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Abstract

Progressively emphasizing samples that are difficult tesifa correctly is the base for the recog-
nized high performance of Real Adaboost (RA) ensembles. cbnesponding emphasis function can
be written as a product of a factor that measures the quadnaitir and a factor related to the proximity
to the classification border; this fact opens the door toaethe potential advantages provided by using
adjustable combined forms of these factors. In this papeiintvoduce a principled procedure to select
the combination parameter each time a new learner is addge tensemble, just by maximizing the
associated edge parameter; calling the resulting metro®ymamically adapted Weighted emphasis
RA (DW-RA). A number of application examples illustrates frerformance improvements obtained by
DW-RA.

. INTRODUCTION

An avenue that promises important benefits is the study of methods to comhifi@aiNeural Net-
works (ANNs). Combinations of ANNs allow an easier design of classiéirtsestimators, better perfor-
mance, and even a clearer understanding of the reasons of the olmatpats. A lot of work has been
done along this avenue, as it can be seenin [1], [2].

Opposite to committee design, in which different ANNs are applied to solvac@iy3 the same
problem under conditions that introduce some diversity (differentgpsations, architectures, initial-
izations, etc.), the “cooperative” approaches try to construct enssipi@means of using ANNSs that pay
attention to the activity of the other members of the ensemble. One of thesaelppsds the modular
architecture proposed by Jacobs and Jordan [3], [4], in which ttputsuof several “experts” are com-
bined according to the state of a “gate” network. The other main coopedsiign procedure is boosting
[5], [6], [7]- In particular, “confidence-rated Adaboost” [8], tdhieh we will refer in this paper as Real
Adaboost (RA), offers excellent performance for classificationdask

Boosting is (apparently) based on combining base learners in a sequnevitieh each added machine

pays particular attention to the samples showing a large classification ettowihg an idea that is fre-

'Note that term Real Adaboost is not used in this paper in the same sang@las
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quently used in training conventional ANNSs, consisting on emphasizingeos samples (see, among
others, [10]-[15]). The alternative point of view suggested in [1&] &urther explored in [17], namely
that boosting progressively concentrates its attention in samples nedreearer to the classification
border, opens new possibilities for designing boosting mechanisms, ¢éhasarsupported by the knowl-
edge of the effectiveness of considering the proximity to the borderfoipe selection (see [18]-[20],
for example). Since Breiman remarks [21] that the particular mode of enzpigsrroneous samples is
not essential in order to get boosting benefits, the idea of paying attentomthtéhe error and the prox-
imity of each sample to the border, seems to be reasonable and potentially Wgefmust remark that
this concept is very similar to that of Maximum Separation Margin (MSM) [22},tboming from Vap-
nik’s work [23], has become the base of successful Support Vidtaohines (SVMs) and kernel based
classifiers [24], and has been applied [25] to surpass the limitations df-&anwesvn method for growing
ANNSs, the Cascade Correlation procedure [26]. Even more, boosisengbles, and in particular the RA
algorithm, have been related to SVMs [27], [28], emerging new versibttioalgorithm to get MSM
solutions [29], [30].

After proving that the standard Adaboost resampling function can bengezsed into a product of
two factors, the first depending on the quadratic error and the seckind iato account the proximity
of each sample to the classification border, we have generalized the drofcthis product, introducing
an adjustable mixing parameter to control the trade-off between both empdamss In many cases,
selecting the mixing parameter by means of cross-validation provides improtewiéh respect to stan-
dard RA schemes [31], but it is far from getting all the potential of the iddare, considering as an
indication of the learner quality a generalized version of the learner edgei¢hted correlation between
the learners outputs and the labels), we propose to adjust the mixing parbynigdeatively selecting the
value that provides the learner with the largest generalized edge. Widymamic procedure facilitates
an adequate selection of the mixing parameter during the growth of the ensprobiding better results
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than the cross-validation approach.

The rest of the paper has the following structure: in Section Il, we reti®awRA algorithm. We
also discuss in that section a previous result from [32]-[33] that stibat the RA emphasis function is
composed of two well-differentiated terms, allowing the introduction of a newhasip criterion where
those two factors are mixed in a flexible manner. Then, Section IlI-A pteslkee main contribution of the
paper, a modified version of RA that combines the mixed emphasis function migrend to dynamically
select the parameter that weighs both emphasis factors. In Section kl-generalize some properties
of the RA algorithm to our approach, showing, from an analytical poini@#, that it can be expected
that our approach presents a better performance than RA. In Sectiwe t¥st the performance of our
approach in a benchmark with different binary classification problenadyzing error and convergence
rates, generalization capability, and robustness with respect to paramletion. Finally, in Section V,

conclusions and future research lines are presented.

Il. DEALING WITH REAL ADABOOST EMPHASIS
A. The Real Adaboost algorithm

Let us consider a set of patterns and their corresponding labels/; }- |, wherex;, € X andd, €
{-1,1}, and the objective is to build a function which is able to classify new patteras@sgately as
possible.

The fundamental idea of the Real Adaboost (RA) algorithm is to combinealdvase learners to
obtain a classifier with improved performance. Concretely, to build up anl&ifier [8], at each round
t =1,...,T, anew base learner is trained with an emphasized population and is addedcetesédmble.

The final ensemble outpuf;(x), is given by a weighted linear combination of the outputs of all the
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learners, so that the estimated label is

d(x) = sign [fr(x)] = sign [Z ar04(x ] )

whereq; is the output weight assigned to th¢h base learner, angd(x) : X — [—1, 1] is the function

implemented by such learner to minimize a weighted quadratic error, namely
L
=Y Di(x)[di = ou(x1)) )
=1
D,(x) being the emphasis function of tieh learner, which indicates how much attention must be paid

to each training sample. Initially, all the training samples have the same importanc®; (x;) = 1/L,

vl =1,..., L, and the emphasis function is updated at each round according to

Dy(x;) exp|—aoi(x)dy]

7 ®)

Dyy1(x) =

whereZ; is a normalization factor that assu@tf:1 Dit1(x) = 1.
Regarding the output weight;, RA goal is to calculate it so that the following bound on the ensemble

training error is minimized at each round:

L
1 -
ZGXP —fi(x))di] > Y7 Z sign[f:(x;)] — d; | = Training Error (4)

As it is shown in [8], the indirect minimization a8, by means of minimizing the looser bound

L
1+ oi(x;)d 1 — oi(x;)d
Z [— fi—1(x;)di] [# exp(—ay) + % exp(ay) (5)
leads to
1 14y
at—21n<1_%> (6)
where~;, usually referred as the edge of thth learner,
L
Y= Z Dt(Xl)Ot(XZ)dl (7)
1=1
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indicates the quality of each weak learner by measuring the correlation téaheer outputs and the
labels (weighted with the emphasis function).

In theory, the RA algorithm can be used to boost the performance of asg lbarner which is only
slightly better than random to get an ensemble of arbitrarily high accurd¢yT8erefore, it is common
in the related literature to refer to the base learners also as weak leaineifse practice, however,
after a few rounds of the algorithm it might not be easy to build better-taadem rules, and both the
strength of the learners and an adequate selection of their design pasapheyea significant role in the
performance of the overall ensemble [35], [36], thus justifying the @is@nger learners, such as neural

networks, as the base components of RA ensembles (see, among &hef8g]).

B. Emphasizing critical and erroneous samples

In principle, emphasis function (3) was proposed to pay more attention to thieemoneous samples
during RA training. However, if this emphasis function is analyzed in moreld8gj, it can be shown
that it is really composed of two well-differentiated terms which are combinedixed way. To see this,

let us first define the partial output of the RA ensemble up to tiae

t
fe(xi) = Z oy op (x;) (8)

t'=1

Using this expression, we can rewrite (3) as

Dy (x;) exp|—aor(x;)d] _ [1i_, expl—agpop(x;)d)]

D) = 7 LI, 7,
t'=1 4t
_ exp [Zf&’:l — Qi Oy (Xz)dl] _ eXP[—ft(Xl)dl] 9)
LI, Zv LTioy Zv

Now, taking into account that2f;(x;)d; = [fi(x;) — di)? — fZ(x;) — d?, and thatd? = 1, (9) can

alternatively be expressed as

Diyi(xq) = Z%QXP [7[ft(Xl)2_ dl]T exp {—@} (10)
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7
where all constant terms have been incorporated;to This expression shows that the RA emphasis
function consists of two exponential factors, and that each of themsstand different kind of emphasis.
The first factor pays attention to the quadratic error of each sample dnilg the second focuses on the
“critical” samples, i.e., those samples close to the classification boundaryegigthe ensemble output
at roundt (f:(x) = 0).

The above emphasis terms combination made us wonder if the fixed RA empiitasisrcis always
the best option, leading us to propose in [33] a new emphasis function tdwporated an additional

degree of flexibility to the fixed RA emphasis function:

Dy (1) = Zi exp {ALfu(xr) — di)? — (1= N f2(x1))} (11)

)

whereZ) , assureifz1 Dy 4+1(x;) = 1, andX (0 < X < 1) is a weighting parameter that trades-off the
attention that the next learner should pay to the samples that are close tattgaboand to those that are
classified with a large quadratic error. For instance, when0 only the critical samples are emphasized,
whereas\ = 1 implies that the ensemble only emphasizes those samples with largest quadvatither
original RA emphasis (3) is recovered when setting 0.5.

Regarding the training of the ensemble weak learners when the new emipimasisn is applied, (2)

can still be used incorporating the newwdependent emphasis:

L

E\; = Z D (x1)[d — 0r(x1)]? (12)
=1

Finally, as in the traditional RA approach, we obtain the output of the enseaslilee weighted linear

combination of the learners outputs, i.e.

T
fT(X) = Z ﬂtOt(X) (13)
t=1

where the output weights have now been denoted Witlo distinguish them from RA output weights.
The selection of the weight associated to each classifier can still be donthevigiim of minimizing
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the bound on the training error given by (5) (replacimgwith 3;), using a procedure similar to that

employed by the standard RA algorithm (see Appendix I):

1 1+ 9,
b=y (15) (14)
where we have definef] as
1 L
5 = B ZZ:;eXp[— feo1(x)dg)os (x1)d; (15)

This expression is equivalent to that far(Eq. (7)), since for the RA algorithni); (x;) oc exp[— fi(x;)d;];
however, there is a clear difference in their interpretations:

« 0; measures the correlation between the learner outputs and the true labigheed/éy the contri-

bution of each sample tB; ; (see Eq. (4)).
» 7 also measures the above correlation; but, in this case, each correlatiois teeighted by the
relevance (emphasis) of the associated data.
Obviously, both points of view are the same onlyJf ;(x;) = D;(x;), i.e, if A = 0.5. Therefore, when
the mixed emphasis function is employed, we prefer to use definition (15)h\Wwhia clear interpretation
for any \; itis in this sense that we refer & as a “generalized edge”.

The application of the emphasis function (11) for a fixed valug, ¢dgether with (12)-(15), results in a
new algorithm for building boosting ensembles, to which we will refer in theiskas RA with weighted
emphasis (RA-we). This algorithm has already been applied to the caimtratMulti Layer Perceptron
(MLP) and Radial Basis Function Network (RBFN) based ensemblesinoiasome advantages over
RA in terms of recognition accuracy and rate of convergence (se@ffll[39], respectively); obviously,
to get the best performance from RA-we, the optimal valug bés to be selected. However, this is not
an easy task because this value depends on each particular classificaliiem. Although it is possible
to select\ using cross-validation (CV), this strategy presents a limited ability to get thidrbesthe RA-

we approach [31]. In the following section we propose a dynamic methogleotsnixing coefficient,
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choosing at each round the most appropriate mixture of boundary proxdmitgrror emphasis; therefore,

modifying the value of this parameter during the growth of the ensemble.

I1l. BOOSTING BY DYNAMICALLY ADJUSTEDWEIGHTED EMPHASIS
A. Dynamic selection of the mixing coefficient: The DW-RA algorithm

The RA-we algorithm presented in the previous section assumes that theaaseis used to update
the emphasis function at each round. In this subsection, we presenehmethod for the dynamic
selection of the mixing parameter that not only solves the problem of selectiagmopriate value fox
without recurring to CV, but also allows to select a different value ath @aand. Note that, as we can see
in (11), to update the emphasis at round 1 we only need to know the partial output of the ensemble
at the previous round, so there is no reason for not allowing differeatues during the construction of
the ensemble.

To select the mixing coefficient at each round, we propose to considesftiict of the new learner
being added, for different values &f on the performance of the ensemble. To be more specific, at round

t we will train a set of base Iearner«saij) (x)}7_,, using populations emphasized according to (11) for

Jj=1
a predefined set\() 3’:1 of possible mixing parameter values. We will add to the ensemble the learner

giving the largest generalized edge (15); i.e., we @&H’a (x) where

/)

j* = argmax 5?
j

We can find some justification for this selection criterion by taking the gradieB} avith respect to
weightsﬁt(j), j=1,...,J, and computing its value before the new learner is added (i.e., at the instant a
which 8Y) = 0),

0B,

959 ls=0 ~ [~ fi-1(x)dilor(x1)Vdy = =By 16,

IIMh
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10
Then, we can see that the learner that achieves the largest absoluteneminjm the direction of the
gradient of B is that with the largest generalized edge; this is an application of the Gausisa®d
method [40], and it makes us expect a larger reduction in the valii wfhen adding the learner with
largestd;.

For completeness, let us mention that the selection of the best mixing paratmeaehaound is not
necessarily optimal from the perspective of the whole ensemble desigartNeless, it is our experience
that this method results in a better performance than other selection criterindf@ance, selecting the
median at each round, that is a classical choice for fusion applicatinds)reany case, it provides very
satisfactory performance in terms of recognition accuracy, as we will #ghhthe experiments section.

Table | summarizes the main steps of the proposed Dynamically adapted Weaghpbdsis version

of Real Adaboost (DW-RA in the sequel).

B. Some remarks on the proposed algorithm

The good performance of the RA algorithm has been checked experlipentenany applications,
and has also been justified theoretically (a summary of several RA anabsé® found in [41]). Since
RA-we and DW-RA output weights are fixed in a very similar manner to thatasfdard RA, most of
these relevant properties can be straightforwardly extended to thesalgarithms. In this section, we
will analyze the implications of weighted emphasis function (11). It will turntbat our criterion for
dynamically selecting\ is very convenient from different perspectives.

The first two items in this subsection extend some properties of the RA algorittiva tase in which
weighted emphasis (11) is used, and offer some insights into the potentaitages of DW-RA in terms
of training error convergence and generalization capabilities. The thimdiitoduces an alternative
interpretation of the way in which (11) emphasizes the population, providitepapoint of view about

the connections between RA, RA-we, and DW-RA.
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11

TABLE |

DW-RA ALGORITHM DESCRIPTION

1-Inputs:{x;, i}, {AD}_,
2 - Train a first weak learnes; (x), according to the cost function:
By =50 [d — o1(x)]?
3-Fort=2,....,T
31-Forj=1,...,J
3.1.1 - Calculate the emphasis function:
Dy (1) = Z% €xp {)\(j)[ft,l(xl) —di* = (1- )\(j))ftgq(xl)}
3.1.2 - Traino!’’ (x;) to minimize the cost function:
EY = YL, Dy o (x)ldi = of (1))
3.1.3 - Calculate the new edge associated to the learner
07 = = Sy of) (xi)dy expl— fi1 (1) d]
3.2 - Add to the ensemble:
ot(x) = ogj*)(x) wherej* = arg max; 6§j)
3.3 -Calculate the output weight for the new weak learner
5= (1)

whereg, = 69

4 - Output the final classifier:

fr(x) =1, Bror(x)

1) Training error convergence:to analyze the training error behavior of RA-we and DW-RA, let us
begin from a result presented by Schapire and Singer in [8]. RectalBthaas defined as an upper bound
for the training error, and that RA was in fact minimizing the upper bound3jogiven by (5). Then,
according to [8], when the output weights of the ensemble are selectedd)vth)( the bound in (5) can

be rewritten as

¢
BtSH\/l—’YtZ/ (16)

t'=1

Defining the square of the overall edge of the ensemble?as- mintlewt{'yt%} and taking into
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12

account thal — x < exp(—x) for z > 0, it also holds that

t 72
By < (1-7%)2 <exp {—?t} (17)
Given thatB; is itself an upper bound for the training error, this result can be used emlgcation that
the training error of RA decreases approximately exponentially with the nuofilbeunds [8].

As we explained in Subsection II-B, our criterion for fixigg minimizes exactly the same bound for

B, (see also Appendix I). Therefore, a similar expression is found fomRRAand DW-RA if the edge

values are obtained according to (15) (see Appendix Il for a demaiosiya

t
B < [[/1-92 (18)

t'=1

from which, definingy® = miny—; {62},
t 52
By < (1-6%2 <exp {——t} (19)

This result shows that the training error of RA-we and DW-RA will alsordase approximately expo-
nentially with the number of rounds, and, what is more important to our digcubsre, it explains why
one could expect a faster reduction of DW-RA training error than frosnat the other two methods.
Effectively, we know that the output weight selection when the mixed enphasction is used (which
includes\ = 0.5 as a special case) results, at each round, in bound (18). Now, mb@WARA trains at
each round a pool of candidate learners for different values of thentking parameter, choosing the one
which gets a largest, while RA and RA-we are limited to only one learner with a predetermixnethis
way, it seems plausible that DW-RA gets a faster reduction of (18) antk Binis itself an upper bound
on the training error, a faster reduction of the training error. Howekeés,will not always be the case,
since optimality at each round does not guarantee optimality from the pévepafiche whole ensemble.
In the experimental section we will give further evidence about the abilipWfRA to provoke a fast
convergence of the ensemble error.
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13
2) Generalization propertiesilet us assume that the data of a given classification problem are drawn
independently from distributio®; then, the generalization capabilities of the designed network can be

expressed in terms of tlexpected risk

Rifr] = Bar { 3 | i 9] - d

According to [8], for the RA algorithnR[ f7] can be upper bounded with probability at lehste (¢ > 0)

RIfr] < R28"(9) + O ( \F\/ Dlog” LJY log ) (20)

whereL is the size of the training data sét,s the VC-dimension of the space of the functions imple-

by

argm

mented by the weak learners [42], aRl} ) is the fraction of training patterns with a classification

margin

_ fr(x)d
PT (Xl) = 23;1 i (21)

smaller than or equal to sonfec (0, 1].

The above bound for the generalization risk is valid for any ensemble d@latlates its global output
as a linear combination of the outputs of several learners, including alsedand DW-RA (considering
that in these cases the margin is normalized By} values, i.e.pr(x;) = — fr(x;)d;/S., 8;). Fur-
thermore, it can be seen that, for a given classification problem andleaaier complexity, the second
term in (20) has the same value for RA, RA-we and DW-RA, so that thergkretion bound is only

argln

dependent on the margin rigky. . Therefore, to get a better understanding about the general-
ization of the three algorithms, it is interesting to spend some effort in the smegﬂ%fgm(e) (a more
detailed analysis about the margin risk can be found in [43]). There areesults that directly connect
the classification margimr, to the edge of the weak learners.

a) The first result, applied to RA-we and DW-RA, is obtained from the amalyf the training error

bound By, since, at the-th round, it can be expressed in terms of the classification maygas
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follows:

b« |

L L t
Z [ fi(xo)dy] = Z [m(xl)Zﬁt/] (22)

t'=1

This indicates that the minimization &f; also results in an indirect maximization of the classifica-
tion margins. Now, remember our previous discussion about the ability oRBVgt reducingBy;
then, we can also expect that DW-RA is more effective than both RA-wdR#nat maximizing the
margin of classification and, therefore, at minimizing the expected risk ofrtheneble.

b) The second result is the Min-Max Theorem [6], that establishesr@ection between the maximum
value that the ensemble margin can achieve and the smallest of the weak éshyes by applying
the duality theorem for Linear Programs (LPs) [44] to boosting methodmtiaduce this theorem
for the RA algorithm, let us firstly define the classification margin as a funcfitimeoveights of the
ensemble

ple) = min pilx) = min L% (23)

T
I=1,..., =1L S oy

wherea = [ai,...,ar]T. Now, defining the learner edge as function of the probability vector

Dt = [Dt(X1)7 ceey Dt(XL)]T
L
v(Dy) = Jnax Yt(Dy) = tl"fllffT;Dt(Xl)Ot(xl)dl (24)
then, the Min-Max Theorem establishes that
Pmax — Max ,0(04) = H]%)in'Y(Dt) = Ymin (25)
(£ t

what indicates that the maximal achievable margin.., equals the minimal edg&,,in.
To apply this theorem to RA-we and DW-RA, we must define the classificatiogimas a function
of valuesg,,

p(B) = min py(x) = _fra)di

min (26)
=1,...,L I=1,....L Zt B
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where3 = [31,..., 3r]T, and we must also changgD;) by the generalized edge expression,
making it dependent from the previous global output instead of the engplastion; i.e., let us

define
L

6(fio1) = tEIIIaXT S(fi1) = tzr???fT B ; exp[—fi—1(x;)di]or(x;)d; (27)

wheref,_; = [fi—1(x1), ...,ft_l(xL)}T; then, we can reformulate the Min-Max Theorem in the

form

Pmax = mgx P(,B) = prin 5(ft71) = dmin (28)

-1
This theorem connects the maximum value that ensemble margin can aghigvewith the mini-
mum edge that is obtained through the optimization of the weak leamgrs,As we have already
explained, we can expect that in general DW-RA will present a larger mmisuge and, therefore,
it will usually achieve a IoweRg‘fargi“(H), and thus a better generalization performance than RA and
RA-we.
3) Weak learners training:the above remarks show that maximizing the edge of the new learners to
be incorporated to the ensemble is critical to optimize the overall performdie®n, one may wonder
why do we not train the weak learners so that this value is maximized directly.idéa is not new and

several authors [8], [41] have already proposed to train the RA Wesakers maximizing directly the

learner edgey, i.e., maximizing the following cost function (see (7)):

L
B} = Di(x1)os(x;)dy (29)
=1

However, in most cases the maximization of (29) is a difficult task, since tmedeadge is not a
convex function of the learner weights. Thus, as we have discussedbse&ion II-A, it is usually
easier to train each weak learner so that the average quadratic ezighted by emphasis functiab;,

iS minimized.

May 9, 2007 DRAFT



16
At first glance, the weighted quadratic error does not show any relatithn~;, but analyzing it in

more detail, it can be reformulated as a regularized version of (29):

E =

] =

L
Di(x) [dy — oy (x0)” =Y Dy(xq) [df + 0f (x1) — 201 (1)l
=1

=1

L L
Di(x)d; + > Di(x1)07 (x;) — 2 Y Dy(x1)oe(x1)dy (30)
1 =1 =1

I
M=

l

and neglecting the first term becausez)f: L, Di(x;)d? = 1, we arrive to

L L
By =) Di(xa)o; (1) =2 Di(xp)or(x1)d (31)
=1 =1

where & = b’ is used to denote that andb only differ in a constant. The first term in the right hand
side of (31) is a sort of regularizer, since it penalizes large outpuite wiinimizing the second term, is
equivalent to maximizing, .

When the training samples are emphasized according to the mixed emphas@f(tt), the relation

between cost functiof ; and the edge is given by

L
Exe =Y Daulxi)or(xi) — 2E3, (32)
=1
where, as we show in Appendix I,
Z L
B = ——— Y Gra(x) exp [~ fio1(xi)dy] or(x)dy (33)
LB-1

Z being a constant, irrelevant for minimization purposes, @nd(x;) being a new emphasis function

defined as

2
Gri(x)) = ZL exp {2()\ —0.5) [ft_l(xl) — @} } (34)

Gt 2

whereZg , is a normalization factor to g@le Gri(x)) = 1.

Comparing (33) and (15), it is possible to conclude that the new weakelesaimcorporated to the
RA-we and DW-RA ensembles are trained to maximize an emphasized (ardrizen) version of the
learner edge);, with different values of standing for different kinds of emphasis; for instance:
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i) If A =0 (only boundary emphasis is employed), we get

2
Crex)|,_ = o exp {— i) - 5 } (35)

A=0 ZG,t
and then the samples which are correctly classified with an output valuetoloseor —0.5 are

considered the most relevant ones in the maximizatian.of
i) When classical RA is used, = 0.5, G +(x;) is a uniform distribution, thus all the samples have the
same influence on the edge maximization.
i) Finally,if A=1
G (%) - exp { [ft—l(xl) - ﬂ] 2} (36)
’ A=1  Zgy 2
and the samples with the largest quadratic error are the most emphasizediaxingzation of the
edge.
Therefore, whereas RA considers that all the samples have the samneadeflin the maximization of
the edge, RA-we allows us to emphasize differently the influence of the sanaplé the DW-RA algo-
rithm permits to modify this influence along the ensemble growing. As alreadysdisduthis additional

degree of freedom can be exploited to improve the performance of bgastiemes. In the next section,

we show that this is indeed the case when selectibg means of the DW-RA algorithm.

IV. EVALUATION OF THE PROPOSED ALGORITHM

To illustrate the advantages of DW-RA, in this section we compare its perfoaneititthat of the RA

algorithm, as well as with that of RA-we whernis selected by a cross-validation (CV) process.

A. Data sets and settings description

The performance comparisons have been performed on eight birdrems: Kwok andRipley (two

synthetic problems from [45] and [46], respectivellialone Image ContraceptiveSpamandTictactoe
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TABLE Il

CHARACTERISTICS OF THE BENCHMARK PROBLEMS

Train samples| Test samples| SVM
Problem Notation || # dim (1 /n_1) (1 /n_1) error rate

Abalone Ab 8 1238/1269 843/827 20.9

Contraceptive Co 9 506/377 338/252 28.61
Image Im 18 821/1027 169/293 2.46

Kwok Kw 2 300/200 6120/4080 11.74

Phoneme Ph 5 952/2291 634/1527 15.35
Ripley Ri 2 125/125 500/500 9.8
Spam Sp 57 1673/1088 1115/725 7.2
Tictactoe Ti 9 199/376 133/250 1.7

(five real datasets from the UCI repository [47]); @ltbnemdavailable at [48]) Abaloneis originally a
multiclass classification problem, converted into binary according to [493.13$t four problems of this
collection do not have a predefined train/test partition, hence each ddtassbeen randomly divided
into 10 subsets of (approximately) equal size, and each time 6 of the subseseuted to train the
ensemble and the remaining 4 subsets are used to test the performancelastirs. In Table Il we
offer a summary of the main characteristics of these data sets: we give thdistnmtation that will
be used in the tables, the number of dimensigagi{n) and the number of samples belonging to each
class 1 /n—1) in both the training and test sets; finally, we have also added a column witeshksr
achieved by a Support Vector Machine (SVM) with Gaussian Kernelduige a reference result from a
state-of-the-art classification technique. To design these SVMs, veeusad the IRWLS SVM toolbox
for Matlab, available at [50], optimizing the kernel dispersion and penaltyof with a five fold CV
process.

As we have already mentioned, three kinds of ensembles, according ¢odifferent boosting me-
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thods, have been considered:

« The conventional RA algorithm described in Section II-A; to clarify the tiota we will denote it
as RA-se (RA with standard emphasis).

« An ensemble using weighted emphasis function (11), with a fixed mixing ciegffiselected from
{0,0.1,0.2,...,1} using a five fold CV procedure with 20 iterations over each partition. To signplif
the notation, this method will be denoted as CV RA-we.

« The proposed DW-RA algorithm selecting(at each iteration) from within the same 11 values
explored for the previous method.

To select the final number of roundsfor each ensemble, we have paid attention to the evolution of

oy, because when these values become very close to zero the influermg lgfamners in the ensemble
performance is very reduced; concretely, the ensemble growth is stegpen the ratio between the

averagey; in the last 10 rounds and the sum ofallis lower than a stop valu&i,), i.e.,

T
Li=r—9

10 2521 o < Cstop (37)
whereCg,p, has been experimentally fixed @)1 for all the algorithms under consideratfon

To build up the ensembles, we have used Multi Layer Perceptrons (MisFsdse learners, with one
hidden layer composed @il hidden neurons, and hyperbolic tangent activations for both the carylut
the hidden neurons. Initially, all the weights are set to random values ivahfer0.1, 0.1], and then a
back-propagation algorithm is used to minimize cost function (2) in RA-s€lrfor CV RA-we and
DW-RA,; the back-propagation learning step is decreased linearly frem0.01 to 0 along 100 epochs,

which we have checked that are enough to assure the convergetheenaftworks. To avoid overfitting,

20% of the data used to train the base learner is set aside for validatigpingtdipe training if necessary.

%In Tictactoewe have observed that the algorithms convergence is slower; so, irafés it was necessary to op =

5-107° for RA-se, and’s:op = 107° for CV RA-we and DW-RA.
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For each of these algorithms, the number of MLP hidden urify fas been selected from the set
{2, 3, ..., Mmax } by afive fold CV process, with 20 iterations over each partition, that seleztgimum
M for the ensemble. The explored range varies ftoto the value that guarantees that there are at least
4 training samples for each MLP parameter (we have checked that lafgeiues cause performance
degradations except f&tipley, where we have relaxed this condition and explored Wviti= 60).

To evaluate the performance of the different algorithms (RA-se, CV RAand DW-RA), we have
obtained the test Classification Error rat€&) for 50 runs, each one using independent initializations
in all the learners that compose the ensemble, as well as a differentmaorder of the data for each
backpropagation training. In the tables we will present, for each algowtianproblem, the estimated

mean and standard deviation of g’ (calculated over thes# runs).

B. Performance analysis with base learners of fixed complexity

In this subsection we analyze the performance of the three ensemblds<en base learner complex-
ity (i.e., fixed M). To do so, we have first used CV to select the besfor the RA-se ensemble, and
then, we have carried out experiments for the other two algorithms usinguheld. In this way, we
are isolating the effect of applying the mixed emphasis function instead otahdad one. However,
note that, in principle, this comparison benefits RA-se, given that the coitypteixthe base learners
could also be optimized for the CV RA-we and DW-RA ensembles; this issueav@hialyzed in the next
subsection.

Table 1l summarizes the averageF achieved by each method, indicating with boldface the best
result for each problem. The table shows also the valu¥l afelected for each problem, the size of the
ensembles and the value of the mixing parameter selected for the CV RA-wihaig\cv).

In the light of these results, we can conclude that both CV RA-we and BWj&nherally achieve

lower classification rates than conventional RA-se; this confirms the lnssiiof the mixed emphasis
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CLASSIFICATION ERROR RATES(C'E') AND ENSEMBLE SIZES(T') ACHIEVED BY RA-se, CV RA-we AND DW-RA WHEN

THE NUMBER OF HIDDEN UNITS OF THEMLPS (M) IS OPTIMIZED FOR THERA-se ALGORITHM

RA-se CV RA-we DW-RA
M T CE (%) | A\cv T CE (%) T CE (%)
31.18 19.38 33.06 19.45 37.45 19.09
Ab | 4 (+ 2.55) @ 0.15) 0.8 (+4.17) @ 0.17) (+ 2.26) @ 0.14)
33.68 29.00 24.94 28.85 45.80 28.54
Co | 2 (£5.22) & 1.45) 0.1 (£ 2.76) (1.48) (+4.31) @ 1.25)
19.60 2.46 19.60 2.46 29.74 2.35
Im | 11 (+ 2.69) # 0.31) 0.5 (+ 2.69) # 0.31) (+ 3.39) # 0.28)
29.26 11.71 29.26 11.71 32.46 11.70
Kw | 15 (£ 0.99) @ 0.05) 0.5 (£ 0.99) & 0.05) (+1.62) @ 0.05)
27.74 14.04 16.98 13.73 37.63 13.45
Ph | 60 (+ 2.40) & 0.52) 0.0 (£ 0.99) & 0.57) (+4.81) @ 0.57)
) 28.86 9.73 36.72 9.58 36.60 9.41
Ri | 48 (+1.28) @ 0.09) 0.7 (+4.38) @ 0.21) (+ 3.09) @ 0.18)
26.18 5.94 26.18 5.94 35.74 5.75
S| 7 (+ 4.50) & 0.61) 0.5 (+ 4.50) & 0.61) (+4.52) & 0.50)
. 5631.78 0.75 5631.78 0.75 5698.42 0.79
m 4 (+1105.42) f{ 0.55) 0.5 (+£1105.42) (£ 0.55)| (+1044.33) f{ 0.55)

function for constructing ensembles of improved performance. We canhs¢ CV RA-we selects a
mixing parameter different from 0.5 only in four out of the eight problemisilevfor the other four it
improves RA-se performance in three cases.

When comparing DW-RA to RA-se, results are even more encouragingRBVachieves better per-
formance in six of the benchmark problendgalone Contraceptivelmage PhonemgRipleyandSpam
Comparing the means and standard deviations of this, we can conclude that this difference in be-
havior is normally quite clear, and only in some casésritraceptiveand Image the large standard
deviations, in relation to the difference between the avetafs for RA-se and DW-RA, make results

less conclusive. Finally, in th€wok dataset both algorithms are practically tied, while Tatactoeit is
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RA-se which gets a better performance but, again, results show largasiadeviations in comparison
to the difference between the me@is. It is important to remark the difficulty of achieving more impor-
tant reductions of thé'E’ due to the fact that RA-se and CV RA-we ensembles already presgrgoed
performance (see in Table Il that these algorithms get similar or, in most #es,daetter performance
than SVM).

Looking at the final ensemble sizes, we can also notice that DW-RA buikkm@ries with slightly
higher complexity than either RA-se or CV RA-we. Then, one may wondeWfmRA suffers a slower
convergence, or even if the advantages of DW-RA are due to a langdver of rounds. Neither of these
happen, as we can check in Fig. 1, where we have depicted the evolfitmerage tesC'E during
the construction of the ensembles for all the problems in the benchmark. M&eeahat, for a fixed
number of rounds, DW-RA normally provides better results than any oftther dwo methods, and that
its convergence is usually faster.

As a summary, the previous results not only allow us to conclude that the mixgldassis function is
beneficial for building ensembles, but also show that the dynamic managefriee mixing parameter
is crucial if one wants to get all the benefit form the idea.

We end this subsection by giving some empirical evidence related to thetibabresults presented
in Subsection 111-B:

« Convergence of3;: Our analysis in Subsection 11I-B.1 predicted that DW-RA could potentially

obtain a faster reduction of the bound on the training epr,This result is empirically illustrated

here by showing valu#, achieved by the three ensembles in several problems in the dataset (Fig.

2). Indeed, this behavior partially explains also the fastérconvergence observed in Fig. 1.

« Margin distributions Although theC'E rates obtained by DW-RA clearly show its good generaliza-
tion capability, we have also analyzed the margin distribuﬂg}?rgi“(e) achieved by the different
approaches to check the theoretical analysis of Subsection 11I-B 2. tNat comparing%g?argi“(@)
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for different algorithms only makes sense for a fixed base learner crityphehich is the case we
are considering. We have observed that in most problems the globalitkshaf the R €™ (9)
distributions are quite similar for all the algorithms, exceptRipley(see Fig. 3), where the risk of
DW-RA is clearly lower for most value& Focusing on the behavior @7*¢™ (¢) aroundo, and in
particular on the minimum margip,;, = min;—; 7, p;), we have observed that its value is usually
lower in the DW-RA algorithm than in the other approaches; for instancenage(see Fig. 4(a))
we can see that,,;, is around—0.2 for RA-se and CV RA-we, whereas DW-RA gets a value close
to —0.1; even more, the evolution ¢f,;, (Fig. 4(b)) shows that DW-RA achieves lower minimum

margin values from the first rounds.

C. Performance analysis with independ@iitselection

Rather than using the number of hidden neurons that was found optinfaRAfse, in this subsection
we will cross-validatel! independently for each ensemble type, which is the common procedure unde
which the different ensembles will be designed. The correspondindtsesre reported in Table 1V,
including also the value a¥/ that was selected for each algorithm.

The discussion of these results can be carried out in very similar terms ®ithtse previous sub-
section. RA-se is outperformed by CV RA-we and DW-RA in most of the jerol, and the latter is
generally achieving smaller' E£'s. Comparing the results in Tables Il and 1V, we find that the indepen-
dent cross-validation af/ provides some extra improvement in terms of the recognition accuracy of the
DW-RA ensemble foAbalone ImageandKwok (for which, in this case, the superiority of DW-RA over
RA-se is more clear).

In addition to the above discussion in terms of recognition accuracy, it ysintresting to analyze
other properties of the algorithms. In particular, it is worth mentioning the fatigugeneral behavior

aspects, that have emerged when analyzing in more detail our experinverkal
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CLASSIFICATION ERROR RATES(C'E') AND ENSEMBLE SIZES(T') ACHIEVED BY RA-se, CV RA-we AND DW-RA WHEN

M 1S SELECTED INDEPENDENTLY FOR EACH ENSEMBLE TYPE

RA-se CV RA-we DW-RA
M T CE %) | M Aoy T CE %) | M T CE (%)
31.18 19.38 33.06 19.45 37.74 18.97
Ab 4 oss)  woas)| 4 (£417)  ©017)| °  (£197) (0.13)
33.68 29.00 26.04 28.60 45.80 28.54
Col 2 1522 w1as)| © %Y we1n @w14an| ? (a3 @125
19.60 2.46 19.60 2.46 31.26 2.31
m 1 069 @osn| T % (269 wosn| ¥ (1265 @029
29.26 11.71 29.26 11.71 31.62 11.66
KW 15 i009) @oos)| ® % (Log9g) @oos)| % (£199) 005
27.74 14.04 16.56 13.49 38.20 13.43
Ph | €0 (+240) @o052)| % 9% Loz wose3| O (1491) 063
_ 28.86 9.73 38.80 9.64 36.02 9.41
RV 1128 woo9)| 3 %7 (1743 @oa9|? (£300) o1
26.18 5.94 26.18 5.94 36.62 5.75
Sp| 7 7 05 8
(£ 4.50) (£0.61) (£ 4.50)  (£0.61) (£3.92) (0.51)
_ 5631.78 0.75 6965.23 0.89 5698.42 0.79
T4 110542) goss)| ° %% (1114132) eo060)| ¢ (+104433) ¢ 055)

« Size of the classifiers and error convergenéer completeness, in Fig. 5 we show averége

evolution as a function of the number of learners for all the algorithms wuatesideration. Again,

the slightly higher complexity observed for DW-RA ensembles is only due toFMA&chieving a

lower C'E, and not to a slower convergence.

» Stopping criterion Also, from Fig. 5 and Table IV, we can conclude that the stopping criterio

is working reasonably well. In particular, we see that it stops the growthensembles when

convergence is complete, while preventing the over-fitting that is occalsiahserved, so that our

criterion is not benefiting any of the methods.

« Robustness with respect to the parametérsother interesting aspect is the sensitivity with respect
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CFE ACHIEVED BY AN “OMNISCIENT" APPROACH THAT SELECTS THE OPTIMUM NUMBER OF HIDDEN NEURONS$/,

(AND MIXING PARAMETER Ao FOR RA-we)

RA-se RA-we DW-RA
My, CE X My CE || M, CE
Ab 19.14( 01| 6 | 19.01| 5 | 18097
Co| 4 | 2888 0 3 | 2851|| 2 | 2854
Im 9 | 229 |/ 03| 9 | 226 || 15 | 2.13
Kw 9 1164 04| 9 | 11.64| 22 | 11.66
Ph || 54 | 13.65|| 0.1 | 54 | 13.46|| 70 | 13.43
Ri || 48 | 9.73 1 | 34| 930 | 28 | 9.30
Sp| 5 | 578 06| 6 | 577 5 | 5.63
Ti 4 | 075 ||05| 4 | 0.75 4 | 079

to the number of MLP hidden units. To analyze it, in Table V we show the bessiilfle testC'E

that would have been achieved for each algorithm if we had validatedesigrts directly on the

test set, as well as the optimal valli& (in the case of the RA-we algorithm, we have also included

the best possible mixing parametay,); although this is a perverse trick for designing purposes,

this “omniscient” approach is very useful to evaluate if the different epghmes find successfully

the appropriate values @ff. Comparing these results with those in Table IV, we can conclude that

DW-RA is more robust than RA-se and CV RA-we in selectiig since in five out of the eight

data sets optimum valu¥/ is selected, whereas RA-se only selects the optimal value twice and CV

RA-we selects it once (although optimum mixing parametgeis not selected); these cases appear

with boldface numbers in Table V.
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D. Additional issues

The results we have presented in this section are only a part of our metesnmsulation work with
the mixed emphasis function and the criterion for dynamic selectioh diVe think, however, that a
discussion about CV RA-we and DW-RA performance would be incompléteut a reference to the
following sets of experiments that we have also carried out:

« We have done experiments to check that selecting the mixing parameter tiezeadhe maximum
edge is really a good choice; we have built ensembles similar to DW-RA, ladtisg in each round
the mixing parameter that gives the median value of the edge{ﬁ@é}jzl, a frequent strategy to
construct ensembles. TheéE's achieved by this new method not only are worst than DW-RA, but
also worst than RA-se in most cases.

o The second set of experiments consisted in training RA-se networksehagting at each round
from within 11 learners (all of them trained with= 0.5, but using different initializations) the one
with a largest edge. Results do not differ significantly from those shovifaloles IIl and 1V for

RA-se. In this way, we could confirm that the good behavior of DW-RA whae to the use of the

mixed emphasis, and not to local minima avoidance in the training of the baserearn

V. CONCLUSIONS AND FUTURE WORK

A new boosting method for building ensembles has been presented. Thishalgoses a mixed em-
phasis function that combines the attention to the samples error and to theémipyds the classification
border, and dynamically selects the emphasis trade-off parameter thatgzrthe learner with the largest
edge, i.e., the most qualified learner at each boosting round.

A theoretical analysis shows the convenience of our proposal in tertreshg error convergence and
generalization capability. Experimental results corroborate this anallisisjrsg significant performance

improvements with respect to classical Real Adaboost algorithm and toAgedloost with weighted
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emphasis when selecting the mixing parameter by means of a direct crosstigalijgkocess.

In principle, the new algorithms can be useful to boost the performaneaykind of weak learn-
ers. However, in this paper we have focused on using MLPs as basergaand more experimental
work would be necessary to corroborate if the observed advantpphsadso to other components. Fur-
thermore, our findings suggest the interest of extending the idea of thel mimphasis function to the
construction of other kind of multi-net systems, a research line whereaveuarently working. Finally,

we are also exploring the application of these concepts to build ensemblesaohieles.
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APPENDIX |

To obtain an analytical expression to calculate output weights when the nrixglobsis function (11)
is used, we keep the criterion used by the classical RA algorithm; congratelgch round, we select the

output weight value (denoted @) that minimizes the training error bound given by (4). However, as

May 9, 2007 DRAFT



31
explained in [8], wheny(x) € [—1, 1], the output weight can only be calculated numerically. As in [8],
to obtain an analytical expression féy, we will minimize the upper bound given in (5), but replacing

with the g; coefficient used for the new scheme:

L
Bo< 1 el fraGadl { 5 o) + 5 e | o-39)
=1

where we usey (x;) = o.(x;)d; to simplify the following formulae; the equality holds fof(x;) = +1.
To obtain the minimum of this bound, let us take its first derivative with regpest and equal the result

to O:

1 L 1 + Ut(Xl) 1— ut(Xl) B
z;;mpkﬁ_ﬂmmﬂ{———3——emx—@)+——77——wpwg}_0 (1-39)

from which

Yo [+ ue(x0)] expl— fi1 (x0)di]
Sl = wp(xp)] expl— i1 (x1)d)]
_ LB; 1+Zz 1 (%) exp[— fe—1(x7)di]
LBy — Yy ul(xg) expl— fo1(xq)di]

exp(20;) =
(1-40)

Therefore, introducing

o =

L
LBlt ) ZeXP[—ft—l(Xl)dl]ot(xl)dl (1-41)
=1

and taking logarithms in (1-40), we obtain the desired expressiof,for

1 (146
@_§m<LﬁJ (1-42)

APPENDIXII

Let us rewrite (I-38) in a more convenient form:

By

L
< % 3" expl fio1(x))di] {H+5(><l) exp(—f) + 1+t(xl> exp(ﬁt)}
1=1

L
— % > expl—fi1(x))di] {[exp(—Br) + exp(Be)] + e (x1) [exp(—B;) — exp(3)]} (I-43)
=1
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Now, using (15), we have

1—-9 1+ 1—-6+1+06 2
eXp(—ﬁt)—l-exp(ﬂt):\/l_i_éz \/1_5i: ﬁ t_ m (1-44)
1-6 1456 1—-6— (1456 —20
exp(—h) — exp(@) = /100 [T h 12O _<5t2 ) _ = CD

Introducing (1-44) and (1-45) into (I-43), and applying some elemgntaanipulations, we arrive to

—20¢
By < ZGXP [—fi—1(x0)d] {\/— m}

1 1

- oL ;exp[—ft—l(Xl)dl]{l—Ut(xl)5t}

1
= iw {Bio1 — Bi16f} = /1 -6} Biy
Y%

Finally, the recursive application of this result, together with the definiffos min,—; {62}, leads

to the desired expression for the upper boundspn

B, < H 1—02 < (1—62):2 (I-46)
t'=1
APPENDIXIII

To obtain (32) and (33), consider first that, when the mixed emphasisidaris used, (31) can be

straightforwardly converted into (32) with

L
B, =Y Dyi(xi)or(x)dy (1-47)
=1

Now, note that the mixed emphasis function can be rewritten in the following manne

D) 4(x)) = i exp {A[fi—1(x1) — di]* — (1= N f21(x0) }
’ (1-48)

1 dl 2 d2
= Z—exp[ fi—1(x))dy] exp § 2(A — 0.5) | fi—1(x;) — 5 exp 4 (A —0.5)-L 5
At
Finally, introducing the above expression into (I-47), and using thetfiatthe last exponential in (1-48)

is a constant, we have
L d 2
B}, = Z { (A —0.5) [ fro1(xq) — 5’} }exp[— Fro1(x)dg)oy(x1)dy (1-49)
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Z being a constant, from which, apart from constant terms, (33) is reablijined using the definition

in (34).
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Fig. 1. CFE convergence of RA-se, CV RA-we and DW-RA with fixed base learnergexity. The value of\f used for each

problem is indicated above each subfigure.
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