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Abstract

In this paper we introduce the MeanNN approach for estimatiomain infor-
mation theoretic measures such as differential entropyuahunformation and
divergence. As opposed to other nonparametric approabbdddéanNN results
in smooth differentiable functions of the data samples wi#lar geometrical inter-
pretation. Then we apply the proposed estimators to the I@Alpm and obtain
a smooth expression for the mutual information that can ladytinally optimized
by gradient descent methods. The improved performanceeoptbposed ICA
algorithm is demonstrated on several test examples in cosgpawith state-of-
the-art techniques.

1 Introduction

Independent component analysis (ICA) is the problem ofvedng latent random vector from
observations of unknown linear functions of that vectorsree a dat® ¢ R? is generated via
independent sources. We obseXre= AS whereA is an unknown square matrix called the mixing
matrix. We are given repeated observation datéset..., z,, } and our goal is to recover the linear
transformationd and the sources, ..., s,, that generated our daig = As;.

Given the minimal statement of the problem, it has been sHéjthat one can recover the origi-
nal sources up to a scaling and a permutation provided thmabat one of the underlying sources is
Gaussian and the rest are non-Gaussian. Upon pre-whitdr@mdpserved data, the problem reduces
to a search over rotation matrices in order to recover thececand mixing matrix in the sense de-
scribed above [10]. We will assume henceforth that suchppoeessing has been done. Specifying
distributions for the components &f, one obtains a parametric model that can be estimated via
maximum likelihood [3, 4]. Working withV = A~! as the parametrization, one readily obtains
a gradient or fixed-point algorithm that yields an estimiteand provides estimates of the latent

components vi& = WX [10].

In practical applications the distributions of tHecomponents ofX' are unknown. Therefore it is
preferable to consider the ICA model as a semiparametricalrindvhich the distributions of the
components ofX are left unspecified. The problem is then, obviously, to firmligablecontrast
function, i.e. a target function to be minimized in order to estimé&ie CA model. The earliest
ICA algorithms were based on contrast functions definedrimgeof expectations of a single fixed
nonlinear function, chosen in ad-hoc manner [5]. More setfptated algorithms have been obtained
by careful choice of a single fixed nonlinear function, sucht tthe expectations of this function
yield a robust approximation to the mutual information [9].

Maximizing the likelihood in the semiparametric ICA modekssentially equivalent to minimizing
the mutual information between the components of the estitsia= W X [4]. The usage of the
mutual information as a contrast function to be minimizecegtimating the ICA model is well
motivated, quite apart from the link to maximum likelihodg].[



Estimating MI from a given finite sample set is difficult. Sealemodern approaches rely @n
nearest neighbor estimates of entropy and mutual infoom4fi2, 16]. Recently the Vasicek esti-
mator [17] for the differential entropy of 1D random varias] based okh-nearest neighbors statis-
tics, was applied to ICA [8, 13]. In addition ICA was studieg &nother recently introduced Ml
estimator [16]. However, the derivative of the estimatbiet tire based on order statistics can hardly
be computed and therefore the optimization of such numeriitaria can not be based on gradient
techniques. Also the result numerical criteria tend to haven-smooth dependency on sample
values. The optimization therefore should involve compaiteof contrast function on a whole grid
of searched parameters.

In addition, such estimators do not utilize optimally theokhamount of data included in the sam-
ples of random vectors. Therefore they require significatifiadal enlargement of data sets by a
technique called data augmentation [13] that replaces @aiehpoint in sample with R-tuple (R is
usually 30) of points given by an statistical procedure withkhoc parameters. An alternative is the
Fourier filtering of the estimated values of the evaluatedebtimators [16].

In the present paper we propose new smooth estimators fdifteeential entropy, the mutual in-
formation and the divergence. The estimators are obtaipediovel approach averagifgnearest
neighbor statistics for the all possible values of ordetisties k. The estimators are smooth, their
derivatives may be easily analytically calculated thusding fast gradient optimization techniques.
They fully utilize the amount of data comprised into a rand@riable sample. The estimators pro-
vide a novel geometrical interpretation for the entropy.eWlpplied to ICA problem, the proposed
estimator leads to the most precise results for many digtoibs known at present.

The rest of the paper is organized as follows: Section 2 wesstbeiNN approach for the entropy
and divergence estimation, Section 3 introduces the metimater for the differential entropy,
the mutual information and the divergence. Section 4 dessrthe application of the proposed
estimators to the ICA problem and Section 5 describes caedummerical experiments.

2 kNN Estimatorsfor the Differential Entropy

We review the nearest neighbor technique for the Shannanmnestimation. The differential
entropy ofX is defined as:

HX) =~ [ f(@)log f(a)da M)

We describe the derivation of the Shannon differentialamtrestimate of [11, 18]. Our aim is
to estimateH (X) from a random samplex(, ..., z,,) of n random realizations of &dimensional
random variableX with unknown density functiorf (x). The entropy is the average eflog f(z).

If one had unbiased estimators forg f(«;), one would arrive to an unbiased estimator for the
entropy. We will estimatéog f(x;) by considering the probability density functid®y (¢) for the
distance betweemn; and itsk-th nearest neighbor (the probability is computed over thstipns

of all othern — 1 points, withz; kept fixed). The probabilityP;; (¢)de is equal to the chance that
there is one point within distaneec [e, € + de] from x;, that there aré& — 1 other points at smaller
distances, and that the remaining & —1 points have larger distances fram Denote the mass of
the e-ball centered at; by p;(e), i.e. pi(e) = || f(z)dz. Applying the trinomial formula

lz—will<e
we obtain: (n_1)! i)
n—1) Pil€) k—1 n—k—1
P = (1= ps 2
) = e e ) 2
It can be easily verified that indquPik(e)de = 1. Hence, the expected value of the function
log p;(€) according to the distributiom,, (¢) is:

e n—1 v ek
Ep,.(e)(logpi(e)) = / Py (e) log pi(€)de = k( k ) / PPl —p)"F logpdp  (3)
0 0
= (k) —¢(n)
wherey(x) is the digamma function (the logarithmic derivative of trergma function). To verify
the last equality, differentiate the identijg1 2% (1—2)" = T'(a)T'(b)/T'(a + b) with respect to



the parametes and recall thal(z) = ¢ (x)T'(z). The expectation is taken over the positions of
all othern — 1 points, withz; kept fixed. Assuming thaf(x) is almost constant in the entieeballl

aroundz;, we obtain:

pi(e) ~ cae’ f(s). (4)
whered is the dimension of andc, is the volume of thel-dimensional unit ball¢; = 7%/2/T'(1 +
d/2) for Euclidean norm). Substituting Eq. (4) into Eq. (3), weah:

—log f (i) = ¢(n) — (k) + log(ca) + dE(log(€)) (6)
which finally leads to the unbiasédNN estimator for the differential entropy [11]:

HL(X) = 0() — p(4) +log(ea) + & D loge ©

whereg; is the distance from; to its k-th nearest neighbor. An alternative proof of the asymptoti
unbiasedness and consistency of AN estimator is found at [15].

A similar approach can be used to obtaikNN estimator for the Kullback-Leibler divergence [19].
The estimator works as follows. Lét, ..., z,} and{yi, ..., ym } be i.i.d. d-dimensional samples
drawn independently from the densitigsindq respectively. By definition the divergence is given

by:
Y R JC))
D(plo) = [ ple)tos 55 ™

The distance of; to its nearest neighbor ifw; } ;», is defined as
pn(i) = min d(z;, z;) ®)
J7

We also define the distancesfto its nearest neighbor ify; }
va(i) = min - d(z;,y;) 9)

.....

Then the estimator of [19] is given by

- d V(1) m
Dpm = — log — + log
’ n ; pn(7) n—

1 (10)

The authors established asymptotic unbiasedness andsgeare consistency of the estimator (10).
The same proofs could be applied to obtainearest neighbor version of the estimator:

- d — vk (7) m
DF =—) log™ 1

(11)

Being non-parametric, theNN estimators (6, 11) rely on the order statistics. This nsake ana-
lytical calculation of the gradient hardly possible. Alsteads to a certain lack of smoothness of the
estimator value as a function of the sample coordinates. alweshould mention that finding the
k-nearest neighbor is a computationally intensive problirhecomes necessarily to use involved
approximate nearest neighbor techniques for large data set

3 TheMeanNN Entropy Estimator

We propose a novel approach for the entropy estimation asdifun of sample coordinates. It is
based on the fact that tikéN estimator (6) is valid for everj. Therefore the differential entropy
can be also extracted from a mean of several estimatorsspameing to different values @&t Next
we consider all the possible values of order statistibt®m 1 ton — 1:

1 n—1 1 n—1 d n
Hpean = — ; Hy, =log(cq) +(n) + P ;(—ﬂ’(/f) + Z;log €ik) (12)

wheree; ;, is thek-th nearest neighbor aof;. Consider the double-summation last term in Eq. (12).
Exchanging the order of summation, the last sum adds for saiple point:; the sum of log of



its distances to all its nearest neighbors in the sampls.dt course equivalent to the sum of log of
its distances to all other points in the sample set. Hencentten estimator (12) for the differential
entropy can be written as:

d
H,ean = CONSt+ m glog ||,TZ — ,TJ” (13)
177

where the constant depends just on the sample size and dimality. We dub this estimator, the
MeanNN estimator for differential entropy. It follows that the f@ifential entropy (approximation)
has a clear geometric meaning. It is proportional to log effihoducts of distances between each
two points in a random i.i.d. sample. It is an intuitive ohsgion since a higher entropy would
lead to a larger scattering of the samples thus pairwisamtiss would grow resulting in a larger
product of all distances. Moreover, the MeanNN estimat8) {& a smooth function of the sample
coordinates. Its gradient can be easily found. The asymcpiobiasedness and consistency of the
estimator follow from the same properties of N estimator (6). Obviously, the same method
gives the mean estimator for the mutual information by usdgeell known equality connecting the
mutual information and marginal and joint entropies:

Imean (X7 Y) = Hmean(X) + Hmean(y) - Hmean (X7 Y) (14)

We demonstrate the MeanNN estimator for the entropy in tlse eaponential distributed random
variablef (z, u) = %e*ﬁ ,x > 0, > 0. Inthis case case the entropy may be analytically calodilate
asH = log u+ 1. We compared the performance of the MeanNN estimator kvitkearest neighbor
estimator (6) for various values @& Results are given in Table 1. One may see that the mean
square error of the MeanNN estimator is the same or worsééotraditionalkNN estimators. But

the standard deviation of the estimator values is best mMbkanNN estimator. Further we will
apply MeanNN for optimization of a certain criterion basetdtbe entropy. In such cases the most
important characteristics of an estimator is its monotal@pendency on the estimated value and
the prediction of the exact value of the entropy is less irtgydr Therefore one may conclude that
MeanNN is better applicable for optimization of entropy&@dsumerical criteria.

INN ANN | 10NN | MeanNN
Mean square error of entropy estimatior9.0290| 0.0136| 0.0117| 0.0248
STD of estimator values 0.1698]| 0.1166| 0.1079| 0.1029

Table 1: Performance of MeanNN entropy estimator in consgparivith kNN entropy estimators.
100 samples of random variable, 10 various valugs pdrameter, 100 repetitions.

To obtain the estimator for the divergence we apply the sapsrapproach to estimator (11) setting
m=mn—1:

Aymean
Dn,nfl

vk (i d
T nn—1) Z Zlog pg((z)) B ICE) Zlogd(xiayj) - Zlogd(xi,a:j)

1#]
(15)
The mean estimator for the divergence has a clear geometeipretation. If the product of all
distances inside one sample is small in comparison with theyzt of pairwise distances between
the samples then one concludes that divergence is largei@mtersa.

4 TheMeanNN ICA Algorithm

As many approaches do, we will use a contrast function

d d
I0) = [ alons ) log %du = Da(ys, - va)| [ alw)) = S HOGH-HM, .., Ya)

i=1 9\Yi i=1 i=1

Consideringt” as linear function ofX, Y = WX, itis easily verified [3, 7, 10] that



d
=S HY) - H(X1, .., Xa) — log([W)) (17)
t=1

In particular, the change in the entropy of the joint disttibn under linear transformation is simply
the logarithm of the Jacobian of the transformation. As wieagisume theX'’s to be pre-whitened,
W will be restricted to rotation matrices, therefdeg(|W|) = 0 and the minimization of/(Y")
reduces to finding

W:argmmi/nH(Yl)—i—...—i—H(Yd) (18)

Denoting the rows of the matri®¥” by W = (wy, ..., wd)T , we can explicitly write the minimization
expression as a function of ;

d
A T
W = i H X 19
argn Y Hw, X) (19)

Then we can plug the MeanNN entropy estimator into Eq. (19t@in (after omitting irrelevant
constants) an explicit contrast function to minimize:

2, . . . T 2
W = arg min S(W) = argm&n;;bg((wt (x; —xj))°) (20)

The gradient of the contrast functisi{?) with respect to a rotation matri¥’ may be found with
the assistance of the so-called Givens rotations (see &4j). [In this parametrization a rotation
matrix W € R4*? is represented by a productafd — 1)/2 plane rotations:

d—1 d

s=1t=s+1
whereGy, is a rotation matrix corresponding to a rotation in #ieplane by an angle;. Itis
the identity matrix except that its elemertts s),(s, t),(t, s),(¢,t) form a two-dimensional (2-D)
rotation matrix by
Gst(s,8) Gae(s,t) | | cos(Agt)  sin(Ag) (22)
Gst (t, S) Gst (t, t) B - sin()\st) COS()\St)
The gradient of a single rotation matii¥;; with respect to\; is a zero matrix except for elements
(s,9),(s,1),(t,s),(t,t) for which
0 Gsi(s,8) Gau(s,t) | | —sin(Ag)  cos(Agt) (23)
8Ast Gst (t, S) Gst (t, t) - — COS()\St) — SiH(ASt)
It can easily verified that the gradient of the contrast fiomc(20) is given by
0 S — i 0S Bwqr - Z Z (E”« (EJT H H G
(9)\515 N 6wqr a)\st I’L - 'rJ v

q,r=1 q,r= lz;ég u=1v=u+1

(24)

qr
whereG,, = %Gm if both . = s andv = ¢, andGy, = Guw Otherwise.

The contrast functior (W) and its gradient%s may in theory suffer from discontinuities if a
row w; is perpendicular to a vectar; — z;. To overcome this numerical difficulty we utilize a
smoothed version of the contrast functi§(iV, ¢) and give the expression for its gradient:

d n
€)= Z Zlog((wt (z; —x))? +€) (25)
t=1 i;éj
d d—1 d
33 3wqr 'rZT —_ I]T) ~
= Guv 26
8/\5,5 Z awqr 8/\515 qrzl ; 2 + € ugl Ugl ( )

qr

For the optimization of the contrast function we apply thejogate gradient method. The algorithm
is summarized in Figure 1.



Input: Data vectors:y, zo, ..., ¢, € R%, assumed whitened

Output: Mixing matrix W
Method:

e Initialize d(d — 1)/2 rotation angles\,

o Apply the conjugate gradient optimization to the contrastction S(W(\)) (25) to
find the optimal angles

e Reconstruct the rotation matrix” from the found angles by Givens rotations (21)

Figure 1: The MeanNN ICA algorithm

5 Experiments

First we study the set of 9 problems proposed by [2]. Eachlprolsorresponds to a 1D probability
distributiong(z). One thousand pairs of random numberandy are mixed as’ = xcos¢ +
ysin g,y = —x sin ¢ + y cos ¢ with random angle> common to all pairs (i.e4 is a pure rotation).
We applied the conjugate gradient methods for the optinaizaif the contrast function (25) with
e = 1/n = 0.001 in order to recover this rotation matrix. This was repeat@@times with different

angles¢ and with different random sets of paifs, y). To assess the quality of the estimatbr

(or, equivalently, of the back transformatibii = A1), we use the Amari performance indg,
from [1].

|pij |pij
P, = -1 27
~ 2 Z maxy |pzk| maxy, |pkj|) (27)

wherep;; = (A*lA)ij. We compared our method with three state-of-the-art aghes MILCA
[16], RADICAL [13] and KernellCA [2]. We used the official cedproposed by authdrsFor the
first two techniques that utilize different information tretic measures assessed by order statistics
it is highly recommended to use dataset augmentation. $hisomputationally intensive technique
for the dataset enlargement by replacing each data setitint fixed number (usually 30) new
data points randomly generated in the small neighborhoadtheforiginal point. The proposed
method gives smooth results without any additional augatimt due to its smooth nature (see Eq.

(13)).

pdfs | MILCA | MILCA Aug | RADICAL | RADICAL Aug | KernellCA | MeanNN ICA
a 3.3 2.5 3.6 2.8 3.3 24
b 3.4 3.0 3.6 3.3 3.0 2.6
c 7.5 4.4 7.6 5.4 4.9 4.2
d 1.8 1.7 14 1.6 1.4 1.4
e 1.7 1.6 15 1.7 15 14
f 1.4 13 1.6 1.4 1.4 1.4
g 1.4 13 1.6 1.4 1.4 1.4
h 1.7 2.0 1.6 1.7 14 15
[ 1.9 2.1 1.8 1.8 15 1.8

Table 2: Amari performance (multiplied by 100) for two-coomgnt ICA. The distributions are: (a)
Student with 3 degrees of freedom; (b) double exponentialS{udent with 5 degrees of freedom;
(d) exponential; (e) mixture of two double exponential¥;sffmmetric mixtures of two Gaussians;
(g) nonsymmetric mixtures of two Gaussians; (h) symmetiiitumes of four Gaussians; (i) non-
symmetric mixtures of four Gaussians.

In the explored cases the proposed method achieves thefevstate-of-the-art performance. This
is well explained by the inherent smoothness of MeanNN egtimsee Figure 2. Here we presented

Thttp://www.klab.caltech.edu/kraskov/MILCA/, https://www.cs.umass.edwIm/ICA/,
http://www.di.ens.fri-fbach/kernel-ica/index.htm



the comparison of different contrast functions based demdiht order statistics estimators for a grid
of possible rotations angles for the mixture of two expoiadigtdistributed random variables (case
e). The contrast function corresponding to the order stesigt = 10 generally coincides with the
MILCA approach. Also the contrast function correspondingte order statistick = 30 ~ /n
generally coincides with the RADICAL method. One may se¢ Mi@anNN ICA contrast function
leads to much more robust prediction of the rotation anglee €hould mention that the gradient
based optimization enables to obtain the global optimurh high precision as opposed to MILCA
and RADICAL schemes which utilize subspace grid optimazati

Application of the gradient based optimization schemes Bads to a computational advantage.
The number of needed function evaluations was limited bys2@pmosed to 150 evaluations for grid
optimization schemes MILCA and RADICAL.
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Figure 2: Convergence analysis for a mixture of two expdaéntdistributed random variables.
Contrast function dependence on a rotation angle for diffeentropy estimators. 1000 samples,
0.01 radian grid.

We also studied the application of MeanNN ICA to multidimiensl problems. For that purpose
we chose at rando®? (generally) different distributions, then we mixed themabgandom rotation
and ran the compared ICA algorithms to recover the rotatiatrimn The results are presented at
Table 3. MeanNN ICA achieved the best performance.

dims | MILCA | MILCA Aug | RADICAL | RADICAL Aug | KernelICA | MeanNN ICA
2 3.0 3.3 3.1 3.0 2.9 25
4 2.7 2.7 2.8 2.3 2.6 2.2

Table 3: Amari index (multiplied by 100) for multidimensialHCA. 1000 samples, 10 repetitions

6 Conclusion

We proposed a novel approach for estimation of main infolonaheoretic measures such as dif-
ferential entropy, mutual information and divergence. €kgmators represent smooth differential
functions with clear geometrical meaning. Next this nowination technique was applied to the
ICA problem. Compared to state-of-the-art ICA methods tteppsed method demonstrated supe-
rior results in the conducted tests.

Studied state-of-the-art approaches can be divided in teops. The first group is based on exact
entropy estimation, that usually leads to high performascdemonstrated by MILCA and RADI-
CAL. The drawback of such estimators is the lack of the gradiad therefore numerical difficulties
in optimization. The second group apply different from epir criteria, that benefit easy calcula-
tion of gradient (KernellCA). However such methods may euffom deteriorated performance.



MeanNN ICA comprises the advantages of these two kinds @haesirs. It represents a contrast
function based on an accurate entropy estimation and itiegreis given analytically therefore it
may be readily optimized.

Finally we mention that the proposed estimation method raethér be applied to various problems
in the field of machine learning and beyond.
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