A Lattice Approach to Bayesian Networks

Abstract

Bayesian networks and conditional indepen-
dence is studied via functional dependences.
Armstrong’s axioms known from the theory
of relational databases is used to reformulate
the concept of Bayesian networks into the
theory of join-semidistributive lattices. Lat-
tice theory provides us with a richer language
to discuss causation than graph theory does.

1 Introduction

The theory of Bayesian networks is normally consid-
ered as a theory of conditional independence. In this
paper we shall take a different point of view and con-
sider the theory of Bayesian networks as a theory of
functional dependence. Bayesian networks has become
a popular model of causation among computer scien-
tists. Functional dependencies has definitely played a
role in philosophers attempts to understand the con-
cepts cause and effect, so from a philosophical point
of view the ideas presented here are not all that new
and discussion and references can be found in (Pearl,
2000, Section 1.4). Nevertheless this point of view
has not been explored in sufficient detail in relation
to Bayesian networks. Although there are still a num-
ber of technical problems to be solved, the overall ap-
proach should be clear already at this point.

This work use ideas from three areas. The theory of
functional dependencies in relational databases was pi-
oneered by Armstrong (1974). Now the basic results
can be found in any textbook like Gardarin & Val-
duriez (1989) on relational databases, but in the data-
base community this branch of research is not really
active anymore. The theory of lattices was developed
by Birkhoff and his reprinted textbook Birkhoff (1991)
on this subject is still worth reading. A comprehen-
sive modern exposition can be found in Gritzer (2003).

Lattice theory is now a mature research area with uni-
fied notation plenty of results and applications in all
branches of mathematics. The study of causation has
an enormous literature that started about 2500 years
ago. The study of causation via Bayesian networks is
much younger and a good overview of this approach
to the study of causation can be found in Pear] (1988,
2000); Lauritzen (1998). Many of the definitions that
we use may be found in these textbooks

2 Independence and functional
dependence

In the theory of Bayesian networks one studies the
relation (ALB | C); (A and B are independent given
(), where A, B and C are disjoint subsets of a set M
of random variables. The power set of M is a Boolean
lattice with inclusion as ordering, U as join, and N as
met. We shall say that a relation (-L- | -); on a lattice
(L,V,A) is a semi-graphoid relation, if it satisfies the
following axioms:

Symmetry (X1Y | Z), if and only if (Y LX | Z),.
I-Decomposition
(XLY VW | Z), implies (X LY | Z);.
Weak Union
(XLY VW | Z); implies (XLW | ZVY);,.
Contraction (X_1Y | Z); and (X1W |ZVY); im-
plies (X LY VW | Z), .

These propositions should hold for all X, Y, Z, W € L.
If L is the power set of a set and the relation (-L- | -);
is only defined for disjoint sets then the definition co-
incides with the definition given in Pearl (1988).

In this paper we are also interested in the case where
the subsets are not disjoint. In a power set of random
variables we note that if A is independent of A given



C then A is a function of C' almost surely. Hence
we introduce the following additional axioms that are
fulfilled for random variables.

Auto-independence
For all subsets A we have (ALA | A),.
Forced independence

For all subsets A, B and C we have that (ALA | C),
implies that (ALB | C); .

A semi-graphoid relation is said to be super-graphoid
if it satisfies auto-independence and forced indepen-
dence.

If (ALA|C); we write C' — A and say that A de-
pends functionally on C. It is important to note that
the notion of functional dependences may also be de-
fined even in some cases where there are no proba-
bility measure and no semi-graphoid relation in play.
For instance functional dependences are defined in re-
lational databases. We can use the basic properties
of semi-graphoid relations to prove properties of func-
tional dependence.

Proposition 1 If (-L-|-); is a super-graphoid rela-
tion then it satisfies:
Functional Independence

If X =y W and (XL1Y | Z); then (WLY | Z),.
Causal Independence

IfZ -y W and (XL1Y | Z); then (XLY | W),.

Theorem 2 If (-L-|-); is a super-graphoid relation
then it satisfies:

Reflexivity IfY < X, then X —; Y.

Augmentation If X —; Y, then XVZ —; Y V Z.

Transitivity If X —;Y andY —; Z, then X —; Z.

f-Decomposition If X —; YV Z, then X —; Y
and X —¢ Z.

Union If X —;Y and X —; Z, then X —; Y V Z.

Psudotransitivity If X —; Y and Y VZ —; W,
then X VZ —; W.

Proof. Reflexivity Assume that Y is a subset of X.
We know that X —; X. Hence (XLY | X), because
of forced independence. We have X = Y V X. Hence
Y1Y | X.

Augmentation Assume that X —; Y. Now XVZ —
Y V Z is equivalent to (Y V Z) L(Y VvV Z) | (XV2)),
so it is sufficient to prove that

YLYVZ)|(XVZ),

and
(ZLYVZ)|(XVZVY));.

The last proposition holds because X VZVY —¢ Z by
reflexivity together with forced independence. There-
fore it is sufficient to prove that X vV Z —; Y. Using
forced independence we have (Y LY V Z | X),, which
by weak union implies (Y LY | X V Z);.

f-Decomposition Assume that X —; Y V Z. Then
(YVvZ)L(YVZ)|X); and according to decompo-
sition of independence we have (Y L (Y VvV Z) | X); and
applied once more (Y LY | X)), . The proof that X —
Z works in the same way.

Transitivity Assume that X —; Y and ¥ —; Z.
Forced independence implies that (ZL(ZV X)|Y),
and by weak union Z1Z | Y Vv X. Forced in-
dependence then implies (ZL(YV Z)|(XVY)),.
Forced independence and X —; Y together im-
plies that (YL (Y V Z)| X),. Contraction then im-
plies (YVZ)L(YVZ)|X); and X —; YV Z Now
X — Z follows by decomposition.

The proofs that Psudo-transitivity and Union
holds are omitted. m

In database literature reflexivity, augmentation, and
transitivity are called Armstrong’s Azioms for func-
tional dependence.  Union, f-Decomposition and
Psudo-transitivity can be deduced from Armstrong’s
Axioms, see Armstrong (1974).

Let L denote a lattice with a relation — such that
Armstrong’s axioms are satisfied. For simplicity we
will assume that L is finite. For X € L we define
c_, (X) as \/YZ where the join is taken over all Y;
such that X — Y;. In a set of random variables where
— denotes functional dependence cl_, (X) is the set
of all variables determined by the variables X. We say
that X is closed if cl_, (X) = X.

Theorem 3 If (L,V,A) is a lattice with an pre-
ordering — satisfying Armstrong’s axioms then the set

of elements in L that are closed form a lattice with met
XA_Y=XAY and join XV_Y =cl_ (XVY).

This theorem essentially dates back to Armstrong
when L was a power set with inclusion as ordering
and the proof is the same, so the proof is omitted here.
The theorem as it is formulated here probably in the
literature on lattices although the author has not been
able to locate a good reference.
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Figure 1: Hasse diagram of the lattice N5 .

Theorem 4 If (L,V,A) is a lattice with a super-
graphoid relation (-L- | -); then this relation restricted
to the lattice L., is also super-graphoid.

Proof. One just has to prove that (XL1Y |Z),
if and only if (X.Lcl, (Y)|Z)I if and only if
(XLY | e, (Z)),. This follows from Proposition 1.
[

The significance of this theorem is that if we start
with a super-graphoid relation on a power set of ran-
dom variables then this super-graphoid relation is also
super-graphoid when restricted the set of random vari-
ables that are closed under functional dependence.

3 Canonical independence in a lattice

Even simple examples of functional dependence lat-
tices may be complicated to describe if they are not
based on simple causal relations between the variables.

Example 5 This example concern fruit from a su-
permarket. Variable X tells whether the supermarket
will sell it at normal price, or at a reduced price be-
cause it is close to the expiration date, or whether it
is through out because the expiration date has been ex-
ceeded. Variable Y describes whether the fruit tastes
very fresh, is eatable, or looks disqusting. The variable
Z tells whether the fruit will make you sick or not.
The functional dependences are given by Y —; Z and
X VY = XV Z. The lattice is N5. This is the standard
example of a lattice that is not modular.

Let L be a lattice. We may ask whether one can as-
sociate a random variable X, to the element a € L
in such a way that if we define conditional indepen-
dence with respect to the distribution of the random
variables, then (X,1X, | Xp) if and only if @ < b in

L. This is indeed possible. The canonical construction
is as follows. For each a € L we define assign a binay
random variable Y, with a uniform distribuion. We

define
=0 figa ).,
leL
Then X, —f X, if and only if b > a. As any finite
lattice is the closure lattice of a power set lattice of
functional dependences it is natural to consider super-
graphoid relations on lattices of any structure rather

than restricting our attention to semi-graphoid rela-
tions on Boolean lattices.

Different super-graphoid relations on the same lattice
may lead to the same lattice of functionally closed sets.

Example 6 Let X and Y denote two random vari-
ables and consider two different joint distributions P
and @ on (X,Y). Under P the variables X andY are
independent. Under @ they are dependent but in a way
so that that X is not a function of Y and Y is not a
function of X. In both cases the lattice of functionally
closed sets of variables is the power set. Under P we
have (X 1Y), but under Q we have = (X 1Y), .
We have seen that an super-graphoid defines a lat-
tice and the there is a canonical way of constructing
a super-graphoid relation that induces the ordering in
the lattice. Therefore it is natural to ask how proper-
ties of the super-graphoid is reflected in the structure
of the lattice and vice versa.

Example 7 Consider three binary wvariables X,Y,
and Z related by Z = X ®Y. Then the closure lat-
tice has the five elements 0, X,Y, Z, and 1. The lattice
is called Ms and is one of the standard example of a
lattice that is modular but not distributive. This is the
simplest case of a functional dependence structure that
might be described as a causal loop. The variables X
and Y are not equal but given Z one may perhaps say
that X influences Y and Y influences X.

4 Intersection

For a semi-graphoid relation (-L-|-); on a power set
the following property for disjoint sets X,Y, and Z is
of importance.

Intersection
(XLY | ZUW),; and (XLZ|Y UW); implies
(XLYuz|wW),.

Intersection holds for Bayesian networks and most
other graphical models of independence. If the rela-
tion (-L-|-); is super-graphoid, and Y and Z are not
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Figure 2: Hasse diagram of the lattce M5 .

disjoint, then we may write ¥ = (Y\Z) U (Y N2)
and Z = (Z\Y) U (YNZ). In this case we get
that (X1Y | ZUW), and (XL1Z|Y UW); implies
(XLYuZ|(YNnZ)uW),. For a lattice (L,V,A) it
is natural to consider any of the two generalizations.

Strong Lattice Intersection

(XLY | ZVvW); and (XLZ|Y VW), implies
(XLYVZ | Y ANZ)VIV),.

Weak Lattice Intersection

(XLY | ZVvW),; and (XLZ|Y VW), implies
(XLYVZ | (YVW)A(ZVW)),.

Weak Lattice Intersection is fulfilled for conditional in-
dependence of random variables in the following sense.

Theorem 8 Let X,Y,Z and W denote random
variables with a joint distribution P. Assume that
(XLY | ZUW), and (XLZ|YUW), under P.
Then there exists a random variable V' almost surely
determined by both Y U W and Z U W such that
(X1YuZz|V).

The proof will be given in a longer version of this pa-
per. A lattice is said to be join-semidistributive if
XVZ=YVZimplies that (X ANY)V Z =XV Z for
all X,Y and Z.

Theorem 9 If the a super-graphoid relation (-L- | -);
on the lattice satisfies strong lattice intersection then
the lattice is join-semidistributive.

A lattice said to be semi-convex if X ANY = X AZ and
XVZ=YVZimplies X < Z.

Proposition 10 If a lattice is join-semidistributive
then it is semi-convex. In particular the a graphical
closure lattice is semi-convex.

Proof. Assume that XAY = XAZand XVZ =Y VZ
in a lattice. Then

X<XVvZ
=(XAY)VZ
=(XANZ)VZ
=7

We note that the lattice M;5 is not semi-convex, and
semi-convexity efficiently rule out the possibility of
anything like a causal loop.

5 The graphical closure lattice of a
deterministic Bayesian network

A Bayesian network is a set of random variables which
are organized in a directed acyclic graph (DAG). The
joint distribution of the random variables should sat-
isfy that if variables are d-separated in the graph then
they should be conditional independent with respect
to the probability distribution. In a Bayesian network
the joint distribution can be factored into the condi-
tional distribution of each child given its parents. If a
variable has no parents we just get a distribution with
no conditioning. We may think of such a distribution
as a prior distribution.

Definition 11 A DAG is said to be Austrian if there
exrist nodes x,y and z such that x and y are parents to
z and so that = is an ancestor of y.

Note that there is a one-to-one correspondence be-
tween finite posets and non-Austrian graphs.

Definition 12 A Bayesian network is deterministic
if it is non-Austrian and each child with parents is
determined by these parents. Variables with no parents
are independent and not determined.

Note that, formally, if a variable with no parents is
determined by its parents it would mean that it could
only take one value, and then any other variable would
also only take one value.

Definition 13 In a poset a set of variables A graph-
ically determines a set of variables B if any mazximal
chain through a variable v € B intersects A in a vari-
able prior to v. When A graphically determines B we
write A =4 B.

Theorem 14 Let A and B be subsets of a determin-
istic Bayesian network. If A =, B then A —; B.

Proof. Without loss of generality we may assume that
B is a singleton {z} . The proof is by induction on the



length of the longest backward maximal chain from z.
Assume that the result holds if all backward maximal
chains are shorter than n and that z has a maximal
chain of length n + 1. If x € A it obviously holds.
Therefore, assume that © ¢ A. We will show that all
parents are determined by A and that z is therefore
also determined by A. Let y be a parent of z. If y € A
it is determined by A. If y ¢ A then all maximal chains
through « and y will intersect A because A —, {z}. A
maximal chain through = and y does not intersected A
at x or at y and it does not intersect between x and y
because there are no nodes between z and y in a non-
Austrian DAG. Therefore any maximal chain through
2 and y must intersect A before y. According to the
induction hypothesis that implies that y is determined
by A. =

The graphical closure cl; (A) of a set of variables A is
is the largest set B such that B <, A.

Theorem 15 The ordering =4defines a lattice on the
set of graphical closures of a poset.

Proof. This follows from Theorem 3 by checking that
Armstrong’s axioms are fulfilled. =

Theorem 16 The graphical closure lattice is join-
semidistributive.

Proof. The inequality (X AY)V Z <, X V Z holds
in all lattices. Let a be an element in X VZ =Y V Z.
Let w be a chain through a. Then there is a smallest
element b in w such that b € X v Z =Y v Z If
b € Z then obviously b € (X AY)V Z. If b ¢ Z then
becly(XULZ)implying b € X and, similarly, b € Y.
Hence, be XNY =X AY. m

Theorem 17 If X VY = AV B then X VY =
(XANAVXAB)VIYANAV(YAB).

Proof. The inequality X VY >, (X AA)V (X A B)V
(Y AA) V (Y A B) holds for any lattice. Let a be an
element in X VY = AV B. Let w be a chain through
a. Then there is a smallest element b in w such that
be XVY = AV B. Then b is in X and A, or in
X and B, orin Y and A, or in Y and B. Hence, b €
(XNAV(XAB)VY ANA)V(Y A B). This holds for
all w so we conclude that a € (X ANA) V(X AB)V
YANAVIYAB). n

Together with the join-semidistributivity this theorem
implies that any set in the graphical closure lattice has
a unique irreducible decomposition.

Definition 18 We now recall the definition of modu-
larity. An lattice element A is said to be right modular
if X < A implies

XVYAA) =(XVY)AA

for all'Y. An lattice element B is said to be left mod-
ular if B < Z implies

BV(YANZ)=(BVY)AZ

for all Y. Note that a lattice element A is often called
modular if it is right modular. An element X in a
lattice L is said to be distributive if

XVIYANZ)y=(XVY)AN(XV2Z)
for allY,Z € L. It is co-distributive if
XANYVZD)=(XANY)V(XAZ)
forallY,Z € L. An element a is standard if
XAN(@aVvZ)y=(XNa)V(XANZ)
for all Y, Z € L.Similarly, a is co-standard if
XV(@ANZ)y=(XVa)AN(XVZ)

forallY, Z € L. An element X is cancelable if XVY =
XVZ and X \NY = XANZ impliesY = Z forallY, Z €
L. It can be proved that an element is (co-)standard if
and only if it is cancelable and (co-)distributive.

An upset in a DAG is obviously a graphical closure.
The set of upsets is a distributive lattice. To get a bet-
ter understanding of the relation between the upsets
in a DAG and the ordering =, we need the following
definition.

Theorem 19 In a lattice the set of standard elements
is a distributive sub-lattice.

We shall try to determine this sub-lattice.

Theorem 20 For an element ¢ in the graphical clo-
sure lattice of a non-Austrian DAG the following five
conditions are equivalent:

1. The element ¢ is standard.
2. The element £ is an upset in the DAG.

3. For allY,Z € L such that Y N Z = 0 we have
UVY)N({V Z)=L.

4. The element £ is right modular.
5. The element ¢ is distributive.

Proof.

2. = 1. Assume that £ is an upset. Then /VX = UX
and it is easy to see that ¢ is standard.



2. = 1. Follows from the definition of standard ele-
ments.

5. = 3. Follows from the definition of distributive ele-
ments.

—2. = 3. Assume that £ is not an upset. Then there
exist a variable Y such that Y is after a variable
X in /. Let Z be the set of variables such that
Z is not a function of £ and such that there exist
a maximal chain from Z to Y such that Z is the
last element in the chain that is not a function
of £. Then Y =<, £V Z. We do not have Y <, Z
because Y has an ancestor in . Hence

Y <, (CVY)A(LV Z)

but
Y 240V (Y ANZ).

—2. = —4. Assume that ¢ is not an upset. Then there
exist a variable a such that a is after a variable
X in /4. Define Y = a V £. Let Z be the set of
variables such that Z is not a function of ¢ and
such that there exist a maximal chain from Z to a
such that Z is the last element in the chain that is
not a function of £. Then a <, £V Z and therefore
also Y <, ¢V Z. We do not have a =, Z because
a has an ancestor in £. Hence

a=4(VY)NZ

but
ad V(Y ANZ).

because Y A Z = 0.
1. = 5. Follows from the definitions.

—2. = —5. Assume that ¢ is not an upset. Then there
exist a variable a such that a is after a variable
X in £. Let Z be the set of variables such that
Z is not a function of £ and such that there exist
a maximal chain from Z to a such that Z is the
last element in the chain that is not a function of
. DefineY = ZVa. Then XVY = XV Z and
XANY =XANZ =0. We have Y # Z because
Y =4 abut Z #, a.

5. = 4. Follows from the definitions.

Example 21 The lattice N5 is not the graphical clo-
sure lattice a non-Austrian DAG. To see this we note
that X is left modular but both Y and Z are comple-
ments of X, so X is not standard.

An element ¢ in a lattice is join-irreducible if £ = aV b
implies £ = a or £ = b.

Theorem 22 (Birkhoff (1991)) A distributive lat-
tice L can be identified with upsets in the poset of join-
irreducible elements of L.

Now we can combine these results. We know that a
deterministic Bayesian network defines a lattice, and
we have shown the left modular elements form a dis-
tributive sub-lattice that is equivalent with poset of
join-irreducible elements but at the same time it can be
identified with upsets in the Bayesian network. Hence,
nodes in a Bayesian network can be identified with the
join irreducible elements of the sub-lattice of left mod-
ular elements in the graphical closure lattice of the
graph. Another way to say this is that a determin-
istic Bayesian network is completely described by its
graphical closure lattice. All questions related to de-
terministic Bayesian networks can therefore be stated
in terms of lattices.

A deterministic Bayesian network has the property
that each node is determined by its parents. This prop-
erty can be translated into a property of the graphical
closure lattice. Although this is straight forward we
shall abstain from doing this in this short note because
at the moment we have not yet been able to express
the resulting condition on the lattice in a pleasant al-
gebraic form. The relation between the lattice and the
following two conditions

Composition (X1Y | W), and (X_LZ | W), implies
(XLY VZ|W),.

Weak transitivity If w is a join-irreducible el-

ement of the lattice and (XL1Y |ZVw),
and ~(X1lw|Z); and - (wlY |Z),, then
(XL1Y' | 2),.

are also not clarified yet although they can be trans-
lated into lattice language.

Theorem 23 For an element £ in the graphical clo-
sure lattice of a non-Austrian DAG the following two
conditions are equivalent:

1. The element ¢ is right modular.
The element ¢ is a closed downset in the DAG.

The element is co-distributive.

™ e

The element is co-standard.
Proof.

1. = 2. Assume that ¢ is not an downset. Then there
exist a variable a such that a is after a variable
X =y L. Define Y = aV (. Let Y be the set of



variables such that Y is not a function of ¢ and
such that there exist a maximal chain from Y to
a such that Y is the last element in the chain that
is not a function of £. Then a <, X VY. We do
not have a <, Y because a has an ancestor in /.
Hence

a=y (XVY)NL

but
ads XV (YA

because Y A ¢ = 0.

2.=1. Let X =, ¢ and let a be an element in
(X VY)AL. We have to show that a is element in
X V(Y AL). Let w be a maximal chain. We have
to prove that w intersects X or that w intersects
Y A L. Assume that w does not intersect X. Then
w intersects Y but the whole backward part of w
is within £ so the intersection of w and Y must be
member of Y A /.

The rest of the proof is strict forward. m

Theorem 24 The set of right modular elements of the
graphical closure lattice of a non Austrian DAG is a
Boolean lattice. In this lattice we have ALB | C if and
only if C — AN B.

Proof. The right modular elements can be identified
with closed downsets. If A is a set of initial nodes in
the DAG then cl, (A) is a closed downset. Conversely
let A be the initial elements in a downset . Then ¢ =
cly (A) . Hence, downsets can be identified with subsets
of the set of initial variables and these form a Boolean
lattice. m

The right modular elements do not really tell anything
about the functional dependence structure of the de-
terministic Bayesian network. They only identify the
initial elements that all other variables are functions
of. For an element X in a lattice a (X) will denote the
smallest co-standard element that determines X.

Theorem 25 For a deterministic Bayesian network
the following two conditions hold.

1. If (X1Y | Z); and a(X VY VZ) — W then
(XLY | ZVW), .

2. If ( XLY | ZVW), and W Aa(X VY VZ)=0
then (XL1Y | Z), .

6 Hidden variables

For a deterministic Bayesian network one may restrict
the attention to some of the random variables and con-
sider the other variables as latent or hidden. On the

other hand any Bayesian network can be embedded in
a deterministic Bayesian network by introducing inde-
pendent noise variables to all variables that are not
determined by their parents. In general the network
will not be deterministic anymore if some of the vari-
ables are latent. Also the ordering determined by left-
modular elements in the functional dependence lattice
will be sensitive to latency of variables. Therefore we
need some concepts that are more robust to latency of
variables than modularity.

Definition 26 Let (M, =) be a poset with a super-
graphoid relation (-L-| ), on the lattice of subsets. If
X C M then a< (X) is the set of ancestors to elements
in X. The relation = is said to be harmonic if the
following two conditions are fulfilled:

1 If (X1Y | Z); and a< (X VY VZ) — W then
(XY | Zv W), .

2. If ( XLY | ZVW); and WAa< (X VYV Z)=0
then (X 1Y | Z),.

For a Bayesian network or a hybrid graph the ordering
in the graph defines a harmonic relation. It is tempting
to use the word causal instead of harmonic, and the
only reason this is not done here is that the word causal
is already overloaded. The word harmonic is just a
neutral temporary working terminology. We note that
for a deterministic Bayesian network a< (X) is simply
the smallest right modular element in the lattice that
contains X. If an ordering < is harmonic then it is
also harmonic on (-L- | -); restricted to a subset of A.
Therefore harmonic ordering are our candidates to the
ordering of the variables when they are embedded in
a deterministic Bayesian network.

We shall use the concept of locality to describe the
deviation of an partially ordered set of variables from
being a deterministic Bayesian network. The word lo-
cality is taken from the physics literature about quan-
tum non-locallity.

Definition 27 Let (M,=) be a poset with a super-
graphoid relation (-L- | -); on the lattice of subsets. We
assume that < is harmonic.

Deterministic Locality If any chains through B in-
tersects C' before B, then B is a function of C.

Temporal Locality If a < b and all chains from a
to b intersects C, then (aLb|C);.

Spatial Locality

If X,)Y C M then (XLY |a< (X)ANa< (Y)),.



Pearl & Verma (1990) introduced graphs with bi-
directed arrows and called them hybrid graphs. In-
dependence in hybrid graphs is defined via the d-
separation criterion. See Pearl & Verma (1990) for
more details about this class of graphical models.

Theorem 28 Let (A, =X) be a poset with a super-
graphoid relation (-L- | -); on the lattice of subsets. If
= 1s harmonic and the super-graphoid relation satis-
fies the axioms of intersection, composition, and weak
transitivity then there exists a hybrid graph with order-
ing < and independence structure (-L-| ), . If spatial
locality is satisfied then a Bayesian network exists with
ordering < and independence structure (-L-|-), . If
also temporal locality is satisfied then the Bayesian net-
work can be realized by a non-Austrian graph.

The proof is too long to be given in this short paper.

7 Discussion

The determination of functional dependencies is an im-
portant part of designing databases in the relational
model, and in database normalization and denormal-
ization. The functional dependencies, along with the
attribute domains, are selected so as to generate con-
straints that would exclude as much data inappropri-
ate to the user domain from the system as possible.

There are various reasons to study functional depen-
dences in databases. The two most important are:

Compression One can make a more compact rep-
resentation of data when functional dependences are
known. How to make such compact representations is
the subject of the theory of relational databases.

Control If one has direct control over some of the
attributes/variables in a database then the functional
dependences will tell what the effect will be on other
attributes. If for instance one has a database of all
members of a club and want to send a letter to all
members in a specific area, one may do this by sending
to all members for which part of their zip code has a
certain value. The relation between zip code, town and
areas will tell how this can be done most efficiently.

We note that these two reasons are also the main rea-
sons to study causality.

Some people claim that causation is about overruling,
i.e. external intervention in an otherwise probabilis-
tic structure. One problem with this approach is that
this excludes the intervention it self to be discussed
using the notion of causality. One way around this
problem is the distinguish between controlled and un-
controlled variables in the Bayesian network. If we
believe that probabilities are a way of quantifying our

uncertainty then it does not make much sense to assign
probabilities to our own decisions. Therefore there is
a conceptual problem in assigning probabilities to con-
trolled variables. The theory presented here is based
on functional dependence lattices so we do not have to
make any artificial distinction between controlled or
uncontrolled variables.

Bayesian networks are based on graphs that are in
principle discrete objects. Therefore Bayesian net-
works will never be able to describe infinite sets of
variables. For instance an electromagnetic field can be
described by a vector in each point in space and time.
Maxwell’s equations describe functional dependences
between all these variables. In particular an ances-
tor set a (X) can be identified with a backward light
cone from X. With infinitely many variables one has
to take topological considerations into account, and
for this lattices is an efficient tool because, formally a
topology is a lattice.

Finally we shall note that we do not claim that func-
tional dependences can or should be used to model
complicated random phenomena like quantum non-
causallity, but we claim that this approach is useful
in describing how, when, and why causal models can
be used.

References

Armstrong, W. W. 1974. Dependence structures of
Database Relationships. Pages 580-583 of: IFIP
World Congress 1974. North-Holland.

Birkhoff, Garrett. 1991. Lattice Theory. Colloquium
Publications, vol. 25. American Mathematical Soci-
ety. Reprint.

Gardarin, G., & Valduriez, P. 1989. Relational Data-
bases and Knowledge Bases. Addison-Wesley.

Gritzer, G. 2003. General Lattice Theory. Second edi-
tion edn. Birkh#user.

Lauritzen, S. L. 1998. Graphical Models. Oxford Sta-
tistical Science Series, vol. 17. Oxford Science Pub-
lications.

Pearl, J. 1988. Probabilistic Reasoning in Intelligent

Systems. San Mateo, Califonia: Morgan Kaufmann
Publ.

Pearl, J. 2000. Causality. Cambridge University Press.

Pearl, J., & Verma, T. S. 1990 (27-29 July). Equiv-
alence and Synthesis of Causal Models. In: Pro-
ceedings 6th Conference on Uncertainty in AI, Cam-
bridge. Mass.



