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t. In this paper, we address the problem of sear
hing for apattern in a plane graph, i.e., a planar drawing of a planar graph. To dothat, we propose to model plane graphs with 2-dimensional 
ombinatorialmaps, whi
h provide ni
e data stru
tures for modelling the topology ofa subdivision of a plane into nodes, edges and fa
es. We de�ne submapisomorphism, we give a polynomial algorithm for this problem, and weshow how this problem may be used to sear
h for a pattern in a planegraph. First experimental results show the validity of this approa
h toe�
iently sear
h for patterns in images.1 Introdu
tionIn order to manage the huge image sets that are now available, and more parti
-ularly to 
lassify them or sear
h through them, one needs similarity measures.A key point that motivates our work lies in the 
hoi
e of data stru
tures formodelling images: These stru
tures must be ri
h enough to des
ribe images in arelevant way, while allowing an e�
ient exploitation. When images are modelledby ve
tors of numeri
al values, similarity is both mathemati
ally well de�ned andeasy to 
ompute. However, images may be poorly modelled with su
h numeri
alve
tors that 
annot express notions su
h as adja
en
y or topology.Graphs allow one to model images by means of, e.g., region adja
en
y rela-tionships or interest point triangulation. In either 
ase, graph similarity measureshave been investigated [CFSV04℄. These measures often rely on (sub)graph iso-morphism �whi
h 
he
ks for equivalen
e or in
lusion� or graph edit distan
esand alignments �whi
h evaluate the 
ost of transforming a graph into another
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(a) (b)Fig. 1. (a) and (b) are not isomorphi
 plane graphs; bold edges de�ne a 
ompa
t planesubgraph in (
), but not in (d).graph. If there exist rather e�
ient heuristi
s for solving the graph isomorphismproblem4 [M
K81,SS08℄, this is not the 
ase for the other measures whi
h areoften 
omputationally intra
table (NP-hard), and therefore pra
ti
ally unsolv-able for large s
ale graphs. In parti
ular, the best performing approa
hes forsubgraph isomorphism are limited to graphs up to a few thousands of nodes[CFSV01,ZDS+07℄.However, when measuring graph similarity, it is overwhelmingly forgottenthat graphs a
tually model images and, therefore, have spe
ial features that
ould be exploited to obtain both more relevant measures and more e�
ientalgorithms. Indeed, these graphs are planar, i.e., they may be drawn in theplane, but even more spe
i�
ally just one of the possible planar embeddings isrelevant as it a
tually models the image topology, that is, the order in whi
hfa
es are en
ountered when turning around a node.In the 
ase where just one embedding is 
onsidered, graphs are 
alled plane.Isomorphism of plane graphs needs to be de�ned in order to integrate topologi
alrelationships. Let us 
onsider for example the two plane graphs drawn in Fig.1(a) and 1(b). The underlying graphs are isomorphi
, i.e., there exists a bije
tionbetween their nodes whi
h preserves edges. However, these plane graphs are notisomorphi
 sin
e there does not exist a bije
tion between their nodes whi
h bothpreserves edges and topologi
al relationships.Now by 
onsidering this, the isomorphism problem be
omes simple [Cor75℄,but the subgraph isomorphism problem is still too hard to be ta
kled in a sys-temati
 way. Yet we may argue that when looking for some pattern in a pi
ture(for example a 
himney in a house, or a wheel in a 
ar) we may simplify theproblem to that of sear
hing for 
ompa
t plane subgraphs (i.e., subgraphs ob-tained from a graph by iteratively removing nodes and edges that are in
identto the external fa
e). Let us 
onsider for example the plane graphs of Fig. 1.The bold edges in Fig. 1(
) 
onstitute a 
ompa
t plane subgraph. However, thebold edges in Fig. 1(d) do not 
onstitute a 
ompa
t plane subgraph be
ause edge
(4, 3) separates a fa
e of the subgraph into two fa
es in the original graph.4 The theoreti
al 
omplexity of graph isomorphism is an open question: If it 
learlybelongs to NP, it has not been proven to be NP-
omplete.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
β1 2 3 4 5 6 7 1 9 10 11 8 13 14 15 12 17 18 16
β2 15 14 18 17 10 9 8 7 6 5 12 11 16 2 1 13 4 3Fig. 2. Combinatorial map example. Darts are represented by numbered bla
k seg-ments. Two darts 1-sewn are drawn 
onse
utively, and two darts 2-sewn are 
on
ur-rently drawn and in reverse orientation, with little grey segment between the two darts.Contribution and outline of the paper. In this paper, we address the problemof sear
hing for 
ompa
t subgraphs in a plane graph. To do that, we proposeto model plane graphs with 2-dimensional 
ombinatorial maps, whi
h provideni
e data stru
tures for modelling the topology of a subdivision of a plane intonodes, edges and fa
es. We de�ne submap isomorphism, we give a polynomialalgorithm for this problem, and we show how this problem may be used to sear
hfor a 
ompa
t graph in a plane graph. Therefore we show that the problem 
anbe solved in this 
ase in polynomial time.We introdu
e 2D 
ombinatorial maps in Se
tion 2. A polynomial algorithmfor map isomorphism is given in Se
tion 3 and submap isomorphism is studiedin Se
tion 4. We relate these results with the 
ase of plane graphs in Se
tion 5,and we give some experimental results that show the validity of this approa
hon image re
ognition tasks in Se
tion 6.2 Combinatorial MapsA plane graph is a planar graph with a mapping from every node to a point in 2Dspa
e. However, in our 
ontext the exa
t 
oordinates of nodes matter less thantheir topologi
al organisation, i.e., the order nodes and edges are en
ounteredwhen turning around fa
es. This topologi
al organisation is ni
ely modelled by
ombinatorial maps [Edm60,Tut63,Cor75℄.To model a plane graph with a 
ombinatorial map, ea
h edge of the graphis 
ut in two halves 
alled darts, and two one-to-one mappings are de�ned ontothese darts: the �rst to link darts belonging to two 
onse
utive edges around asame fa
e, the se
ond to link darts belonging to a same edge.De�nition 1. (2D 
ombinatorial map [Lie91℄) A 2D 
ombinatorial map, (or2-map) is a triplet M = (D, β1, β2) where D is a �nite set of darts; β1 is a per-mutation on D, i.e., a one-to-one mapping from D to D; and β2 is an involutionon D, i.e., a one-to-one mapping from D to D su
h that β2 = β−1

2 .We note β0 for β−1
1 . Two darts i and j su
h that i = βk(j) are said to be

k-sewn. Fig. 2 gives an example of a 
ombinatorial map.
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ombinatorial map example. Darts a, b, d, f and g are not 2-sewn.In some 
ases, it may be useful to allow βi to be partially de�ned, thusleading to open 
ombinatorial maps. The intuitive idea is to add a new element

ǫ to the set of darts, and to allow darts to be linked with ǫ for β1 and/or β2.By de�nition, ∀0 ≤ i ≤ 2, βi(ǫ) = ǫ. Fig. 3 gives an example of open map (see[PABL07℄ for pre
ise de�nitions).Finally, Def. 2 states that a map is 
onne
ted if there is a path of sewn dartsbetween every pair of darts.De�nition 2. (
onne
ted map) A 
ombinatorial map M = (D, β1, β2) is 
on-ne
ted if ∀d ∈ D, ∀d′ ∈ D, there exists a path (d1, . . . , dk) su
h that d1 = d,
dk = d′ and ∀1 ≤ i < k,∃ji ∈ {0, 1, 2}, di+1 = βji

(di).3 Map IsomorphismLienhardt has de�ned isomorphism between two 
ombinatorial maps as follows.De�nition 3. (map isomorphism [Lie94℄) Two maps M = (D, β1, β2) and M ′ =
(D′, β′

1, β
′

2) are isomorphi
 if there exists a one-to-one mapping f : D → D′,
alled isomorphism fun
tion, su
h that ∀d ∈ D, ∀i ∈ {1, 2}, f(βi(d)) = β′

i(f(d)).We extend this de�nition to open maps by adding that f(ǫ) = ǫ, thus enfor
ingthat, when a dart is linked with ǫ for βi, then the dart mat
hed to it by f is alsolinked with ǫ for β′

i.An algorithm may be derived from this de�nition in a rather straightforwardway, as sket
hed in [Cor75℄. Algorithm 1 des
ribes the basi
 idea whi
h will beextended in se
tion 4 to submap isomorphism: We �rst �x a dart d0 ∈ D; then,for every dart d′0 ∈ D′, we 
all Algorithm 2 to build a 
andidate mat
hing fun
-tion f and 
he
k whether f is an isomorphism fun
tion. Algorithm 2 basi
allyperforms a traversal of M , starting from d0 and using βi to dis
over new dartsfrom dis
overed darts. Initially, f [d0] is set to d′0 whereas f [d] is set to nil forall other darts. Ea
h time a dart di ∈ D is dis
overed, from another dart d ∈ Dthrough βi so that di = βi(d), then f [di] is set to the dart d′i ∈ D′ whi
h islinked with f [d] by β′

i.Complexity issues. Algorithm 2 is in O(|D|). Indeed, the while loop is iterated
|D| times as (i) exa
tly one dart d is removed from the sta
k S at ea
h iteration;and (ii) ea
h dart d ∈ D enters S at most on
e (d enters S only if f [d] = nil,and before entering S, f [d] is set to a dart of D′). In Algorithm 1, the test of
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he
kIsomorphism(M, M ′)Input: two open 
onne
ted maps M = (D, β1, β2) and M ′ = (D′, β′

1, β
′

2)Output: returns true i� M and M ′ are isomorphi

hoose d0 ∈ D1 for d′

0 ∈ D′ do2
f ← traverseAndBuildMat
hing(M, M ′, d0, d

′

0)3 if f is a bije
tion from D ∪ {ǫ} to D′ ∪ {ǫ} and4
∀d ∈ D,∀i ∈ {1, 2}, f [βi(d)] = β′

i(f [d]) thenreturn true5 return false6Algorithm 2: traverseAndBuildMat
hing(M, M ′, d0, d
′

0)Input: two open 
onne
ted maps M = (D, β1, β2) and M ′ = (D′, β′

1, β
′

2) and aninitial 
ouple of darts (d0, d
′

0) ∈ D ×D′Output: returns an array f : D ∪ {ǫ} → D′ ∪ {ǫ}for every dart d ∈ D do: f [d]← nil1
f [d0]← d′

02 let S be an empty sta
k; push d0 in S3 while S is not empty do4 pop a dart d from S5 for i ∈ {0, 1, 2} do6 if βi(d) 6= ǫ and f [βi(d)] = nil then7
f [βi(d)]← β′

i(f [d])8 push βi(d) in S9
f [ǫ]← ǫ10 return f11line 4 may also be performed in O(|D|). Hen
e, the overall time 
omplexity ofAlgorithm 1 is O(|D|2). Note that it may be optimised (without 
hanging its
omplexity), e.g., by dete
ting failure while building mat
hings.Corre
tion of Algorithm 1. Let us �rst note that if 
he
kIsomorphism(M, M ′)returns true, then M and M ′ are isomorphi
 as true is returned only if theisomorphism test of line 4 su
eeds.Let us now show that if M and M ′ are isomorphi
 then 
he
kIsomorphism(M,

M ′) returns true. If M and M ′ are isomorphi
 then there exists an isomorphismfun
tion ϕ : D → D′. Let d0 ∈ D be the dart 
hosen at line 1 of Algorithm 1.As the loop lines 2-5 iterates on every dart d′0 ∈ D′, there will be an iter-ation of this loop for whi
h d′0 = ϕ(d0). Let us show that for this iterationtraverseAndBuildMat
hing(M, M ′, d0, d
′

0) returns f su
h that ∀d ∈ D, f [d] =
ϕ(d) so that true will be returned line 5. Claim 1: When pushing a dart d in S,
f [d] = ϕ(d). This is true for the push of line 3 as f [d0] is set to d′0 = ϕ(d0) atline 2. This is true for the push of line 9 as f [βi(d)] is set to β′

i(f [d]) line 8 and
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M M ′ M ′′Fig. 4. Submap example. M is a submap of M ′ as it is obtained from M ′ by deletingdarts k to r. M ′′ is not a submap of M ′ as the inje
tion f : D′′ → D wi
h mat
hesdarts 1 to 10 with darts a to j does not verify Def. 4: β2(2) = ǫ and f(2) = b but
β′

2(b) 6= ǫ and f−1(β′

2(b)) is not empty be
ause f−1(d) = 4.
f [d] = ϕ(d) (indu
tion hypothesis) and ϕ(d) = d′ ⇒ ϕ(βi(d)) = β′

i(d
′) (by def-inition of an isomorphism fun
tion). Claim 2: Every dart d ∈ D is pushed on
ein S. Indeed, M is 
onne
ted. Hen
e, there exists at least one path (d0, . . . , dn)su
h that dn = d and ∀k ∈ [1; n], ∃jk ∈ {0, 1, 2}, dk = βjk

(dk−1). Therefore, ea
htime a dart di of this path is popped from S (line 5), di+1 is pushed in S (line9) if it has not been pushed before (through another path).4 Submap IsomorphismIntuitively, a map M is a submap of M ′ if M 
an be obtained from M ′ byremoving some darts. When a dart d is removed, we set βi(d
′) to ǫ for every dart

d′ su
h that βi(d
′) = d.De�nition 4. (submap) An open 
ombinatorial map M = (D, β1, β2) is isomor-phi
 to a submap of an open map M ′ = (D′, β′

1, β
′

2) if there exists an inje
tion
f : D∪{ǫ} → D′∪{ǫ}, 
alled a subisomorphism fun
tion, su
h that f(ǫ) = ǫ and
∀d ∈ D, ∀i ∈ {1, 2}, if βi(d) 6= ǫ then β′

i(f(d)) = f(βi(d)) else either β′

i(f(d)) = ǫor f−1(β′

i(f(d))) is empty.This de�nition derives from the de�nition of isomorphism. The only modi-�
ation 
on
erns the 
ase where d is i-sewn with ǫ. In this 
ase, the de�nitionensures that f(d) is i-sewn either with ǫ, or with a dart d′ whi
h is not mat
hedwith a dart of M , i.e., su
h that f−1(d′) is empty (see example in Fig. 4).Note that if M is isomorphi
 to a submap of M ′, then M is isomorphi
 tothe map M ′′ obtained from M ′ by restri
ting the set of darts D′ to the set ofdarts D′′ = {d ∈ D′|∃a ∈ D, f(a) = d}.Algorithm 3 determines if there is a submap isomorphism between two open
onne
ted maps. It is based on the same prin
iple as Algorithm 1; the onlydi�eren
e is the test of line 4, whi
h su

eeds if f is a subisomorphism fun
tioninstead of an isomorphism fun
tion. The time 
omplexity of this algorithm isin O(|D| · |D′|) as traverseAndBuilMat
hing is 
alled at most |D′| times and
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he
kSubIsomorphism(M, M ′)Input: two open 
onne
ted maps M = (D, β1, β2) and M ′ = (D′, β′

1, β
′

2)Output: returns true i� M is isomorphi
 to a submap of M ′
hoose d0 ∈ D1 for d′

0 ∈ D′ do2
f ← traverseAndBuildMat
hing(M, M ′, d0, d

′

0)3 if f is an inje
tion from D ∪ {ǫ} to D′ ∪ {ǫ′} and4
∀d ∈ D,∀i ∈ {1, 2}, βi(d) 6= ǫ⇒ f(βi(d)) = β′

i(f(d)) and
∀d ∈ D,∀i ∈ {1, 2}, βi(d) = ǫ⇒6 ∃e ∈ D, f(e) = β′

i(f(d)) thenreturn true5 return false6its 
omplexity is in O(|D|). Note that the subisomorphism test may be done inlinear time.Con
erning 
orre
tness, note that proofs and eviden
es given for isomorphismare still valid: We solve the submap isomorphism problem with the same methodas before, ex
ept that fun
tion f is now an inje
tion instead of a bije
tion.5 From Plane Graphs to MapsIn this se
tion, we show how to transform the problem of �nding a 
ompa
tplane subgraph inside a plane graph into the problem of �nding a submap in amap, thus allowing to use our polynomial algorithm.Let us �rst pre
ise what we exa
tly mean by (
ompa
t) plane (sub)graphisomorphism. Let us 
onsider two graphs G1 = (N1, E1) and G2 = (N2, E2) thatare embedded in planes and let us note o(i, j) the edge whi
h follows edge (i, j)when turning around node i in the 
lo
kwise order. We shall say that� G1 and G2 are plane isomorphi
 if there exists a bije
tion f : N1 → N2 whi
hpreserves (i) edges, i.e., ∀(i, j) ∈ N1×N1, (i, j) ∈ E1 ⇔ (f(i), f(j)) ∈ E2 and(ii) topology, i.e., ∀(i, j) ∈ E1, o(i, j) = (k, l) ⇔ o(f(i), f(j)) = (f(k), f(l));� G1 is a 
ompa
t plane subgraph of G2 if G1 is plane isomorphi
 to a 
ompa
tsubgraph of G2 whi
h is obtained from G2 by iteratively removing nodesand edges that are in
ident to the external fa
e.Note that the pattern may be a partial subgraph of the target. Let us 
onsider forexample Fig. 1
. Edge (1, 5) needs not to belong to the sear
hed pattern, even-though nodes 1 and 5 are mat
hed to nodes of the sear
hed pattern. However,edge (4, 3) must belong to the sear
hed pattern; otherwise it is not 
ompa
t.To use submap isomorphism to solve 
ompa
t plane subgraph isomorphism,we have to transform plane graphs into 2-maps. This is done by asso
iating afa
e in the map with every fa
e of the graph ex
ept the external fa
e. Indeed, a2-map models a drawing of a graph on a sphere instead of a plane. Hen
e, none ofthe fa
es of a map has a parti
ular status whereas a plane graph has an external
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e. Let us 
onsider for example the two graphs in Fig. 1a andFig. 1b: When embedded in a sphere, they are topologi
ally isomorphi
 be
auseone 
an translate edge (d, c) by turning around the sphere, while this is notpossible when these graphs are embedded in a plane. In order to forbid oneto turn around the sphere through the external fa
e, graphs are modelled byopen 2-maps su
h that external fa
es are removed: Only β2 is opened, and onlyexternal fa
es are missing. Su
h open 2-maps 
orrespond to topologi
al disks.Finally, a strong pre
ondition for using our algorithms is that maps mustbe 
onne
ted. This implies that the original graphs must also be 
onne
ted.However, this is not a su�
ient 
ondition. One 
an show that an open 2-map
M modelling a plane graph G without its external fa
e is 
onne
ted if G is
onne
ted and if the external fa
e of G is delimited by an elementary 
y
le.Hen
e, submap isomorphism may be used to de
ide in polynomial time if G1is a 
ompa
t plane subgraph of G2 provided that (i) G1 and G2 are modelled byopen 2-maps su
h that external fa
es are removed, and (ii) external fa
es of G1and G2 are delimited by elementary 
y
les.This result may be related to [JB98,JB99℄ whi
h des
ribe polynomial-timealgorithms for solving (sub)graph isomorphism of ordered graphs, i.e., graphs inwhi
h the edges in
ident to a vertex are uniquely ordered.6 ExperimentsThis se
tion gives some preliminary experimental results that show the validityof our approa
h. We �rst show that it allows to �nd patterns in images, andthen we study s
ale-up properties of our algorithm on plane graphs of growingsizes. Experiments were run on an Intel Core2 Duo CPU at 2.20GHz pro
essor.6.1 Finding patterns in imagesWe have 
onsidered the MOVI dataset provided by Han
o
k [LWH03℄. Thisdataset 
onsists of images representing a house surrounded by several obje
ts.We 
onsider two di�erent kinds of plane graphs modelling these images. First,we have segmented them into regions and 
ompute the 2D 
ombinatorial map ofthe segmented image using the approa
h des
ribed in [DBF04℄. Se
ond, we haveused the plane graphs provided by Han
o
k. They 
orrespond to a set of 
or-ner points extra
ted from the images and 
onne
ted by Delaunay triangulation.These graphs were then 
onverted into 2D 
ombinatorial maps. In both 
ases,we have extra
ted patterns from original images, and used our approa
h to �ndthese patterns.The left part of Fig. 5 shows an image example, together with its planegraph obtained after segmentation. This graph 
onsists of 2435 nodes, 4057 edgesand 1700 fa
es. The pattern extra
ted from this image 
orresponds to the 
ar,
omposed of 181 nodes, 311 edges and 132 fa
es. This pattern has been found byour algorithm in the original image, even when submitted to rotation, in 60ms.
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Fig. 5. Finding a 
ar in an image: The original image is on the left. The plane graphobtained after segmentation is on the middle; the 
ar has been extra
ted and rotated onthe right and it has been found in the original image. The graph obtained by Delaunaytriangulation and the 
orresponding 
ombinatorial map are on the right; the 
ar hasbeen extra
ted and it has been found in the original image.The Delaunay graph 
orresponding to the 
orner points is shown on the rightpart of Fig. 5. It has 140 nodes, 404 edges and 266 fa
es. The graph 
orrespondingto the 
ar has 16 nodes, 38 edges and 23 fa
es. This pattern has been found byour algorithm in the original image in 10ms.Experiments show that our approa
h always allows one to �nd these patternsin the image they have been extra
ted from.6.2 S
ale up propertiesTo 
ompare s
ale-up properties of our approa
h with those of subgraph isomor-phism algorithms, we have performed a se
ond series of experiments: We haverandomly generated 3 plane graphs, g500, g1000 and g5000 whi
h have 500, 1000and 5000 nodes respe
tively. These plane graphs are generated by randomlypi
king n 2D points in the plane, then by 
omputing Delaunay graph of thesepoints. For ea
h plane graph gi, we have generated 5 sub-graphs, 
alled sgi,k%,whi
h have k% of the number of nodes of the original graph gi, where k belongsto {5, 10, 20, 33, 50}.Table 1 
ompares CPU times of our approa
h with those of V�ib2 [CFSV01℄,a state-of-the-art approa
h for solving subgraph isomorphism (we present onlyresults of V�ib2 whi
h is, in our experiments, always faster than V�ib and Ull-mann). It shows the interest of using submap isomorphism to solve 
ompa
t planesubgraph isomorphism. Indeed, if both approa
hes spend 
omparable time forthe smaller instan
es, larger instan
es are mu
h qui
kly solved by our approa
h.In parti
ular, instan
es (g5000, sg5000,k%) are solved in less than one se
ond byour approa
h whereas it is not solved after one hour of 
omputation by V�ib2when k ≥ 20.It is worth mentionning here that the two approa
hes a
tually solve di�erentproblems: Our approa
h sear
hes for 
ompa
t plane subgraphs whereas V�ib2sear
hes for indu
ed subgraphs and do not exploit the fa
t that the graphsare planar. Hen
e, the number of solutions found may be di�erent: V�ib2 mayfound subgraphs that are topologi
ally di�erent from the sear
hed pattern; also
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sgi,5% sgi,10% sgi,20% sgi,33% sgi,50%

gi vf2 map vf2 map vf2 map vf2 map vf2 map
g500 0.08 0.07 0.04 0.10 0.47 0.03 0.7 0.02 10.4 0.10

g1000 4.7 0.21 2.54 0.07 0.55 0.05 7.31 0.06 12.7 0.06

g5000 12.3 0.28 156.5 0.31 >3600. 0.31 >3600. 0.31 >3600. 0.31Table 1. Comparison of s
ale-up properties of submap and subgraph isomorphismalgorithms. Ea
h 
ell gives the CPU time (in se
onds) spent by V�ib2 and our submapalgorithm to �nd all solutions. > 3600 means that V�ib2 had not �nished after onehour of 
omputation.our approa
h may found 
ompa
t plane subgraphs that are partial (see Fig. 1
)whereas V�ib2 only sear
hes for indu
ed subgraphs. For ea
h instan
e 
onsideredin Table 1, both methods �nd only one mat
hing, ex
ept for sg5000,10% whi
h isfound twi
e in g5000 by v�ib2 and on
e by our approa
h.7 Dis
ussionWe have de�ned submap isomorphism, and we have proposed an asso
iatedpolynomial algorithm. This algorithm may be used to �nd 
ompa
t subgraphsin plane graphs. First experiments on images have shown us that this may beused to e�
iently �nd patterns in images.These �rst results open very promising further work. In parti
ular, our ap-proa
h 
ould be used to solve the subgraph isomorphism problem in polynomialtime for 
lasses of planar graphs whi
h admit polynomial numbers of planar em-beddings. Also, generalisation to 3 and higher dimensional 
ombinatorial mapsis immediate. Hen
e, our approa
h 
ould be used to �nd subsets of 
ompa
tvolumes in 3D images.Submap isomorphism leads to exa
t measures, whi
h may be used to 
he
kif a pattern belongs to an image. We plan to extend this work to error-tolerantmeasures su
h as the largest 
ommon submap, whi
h 
ould be used to �nd thelargest subset of edge-
onne
ted fa
es, and map edit distan
es, whi
h 
ould beused to measure the similarity of maps by means of edit 
osts.Finally, more relevant results in the image �eld 
ould be obtained by inte-grating geometri
 information: 
ombinatorial maps may be labelled by featuresextra
ted from the modelled image su
h as, e.g., the shape or the area of a fa
e,the angle between two segments, or the length of a segment. These labels may beused to measure map similarity by quantifying the similarity of labels asso
iatedwith mat
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