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Abstract

We consider a general class of regularization methods wWhérh a vector of parameters on the
basis of linear measurements. It is well known that if thaulagzer is a nondecreasing func-
tion of the inner product then the learned vector is a lineanlgination of the input data. This
result, known as theepresenter theorenis at the basis of kernel-based methods in machine
learning. In this paper, we prove the necessity of the abowdition, thereby completing the
characterization of kernel methods based on regularizatide further extend our analysis to
regularization methods which learn a matrix, a problem Wiiscmotivated by the application
to multi-task learning. In this context, we study a more gaheepresenter theorem, which
holds for a larger class of regularizers. We provide a necgsand sufficient condition for
these class of matrix regularizers and highlight them woting concrete examples of practical
importance. Our analysis uses basic principles from m#tgrry, especially the useful notion
of matrix nondecreasing function.
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1 Introduction

Regularization in Hilbert spaces is an important methoglpkor learning from examples and has
a long history in a variety of fields. It has been studied, frdifferent perspectives, in statistics
[Wahba, 1990], in optimal estimation [Micchelli and Rivlib985] and recently has been a focus of
attention in machine learning theory — see, for exampleck€uand Smale, 2001, De Vito et al.,
2004, Micchelli and Pontil, 2005a, Shawe-Taylor and Caisitil,| 2004, Vapnik, 2000] and refer-
ences therein. Regularization is formulated aoptimization problemnvolving anerror term
and aregularizer. The regularizer plays an important role, in that it favarkions with certain
desirable properties. It has long been observed that neggularizers exhibit an appealing prop-
erty, called theepresenter theorepwhich states that there exists a solution of the regulaoza
problem that is a linear combination of the data [Wahba, 1.99is property has important com-
putational implications in the context of regularizatioittwpositive semidefinit&ernels because

it makes high or infinite-dimensional problems of this typwifinite dimensional problems of the
size of the number of available data [Scholkopf and Smd@22 Shawe-Taylor and Cristianini,
2004].

The topic of interest in this paper will be to determine thadiions under which representer
theorems hold. In the first half of the paper, we describe agutyg which a regularizer should
satisfy in order to give rise to a representer theorem. hguut that this property has a simple
geometric interpretation and that the regularizer can évakgntly expressed asreondecreasing
function of the Hilbert space norm. Thus, we show that thisdition, which has already been
known to be sufficient for representer theorems, is alsmessaryin the second half of the paper,
we depart from the context of Hilbert spaces and focus onss@&problems in which enatrix
structureplays an important role. For such problems, which have tgcappeared in several
machine learning applications, we show a modified versiaefrepresenter theorem that holds
for a class of regularizers significantly larger than in tberfer context. As we shall see, these
matrix regularizers are important in the context of mudtsk learning: the matrix columns are the
parameters of different regression tasks and the regatagizcourages certain dependences across
the tasks.

In general, we consider problems in the frameworKighonov regularizatiofiTikhonov and Arsenin,
1977]. This regularization approach receives a set of foptput data(z1, y1), ..., (Tm, Ym) €
H x Y and selects a vector i as the solution of an optimization problem. Hekéis a prescribed
Hilbert space equipped with the inner prodiict) and) C R a set of possible output values. The
optimization problems encountered in regularization dtb®type

min {E(((w, z1), ..., (W, 2m)) , (Y1, Ym)) + 7 Qw) : w € H} | (1.1)

where~ > 0 is a regularization parameter. The functién R™ x Y™ — R is called anerror
functionand(? : ‘'H — R is called aregularizer. The error function measures the error on the
data. Typically, it decomposes as a sum of univariate foneti For example, in regression, a
common choice would be the sum of square errdrs, , ((w, z;) — y;)?. The function(?, called
the regularizer, favors certain regularity propertieshef vectorw (such as a small norm) and can
be chosen based on available prior information about tigetaector. In some Hilbert spaces such
as Sobolev spaces the regularizer is measure of smoothhessnaller the norm the smoother the
function.



This framework includes several well-studied learningoalhms, such as ridge regression
[Hoerl and Kennard, 1970], support vector machines [Bosat £1992], and many more — see
[Scholkopf and Smola, 2002, Shawe-Taylor and Cristia/@@04] and references therein.

An important aspect of the practical success of this apprasithe observation that, for certain
choices of the regularizer, solving_(IL.1) reduces to idginty m parameters and nelim(H).
Specifically, when the regularizer is the square of the Hilbpace norm, the representer theorem
holds: there exists a solutiainof (1.1) which is a linear combination of the input vectors,

w = zm:CiIEi, (12)
i=1

wherec; are some real coefficients. This result is simple to provedatels at least from the 1970’s,
see, for example| [Kimeldorf and Wahba, 1970]. It is alsowndhat it extends to any regular-
izer that is anondecreasindgunction of the norm|[Scholkopf et al., 2001]. Several othariants
and results about the representation fdrml(1.2) have algeaapd in recent years [De Vito et al.,
2004, Dinuzzo et al., 2007, Evgeniou et al., 2000, Girosl.eii895, Micchelli and Pontil, 2005b,
Steinwart, 2003]. Moreover, the representer theorem has ingportant in machine learning, par-
ticularly within the context of learning in reproducing ket Hilbert spaces [Aronszajn, 1950] —
see [Scholkopf and Smola, 2002, Shawe-Taylor and Crisiie2004] and references therein.

Our first objective in this paper is to derive necessary affficgnt conditions for representer
theorems to hold. Even though one is mainly interested inleggation problems, it is more
convenient to studinterpolationproblems, that is, problems of the form

min {Q(w) : w € H, (w,x;) =vy;, Vi=1,...,m} . (1.3)

Thus, we begin this paper (Sectidn 2) by showing how repteséimeorems for interpolation and
regularization relate. On one side, a representer theooenmtierpolation easily implies such a
theorem for regularization with the same regularizer andearor function. Thereforeall repre-
senter theorems obtained in this paper apply equally topaiation and regularization On the
other side, though, the converse implication is true undela weak qualifications on the error
function.

Having addressed this issue, we concentrate in Sedtion Boeing that an interpolation prob-
lem (1.3) admits solutions representable in the fdrml (if. 2hd only ifthe regularizer i& nonde-
creasing function of the Hilbert space narnihat is, we provide a complete characterization of
regularizers that give rise to representer theorems, wiachbeen an open question. Furthermore,
we discuss how our proof is motivated by a geometric undedstg of the representer theorem,
which is equivalently expressed as a monotonicity propefrtihe regularizer.

Our second obijective is to formulate and study the noveltipesf representer theorems for
matrix problemsTo make our discussion concrete, let us consider the probfdearningn linear
regression vectors, represented by the parameters . , w,, € R?, respectively. Each vector can
be thought of as a “task” and the goal isjtantly learn these: tasks. In such problems, there is
usually prior knowledge thaelatesthese tasks and it is often the case that learning can imgfrove
this knowledge is appropriately taken into account. Counsatly, a good regularizer should favor
such task relations and involed tasks jointly



In the case of interpolation, this learning framework caridsmulated concisely as
min {Q(W): W € My, w/zy =yu Yi=1,...,my, t=1,...,n}, (1.4)

whereM,,, denotes the set of x n real matrices and the column vectars . .., w, € R form
the matrix//. Each task has its own input datay, ..., z,, € R?and corresponding output
valuesy;1, . . ., Yum, € V.

An important feature of such problems that distinguishesrtlirom the type[(1]3) is the ap-
pearance ofnatrix productsin the constraints, unlike the inner products[in [1.3). lctfas we
will discuss in Section 4]1, problems of the type [1.4) carwiiten in the form [(1.B). Conse-
quently, the representer theorem applies if the matrixlegger is a nondecreasing function of
the Frobenius north However, the optimal vectab, for each task can be represented as a linear
combination obnly those input vectors corresponding to this particuskt Moreover, with such
regularizers it is easy to see that each taskin (1.4) can timiapd independently. Hence, these
regularizers are of no practical interest if the tasks apeeted to be related.

This observation leads us to formulatmadified representer theoremhich is appropriate for
matrix problems, namely,

n  ms

wt:Zch)xsi Vt=1,...,n, (1.5)

s=1 =1

wherecg) are scalar coefficients, fats = 1,...,n, i« = 1,...,m,. In other words, we now
allow for all input vectorsto be present in the linear combination representing ealcimgoof the
optimal matrix. As a result, this definition greatly expaitis class of regularizers that give rise
to representer theorems.

Moreover, this framework can be applied to many applicaiaimere matrix optimization
problems are involved. Our immediate motivation, howebas been more specific than that,
namelymulti-task learning Learning multiple tasks jointly has been a growing areantérest
in machine learning, especially during the past few yeaksfAethy et all, 2006, Argyriou et/al.,
2006, 2007a,h, Candes and Recht, 2008, Cavallant| ei0fl8,2zenman, 1975, Maurer, 2006a,b,
Srebro et al., 2005, Wolf et al., 2007, Xiang and Bennett,520@ian et al., 2007]. For instance,
some of these works use regularizers which involverhee norr of matrix . The general idea
behind this methodology is that a small trace norm favorshamk matrices. This means that the
tasks (the columns df) are related in that they all lie in a low-dimensional sulzspafR?. In
the case of the trace norm, the representer thedrein (1.6pigrkto hold — see [Abernethy et/al.,
2006, Argyriou et all, 2007a, Amit et al., 2007], also disaain Sectiof 4]1.

It is natural, therefore, to ask a question similar to thahastandard Hilbert space (or single-
task) setting. That is, under which conditions on the reugga a representer theorem holds. In
Sectior 4.2, we provide an answer fpving a necessary and sufficient condition for represente
theorems to hold, expressed as a simple monotonicity piyppEhnis property is analogous to the
one in the Hilbert space setting, but its geometric integti@n is now algebraic in nature. We also
give a functional description equivalent to this propettyt is,we show that the regularizers of
interest are the matrix nondecreasing functions of the ¢gjoall’ "1/

1Defined ag|W ||z = /tr(WTW).
2Equal to the sum of the singular valuesiot



Our results cover matrix problems of the type [1.4) whichenalveady been studied in the lit-
erature. But they also point towards some new learning nasttiaat may perform well in practice
and can now be made computationally efficient. Thus, we dlosgaper with a discussion of
possible regularizers that satisfy our conditions and e used or can be used in the future in
machine learning problems.

1.1 Notation

Before proceeding, we introduce the notation used in thiepaNe us&N, as a shorthand for the
set of integerg 1, ..., d}. We useR‘ to denote the linear space of vectors witfeal components.
The standard inner product in this space is denoted,by, that is,(w, v) = >,y wivi, Yw,v €
R?, wherew;, v; are thei-th components ofu, v respectively. More generally, we will consider
Hilbert spaces which we will denote By, equipped with an inner produ¢t -).

We also letM,,, be the linear space of x n real matrices. IV, Z € M,, we define their
Frobenius inner product a3V, Z) = tr(W'™Z), wheretr denotes the trace of a matrix. With
S? we denote the set af x d real symmetric matrices and wisst. (S<,) its subset of positive
semidefinite (definite) ones. We useand > for the positive definite and positive semidefinite
partial orderings, respectively. Finally, we B be the set ofl x d orthogonal matrices.

2 Regularization versus Interpolation

The line of attack we shall follow in this paper will go thrdumterpolation That is, our main
concern will be to obtain necessary and sufficient condstion representer theorems that hold for
interpolation problems. However, in practical applica@ne encountersgularizationproblems
more frequently than interpolation problems.

First of all, the family of the former problems is more genéhan that of the latter ones. In-
deed, an interpolation problem can be simply obtained itithi¢as theregularization parameter
goes to zero [Micchelli and Pinkus, 1994]. More importantégularization enables one to trade
off interpolation of the data against smoothness or sintplaf the model, whereas interpolation
frequently suffers fronoverfitting

Thus, frequently one considers problems of the form

min {&(((w, z1), ..., (W, zn)) , (Y1, Ym)) + 7 Qw) : w € H} | (2.1)

wherey > 0 is called the regularization parameter. This parametestikmown in advance but can
be tuned with techniques likeross validatiorfWahba, 1990]. Here) : H — R is aregularizer,

£ R™x Y™ — Ris an error function and; € H,y; € Y, Vi € N,,, are given input and output
data. The s€} is a subset oR and varies depending on the context, so that it is typicabueed
equal toR in the case of regression or equaktel, 1} in binary classification problems. One may
also consider the associated interpolation problem, wisich

min{Q(w) : w € H, (w,x;) =y;, Vi € N, } . (2.2)

Under certain assumptions, the minima in problemsd (2.1)(@&) are attained (whenever the
constraints in[(2]2) are satisfiable). Such assumptionkldovolve, for example, lower semi-
continuity and boundedness of sublevel sets{ioand boundedness from below f6t These
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issues will not concern us here, as we shall assume the ialipabout the error functioé and
the regularizef?, from now on.

Assumption 2.1. The minimun§2.1)is attained for anyy > 0, any input and output datéz;, y; :
i € N,,} and anym € N. The minimun{2.2)is attained for any input and output dafa:;, y; :
i € N,,,} and anym € N, whenever the constraints {@.2) are satisfiable..

The main objective of this paper is to obtaiacessary and sufficienbnditions on() so that
the solution of probleni(211) satisfiedimear representer theorem

Definition 2.1. We say that a class of optimization problems suclf2a$) or (2.2) satisfies the
linear representer theoreimfor any choice of datd x;, y; : i € N,,} such that the problem has a
solution,there exista solution that belongs tepan{z; : i € N, }.

In this section, we show that the existence of represengeréims for regularization problems
is equivalent to the existence of representer theoremafergolation problems, under a quite
general condition that has a rather simple geometric inegmpon.

We first recall a lemma from_[Micchelli and Pontil, 2004, S&}.which states that (linear or
not) representer theorems for interpolation lead to regpres theorems for regularization, under
no conditions on the error function.

Lemma 2.1.Let& : R™ x Y™ — R, Q : 'H — R satisfying Assumption_2.1. Then if the
class of interpolation problem@.2) satisfies the linear representer theorem, so does the cfass o
regularization problem§2.7).

Proof. Consider a problem of the for (2.1) and lete a solution. We construct an associated
interpolation problem

min {Q(w) : w € H, (w,x1) = (W, 1), ..., (W, Tpy) = (W, Tn)} . (2.3)

By hypothesis, there exists a solutiarof (2.3) that lies inspan{x; : i € N,,,}. But thenQ(w) <
Q(w) and hencev is a solution of[(2.11) and the result follows. u

This lemma requires no special properties of the functiamslved. Its converse, in contrast,
requires assumptions about the analytical propertieseotthor function. We provide one such
natural condition in the theorem below, but other condgioauld conceivably work too. The main
idea in the proof is, based on a single input, to constructjaesgce of appropriate regularization
problems for different values of the regularization parsne. Then, it suffices to show that letting
v — 0" yields a limit of the minimizers that satisfies an interpatconstraint.

Theorem 2.1.Let& : R™ x Y™ — RandQ) : H — R. Assume that, () are lower semi-
continuous, thaf2 has bounded sublevel sets and thas bounded from below. Assume also that,
for somev € R™ \ {0},y € Y™, there exists ainiqgueminimizer ofmin{&(av,y) : a € R} and
that this minimizer does not equal zero. Then if the clasegiilarization problem§2.1) satisfies
the linear representer theorem, so does the class of intatipa problemg2.2).

Proof. Fix an arbitraryr # 0 and leta, be the minimizer ofnin{€(av,y) : a € R}. Consider the
problems

min {g (HZ")P@,@U,@/) Yy Q) w e H} ,
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for everyy > 0, and letw, be a solution in the span af(known to exist by hypothesis). We then
obtain that

E(agv,y) +vQw,) <& (ﬁ(ww@ U,y) +7Qwy) <E(agv,y) +7Q2(z) . (2.4)

Thus,Q(w,) < Q(z) and so, by the hypothesis 6h the sef{w., : v > 0} is bounded. Therefore,
there exists a convergent subsequeficg : ¢ € N}, with v, — 07, whose limit we callw. By
taking the limits ag — oo on the inequality on the right in (2.4), we obtain

a
g (H'TT|2<E’ x>v,y) < E(agv,y)

and consequently

ap ,_

H.T||2<w7x> = Qo
or

(w,z) = [lz]*

In addition, sincev., belongs to the span affor everyy > 0, so doegv. Thus, we obtain that
w = x. Moreover, from the definition of, we have that

& (ﬁ(wﬁ,,x) v, y) +vQ(w,) < E(apv,y) +7Qw) Vw € H such thatw, x) = ||z?

and, combining with the definition af,, that
Qw,) < Qw). Vw € ‘H such thatw, ) = ||z||?
Taking the limits ag — oo, we conclude thatr = x is a solution of the problem
min{Q(w) : w € H, (w, ) = [lz[*}.

Moreover, this assertion holds even wher= 0, since the hypothesis implies thais a global
minimizer of2. Indeed, any regularization problem of the tylpel(2.1) wéloznputs;; = 0,Vi €
N,., admits a solution in their span. Thus, we have shown thsatisfies property (3.3) and the
result follows immediately from Lemnia3.1. [ |

We now comment on some commonly used error functions. Thaditlsesquare loss

E(zy) =D (z—w),

1€EN,

for z,y € R™. Itis immediately apparent that Theoreml|2.1 applies in¢hise.
The second case is tinge loss

8(Z7y) = Z max(l - Ziyi70)7



Figure 1: Hinge loss along the directioh —2,0, ..., 0).

where the outputg; are assumed to belong {e-1, 1} for the purpose of classification. In this
case, we may selegt = 1,V: € N,,, andv = (—1,—-2,0,...,0)" for m > 2. Then the function
E(-v,y) is the one shown in Figufé 1.

Finally, thelogistic loss

E(z,y) = Z log (14 e77¥) |

1€ENm,

is also used in classification problems. In this case, we mcty; = 1,Vi € N,,,, andv =
(2,—-1)" form =2o0rv = (m—2,—1,...,—1)" form > 2. In the latter case, for example,
setting to zero the derivative &f(- v,y) yields the equatiofim — 1)e®™ Y 4 ¢* —m + 2 = 0,
which can easily be seen to have a unique solution.

Summarizing, we obtain the following corollary.

Corollary 2.1. If £ : R™ x Y™ — R is the square loss, the hinge loss (far> 2) or the logistic
loss (form > 2) and) : H — R is lower semi-continuous with bounded sublevel sets, tihen t
class of problem§2.1) satisfies the linear representer theorem if and only if tesslof problems

(2.2)does.

Note also that the condition @hin Theoreni 2.1l is rather weak in that an error functfomay
satisfy it without being convex. At the same time, an errarction that is “too flat”, such as a
constant loss, will not do.

We conclude with a remark about the situation in which theiisp, arelinearly independerﬁ
It has a brief and straightforward proof, which we do not presere.

Remark 2.1. Let £ be the hinge loss or the logistic loss afid 'H — R be of the form)(w) =
h(|jw|), whereh : R, — R is a lower semi-continuous function with bounded sublestsl.SThen
the class of regularization problenf&.1) in which the inputs;, i € N,,,, are linearly independent,
satisfies the linear representer theorem.

3This occurs frequently in practice, especially when theatisionalityd is high.
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3 Representer Theorems for Interpolation Problems

The results of the previous section allow us to focus on lingaresenter theorems for interpolation
problems of the typé (2.2). We are going to consider the cbaé¢ldbert spaceé as the domain of
an interpolation problem. Interpolation constraints Wwélformed as inner products of the variable
with the input data. For all purposes in this context, it nsake difference to think of{ as being
equal toR<.

In this section, we consider the interpolation problem

min{Q(w) : w € H, (w, ;) = y;,1 € N, }, (3.1)
We coin the ternadmissiblego denote the class of regularizers we are interested in.

Definition 3.1. We say that the functidn : H — R isadmissiblef, for everym € N and any data
set{(x;,y;) : i € N,,,} € H x Y such that the interpolation constraints are satisfiablelpgem
(3.1) admits a solutioni of the form

wherec; are some real parameters.

We say thaf2 : H — R is differentiable if, for everyw € H, there is a unique vector denoted
by VQ(w), such that for alp € H,

Q(w + tp) — Qw)

lim
t—0

= (VQ(w), p).

This notion corresponds to the usual notion of directiomaivétive onR? and in that cas& Q(w)
is the gradient of2 atw.

In the remainder of the section, we always assume that Assomip.1 holds forQ2. The
following theorem provides a necessary and sufficient dardfor a regularizer to be admissible.

Theorem 3.1.Let(2 : H — R be a differentiable function andim(#) > 2. Then( is admissible
if and only if

Q(w) = h({w, w)) Vwe™H, (3.2)
for some nondecreasing function R, — R.

It is well known that the above functional form is sufficieot fa representer theorem to hold
(see for example [Scholkopf et/al., 2001]). Here we showitha also necessary.

The route we follow to proving the above theorem is based oacngtric interpretation of
representer theorems. This intuition can be formally esgd as conditiori (3.3) in the lemma
below. Both condition[(3]3) and functional forin (B.2) exgsehe property that the contoursof
arespheregor regions between spheres), which is apparent from Figure

Lemma 3.1. A functionf) : H — R is admissible if and only if it satisfies the property that

Q(w +p) > Q(w) YV w,p € Hsuchthatw,p) =0. (3.3)
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Figure 2: Geometric interpretation of Theorém|3.1. The fiomc2 should not decrease when
moving to orthogonal directions. The contours of such ationcshould be spherical.

Proof. Suppose thaf) satisfies property (3.3), consider arbitrary datay;,i € N,,, and letw
be a solution to probleni (3.1). We can uniquely decomposesw = w + p wherew € L :=
span{z; : i € N,,} andp € £*. From [3.8) we obtain thdb(w) > Q(w). Alsow satisfies the
interpolation constraints and hence we concludeihata solution to probleni (3.1).
Conversely, ifQ2 is admissible choose any € H and consider the problemin{(z) : z €
H, (z,w) = (w,w)}. By hypothesis, there exists a solution belongingpiim {w} and hencev is a
solution to this problem. Thus, we have thHtv+p) > Q(w) for everyp such thatw,p) = 0. ®

It remains to establish the equivalence of the geometripgaty (3.3) to conditiori (3]2) th&?
is a nondecreasing function of tlig norm.

Proof of Theorerh 3]11Assume first thatl (313) holds anidm(7{) < oo. In this case, we only need
to consider the case that = R? since [3.8) can always be rewritten as an equivalent camdith
R?, using an orthonormal basis #f.

First we observe that, sinéeis differentiable, this property implies the conditiontha

(VQ(w),p) =0, (3.4)

for all w, p € R¢ such thatw, p) = 0.

Now, fix anyw, € R¢ such that|w,| = 1. Consider an arbitrary € R<¢. Then there exists
an orthogonal matrix) € O? such thatw = ||w||Uwy anddet(U) = 1 (see LemmaBbll in the
appendix). Moreover, we can writé = e” for some skew-symmetric matri® € M, , — see
[Horn and Johnson, 1991, Example 6.2.15]. Consider nowdtiezp: [0, 1] — R? with

2(A\) = |lwl[eMw, VA elo,1].
We have that(0) = ||w|lw, andz(1) = w. Moreover, sincéz(A), z(\)) = (w, w), we obtain that
(z'(N),z(\)) =0 VAe[o,1].



Applying (3.4) withw = z(X), p = 2/()), it follows that

dQ2(z(N))
dN

Consequenthy)(z())) is constant and hené®(||w||wg) = Q(w). Settingh (&) = Q(VEwy), VE €
R, yields (3.2). In addition, must be nondecreasing in order fotto satisfy property((313).
For the caselim(H) = oo we can argue similarly using instead the path

o (1—A)w0+)\w w
S eyl

which is differentiable orj0, 1] whenw ¢ span{wy}. We confirm equatior__(3.2) for vectors in
span{wy} by a limiting argument on vectors notspan{w,} sinces? is surely continuous.
Conversely, if2(w) = h({w,w)) andh is nondecreasing, properfy (8.3) follows immediately.
[ |

= (VO(=(N). 2/(N) = 0.

We note that we could modify Definitidn 3.1 by requiring thatysolution of problem[(3]1) be
in the linear span of the input data. We call such regulasigeictly admissible Then with minor
modifications to Lemma_3.1 (namely, requiring that equality3.3) holds only ifp = 0) and to
the proof of Theorem_3l1 (namely, requirifigto be strictly increasing) we have the following
corollary.

Corollary 3.1. Let() : H — R be a differentiable function. Then is strictly admissible if and
only if Q(w) = h({w,w)), Yw € ‘H, whereh : R, — R is strictly increasing.

Theoreni 3.1l can be used to verify whether the linear reptestreorem can be obtained when

using a regularizef. For example, the functiolfwl|, = (3., |w,{?)7 is not admissible for any
p > 0,p # 2, because it cannot be expressed as a function of the Hilpacesnhorm. Indeed, if
we choose any € R and letw = (ad;; : ¢ € Ny), the requirement thatw||, = h({w, w)) would
imply thath(a?) = |a|,Va € R, and hence thatw||, = [Jw]|.

4 Matrix Learning Problems

In this section, we investigate how representer theorerdgesults like Theorem 3.1 can be ex-
tended in the context of optimization problems that invahetrices.

4.1 Exploiting Matrix Structure

As we have already seen, our discussion in Secfion 3 appliasyt Hilbert space. Thus, we may
consider the finite Hilbert space @t n matricesM,,, equipped with the Frobenius inner product
(-,-). Asin Section_B, we could consider interpolation problerithe form

min {Q(W) : W € My, (W, X;) =yi,i € N, } (4.1)

where X, € M,, are prescribed input matrices apde ) scalar outputs, foi € N,,. Then
Theoren 3.1 states that such a problem admits a solutioredbtm

W = Z CiXia (42)

ZEN"L
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wherec; are some real parameters, if and onlfi€an be written in the form
QW) = h({(W, W)) VW € My, (4.3)

whereh : R, — R is nondecreasing.

However, optimization problems of the forin_(4.1) do not adtaquently in machine learning
practice. The constraints ¢f (4.1) do not utilize the stuteinherent in matrices — that is, it makes
no difference whether the variable is regarded as a matrs @ vector — and hence have limited
applicability. In contrast, in many recent applicationsm® of which we shall briefly discuss
below, it is natural to consider problems like

min {Q(W) : W € My, , w/xy =y Vi € Ny, , t €N, }. (4.4)

Here,w, € R? denote the columns of matri¥’, for t € N,,, andz,; € R%,vy,; € )V are prescribed
inputs and outputs, foir € N,,,,,t € N,,. In addition, the desired representation form for solu-
tions of such matrix problems is different fron_(#.2). Ingtltiase, one may encounter representer
theorems of the form

W= Y g VtEN,,  (4.5)

SENn iENmS

wherecg) are scalar coefficients fert € N,,,7 € N,,,..

Toillustrate the above, consider the problem of multi-faskning and problems closely related
to it [Abernethy et al., 2006, Argyriou et al., 2006, 2007&bndées and Recht, 2008, Cavallanti et al.,
2008, I1zenman, 1975, Maurer, 2006¢&,b, Srebrolet al.,| 200&n ¥t al.| 2007, etc.]. In learn-
ing multiple tasks jointly, each task may be represented lecior of regression parameters
that corresponds to the column in our notation. There are tasks andm; data examples
{(z4,yu) : i € Ny, } for thet-th task. The learning algorithm used is

min {5(w;xti,yti 21 €Ny, te Nn) +yQW) W € Md,n} , (4.6)

where : RY x yM — R, M = 3, my. The error term expresses the objective that the
regression vector for each task should fit well the data fr plarticular task. The choice of the
regularizer is important in that it captures certain relationships lestwthe tasks. One common
choice is thetrace norm which is defined to be the sum of the singular values of a mair
equivalently,

QW) = [W]|y = te(W W) .

Regularization with the trace norm learns the tasks as daneggtimization problem, by favor-
ing matrices with low rank. In other words, the vectarsare related in that they agl linear
combinations of amall set of basis vectors. It has been demonstrated that thisagpallows
for accurate estimation of related tasks even when thererdydewdata points available for each
task.

Thus, it is natural to consider optimization problems offiven (4.4). In fact, these problems
can be seen as instances of problems of the form (4.1), bet@iguantitys, z,; can be written as
the inner product betwed and a matrix having all its columns equal to zero except fer it
column being equal to,;. It is also easy to see that (4.1) is a richer class since tlregmonding
constraints are less restrictive.

11



Despite this fact, by focusing on the clalss {4.4) we cone¢mon problems of more practical
interest and we can obtain representer theorems for a rataes of regularizers, which includes
the trace norm and other useful functions. In contrast,legegation with the functional forni (413)
is not a satisfactory approach since it ignores matrix stinec In particular, regularization with the
Frobenius norm (and a separable error function) corresptmbiarning each taskdependently
ignoring relationships among the tasks.

A representer theorem of the form (4.5) for regularizatidtinthe trace norm has been shown
in JArgyriou et al., 2007a]. Related results have also apgeban [Abernethy et al., 2006, Amit et'al.,
2007]. We repeat here the statement and the proof of thisgheon order to better motivate our
proof technique of Sectidn 4.2.

Theorem 4.1.1f 2 is the trace norm then proble(@.4) (or problem(@.8)) admits a solutioiV’ of
the form@3), for some:) € R, i € N,,,., s,t € N,,.

Proof. Let 1V be a solution ofi(4]4) and l&t := span{z,; : s € N,;,i € N,,. }. We can decompose
the columns ofV asw; = w; +py, Vt € N, wherew, € £ andp, € L. Hencel = W + P,
whereW is the matrix with columnss, and P is the matrix with columng,. Moreover we have
that P"TW = 0. From Lemmd512 in the appendix, we obtain th&t |, > |[TV|,. We also
have that(w,, z,;) = (w,, z,), for everyi € N,,,,,t € N,,. Thus,IW preserves the interpolation
constraints (or the value of the error term) while not insneg the value of the regularizer. Hence,
it is a solution of the optimization problem and the assartalows. [ |

A simple but important observation about this and relatsdite is that each task vectoy is
a linear combination of the data fatl the tasks. This contrasts to the representation forn (4.2)
obtained by using Frobenius inner product constrainterpmeting[(4.R2) in a multi-task context, by
appropriately choosing th¥; as described above, would imply that eaghs a linear combination
of only the data for task

Finally, in some applications the following variant, siarito the typel(414), has appeared,

min {Q(W) : W € My, w/z; =y Vi € Ny, t € N} 4.7)

Problems of this type corresponds to a special case in naskitlearning applications in which the
input points are the same for all the tasks. For instancgjdhhe case with collaborative filtering
or applications in marketing where the same productsiegtire rated by all users/consumers (see,
for example, |[Aaker et al., 2004, Evgeniou et al., 2005, Lendl.,| 1996, Srebro et lal., 2005] for
various approaches to this problem).

4.2 Characterization of Matrix Regularizers

Our objective in this section will be to state and prove a galmepresenter theorem for problems
of the form [4.4) or[(4.7) using a functional form analogoag(3.2). The key insight used in
the proof of [Argyriou et al., 2007a] has been that the tramemis defined in terms of a matrix
function that preserves the partial ordering of matricdsatTs, it satisfies Lemnia 5.2, which is a
matrix analogue of the geometric propefty {3.3). To proverain result (Theorem 4.2), we shall
build on this observation in a way similar to the approaclhofeéd in Section3.

Before proceeding to a study of matrix interpolation profse it should be remarked that our
results will apply equally to matrix regularization probils. That is, a variant of Theordm 2.1 can
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be shown for matrix regularization and interpolation pesbs$, following along the lines of the
proof of that theorem. The hypothesis now becomes that fmeda Y € M, ,,, V' nonsingular,
the minimizer ofmin{€(AV,Y) : A € M,,,,} is unique and nonsingular. As a result, matrix
regularization with the square loss, the hinge loss or thestic loss does not differ from matrix
interpolation with respect to representer theorems.

Thus, we may focus on the interpolation problemsl(4.4) and)(4irst of all, observe that,
by definition, problems of the typé (4.4) include those ofetf{d.7). Conversely, consider a set
of constraints of the typd (4.4) with one input per task (= 1, vVt € N,,) and not all input
vectors collinear. Then any matrix” such that each, lies on a fixed hyperplane perpendicular
to x;; satisfies these constraints. At least two of these hypegpldn not coincide, whereas each
constraint in[(4.7) implies that all vectorts lie on the same hyperplane. Therefore, the class of
problems[(4.14) is strictly larger than the class{4.7).

However, it turns out that with regard to representer theasref the form[(4.6) there is no
distinction between the two types of problems. In other wottie representer theorem holds
for the same regularizef3, independent of whether each task has its own sample or note M
importantly, we can connect the existence of represengaréms to a geometric property of the
regularizer, in a way analogous to property(3.3) in Se@iofhese facts are stated in the following
lemma.

Lemma 4.1. The following statements are equivalent:

(a): Problem(4.17) admits a solution of the forrf@f.5), for every data sef(x;, yi;) : i € N,,,,t €
N,} € My, xM,,, and everyn € N, such that the interpolation constraints are satisfiable.

(b): Problem(4.4) admits a solution of the forifd.5), for every data sef(x, yi;) : i € N,,,,t €
N,} C R? x R and everym, € N, such that the interpolation constraints are satisfiable.

(c): The functiort? satisfies the property

QW + P) > QW) VW, P € My, suchthatt’ " P =0. (4.8)

Proof. We will show that (a)— (c), (¢) = (b) and (b) = (a).
[(@) = (c)] Consider anyV € M,,. Choosen = n and the input data to be the columns
of . In other words, consider the problem

min{Q(Z): Z € My, Z7W = W W}

By hypothesis, there exists a solutigh= W C for someC € M, . Since(Z —W)™TW =0, all
columns ofZ — W have to belong to the null space f. But, at the same time, they have to lie
in the range ofV and hence we obtain that = . Therefore, we obtain property (4.8) after the
variable changé® = 7 — V.

[(c) = (b)] Consider arbitrary:,; € R?,y,; € V,i € N,,,,t € N,,, and letli’ be a solution
to problem [(4.4). We can decompose the columnslobs v, = w, + p; Wherew; € L :=
span{z,,i € N,,_,s € N,}, andp, € £+, Vt € N,,. By hypothesi€)(1W) > Q(W). SincelV’
interpolates the data, so do@sand thereforéV is a solution to[(4}4).

[(b) = ()] Trivial, since any problem of typé (4.7) is also of ty@ed). |
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The above lemma provides us with a criterion for charadtegiall regularizers satisfying
representer theorems of the forin_{4.5), in the context obleros [4.4) or[(4]7). Our objective
will be to obtain a functional form analogous fo (3.2) thaschébes functions satisfying property
(4.8). This property does not have a simple geometric iné¢agion, unlike[(3.3) which describes
functions with spherical contours. The reason is that th&iryproduct in the constraint is more
difficult to tackle than an inner product.

Similar to the Hilbert space setting (8.2), where we redqliréo be a nondecreasing real func-
tion, the functional description of the regularizer nowatwes the notion of anatrix nondecreasing
function.

Definition 4.1. We say that the functioh : S — R is nondecreasing in the order of matrices if
h(A) < h(B) forall A, B € S" such thatd < B.

Theorem 4.2. Letd,n € N withd > 2n. The differentiable functiof : M,, — R satisfies
property(4.8)if and only if there exists a matrix nondecreasing functiorS”; — R such that

QW) = (W), VW € My,. (4.9)

Proof. We first assume thd? satisfies property (4.8). From this property it follows tHar all
W, P e My, with WTP =0,
(VQ(W), Py =0. (4.10)

To see this, observe that if the matiiX™ P is zero then, for alk > 0, we have that

QW +eP) — Q(W)

> 0.

Taking the limitas — 0 we obtain that VQ(W), P) > 0. Similarly, choosing < 0 we obtain
that(VQ(W), P) < 0 and equatior (4.10) follows.
Now, consider any matri¥’ € M, ,,. Letr = rank(W') and let us writd? in a singular value
decomposition as follows
W = Z o u;

1EN,
wheres, > oy, > --- > 0, > 0 are the singular values and € R?, v; € R", i € N,, sets of
singular vectors, so that' u; = v/v; = §;;, Vi,j € N,. Also, letu,4,...,uq € R¢ be vectors
that together withu,, . . ., u, form an orthonormal basis &?. Without loss of generality, let us
pick v, and consider anynit vectorz orthogonalto the vectorsi,, . .., u,. Letk = d —r + 1 and
q € R* be the unit vector such that

z = Ryq,

whereR = (uy,u,11,...,uq). We can complete by addingd — r columns to its right in order
to form an orthogonal matri) ¢ O* and, sincal > n, we may select these columns so that
det(Q) = 1. Furthermore, we can write this matrix @= e” with D € M, a skew-symmetric
matrix (seel[Horn and Johnson, 1991, Example 6.2.15]).
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We also define the path : [0, 1] — M, as

Z(\) = o1 Re*eyv] + Z 0 UiV, VA € [0,1],

=2

T

wheree; denotes the vectdl,0,...,0) . In other words, we fix the singular values, the right
singular vectors and the— 1 left singular vectorss, . . ., u,. and only allow the first left singular
vector to vary. This path has the properties thét) = W andZ (1) = oyzv] + >, 0i u;v; .

By construction of the path, it holds that

Z'(\) = o1 Re*’ Deyvf
and hence
ZN)TZ'(\) = (61Re*ein]) 01 Re* Deyv] = o2 vie] Deyv] =0,
for every\ € [0, 1], becausé),; = 0. Hence, using equation (4]10), we have that
(VQ(Z(X), Z'(N) =0
dQ2(Z())

and, sinceT = (VQ(Z(N)), Z'(N\)), we conclude thaf2(Z(\)) equals a constant inde-
pendent of\. In particular2(Z(0)) = Q(Z(1)), that is,

QW) =Q (alzvlT + Zai uwf) :
i=2

In other words, if we fix the singular valuesdf, the right singular vectors and all the left singular
vectors but one2 does not depend on the remaining left singular vector (lsxthe choice of
is independent ofi;).

In fact, this readily implies thd® does not depend on the left singular vectors at all. Indeed, fi
an arbitraryy’ € M, ,, suchthat’ 'Y = I. Consider the matriY(WTW)%, which can be written
using the same singular values and right singular vectorg ashat is,

Y(WTW)2 = ZU" v,

1€N,.
wherer; = Yv;, Vi € N,.. Now, we select unit vectors, . . ., z, as follows:
21 = U
2z L z1,u3, ..., Up, Ty
Zr 1 Rlye ey Rp—19T1yevesTp_1-
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This construction is possible sinde> 2n. Replacing successively with z; and thenz; with 7;,
Vi € N,., and applying the invariance property, we obtain that

QW) = Q(Zoiuﬂf)

1EN,.

T
T T T
= 0 (alzlvl + 09200, + g o; uivi>

1=3

] Q(:zg,;v;)

1€EN,.

r
= 0 <O'1T1’UI+ E O'iZiUZ-T>

=2

-0 (Z o; m;) =0 (Y(WTW)%) .

1EN,

Therefore, defining the functioh : ST — R ash(A) = Q(Y Az), we deduce tha@(WW) =
hWTW).

Finally, we show that is matrix nondecreasing, that is(A) < h(B) if 0 < A < B. For any
suchA, B and sincel > 2n, we may defindV = [42,0,0]", P = [0,(B — A)2,0]" € My,..
ThenW '™ =0,A=W'W, B= (W + P)"(W + P) and thus, by hypothesis,

h(B) = Q(W + P) > Q(W) = h(A).

This completes the proof in one direction of the theorem.

To show the converse, assume thdtl) = h(W'™W), where the functiork is matrix non-
decreasing. Then for any/, P € M,,, with WP = 0, we have thatiV + P)" (W + P) =
W™W + PP = W™W and, soQ(W + P) > Q(W), as required. u

We conclude this section by providing a necessary and sriticiondition on the matrix non-
decreasing property of the functian

Proposition 4.1. Leth : S? — R be differentiable function. The following properties atpieva-
lent:

(a) h is matrix nondecreasing

(b) the matrixVh(A) := (ﬂ (1,j € Nn) is positive semidefinite, for everye S’}.

Oaj

Proof. If (a) holds, we choose € R", ¢t € R and note that

h(A + tm:cz; ) — h(A) >0.
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Lettingt go to zero gives that" Vh(A)z > 0.

Conversely, if (b) is true we have, for everye R", thatz"Vh(A)z = (Vh(A),zz") > 0
and, so(Vh(A),C) > 0 forall C € S%. ForanyA, B € S such thatd < B, consider the
univariate functiory : [0, 1] — R, g(¢) = h(A + t(B — A)). By the chain rule it is easy to verify
thatg in nondecreasing. Therefore we conclude that) = ¢(0) < g(1) = h(B). |

4.3 Examples

We have briefly mentioned already that functional des@ip{#.9) subsumes the special case of
monotone spectral functionBy spectral functions we simply mean those real-valuedtions of
matrices that depend only on the singular values of theurragmt. Monotonicity in this case sim-
ply means that one-by-one orderings of the singular valuegieserved. In addition, the mono-
tonicity of ~ in (4.9) is a direct consequence of Weyl’s monotonicity tieeo [Horn and Johnson,
1985, Cor. 4.3.3], which states thatdf< B then the spectra od and B are ordered.

Interesting examples of such functions are Sthatten.,, normsandprenorms

QW) =Wl := lle(W)ll,,

wherep € [0,+o0) and o (V) denotes the.-dimensional vector of the singular values 16f.
For instance, we have already mentioned in Sectioh 4.1 hieatepresenter theorem holds when
the regularizer is the trace norm (tthe norm of the spectrum). But it also holds for trenk of
a matrix, which is thel.,; prenorm of the spectrum. Regularization with the rank is &ihdrd
optimization problem but the representer theorem imphes it can be solved in time dependent
on the total sample size.

If we exclude spectral functions, the functions that remai@ invariant undeleft multipli-
cation with an orthogonal matrix. Examples of such fundiane Schatten norms and prenorms
composed withright matrix scaling,

QW) = WM, , (4.18)

where M € S™. In this case, the correspondigis the functionS — |\/o(MSM)|,. To
see that this function is matrix nondecreasing, obsernveithé B € S andA < B then0 =<
MAM < MBM and hence (M AM) < o(M BM) by Weyl's monotonicity theorem. Therefore,
|\/o(MARM)|, < ||\/o(MBM)],.

Also, the matrix\/ above can be used to select a subset of the columfis.ofn addition,
more complicated structures can be obtained by summatioratfx nondecreasing functions and
by taking minima or maxima over sets. For example, we canimhbteegularizer such as

)=, min S IV
whereP is the set of partitions dfl,, in K subsets an®l’ (/) denotes the submatrix &f formed

by just the columns indexed bj,. This regularizer is an extension of the trace norm and can
be used for learning multiple tasks via dimensionality aiun on more than one subspaces
[Argyriou et al., 2008].
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Yet another example of valid regularizer is that considéndivgeniou et al., 2005, Sec. 3.1],
which encourages the tasks to be close to each others, namely

n
1
Wy — — E Wy
n
s=1

This regularizer immediately verifies property (4.8), andoy Theoreni 4]2 it is a matrix non-
decreasing function dfi’ "I¥. One can also verify that this regularizer is the square eff¢tihm
(4.18) withp = 2.

Finally, it is worth noting that the representer theoremsioa apply to a family of “mixed”
matrix norms that have been used in both statistics and madbarning, in formulations such as
the “group Lasso’i [Antoniadis and Fan, 2001, Argyriou ef2006, Bakin, 1999, Grandvalet and Canu,
1999, Lin and Zhang, 2003, Obozinski et al., 2006, Yuan amd 2006]. These norms are of the
form

n 2

Q) =Y

t=1

QW) = [[IW],q = (Z ||wi||f> -

1€Ny

wherew® denotes the-th row of W and(p, q) # (2,2). Typically in the literatureq is chosen
equal to one in order to favor sparsity of the coefficient et the same covariates

5 Conclusion

We have characterized the classes of vector and matrixaegels which lead to certain forms
of the solution of the associated regularization problemghe vector case, we have proved the
necessity of a well-known sufficient condition for the “sand representer theorem”, which is
encountered in many learning and statistical estimatiablpms. In the matrix case, we have
described a novel class of regularizers which lead to a neatifpresenter theorem. This class,
which relies upon the notion of matrix nondecreasing fuorctincludes and extends significantly
the vector class. To motivate the need for our study, we hasmisgsed some examples of reg-
ularizers, which have been recently used in the context dfittask learning and collaborative
filtering.

In the future, it would be valuable to study more in detail@plkcases of the matrix regularizers
which we have encountered, such as those based on orthbgmwvakiant functions. It would
also be interesting to investigate how the presence ofiadditconstraints affects the representer
theorem. In particular, we have in mind the possibility ttheg matrix may be constrained to be in
a convex cone, such as the set of positive semidefinite reatrieinally, we leave to future studies
the extension of the ideas presented here to the case in wiatices are replaced by operators
between two Hilbert spaces.
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Appendix

Here we collect some auxiliary results which are used in Hova analysis.
The first result states a basic property of connectednessghrrotations.

Lemma 5.1. Letw,v € R? andd > 2. Then there exist§ € O? with determinantl such that
v = Uw ifand only if |w]|| = ||v]].

Proof. If v = Uw we have thab"v = w"w. Conversely, if|w| = ||v||, we may choose or-
thonormal vector§z, : ¢ € Ny 1} L wand{z : ¢ € Ny;} L v and form the matrices
R = (w,x,...,24-1) andS = (v,z1,...,24-1). We have thak" R = S7S. We wish to solve
the equationl/R = S. For this purpose we choo$é = SR~! and note that/ € O because
U'U=(RYHYSTSR™'=(R")"R"RR™' = I. Sinced > 2, in the case thatet(U) = —1 we
can simply change the sign of one of theor z, to getdet(U) = 1 as required. [ |

The second result concerns the monotonicity of the tracennor

Lemma 5.2. LetW, P € My, such that? " P = 0. Then||W + P||; > [[W}.

Proof. It is known that the square root functiony— t2, is matrix monotone- see, for example,
[Bhatia, 1997, Sec. V.1]. This means that for any matri¢e € S*, A = B impliesAz = Bx.
Hence, for any matriced, B € S”, A = B impliestr Az > tr Bz. We apply this fact to the
matricesW W + PTP andPT P to obtain that

— te(WW + PTP)2 > te(W W)z = |[W|; .

NI

|W + P||, = te((W + P)" (W + P))
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