1 Induced topology of (M1
+(N), dT )

Recall that JSD1 = d2
T . We focus on the fact that (M1

+(N), dT ) is a metric space and answer
the natural question concerning identification of the induced topology.

Denoting total variation by V , the following inequalities hold for any pair of distributions
P,Q ∈ M1

+(N):
1

8
V 2(P,Q) ≤ JSD1(P,Q) ≤ 1

2
log 2 · V (P,Q) . (19)

This gives the following theorem:

Theorem 8. Consider the space M1
+(N) with the metric dT . This metric is a complete, bounded

metric and the induced topology is that of convergence in total variation.

These inequalities were proved in [18]. However, the inequalities can be strengthened sig-
nificantly by determining, for each n ∈ N, the exact range of the “V/ JSD1-map” defined by
(P,Q) y (V (P,Q), JSD1(P,Q)) with P,Q ∈ M1

+(n).
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5.2 V/ JSD1-diagrams

Let A and B be two quantities which depend on one or more parameters, say A = A(α),
B = B(α), possibly with α = (α1, · · · , αν) running over some multi-dimensional parameter
set. By the A/B-diagram we mean the range of the map α y (A(α), B(α)). In [22] and [23]
examples and techniques for the determination of such diagrams can be found. Determining the
A/B-diagram often leads to more precise inequalities relating A and B than one would obtain
by a more direct approach.

In this section we shall determine the V/ JSD1-diagrams ∆n for all n ∈ N, where

∆n = {(V (P,Q), JSD1(P,Q)) | (P,Q) ∈ M1
+(n) × M1

+(n)} . (20)

We first note that ∆1 is trivial (= {(0, 0)}). The technique we apply for n ≥ 2 is a direct
variational analysis, which is simpler than the variational principles which were applied in the
sources quoted.

Characterize ∆n by its upper and lower functions given, for V ∈ [0, 2], by

Un(V ) = sup{JSD1(P,Q) | P,Q ∈ M1
+(n), V (P,Q) = V } , (21)

Ln(V ) = inf{JSD1(P,Q) | P,Q ∈ M1
+(n), V (P,Q) = V } . (22)

Clearly, Un(0) = Ln(0) = 0 and Un(2) = Ln(2) = 2 log 2. So we from now on assume that
0 < V < 2.

A natural compactness argument shows that the extrema in (21) and (22) are actually
attained. Using the variational argument we have in mind, we determine Un(V ) and Ln(V )
simultaneously.

The point of departure is an extremal pair (P,Q) ∈ M1
+(n)×M1

+(n) by which we mean that
for V (P,Q) = V , either JSD1(P,Q) = Un(V ) or JSD1(P,Q) = Ln(V ) holds. Recall that the
point probabilities in P and Q are denoted as P = (p1, · · · , pn) and Q = (q1, · · · , qn). Define a
2 × n matrix A :=

(

P
Q

)

=
( p1 ... pn

q1 ... qn

)

, such that that the number of zero-columns
(

0
0

)

of A, is

maximal. In other words, no other matrix
(

P ′

Q′

)

with P ′, Q′ ∈ M1
+(n) such that V (P ′, Q′) = V

and JSD1(P
′, Q′) = JSD1(P,Q) has a higher number of zero-columns than A.

For the variational arguments used below, we introduce a parameter ε and consider distri-
butions Pε and Qε with point probabilities pi = pi(ε) and qi = qi(ε), whose derivates are given
by p′i = d

dεpi(ε) and q′i = d
dεqi(ε). It is straightforward to verify that

d

dε
JSD1(Pε, Qε) =

n
∑

i=1

(log pi · p′i + log qi · q′i − log(pi + qi) · (p′i + q′i)) . (23)

Observation 1. All non-zero columns of A are linearly independent.

That is, there exists no i ∈ [n] such that
( pi

qi

)

=
∑

j∈[n]\{i} αj

( pj
qj

)

for αj ∈ R. To

see this, assume the contrary and replace
( pi

qi

)

by
(

0
0

)

and
( pj

qj

)

by (1 + αj)
( pj

qj

)

for every

j ∈ [n]\{i} to obtain
(

P ′

Q′

)

which has one more zero column than A, but V (P ′, Q′) = V and
JSD1(P

′, Q′) = JSD1(P,Q). This contradiction gives the result.

Observation 2. For no i, j ∈ [n] such that i 6= j can both pi > qi and pj > qj hold.

To see this, consider i, j ∈ [n] such that i 6= j and assume that pi > qi and pj > qj. Then,
for |ε| sufficiently small consider (Pε, Qε) defined by Qε = Q (from the extremal pair) and by

11



changing pi to pi + ε and pj to pj − ε. As V (Pε, Qε) = V for |ε| sufficiently small, we must have
d
dε JSD1(Pε, Qε) = 0 for ε = 0. By (23) this gives

(log pi − log(pi + qi)) + (− log pj + log(pj + qj)) = 0 .

It follows that
pi

qi
=

pj

qj
,

thus
(pi

qi

)

and
(pj

qj

)

are proportional. This contradicts the first observation and we conclude that

the second observation is correct.
As P and Q appear symmetrically in our problem, the second observation also shows that

for no i 6= j do qi > pi and qj > pj both hold. It now follows that the number of columns
(

pi

qi

)

with pi 6= qi is at most 2. As this number cannot be 0 or 1 (since P 6= Q), it must be exactly 2.
We can therefore assume that

( p1
q1

)

and
( p2

q2

)

are the two columns in question and that p1 > q1

and p2 < q2. By Observation 1, there is at most one column
(pi

qi

)

with pi = qi. We have now
shown that A must have the following form, assuming that the zero-columns come last:

A =

(

p1 p2 p3 0 · · · 0
q1 q2 p3 0 · · · 0

)

.

This is convenient for our last observation:

Observation 3. If, for i, j ∈ [n] such that i 6= j, all numbers pi, qi, pj and qj lie in the open
interval ]0, 1[, then pipj = qiqj.

To prove this, consider Pε, Qε with |ε| sufficiently small and with point probabilities as for
P and Q except for the following four changes:

pi(ε) = pi + ε , pj(ε) = pj − ε , qi(ε) = qi + ε , qj(ε) = qj − ε .

Again, as for the second observation, the total variation is unchanged and d
dε JSD1(Pε, Qε) must

vanish for ε = 0. Hence by (23),

(log pi + log qi − 2 log(pi + qi)) + (− log pj − log qj + 2 log(pj + qj)) = 0 .

From this we conclude that

(1 + xi)(1 +
1

xi
) = (1 + xj)(1 +

1

xj
)

where xi = pi

qi
, xj =

pj

qj
. As xi = xj is not feasible in view of Observation 1, the only other

solution is xi = 1
xj

, which gives the desired conclusion.

With these three observations it is now easy to conclude the analysis.

Case 1: p3 = 0. In this case A must be of the form

A =

(

p 1 − p 0 · · · 0

1 − V
2 1 − p + V

2 0 · · · 0

)

with V
2 ≤ p ≤ 1. If V

2 < p < 1 we conclude from Observation 3 that p(1−p) =
(

p − V
2

) (

1 − p + V
2

)

or
1

4
−
(

p − 1

2

)2

=
1

4
−
(

p − V

2
− 1

2

)2

,

12



hence |p − 1
2 | = |p − 1

2 − V
2 | and we see that p = 1

2 + V
4 . Together with the two “end point

possibilities”
(

p = V
2 or p = 1

)

this gives three possibilities:

A =

(

2+V
4

2−V
4 0 · · · 0

2−V
4

2+V
4 0 · · · 0

)

(24)

A =

(

V
2

2−V
2 0 · · · 0

0 1 0 · · · 0

)

(25)

and then a further possibility (corresponding to p = 1) which is, however, symmetric to (25)
and may therefore be discarded.

Case 2: p3 > 0. Note that this requires n ≥ 3. If, in this case q1 > 0, then Observation 3
applies to column 1 and 3 and we conclude that p1p3 = q1p3, i.e. p1 = q1. However, in view of
Observation 1, this is not possible. Therefore, q1 = 0 must hold. Similarly, p2 = 0 must hold.
This leaves us with A of the form

A =

(

P
Q

)

=

(

V
2 0 2−V

2

0 V
2

2−V
2

)

. (26)

It remains to calculate the Jensen-Shannon divergence in the three extremal cases isolated:

Case a: JSD1(P,Q) =
1

2

(

1 +
V

2

)

log
(

1 +
V

2

)

+
1

2

(

1 − V

2

)

log
(

1 − V

2

)

(27)

Case b: JSD1(P,Q) = log 2 − 1

2

(

2 − V

2

)

log
(

2 − V

2

)

+
1

2

(

1 − V

2

)

log
(

1 − V

2

)

(28)

Case c: JSD1(P,Q) =
log 2

2
· V . (29)

The functions in (27)-(29) are related as follows:

1

2

(

1 +
V

2

)

log
(

1 +
V

2

)

+
1

2

(

1 − V

2

)

log
(

1 − V

2

)

<

log 2 − 1

2

(

2 − V

2

)

log
(

2 − V

2

)

+
1

2

(

1 − V

2

)

log
(

1 − V

2

)

<

log 2

2
· V (30)

This follows by standard considerations. Of course, for V = 0 or V = 2, equality holds in (30).
Recalling that (29) requires n ≥ 3 we can now conclude as follows:

Theorem 9. For all n ≥ 2, the lower function Ln coincides with the common lower function
L given by

L(V ) =
1

2
(1 +

V

2
) log(1 +

V

2
) +

1

2
(1 − V

2
) log(1 − V

2
) . (31)

For all n ≥ 3, the upper function Un coincides with the common upper function U given by

U(V ) =
1

2
log 2 · V (32)

and for n = 2, we have

U2(V ) = log 2 − 1

2
(2 − V

2
) log(2 − V

2
) +

1

2
(1 − V

2
) log(1 − V

2
) . (33)
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With just a little more effort, we can determine the exact form of the V/ JSD1-diagrams ∆n.

Theorem 10. For n = 2, the V/ JSD1-diagram ∆n is the compact region in the plane deter-
mined by the Jordan curve composed by the two curves given by (32), run from V = 0 to V = 2,
followed by (31), run from V = 2 to V = 1.

For n ≥ 3, the diagrams ∆n coincide with the common V/ JSD1-diagram constructed as
above but with the curve given by (33) as the upper curve.

Proof: Assume first that n ≥ 3. By Theorem 5 we know that ∆n is contained in the compact
domain described. That there are no “holes” in ∆n follows by considering Pt, Qt given by

(

Pt

Qt

)

= (1 − t)

(

2+V
4

2−V
4 0 · · · 0

2−V
4

2+V
4 0 · · · 0

)

+ t

(

V
2 0 1 − V

2 0 · · · 0

0 V
2 1 − V

2 0 · · · 0

)

for t ∈ [0, 1], which gives a homotopy from the lower bounding curve to the upper bounding
curve (i.e. a continuous deformation of the lower curve into the upper). The case n = 2 is
handled in a similar way.

log(2)

1 2

V

JSD

Fig. 1. V/ JSD1-diagram for n ≥ 3 (the shaded region) and for n = 2 (the region obtained by
replacing the upper bounding curve by the dotted curve)

In Figure 1 we have depicted the V/ JSD1-diagram for n ≥ 3. By expansion of L(V ) given
by (31), one obtains the inequality

JSD1(P,Q) ≥
∞
∑

n=1

1

2n(2n − 1)

(

V

2

)2n

, (34)

which was proved by a different method in [18, Theorem 5].

5.3 Bounds on the QJSD

Analogous to the bounds given in Theorem 8, we can bound QJSD1. We use the following
well-known fact.

Fact 1 (Lindblad-Uhlmann). Let ρ, σ ∈ B1
+(H) be two states on some Hilbert space H and

M := {Mi | i = 1, 2, . . . } be a measurement on H. Then S(ρ‖σ) ≥ D(PM‖QM), where PM

and QM are probability distributions with point probabilities PM(i) = Tr(Miρ) and QM(i) =
Tr(Miσ) respectively.

14



Theorem 11 (Nielsen & Chuang, [6] Theorem 9.1). Let ρ, σ ∈ B1
+(H) be two states on some

Hilbert space H and M := {Mi | i = 1, 2, . . . } be a measurement on H. Then ‖ρ − σ‖1 =
maxM V (PM, QM), where PM and QM are probability distributions with point probabilities
PM(i) = Tr(Miρ) and QM(i) = Tr(Miσ) respectively.

Theorem 12. For all states ρ, σ ∈ B1
+(H), we have

QJSD1(ρ, σ) ≥ L(‖ρ − σ‖1) ,

where L is the function given by (31).

Proof: In the same way as the proof of Theorem III.1 in [24], we make a reduction to the case
of classical probability distributions by means of measurements. Let M be a measurement that
maximizes V (PM, QM). Then from Theorem 11 we have ‖ρ−σ‖1 = V (PM, QM). Fact 1 gives
us

QJSD1(ρ, σ) ≥ 1

2
D

(

PM,
PM + QM

2

)

+
1

2
D

(

QM,
PM + QM

2

)

= JSD1(PM, QM).

The result now follows from Theorem 9 and equation (34).

6 Further bounds

If Φ is a Markov kernel then the data reduction inequality for divergence implies that

d(Φ (P ) ,Φ (Q)) ≤ d(P,Q).

For product measures this implies

d(P1 × P2, Q1 × Q2) ≤ d(P1 × P2, Q1 × P2) + d(Q1 × P2, Q1 × Q2)

≤ d(P1, Q1) + d(P2, Q2).

The inequality

d(P1 × P2, Q1 × Q2) ≥
1

2
(d(P1, Q1) + d(P2, Q2))

is a trivial consequence of the data reduction inequality.

7 Conclusions and open problems

Using the Tsallis entropy we defined generalizations of the (general) Jensen-Shannon divergence
and its quantum analogue. JSDα was proved to be the square of a metric which can be embedded
in a real Hilbert space. The same was shown to hold for QJSDα restricted to qubit- and pure-
states. Both these results were derived by evoking Schoenberg’s theorem and showing that these
quantities are negative semidefinite.

Whether QJSD1 is a metric for all states remains unknown. However, based on a large
amount of numerical evidence, we conjecture the kernel A y Tr(eA) to be exponentially convex
for Hermitian matrices A. Proving this would imply that QJSDα is negative semidefinite, and
hence the square of a metric that can be embedded in a real Hilbert space.
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