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Abstract

We design and analyze interacting online algo-
rithms for multitask classification that perform bet-
ter than independent learners whenever the tasks
are related in a certain sense. We formalize
task relatedness in different ways, and derive for-
mal guarantees on the performance advantage pro-
vided by interaction. Our online analysis gives
new stimulating insights into previously known
co-regularization techniques, such as the multi-
task kernels and the margin correlation analysis
for multiview learning. In the last part we apply
our approach to spectral co-regularization: we in-
troduce a natural matrix extension of the quasi-
additive algorithm for classification and prove
bounds depending on certain unitarily invariant
norms of the matrix of task coefficients.

1

A fundamental and fascinating problem in learning theory
is the study of learning algorithms that influence each other
Although much is known about the behavior of individual
strategies that learn a classification or regression task from

Introduction

examples, our understanding of interacting learning systems

is still fairly limited. In this paper, we investigate this prob-
lem from the specific viewpoint ahultitask learning, where
each one o > 1 learners has to solve a different task (typ-
ically, K classification orK regression tasks). In particu-
lar, we focus on multitask binary classification, where learn-
ers areonline linear classifiers (such as the Perceptron algo-
rithm). Our goal is to design online interacting algorithms
that perform better than independent learners whenever th

edness in different ways, and derive formal guarantees on th
performance advantage provided by interaction.

Our analysis builds on ideas that have been developed in
the context of statistical learning. In the statistical analysis
of multitask learning (e.g., [2, 3, 4, 11, 24, 26]) the starting
point is a regularized empirical loss functional or Tikhonov
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functional —see, e.g., [10]. In the presence of several tasks,
this functional is extended to allow for co-regularization
among tasks. Roughly speaking, the co-regularization term
forces the set of predictive functions for tié tasks to lie
“close” to each other.

This co-regularization term is typically a squared norm in
some Hilbert space of functions. We follow the approach pi-
oneered by [11], where th& estimated solutions are linear
functions parametrized by = (u4,...,ux) € R¥4 and
the co-regularization is. " A u, where A is a positive defi-
nite matrix enforcing certain relations among tasks. The key
observation in [11] is the following. Assume the instances
of the multitask problem are of the forrfi,,i;), where
x; € RY is an attribute vector anfl € {1,...,K} indi-
cates the task; refers to. Then one can reduce tkidearn-
ing problems inR? to a single problem iR%“ by choos-
ing a suitable embedding of the pajfrs;, i) into a common
RKHS spac& %< with inner producfu, v) = " Av. This
reduction allows us to solve a multitask learning problem by
running any kernel-based single-task learning algorithm with
the “multitask kernel” defined above. We build on this result
by considering a natural online protocol for multitask linear
classification. Within this protocol we analyze the perfor-
mance of the Perceptron algorithm and some of its variants
when run with a multitask kernel. Because such kernels are
linear, we are not restricted to using kernel-based algorithms
for efficiency reasons.

In Section 3 we consider the kernel Perceptron algorithm,
and derive mistake bounds for the multitask kernels proposed
in [11]. This reveals new insights into the role played by the
regularizer matrix4. First, we see that the update in the ker-
nel space defined by factorizes in the “shared update” &f
interacting Perceptrons each runningiify thus providing a
basic example of interactive online learning. Second, we ex-

tasks are related in a certain sense. We formalize task relat(?pIOItthe simplicity of the mistake bound analysis to precisely

quantify the performance advantage brought by the multitask
approach oveK independent online algorithms. In particu-
lar, in Subsections 3.2 and 3.3 we give examples where the
mistake bound is used to guide the desigrlofl he first part
of the paper is concluded with Sections 4 and 5, where we
show multitask versions and mistake bound analyses for the
second-order Perceptron algorithm of [7] and for ph@orm
algorithm of [13, 14].

In the remaining sections of the paper, we depart from
the approach of [11] to investigate the power of online learn-
ing when other forms of co-regularization are used. In Sec-



tion 6 we consider the case when instances belong to alearner’s mistake count to

space that is different for each task, and the similarity among

tasks is measured by comparing their margin sequences (see, inf Z i (ug,) (1)
e.g., [6, 27]). We introduce and analyze a new multitask vari- et CROT

ant of the second-order Perceptron algorithm. The mistake T . .

bound that we prove is a margin-based version of the bound"Wnere(ui,) = [1 Y u, @] s the hinge loss of the
shown in Subsection 3.2 for the multitask Perceptron. Fi- reference linear classifier (aask vector) u;, at timet. Our

nally, in Section 7 we consider spectral co-regularization [4] 90alis to design algorithms that make fewer mistakes fkian
for online multiview learning. Here diversity is penalized independent learners when the tasks are related, and do not

using a norm function defined on thbx K matrix U = perform mUCh worse than that When the taSkS are Comp|ete|y
[wi, ..., uk] of view vectors. In the spirit of [19], we in- unrelated. In the first part of the paper we use Euclidean dis-

terpret this penalization function as a potential defined over tance to measure task relatedness. We say thak thesks
arbitrary matrices. We then define a natural extension of the are related if there exist reference task vectors .., ux €
quasi-additive algorithm of [14, 20] to a certain class of ma- R? having small pairwise distancéis,; — u;||, and achiev-
trix norms, and provide a mistake bound analysis dependinging & small cumulative hinge loss in the sense of (1). More
on the singular values @f. The results we obtain are similar 9eneral notions of relatedness are investigated in later sec-
to those in [28, 29, 30], though we are able to overcome sometions.
of the difficulties encountered therein via a careful study of
matrix differentials. 3 The multitask Perceptron algorithm

In the next section, we introduce the basic online multi-
task protocol and define the multitask Perceptron algorithm. We first introduce a simple multitask version of the Percep-
In order to keep the presentation as simple as possible, andron algorithm. This algorithm keeps a weight vector for
to elucidate the interactive character of the updates, we de-each task and updates all weight vectors at each mistake us-
lay the introduction of kernels until the proof of the mistake ing the Perceptron rule with different learning rates. More

bound. precisely, letw;:_; be the weight vector associated with
In our initial online protocol, at each time step the mul- taski at the beginning of time step If we are forced (by
titask learner receives a pdit;, i;), wherei, is the task in- ~ the adversary) to predict on task and our prediction hap-

dex for timet andx, is the instance for task. Note that ~ Pens to be wrong, we update;, ;1 through the standard
we view multitask learning as a sequential problem where additive rulew;,; = w;, ;-1 + ny. x, (Wheren > 0Ois a

at each time step the learner works on a single adversariallyconstant learning rate) but, at the same time, we perform a
chosen task, rather than working simultaneously on all tasks ‘half-update” on the remainings — 1 Perceptrons, i.e., we

(a similar protocol was investigated in [1] in the context of S€tw;; = w;,—1 + Fy, @, for eachj # i,. This rule is
prediction with expert advice). One of the advantages of this based on the simple observation that, in the presence of re-
approach is that, in most cases, the cost of running our mul-ated tasks, any update step that is good for one Perceptron
titask a|gorithms has a mild dependence on the numbef ShOUId_aISO be gOOd for the others. Clearly, this rule keepS
tasks. the weight vectorsv; ;, j = 1,..., K, always close to each

We also remark that linear algorithms for online multi-  Other. o _
task learning have been studied in [9]. However, these re- ~ The above algorithm is a special case of theltitask

sults are sharply different from ours, as they do not depend Perceptron algorithm described below. This more general
on task relatedness. algorithm updates each weight vector, , through a learn-

ing rate which is an arbitrary positive definite function of the
pair (j,i;). These learning rates are defined by{ax K
interaction matrix A.

The pseudocode for the multitask Perceptron algorithm
using a generic interaction matrig is given in Figure 1.
At the beginning of each time step, the countestores the
mistakes made so far (plus one). The (column) vegioE
RX4 denotes thenultitask instance defined by

2 Learning protocol and notation

There arell binary classification tasks indexed by. . ., K.

At each time step = 1,2, ... the learner receives a task in-
dexi; € {1,..., K} and the corresponding instance vettor
x, € R¢ (which we henceforth assume to be normalized,
||| = 1). Based on this information, the learner outputs a
binary predictiory, € {—1, 1} and then observes the correct

T _ T
labely; € {—1,1} for taski;. As in the standard worst- b *( \O,...,O’ z, 0,...,0 ) )
case online learning model, no assumptions are made on the d(is — 1)times  d(K — i;) times

mechanism generating the seque(mg yt)t>1. Moreover,

Simi|ar|y to [1]’ the sequence of tasktsis a|§0 generated in Whel’e:ct € Rd is the .inStance. vector for the Current'ta'@k

an adversarial manner. (NOte thatHthH = 1 since the |nstanceﬁt are normallzed.)
We compare the leamer's performance to that of a refer- 1€ Weights of thek’ Perceptrons are maintained in a com-

ence predictor that is allowed to use a different linear clas- Pound vectorv,; = (wi s - wi ), Withw; € R for

sifier for each of thek tasks. In particular, we compare the all j. The algorithm predictg, through the sigry, of the
ir-th Perceptron’s margim, ¢, = w, , ,x,. Then, if

LThroughout this paper all vectors are assumed to be column prediction and true label dlsagree, the update rule becomes
vectors. w, = ws_1 + Y (A® 1) ¢, where® denotes the Kro-



Parameters: Positive definite’ x K interaction matrixA.
Initialization: wo = 0 € RX?, s =1.

At each timet = 1,2, ... do the following:

1. Observe task numbér € {1,...,

K} and the corre-
sponding instance vectar, € R¢;

Build the associated multitask instangge R4,
Predicty, = sGN(w/_,¢,) € {-1,+1};

Get labely; € {—1,+1};

a M W DN

If 4, # y; then update:

= weat+y(4® Id)_1¢t

s+1.
Figure 1: The multitask Perceptron algorithm.

Ws

S «—

necker product betweeen matriéasidl, is thed x d identity
matrix. Since(4 ® Id)71 = A~' ® I, the above update is
equivalent to thes task updates

-1
Jrte

K.

The algorithm is mistake driven, henag_; is updated (and
is s increased) only whep, # y;.

wj,s(_wj,sfl"i_ytA T jzlw-'a

3.1 Pairwise distance interaction matrix

We now analyze the choice df that corresponds to the up-
datesw;, s «— w;, s—1 + Ny andw;, — wj—1 +
2y ¢ for j # i; with n = 2/(K + 1). As it can be easily
verified, this choice is given by

K -1 -1
A— -1 K -1 3)
-1 K
with

2 1 1
a1 1 2 1
K41
1 2

In order to keep in with the notation just introduced, we
equivalently specify an online multitask problem by the se-
quence ey, y1), (¢, y2), - - € R x {—1,1} of multitask
examples, whereg, is the multitask instance defined in (2).

Moreover, given a sequence of multitask examples and refer-

ence task vectors,, ..., ux € R%, we introduce the “com-

pound” reference task vecter’ = (u],...,uy) € R¥?
and write

def
b(u) = [L-yu' o], =1 -yujz], =b(u,).

Finally, we useAg as a shorthand foA @ I, whered is
understood from the context. We have the following result.

2The Kronecker or direct product between two matrices=
[a;,;] and B of dimensionm x n andgq x r, respectively, is the
block matrix of dimensionng x nr whose block on row and
columnjy is theq x r matrixa; ; B.

Theorem 1 The number of mistakes made by the mul-
titask Perceptron algorithm in Figure 1, run with in-
teraction matrix (3) on any finite multitask sequence
(D1,11), (g, 2), ... € RED x {1 1}, satisfies

UA®)
inf O( —_
e (o
UA@

b(u) |,

where M is the set of mistaken trial indices, and

>

1<i<j<K

2
[a; = s

K
uAgu=Y fui’+
i=1
Remark Note that when all tasks are equal, that is when
u; = -+ = ug, the bound of Theorem 1 becomes the stan-
dard Perceptron mistake bound (see, e.g., [7]). In the general
case of distinct; we have

ZH il -

The sum of squares, [|u; )| is the mistake bound one can
prove when learnind< independent Perceptrons (under lin-
ear separability assumptions). On the other hand, highly
correlated reference task vectors (i.e., large inner products
u; u;) imply a large negative second term in the right-hand
side of the above expression.

uTA®u
K+1

E ’U,'LLJ.

1<z UK

Theorem 1 is immediately proven by using the fact that the
multitask Perceptron is a specific instance of the kernel Per-
ceptron algorithm [12] using the linear kernel introduced
in [11] (see also [15]). As mentioned in the introduction,
this kernel is defined as follows: for any positive definite
K x K interaction matrix4 introduce the/d-dimensional
reproducing kernel Hilbert spad@®’?, (-, -)) with in-
ner producfu, v), = u' (A®1I,)v. Then define the kernel
feature map) : R% x {1,..., K} — H such that
(weir) = (AR 1) ', . (4)

The kernel used by the multitask Perceptron is thus defined
by

K((xsv is)a (mt7 Zt))

<¢($57is),w(wtvit)>7.l

¢ (AL) b ()
Proof of Theorem 1: We use the following version of the
kernel Perceptron bound (see, e.g., [7]),

mo < Y 4() + 1Al (maxw(ees i)l
t

" ||h||H\/(mgx|w<mt,mi)me

whereh is any function in the RKH3Y induced by the ker-
nel. LetAg = A ® I,. For the kernel (5) we havieu||5, =

u' Agu and [y (@, iy)l3, o AS A AL b,
¢ Ay ¢, = A;, . Observing thatd; !, = 2/(K +1)
for the matrixA~1! defined in (3) concludes the proof.




3.2 A more general interaction matrix

In this section we slightly generalize the analysis of the pre-
vious section and consider an update rule of the form

% yrxy I j =iy,
Wjs = Wjs—1+ b .
TR Yt Tt otherwise,

whereb is a nonnegative parameter. The corresponding in-
teraction matrix is given by

a —b —b
1 -b a —b
A=l . ©)
—b a
with a = K + b(K — 1). It is immediate to see that the

previous case (3) is recovered by choosing= K. The
inverse of (6) is

b+ K b b

A*li 1 b b+K b
S (I+b0)K |- e
b b+ K

When (6) is used in the multitask Perceptron algorithm, the
proof of Theorem 1 can be adapted to prove the following
result.

Corollary 2 The number of mistakes made by the mul-
titask Perceptron algorithm in Figure 1, run with in-
teraction matrix (6) on any finite multitask sequence
(P1,91), (Pg,y2), - - € RED x {1 1}, satisfies

m< (Z Ef
teM

(b+K)
1+®K

i

for anyu € RX?, where

(u' Agu)

b+ K)
(1+0)K

(uTAgu) > li(u

teM

K
u' Agu =" [lui]|* + bK vAR[u] , (7)

i=1

— a|? the “variance”, of the
+ UK)/K

beingvaR[u] = & 3K ||u;
task vectors, ana@ the centroid(u1 4+

It is interesting to investigate how the above bound depends

on the trade-off parametér The optimal value ob (requir-
ing prior knowledge about the distribution af, ..., ug)
iS

~1 |a)?

K VAR[u]

b = max ¢ 0,

Thusb grows large as the reference task vectorget close
to their centroidu (i.e., as allu; get close to each other).
Substituting this choice df gives

b+ K)

Trpr ™ A=)

e ]* + -+ [k | if b= 0,
2
(WH + \/ﬁ\/w[u]) otherwise.

When the varianceaRr[u] is large (compared to the squared

centroid norm|z||%), then the optimal tuning dfis zero and
the interaction matrix becomes the identity matrix, which
amounts to running< independent Perceptron algorithms.
On the other hand, when the optimal tuningbaé nonzero
we learn K reference vectors, achieving a mistake bound
equal to that of learning gingle vector whose length i§u||

plusv/ K — 1 times the standard deviatiofi VAR [u].
At the other extreme, if the variancear[u] is zero
(namely, when all tasks coincide) then the optirharows

unbounded, and the quadratic teé—‘iﬂf—}( (uT Agu) tends

to the average square nofa "% [lu,||°. In this case the
multitask algorithm becomes essentially equivalent to an al-
gorithm that, before learning starts, chooses one task at ran-
dom and keeps referring all instance vectofgo that task
(somehow implementing the fact that now the information
conveyed byi; can be disregarded).

3.3 Encoding prior knowledge

We could also pick the interaction matrix so to encode
prior knowledge about tasks. For instance, suppose we know
that only certain pairs of tasks are potentially related. We
represent this knowledge in a standard way through an undi-
rected graphG = (V, E), where two vertices and j are
connected by an edge if and only if we believe tasind
tasky are related. A natural choice faris thenA = I + L,

whereL = [L; ;][%;_, is the Laplacian of7, defined as
d; ifi=j,
Lij=<{ —1 if(i,j) € E,
0 otherwise,

whered; is the degree (number of incoming edges) of node
1. If we now follow the proof of Theorem 1, which holds
for any positive definite matrixd, we obtain the following
result.

Corollary 3 The number of mistakes made by the mul-

titask Perceptron algorithm in Figure 1, run with inter-
action matrix I + L on any finite multitask sequence
(b1,51), (Dg,y2), ... € RED {1 1}, satisfies

(35 et

< inf
uERKd

)+cau (I+L)®u

+\/CG’U,T I+L

Zlqu + Y -l

(i,4)EE

u ) b

teM

)

(8)

where

uT(I + L)®u

and c¢
Ao < - -

= max;—1,.. ,KZ] 1 HJ; Here0 = A\ <
< Ak are the elgenvalues of the positive semidef-



inite matrix L, andv; ; denotes thé-th componeritof the
eigenvectow; of L associated with eigenvalug.

Proof: Following the proof of Theorem 1, we just need to

bound
~max_A;; = maXK(I—&—L)Z_Zl
If vq,..., v are the eigenvectors @f, then
K T
V;V;
I+L0)7' = o
(I+1) ;1—"—)\]‘

which concludes the proof. |

Ideally, we would like to haves = O(1/K). Clearly
enough, ifG is the clique on¥k vertices we expect to exactly
recover the bound of Theorem 1. In fact, we can easily verify
that the eigenvector; associated with the zero eigenvalue
Aris (K12 ... K~1/2). Moreover, it is well known that
all the remaining eigenvalues are equakidsee, e.g., [16]).
Therefore co = % + (1 — %) 75 = 75 - Inthe case
of more general graphS, we can bound in terms of the
smallest nonzero eigenvalug,

1
cg < =+

I
K K)14+X '

The value of),, known as the algebraic connectivity Gf,
is 0 only when the graph is disconnected, is known for
certain families of graphs. For instancedfis a complete
bipartite graph (i.e., if tasks can be divided in two disjoint
subsetsl; andT; such that every task ifiy is related to
every task inf, and for bothi = 1,2 no two tasks iril; are
related), then it is known that, = min{|T}|,|T>|}. We
refer the reader to, e.g., [16] for further examples.

The advantage of using a gragh with significantly

fewer edges than the clique is that the sum of pairwise dis-

tances in (8) will contain less thai (K — 1) terms. On the

other hand, this reduction is balanced by a larger coefficient

cg infront of w' (I 4+ L) _w. This coefficient, in general,

Parameters: Positive definiteK x K interaction matrixA.
Initialization: Sy =0, vo = 0 € RX? 5 =1.

At each timet = 1,2, ... do the following:

1. Observe task numbéy € {1,..., K} and the corre-
sponding instance vectar, € R¢;

2. Build the associated multitask instangg € R and
computeg, = (A® 1,)*¢,;

3. Predicj, = SGN(w,_;¢,) € {~1,+1},
~ ~T\ —1
wherew, ;| = (I + 8,18 | + ¢,9, ) Vs_1;
4. Getthelabel; € {-1,1};

5. If 4 # y: then update:
’Us:fvsfl"_yt’d;tv Ss: {szl‘g)t}v s s+1.

Figure 2: The second-order multitask Perceptron algorithm.

where1) is the kernel feature map (4). The algorithm com-
putes a tentative (inverse) matrix

(148180 + 08! )

Such a matrix is combined with the current Perceptron vec-
tor v,_; to predict the label;. If prediction?; and label

y; disagree bothy and.S get updated (no update takes place
otherwise). In particular, the new matri is augmented

by padding with the current vecteb,. Since supports are
shared, the computational cost of an update is not signifi-
cantly larger than that for learning a single-task (see Sec-
tion 4.1).

Theorem 4 The number of mistakes made by the second-
order multitask Perceptron of Figure 2, run with any posi-

is related to the total number of edges in the graph (observeyjye definite interaction matrixt, on any finite multitask se-

that the trace ol is exactly twice this total number).

4 The second-order extension

quence(¢1,y12l,(¢2,y2),... € REd x {11}, satisfies,

for all u € R4,

In this section we consider the second-order kernel Percep-"" < Z b (u)

tron algorithm of [7] with the multitask kernel (5). The algo-
rithm, which is described in Figure 2, maintains in its inter-
nal state a matri¥%' (initialized to the empty matrix ) and a
multitask Perceptron weight vecter(initialized to the zero
vector). Just like in Figure 1, we use the subsctitat denote

teM

+ <uT(A ® Ij)u + Z (ulwt)2>

teM

m

> In(1+2)

the current number of mistakes plus one. Note that we havewhere M is the sequence of mistaken trial indices and

exploited the linearity of the kernel (5) to simplify the de-
scription of the algorithm. In particular, lettingy, = A® 14,
we have repeatedly used the fact that

<w(wsais)aw<wt7it)>ﬁ ¢2Aé1¢t
T

—1/2 —1/2
(45"%.) (45",)
~T ~
¢s d)t 9

3Note that the orthonormality of the eigenvectors impfyi +
o+ vf, = 1foralli.

A1, ..., Ay, are the eigenvalues of the x m matrix of ele-
mentsrjA;}itwt, wheres, t € M.

Proof: Recall the mistake bound for the second-order kernel
Perceptron algorithm [7]:

m < <||h§1 +> h(mt)2>

teM

m

Zln(l + /\J)

where\q, ..., A, are the eigenvalues of the x m kernel
Gram (sub)matrix including only time stepsM. When the



kernel is (5) with feature map we havel|u|7, = uT Agu” 5 Thep-norm extension

. 2 _ 2 2 .
and(u ", (x4, ir))” = (u' AgAg'ed,)” = (uj®:)". Fi-  We now extend our multitask results to therorm Percep-
nally, the kernel Gram matrix i& (v (s, ), ¥(@, 1)) = tron algorithm of [14, 13]. As before, when the tasks are all
(ﬁjAQ_@l(ﬁt — m;rAi_li x,. This concludes the proof. M equal we want to recover the bound of the single-task algo-

rithm, and when the task vectors are different we want the

Again, this bound should be compared to the one ob- mistake bound to increase according to a function that pe-
tained when learninds independent tasks. As in the first- nalizes task diversity according to thginorm distance.
order algorithm, we have the complexity teum (A® 1) u. We develop oup-norm multitask analysis for the spe-
In this case, however, the interaction matdxalso plays a  Cific choices ofp = 2Ind (orp = 2In K whend < K) and
role in the scale of the eigenvalues of the resulting multi- for the pairwise distance matrix (3). It is well known that
task Gram matrix. Roughly speaking, we gain a fadior ~ for p = 2Ind the mistake bound of the single-tagtnorm
from uTAélu (according to the arguments in Section 3). Perceptron is essentially equivalent to the one of the zero-
In addition, however, we gain a further factar, since the  threshold Winnow algorithm of [22]. We now see that this

trace of the multitask Gram matri{«bTA‘lqu _ property is preserved in the multitask extension.
50 stEM We start with the following slightly more general algo-

[ A7 i@, e o 1S @bOULL/K times the trace of the Ofigi-  fithm based on arbitrary norms. Later, we specialize it to

nal Gram matri{z, x| _,_,,- Since both factors are under p-norms. Thequasi-additive multitask algorithm of [20, 14]

the square root, the resulting gain over tiieindependent  is defined for any nornfj-|| over R*“. Initially, wo = 0 €

task bound is abouk . RE4 1f s — 1 mistakes have been made in the first 1
time steps, then the prediction at tihis sGN(w,_ ¢,). If

4.1 Implementation in dual variables a mistake occurs at timg thenw,_, is updated with the

. _ rulew, = V1 |v,]|>, where theprimal weight v, € RE%is
It is easy to see that the second-order multitask Perceptronupd(,jl,[ed using the multitask Perceptron ralg— 0 ¢ R4
can be run in dual variables by maintainifgclassifiers that andv, = v,_; + 5 A5 ¢, for an arbitrary positive definite
share the same set of support vectors. This allows an efficien interaction matrixA
|mplem_entat|on that does not Impose any significant over- This can be aﬁalyzed using the following technique
head with respect to the corresponding .smgle-task.versmn.(See [8] for details). Leb,, be the primal weight after any
S_peC|f_|caIIy, given some interaction matu¥ the margin at numberm of mistakes. Then. by Tavior expand |2
time ¢ is computed as (see [7, Theorem 3.3]) m - 1hen, by 1ay pandigg|v, |

aroundwv,_; for eachs = 1,...,m, and using the fact

~ ~ ~T\—1l~ y:w]_; ¢, < 0whenever a mistake occurs at stepre get
wl g =vy(I1+8150,+6,8 ) & )

1 2 v
-1 -~ — o < D (vg||vs_ 10
. . . . _1 2 2 T
wherey, is thes-dimensional vector whose first— 1 com- D (vsllvs—1) = 5 ([|vs[” = [veal”) =y w2 is as0-
ponents are the labelg where the algorithm has made a called Bregman d|vergence;2|.e., the error term in the first-
mistake up to time — 1, and the last component(s order Taylor expansion of |-||~ around vectow, 1, at vec-

First, note that replacing + S, S, with I + 5] S, tor v,. Kd _ _ _
in (9) does not change the sign of the prediction. The mar- ~ FIX anyu € R™%. " Using the convex inequality for
gin at timet can then be computed by calculating the scalar NOrmsu v < [[u| [[v]|, where]|-[|, is the dual norm of -|
product betweers. ¢, andy! (I+ 5;115571)_1- Now, (see, e.g., [25, page 131]), and using the fattdgv, =

T T T
~ 9 u' Agvs_1 +yiu >u' Agvs_1+1—4,(u), one then
each entry of the vectdf, ¢, is of the formA7! aT@,, and  gpains Lyt &y 2 @t ()

thus computingS‘;rqu_Et requiresO(;) inner products so that, T Agvy _ m—3, l(u)

overall, the prediction step requiré€¥(s) scalar multiplica- [vml > TAoul. = JAcul. (11)
tions andO(s) inner products (independent of the number of o _ ®T M _ &l _

tasksK). Combining (10) with (11) and solving for. gives

On the other hand, the update step involves the computa- ™
tion of the vectory/ (I + SSTSS)_l. For the matrix update m < Z li(u) + || Agul|, 22 D (vg]|vs_1). (12)
s=1

we can write temM
T T 7 We obtain our multitask version of thenorm Perceptron
I+ 578, = Is_lj—TSS_ISS_l 5511?3 : when||u| = ull, = (jus|P + |uz]? + -+ )"/". In particu-
@y Ss—1 1+ ¢, ¢, P

lar, we focus our analysis on the chojee- 2 In max{ K, d},

Using standard facts about the inverse of partitioned matricesWhich gives mistake bounds in the dual norths||, and
(e.g., [17, Ch. 0]), one can see that the inverse of mafrix [|¢|| ., @and on the pairwise distance matrix (3).
5SS, can be computed from the inverselof ; + S5, | S,_; Using the analysis in [8] we obtain, for = ¢,
with O(s) extra inner products (again, independent’of

Py 21, el —1)?
andO(s?) additional scalar multiplications. D (vs]|lvs—1) < 9 [Reb ¢t||p: 9 el || AL,

p



whereAIZi is thed,-th column ofA=!. If we now usep =

2Inmax{K,d}, then|z,|> < e[| and
de

2 2
S ey

We now turn to the computation of the dual nofiigul|,,
whereq = p/(p— 1) is the dual coefficient gb. We find that

K 2
|Asul? < |Asul? = (ZHui Y (w uj)H1>
i=1 j#i

Plugging back into (12) gives the following theorem.

-1
t,2¢

—1
|4z

2
sejas
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Theorem 5 The number of mistakes made by the@-norm
multitask Perceptron, run with the pairwise distance ma-
trix (3) andp = 2Ilnmax{K, d}, on any finite multitask se-
quence(cﬁl,g{%t)i, (Pq,92), ... € RED x {11}, satisfies,

forallu ¢ R
m< Y G(u)+H+ [2H Y ly(u)
teM teM

whereH is equal to

4e? Inmax{K,d}
(K +1)2

ul—i—z

“w),)

Remark When all tasks are equaly; = --- = wug, the
coefficientH in the bound of Theorem 5 becomes

X2 (Z‘

and X = maxen || o

whereb is a positive constant. We add the above terms up to
timet, resulting in a cumulative regularization term

2
(u i, Q—KZU a:]§> ,

whereM; is the set of mistaken trials up to timeThus, in

trial ¢ our prior knowledge about task relatedness is encoded
as a (positive) correlation among tlé margin sequences
(u $j717u;r$j’2, . 7u.;'—a:j,t),j =1,...,.K.

The algorithm of Figure 3 is a natural multitask predic-
tor operating with the above view-based regularization cri-
terion. We call this algorithm the multiview-based multitask
Perceptron algorithm, anm PERCfor brevity. MM PERC can
be viewed as a variant of the second-order Perceptron using
the cumulative covariance matrix of the past margin vectors
in order to suitably transform instances.

MMPERC has a constant tradeoff parameter> 0
(playing the same role as the one in Section 3.2), and
maintains in its internal state a multitask matex(initial-
ized to the identity matrix/) and a Perceptron multitask
weight vectorv (initialized to the zero vector). The sub-
script s plays the same role as in the previous algorithms.
Unlike the algorithms in previous sectiongmPERC ob-
serves the task numbe;and the multitask instanceé, =
(z], 3,,...,x),) made up of the instance vectors of all
tasks. TherMM PERC computes a tentative matrif; to be
used for prediction. Matrix4; is obtained by adding the
rank-one positive semidefinite matr; to the previous ma-

bK Y

SEM,

J

) trix As_;. Hereg;, is the(d, + --- + dx)-dimensional
(4@2 In max{K, d}) (mtawatHoo) HuZH? . vector
If K < d this bound is equivalent (apart from constant fac- ]Tt = ( 0,...,0 m;,rt 0,...,0 )
tors) to the mistake bound for the single-task zero-threshold ’ ~— ’ ——
Winnow algorithm of [22]. dit-ctdjoalimes  djga 4o+ dg times
forj = 1,..., K. Observe that\/; has been set so as to

6 Learning tasks in heterogeneous spaces

In this section we slightly deviate from the approach fol-
lowed so far. We consider the case when Ei¢ask vectors

u; may live in different spacesu; € R%,i = 1,...,K.

This is a plausible assumption when attnbutes assomated
with different tasks have a completely different meaning. In

such a case, the correlation among tasks is naturally mea-

sured through the task margins = (or views) —see, €.g.,

the previous work of [6, 27] for a similar approach in the
context of semi-supervised learning. In order to allow for the
views to interact in a meaningful way, we slightly modify the
learning protocol of Section 2. We now assume that, at each
time t, we receive the adversarial choice of taskogether
with all instance vectors; ; € R% fori = 1,..., K. The
co-regularization terms motivating our algorithm are propor-
tional to the distance between the margifx;, ; of taski,

and the average margin_;_, u] x;, of all tasks:

1 & ’
bK (u T, ¢ — Kzuj%t> )
j=1

(13)

make the quadratic form " M, coincide with the regular-
ization term (13). Similarly to the algorithms of previous
sections, the tentative matrix, and the current Perceptron
vectorv,_; are used for predicting the true labgl If pre-
dictiony; and labely; disagree botlw and A get updated. In
particular,A; is set to the tentative matrix;.

In this protocol we call example the triplg,, ®;,y:).

Like the results contained in the previous sections, our anal-
ysis will provide a multitask bound on the number of predic-
tion mistakes which is comparable to the one obtained by a
single task plus a penalization term due to task relatedness.
However, though this algorithm is a second-order prediction
method, we only give a first-order analysis that disregards
the eigenstructure of the data. This is due to the technical
difficulty of handling a time-varying matrix that in trial ¢
includes all instance vectoss, ;, ... Tk ;.

Theorem 6 The number of mistakes: made by the al-
gorithm in Figure 3, run on any multitask sequence
(i1, ®1,91), (i2, ®o,90),... satisfies, for all w'



Parameters: b > 0.
Initialization: Ay =1,vg =0 ¢ RO+ +dx o =1,

At each timet = 1,2,... do the following:
1. Observe task numbére {1,..., K};
2. Observe multitask instance vector

T T T dit+-+di.
(Pt '7wK,t) € R™ K7

= (x,, .
3. Build the associated multitask instangg ,;
SetA] = A;_1 + M, where

V=08 (6= 1) (90 )
Predictj, = sGN(v]_,(A}) ¢, ,) € {-1,+1};
6. Getlabely; € {—1,+1};
7. If y; # y; then update:

Vs =V 1+ Y Py, 4 A=A, s<—s+1.

Figure 3: The multiview-based multitask Perceptron algo-
rithm (Mm PERC).

(uf,...,up),
K(b+1)—b
< - @
" —t;;&(“) KK -1+ K

(uTAmu)

Kb+1)—b

¢W (w Am) D ().

teM
where

u' A,u
K m 1 X 2
2 T T
=D lwll® +0K Y (whmi e — 2 Y wfw )
i=1 teM j=1

being M the set of mistaken trials.

Remark It is the factor
Kb+1)-b

KK —1) T K (u" Apu)

(14)

that quantifies the relatedness among tasks (the leading con:

stantb K in the second term ai " A,,,, u is needed for scal-

ing purposes). Note that the notion of relatedness provided
by w' A,, u is analogous to the one used in Section 3.2. As
suggested in Section 3.3, other measures of similarity are

possible.
The parameteb allows for a limited trade-off between

% | |Jug]|? and the cumulative “margin deviation”

m K
T 1 T 2
E U;, Loyt — I7d E U; Tjt
j=1

teM
In particular, setting = 0 corresponds to running inde-

(15)

pendent (first-order) Perceptron algorithms (no task related-

ness), while letting go to infinity is optimal only when each

one of the margin deviation terms in (15) is zero (maximal
task relatedness). Notice that setting 1 gives

oK -1 &

(14) = = 3 P
=1
m K
2K —1 1 2
=1 S (o= 3 o)
teM j=1

yielding a gain of K’ whenever thex tasks are significantly
related, as measured by (15).

Proof of Theorem 6: Although the general structure of the
analysis is based on the second-order Perceptron proof, we
use the special properties bf+- M, in order to compute the
contribution of K andb to the final bound.
Lett = t, be the time step when theth mistake occurs.
We write
v A7 v,

(V51 + yt¢it,t)TAs_1(vS—1 +Yibi, 1)
(from the update rule in Figure 3)

= v, 1A w1 + 2ytv;r—1As_1¢iht

+ ¢Z,tAs_1¢it,t
<we 1A v+ (z)z—'[,tAs_ld)it,t
S /Us—lAS_,ll'Us—l + ¢Z¢(I + Mt)il(bit,t .
(16)

In order to prove the first inequality, note that on th
mistaken trialA, = A] andyv] (A)"'¢; , < 0. In

order to prove the second inequality note thigt— A,
andA, — (I + M,) are both positive semidefinite.

We now focus on computing the quadratic foqzlﬁ,t(IJr
M;)"'¢,, ,. Recall thatb, = Y| ¢, , is the sum of the
orthonormal vectors, 4,...,;, 4,...,Pg . Thus, from
the very definition ofd/, in Figure 3 it is easy to verify that

b(K — 1)

d, .
17)
Also, sinceM; ®; = 0, we have(I + M;)®; = P;, and
thus(I + M;)~'®, = ®,. Hence (17) allows us to write
b(K —1)
K
Taking the inner product of both sides with, ,, and solving

(I+ M), o= WK —-1)+1)¢;, , —

$i, = OK 1) +1)(I+M) " ¢, , — B, .
for ¢, (I + M)~ "¢, , yields

.  K(b+1)-b
i (L + M)y, = m )

Substituting this into (16), recalling thaty = 0, and sum-

ming overs = 1,...,m we obtain
_ Kb+1)—-b
T 1
A, <m-—e
Umm Om =M 1 K

A lower bound on the left-hand side can be obtained in the
standard way (details omitted),

[oT Azly, > m =3 epmbi(u)

|43




(M= epq Lo (w))?

ul Au

Thus we get v, A~ lv, >
recall that by construction

Finally,

u' A,u
K 1 X 2
= Z || |> 4+ b K Z (ul:cit,t e Zu}xj7t> .
i=1 teM j=1

Putting together and solving fen gives the desired bound.
|

6.1 Implementation in dual variables

Like the second-order multitask Perceptron algorithm, also
MM PERC can be formulated in dual variables. Due to the
need to handlé( instance vectors at a time, the implemen-
tation we sketch below has an extra linear dependendé,on
as compared to the one in Section 4.1.

Lett = t, be the trial when the-th mistake occursz,.
be the vector, = VbK (¢, , — ®,/K), S, be the matrix
whose columns are the vectagg ,. corresponding to mis-
taken time steps up to timet, andZ, be the matrix whose
columns are the vectors,. corresponding to mistaken time
stepsr up to timet. It is easy to verify thatl, = I + Z, 2]
andvs,_; = S, y, wherey, is as in Section 4.1. From the
inversion formula (e.g., [17, Ch. 0])

I+2Zz)Ht=1-2,0+2]2z)"'2]

we see that the margin,_, (A})~'¢,, , in Figure 3 can be
computed as

"’:—1(142)71@:,,,1‘,

= y;—S;rd)it,t - yIS;Zs(I + Z;—Zs)ilz;r

¢it,t .

Calculating the vector$ ¢, , and Z ¢;, , in the above
expression take®(s) inner products while othe®(s) in-

ner products are required to incrementally compsifeZ,
from SJ_, Z,_;. Finally, when calculating the inversé +
ZlZ,)~' we exploit the same updating scheme of Sec-
tion 4.1,

Is—l + Z;r_lzs—l
z;rZs—l

Z] |z
T _ s—1%s
IS+Z5 Zs* 1+ZIZ$ 9

whereZ/] |z, and z] z, requireO(Ks) and O(K) inner
products, respectively. Hencé, + Z[ Z,)~! can be com-
puted from(I,_, + Z 1 Z,_1)~! with O(Ks) extra inner
products and(s?) additional scalar multiplications.

7 Spectral co-regularization

An extreme case of multitask learning is theltiview set-
ting, where all tasks share the same label. In the multi-
view protocol, at each time steghe learner receivek in-
stancese ¢, ...,k € RY, predicts withy;, € {-1,1},
and then receives the correct binary lalgewhich —unlike

the general multitask case— is the same for all instances
What distinguishes multiview learning from a standard on-
line binary classification task, defined on instances of the
forma, = (z14,..., wm), is that in multiview one postu-
lates the existence df vectorsuq,...,ux such thateach

-and

u; is a good linear classifier for the corresponding sequence
i1,y1), (Ti2,Y2), ... of examples. In this respect a nat-
ural baseline for online multiview learning is the algorithm
that chooses a random indéx {1,..., K} and then runs a
Perceptron algorithm on the sequence of examfaes, ;)
for ¢ > 1. Equivalently, we may think of runningd Per-
ceptrons in parallel and then average their mistakes (see the
remark after Theorem 10).

In this section we design multiview learning algorithms
that in certain cases are able to perform significantly better
than the above baseline. In order to do so, we arrang&the
d-dimensional instances, ., ...,z in ad x K instance
matrix X; and penalize diversity among the reference vectors
uy, ..., ug Using a matrix norm of thd x K matrix U =
[ula ] uK]

We focus our attention on matrix norms that are unitar-
ily invariant. Such norms are of the forfiv|| , = f(ov),

whereoy = (o4,...,0,) is the vector of the ordered sin-
gularvaluess; > --- > o, > 00fUandf : R" — R,
with » = min{ K, d}, is an absolutely symmetric function
—that is, f is invariant under coordinate permutations and
sign-changes.

Matrix norms of this form control the distribution of the
singular values ot/, thus acting as spectral co-regularizers
for the reference vectors (see, e.g., [4] for very recent devel-

opments on this subject). Known examples are the Schatten

p-norms, [|U]], def |oull,. Forinstance, the Schatten

norm is the Frobenius norm. Fpr= 1 the Schattep-norm
becomes the trace norm, a good proxy for the rank/of
since||U]|,, = lov|l, = [lov||, = rank ofU.

In order to obtain a multiview bound that depends on
loul, we extend the dual norm analysis of Section 5 to
matrices. We start by defining the matrix version of the
quasi-additive algorithm of [14, 20]. We remark that ma-
trix versions of the EG algorithm and the Winnow algorithm
(related to specific instances of the quasi-additive algorithm)
have been proposed and analyzed in [28, 29, 30]. When deal-
ing with the trace norm regularizer, their algorithms could
be specialized to our multiview framework to obtain mistake
bounds comparable to ours. See the brief discussion at the
end of this section.

The quasi-additive matrix algorithm maintainglax K
matrix W. Initially, W, is the zero matrix. I — 1 mistakes
have been made in the first- 1 time steps, then the predic-
tion at timet is SGN((W,_1, X;)), whereX, is thed x K
matrix [z ¢, ..., K] in which z;, is the instance vector
associated with theth view at timet, and(W;_1, X;) is the
standard matrix inner produ¢W, _, X;) = TR(W,_, X;).

If a mistake occurs at timg thenW,_; is updated with
W, = V3 HVSH?c where, in turn, thel x K matrix V; is
updated using a matrix Perceptron rulg,= Vi_1 + y;: X;.

A useful property of normgUl||, = f(ov) is that their
duals are easily computed.

Theorem 7 [21, Theorem 2.4]f f is absolutely symmetric
[Ull; = flou), then||U]| ;. = f*(ov) wheref* is the
convex dual off.

In the case of Schattemnorms, we have that the dual of
vector normy|-[|,, is vector norm(-||,, whereq = p/(p — 1)



is the dual coefficient gp.

An important feature of the quasi-additive algorithms for
vectors is that the mapping : v — p(v) = V3 Jv|)? is
invertible whenever the vector norjr| satisfies certain reg-
ularity properties (see, e.g., [8, page 294]). We call such
normsLegendre. Hence, we “do not lose information” when
the primal weight vectow is mapped to the weight vector
w = p(v) used for prediction. In particular, we always have
thatp =1 (v) = V1 |jv|?, where]|-|, is the dual norm of a
Legendre norm\|~\f (see, e.g., [8, Lemma 11.5]). This prop-
erty is preserved when the algorithm is applied to matrices.
This is shown by the following result where, without loss
of generality, we prove the property fgi(o ;) rather than
1f(ov)?. (Infact, if f is Legendre, thes f? is also Legen-
dre).

Theorem 8 Let f be a Legendre function.
flov)then(V ;)" = V..
The following result will be useful.

Theorem 9 [21, Theorem 3.1]Let U DIAG[o 4] VT be an
SVD decomposition of a matriX. If |-, is a matrix norm

such that| A, = f(o4) for f Legendre, thelV f(o4) =
ov|a|,- MoreoverV A, = UDIAG [V f(a4)] V.
Proof of Theorem 8: If A = U DIAG[o 4] V' T, then by The-
orem 9

\% HAHf = U DIAG [Vf(O'A)] VT =UDbIAG [GVHAH_,"] v
Therefore, using Theorem 9,

V(@) = voms[vs (Vo)) VT

U1 4

=UDIAG[o 4] VT (fisLegendre)
=A
concluding the proof. ]

We now develop a general analysis of the quasi-additive ma-
trix algorithms, and then specialize it (in Theorem 10 below)
to a multiview algorithm operating with a Schattemorm
regularizer.

We start by adapting the dual norm proof of Section 5 to
an arbitrary matrix nornffA[| ; = f(o ), wheref is Legen-
dre. LetV,, be the primal weight matrix after any number
of mistakes. By Taylor expanding||V. ||} aroundV,_; for

eachs = 1,...,m, and usingy; (Ws_1, X;) < 0, we get

1 2 ~—
3 WVanlly < > D(VillVim)
s=1
where D (V;||Vs_1) is the matrix Bregman divergence
2 2
3 (IVslly = IVa=1ll}) = ye (W1, Xo).

Fix anyd x K matrixU. First, we derive a matrix version
of the convex inequality for vector norms. We use a classical
result by von Neumann (see, e.g., [18, p. 182]) stating that
(V,U) < oy,0y for any twod x K matricesU andV. We
have

Vel IU

s =f(ov,)f*(ov) (by Theorem7)
> oy oy (by the convex ineg. for norms)

> (V,,,U) (by von Neumann'’s ineq.).

In addition, we haveéU, V) = (U, Vi_1) + y:(U, Xt). Thus
we obtain

(U, Vin)
v

Km — ¥, 4(U)

Vil =
U1l 4-

f*

where,(U) < Y5 [1 - yowfai], = 05, G(u).
Solving form gives
m< - > uU)+ 191- 2zm:D(Vq||Vg_1) . (18)
K teM K s=1 ( ‘

Equation (18) is our general starting point for analyzing mul-
tiview algorithms working under spectral co-regularization.
The analysis reduces to bounding from above the second-
order termD (-||-) of the specific matrix nornj|-|| , under
consideration.

For the rest of this section we focus on the Scha2jen
norm||Vl,, = [lov|l,, ,whereV is a generiaix K matrix,
andp is a positiveinteger(thus2p is an even number 2).

Note that, in general|V |2, = R((VTV)?)V?,
In order to prove our main result, stated below, we use

some facts from differential matrix calculus. A standard ref-
erence on this subject is [23], to which the reader is referred.

Theorem 10 The number of mistakes: made by the
2p-norm matrix Perceptron, run on any sequence
(X1,11), (X2,92),... satisfies, for anyd x K matrix

2
1 Xso, U1,
mﬁ ? th(U)+(2p71) <I(q
teM
XS P ||U||s 2p— 1
2 i 2q < Z Kt(U)
teM

whereX;, = maxiem ||XtH82p, ||U||52q is the Schattefg-

norm of U, with 2¢q = % and M is the set of mistaken
trial indices.

Remark Similarly to the vector case, when the parameter
p is chosen to be logarithmic in = min{d, K}, the p-
norm matrix Perceptron penalizes diversity using the trace
norm ofU. If the vectorsu; span a subspace of size K,

and instances tend to hav€ nonzero singular values of
roughly the same magnitude, thgtr||,, ~ |[U],, while
X7, ~ XZ_~ X /K. Hence this choice op leads
(at least in the linearly separable case) to a fadtoim-
provement over the bound achieved by the matrix algorithm
based on the Frobenius norm=€ 1 in Theorem 10), which
amounts to running< independent Perceptrons in parallel
and then average their mistakes.

The following trace inequality is our main technical lemma.

Lemma 11 Let A,B be positive semidefinite matrices, of
sized x d and K x K respectively, with the same nonzero
eigenvalues. LeX be an arbitrary real matrix of sizé x K.
Then, for any pair on nonnegative exponehtg > 0, we
haveTR(X T A'X BY) < (TR(XTX)p)l/p(TR A(“fg)q)l/q
wherel/p+1/g=1,p > 1.



Proof of Lemma 11: We first consider the case < g.
By the Cauchy-Schwartz and Holder’s inequalities applied
to traces [23, Ch.11] we have

TR(XTA'XBY) = TR(B(g—l)/2XTAlXB(g+l)/2)
S TR(XTAQlXBg—l)1/2TR(XTXB9.H)1/2

< TR(XTA2X B2, (X T X) P, (B

1/2
(19)

where we used the shorthafit(Z) = (TRZ")Y". In the
case wher > g we can simply swap the matrice§ ™ A’
and X BY and reduce to the previous case.

We now recursively apply the above argument to the
first trace in (19). Recalling thaf,(A) = T,(B) and
T,(XTX)=T,(XXT"), aftern steps we obtain

TR(XTAZXBQ) < (TR(XTAIIXBQ/))l/TL %
X Ty (X T X) 2= V' (partty Zim /)

for some pair of exponent§ ¢’ > 0 suchthal’+¢" = [+g.
Since for any such paif, ¢’, we haveTR(X TA' X A9") <
oo, we can take the limit a& — oo. Recalling that
Yoo 1(1/2)" = 1 completes the proof. [ |

Proof of Theorem 10: We set for brevityG : R*>*X — R,

G(V) = %TR((VTV)Z’)UP: % V|

VI, -
Thus in our case
D (Vi||Vs—1) = G(Voo14+ye Xe)—G (Vs—1) =y (We—1, Xt).

SinceG(V) is twice* continuously differentiable, by the

mean-value theorem we can write
D (VillViir) = vec(X,) Ha(eVES(X),  (20)

wherevec(X) is the standard columnwise vectorization of a
matrix X, Hs denotes the Hessian matrix of (matrix) func-
tion G and¢ is some matrix on the line connectifig_;
to V,. Using the rules of matrix differentiation, the gra-
dient VG of G is VG(V) c(V)VEC(D)T where we
set for brevityD = VBP~!, ¢(V) = TR(BP)Y/P~1, with
B = VTV. Taking the second derivativel; = VVG
gives Hz (V) = VEC(D)V(ce(V)) 4+ ¢(V)V (D). Now,
recalling the definition of:(V), it is not hard to show that
VEC (D) V(ce(V)) is the Kd x Kd matrix

2(1 — p)TR(BP)/P~2 vec(D) vec(D) .

Sincep > 1 this matrix is negative semidefinite, and we

can disregard it when bounding from the above the quadraticserye that the predictiof, = SGN

where
p—2

V(B = (Z B'® Bp“> (I +Tx) (k@ V'),
£=0

and T is the K2 x K? commutation matrix such that
TxVEC(M) = VEC(M ") for any K x K matrix M. Putting
together

< @ VEC(X,) " (BP~! @ I) VEC(Xy)

+%V)VEc(Xt)T(Ik ® V)Y x

(20)

x (Ix2 + Tx) (I ® V) VEC(X,) , (21)

where we used the shorthakid= >"2"2 B’ @ B»~2~‘. We
now bound the two terms in the right-hand side of (21). By
well-known relationships between Kronecker products and
thevEC operator (see [23, Ch. 3]) we can write

V) VEC(X,) " (BP~! @ I) VEC(Xy)

V)

(TR(X;Xt)p)l/p ,

1
TR(X, X;BP71) < 3

independent of/. The majorization follows from Holder’s
inequality applied to the positive semidefinite matrices
X,” X, and BP~1. Moreover, it is easy to see that the sym-
metric matricest. and Tx commute, thereby sharing the
same eigenspace. Henée(Ix- + Tk) < 2%, and we can
bound from above the second term in (21) by
p—2
c(V)VEC(Xy) T Y B @ AP~ fvEC(XY)
(=0
where we sed = VV . Again, [23, Ch. 3] allows us to
rewrite this quadratic form as the sum of traces
p—2
(V)Y TR(X,] APTIEX,BY)
£=0
Since A and B have the same nonzero eigenvalues, we can
apply Lemma 11 to each term and put together as in (21).
After simplifying we get

i/p _ 1 2

(20) < 5 (2p-1) (TR X)) 77 = S o= DIIXIE, -

The desired bound is then obtained by plugging back into
(18), solving the resulting inequality fer, and overapprox-
imating. ]

The result of Theorem 10 is similar to those obtained
in [28, 29, 30]. However, unlike these previous results,
our matrix algorithm has no learning rate to tune (a prop-
erty inherited from the vectop-norm Perceptron of [13])
and works for arbitrary nonsquare matridés We also ob-
(TR(W,,X¢)) of the

form (20). Thus we continue by considering only the second p-norm matrix Perceptron reduces to computing the sign of

terme(V) V (D) of the Hessian matrix. We have
VD)= (B"'®L)+Ix@V)V (B,

“In fact G is C* everywhere but (possibly) in zero, since
TR((VTV)p> is just a polynomial function of the entries &f.

MOfEOVGI‘TR((VTV)p>= 0 if and only if V' is the zero matrix.

TR((V,L,1Vem1)P~1V,1, X,) (recall the expression fov G
calculated in the proof of Theorem 10). Since mafvix

is updated additively, it is clear that boti,,V, ; and
V,L, X, do depend on instance vectars; only through in-

ner products. This allows us to turn gesnorm matrix Per-
ceptron into a kernel-based algorithm, and repeat the analysis
given here using a standard RKHS formalism.



8 Conclusions and ongoing research

In this work we have studied the problem of learning mul-
tiple tasks online using various approaches to formalize the [10]
notion of task relatedness.

Our results can be extended in different directions. First, 1]

in Sections 3.2 and 6 it might be interesting to devise meth-

ods for dynamically adapting thie parameter as new data
are revealed. Second, the mistakes of the second-order algo{12]

rithm Mmm PERC have been bounded using a first-order anal-
ysis. A more refined analysis should reveal in the bound an

[9]

explicit dependence on the spectral properties of the data. [13]

It is also worth noting that the significance of the mistake

bound obtained fomm PERC relies on the fact that the algo-

rithm assumes the tasks to be different, although somewhat
related.
the same label at each time step (like in multiview learning),
we could not devise an algorithm with a significant advan-

In the case when th€ observed instances share

tage over the following trivial baseline: ruli Perceptrons

in parallel and use the sum of margins to predict. Third, it

would be interesting to study the problem of learning multi-

ple tasks wher predictions have to be output in each step.

(14]

(15]

(16]

(17]

In this case the main difficulty appears to be the control of [18]

the interaction among instances at each time step. Fourth, it

would be also interesting to prol@ver bounds on the num-

ber of mistakes, as a function of task relatedness. Finally,
since multitask learning problems arise naturally in a variety
of settings, spanning from biology to news processing, we

(19]

plan to complement the theoretical analysis presented in this[20]

paper with experimental results, so as to evaluate the empir-

ical performance of our algorithms in real-case scenarios.
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