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Abstract

We propose a method that combines single-trial classification and channel/basis selection
in a single regularized empirical risk minimization problem. We use the linear sum of the
Euclidian norms of the columns of the coefficient matrix as the regularizer. This penalty
enables us to select rows and columns of the coefficient matrix, which correspond to a subset
of the channels or a subset of basis functions, in a systematic manner. Moreover, the pa-
rameter learning can be performed in a convex optimization problem with second order cone
constraints. The method is demonstrated on P300 speller dataset (dataset II) from the BCI
competition III. The method performs reasonably well with small number of electrodes/basis
functions.

1 Introduction

Interpretability is one of the key issues in brain-computer interfacing (BCI). A machine learning
technique for BCI, though how powerful it might be, can be unacceptable unless it provides insight
into the way it functions. Therefore, dimensionality reduction or feature selection techniques, such
as independent component analysis or common spatial pattern have become important tools for
BCI research (see e.g., [1]). However, these techniques are often developed based on criteria that
have little direct connection to the task that we actually need to solve, such as classification or
prediction of brain signals. In this paper, we propose a combined approach that enables us to
reduce the number of channels or basis functions through regularization of the classifier. We
use the linear sum of the Euclidian norms of the rows or columns of the coefficient matrix as
the regularizer. This regularization enforces the weight matrix to have small number of non-zero
rows or columns. Selecting rows and columns correspond to selecting channels or temporal basis
functions. The same idea has also been used in other contexts to achieve joint sparsity of groups
of variables (not necessarily rows or columns of a matrix) [2, 3]. The proposed method is applied
to P300 speller dataset from the BCI competition III [4] and shows a reasonable performance at
small number of channels. Moreover, the inference can be done in a convex optimization problem
which can be solved with CVX [5], which is a freely available toolbox for MATLAB.

1.1 P300 speller system

Here we briefly describe the P300 speller system designed by Farwell & Donchin [6]. The subjects
are presented a 6×6 table of 36 characters on the screen (see Fig. 1); they are instructed to focus
on the characters they wish to spell for some specified period for each character; during that
period the rows and columns of the table are intensified in a random order. It is known that the
subject’s brain shows a characteristic reaction called P300 when the row or column that includes
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the character that the subject is focusing is intensified. Thus we can predict the character that
the subject is trying to spell by detecting the P300 response. Each intensification lasts 100 ms
with an interval of 75 ms afterwards; the intensifications of all 6 rows and 6 columns (in a random
order) are repeated 15 times; hence one character takes 175 ms × 12 × 15 = 31.5 sec. Note that
the period of intensification (175 ms) is shorter than the expected reaction of the brain (300 ms).
Thus the intervals we analyze are usually overlapped to the next intensification and to each other.

the character that the subject is focusing is intensified. Thus we can predict the character that
the subject is trying to spell by detecting the P300 response. Each intensification lasts 100ms
with an interval of 75ms afterwards; the intensifications of all 6 rows and 6 columns (in a random
order) are repeated 15 times; hence one character takes 175ms× 12× 15 = 31.5sec. Note that the
period of intensification (175ms) is shorter than the expected reaction of the brain (300ms). Thus
the intervals we analyze are usually overlapped to the next intensification and to each other.

Figure 1: Table of characters presented in the P300 speller system [6]. The third row is intensified.

2 Method

2.1 Detection model

Let X̃ ∈ RC×T be a short segment of EEG with C channels and T time-points and let X =
P SX̃P T be the input matrix preprocessed with a fixed spatial and temporal filters, which are
defined with regular matrices P S ∈ RC×C and P ∈ RT×T . Basic goal in many BCI problems is
to detect a characteristic spatio-temporal pattern of some activity in X. Let us write a model for
this detection as follows:

fθ(X) = 〈W ,X〉+ b, (1)

where θ = (W , b) ∈ Θ and we call W ∈ RC×T the coefficient matrix and b ∈ R the bias term;
〈W ,X〉 =

∑
ij(W )ij(X)ij is the inner product between two matrices W and X.

2.2 Learning with the L1-L2 regularization

Given n training examples {X i, yi}n
i=1, where Xi can be the input matrix or a collection of

matrices and yi ∈ Y are the target values we would like to predict, let us introduce the following
regularized empirical risk minimization [7] problem,

minimize
θ∈Θ

n∑

i=1

`(zi, θ) + λΩ(θ), (2)

where zi = (Xi, yi) ∈ Z (i = 1, . . . , n). The function ` : Z×Θ → R is called the loss function and
it measures how good a parameter configuration θ explains a training example z. The function
Ω : Θ → R is called the regularizer and it measures the complexity of the parameter configuration
θ. Our goal here is to minimize the sum of losses that we incur on the whole training examples
and the complexity measured by the regularizer Ω(θ). The trade-off between the two terms is
controlled by the regularization constant λ (≥ 0) ∈ R.
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Figure 1: Table of characters shown on the display in the P300 speller system [6]. The third row
is intensified.

2 Method

2.1 Detection model

Let X̃ ∈ RC×T be a short segment of EEG with C channels and T time-points and let X =
P SX̃P T be the input matrix preprocessed with a fixed spatial and temporal filters, which are
defined with regular matrices P S ∈ CC×C and P T ∈ CT×T . Basic goal in many BCI problems is
to detect a characteristic spatio-temporal pattern of some activity in X. Let us write a model for
this detection as follows:

fθ(X) = <(〈W ,X〉) + b, (1)

where θ = (W , b) ∈ Θ and we call W ∈ CC×T the coefficient matrix and b ∈ R the bias term;
〈W ,X〉 =

∑
ij(W )ij(X)ij is the inner product between two matrices W and X; <(·) denotes

the real part of the argument. Note that we use complex coefficients only for the spatio-spectral
component selection regularizer (see next section).

2.2 Learning with the L1-L2 regularization

Given n training examples {Xi, yi}ni=1, where Xi can be the input matrix or a collection of
matrices and yi ∈ Y are the target values we would like to predict, let us introduce the following
regularized empirical risk minimization [7] problem,

minimize
θ∈Θ

n∑

i=1

`(zi, θ) + λΩ(θ), (2)

where zi = (Xi, yi) ∈ Z (i = 1, . . . , n). The function ` : Z×Θ→ R is called the loss function and
it measures how good a parameter configuration θ explains a training example z. The function
Ω : Θ→ R is called the regularizer and it measures the complexity of the parameter configuration
θ. Our goal here is to minimize the sum of losses that we incur on the whole training examples
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and the complexity measured by the regularizer Ω(θ). The trade-off between the two terms is
controlled by the regularization constant λ (≥ 0) ∈ R.

In this paper we discuss the following three regularizers:

ΩC(θ) =
C∑

c=1

‖W (c, :)‖2, (3)

ΩT (θ) =
T∑

t=1

‖W (:, t)‖2. (4)

ΩCT (θ) =
C∑

c=1

T∑

t=1

|W (c, t)|. (5)

The first regularizer is called channel selection regularizer and it is a linear sum of the Euclidian
norms of the row vectors (which correspond to electrodes) of the coefficient matrix W . The second
regularizer is called basis selection regularizer and it is a linear sum of the norms of the column
vectors (which correspond to time-points) of the coefficient matrix W . The third regularizer is the
sum of absolute values |W (c, t)| =

√
<(W (c, t))2 + =(W (c, t))2 and selects single complex entries

of W and is equivalent to conventional `1-norm regularization of the vectorized coefficients (see e.g.,
[8]) if the coefficient matrix W is real. It is here called spatio-spectral component (SSC) selection
regularizer, as we will use it to select pairs of informative electrodes and temporal frequencies.

2.3 P300 decoding model

Let us denote by A the set of all characters on the screen (see Fig. 1); thus |A| = 36. We denote
by X = (X(1), . . . ,X(12)), where X(l) ∈ CC×T , a collection of short segments of EEG recorded
after each intensification (1-6 corresponds to columns and 7-12 corresponds to rows). Note that
we sort the responses X(l) (l = 1, . . . , 12) according to the indices of rows and columns, which
were recorded in the randomized order that the intensifications took place. Additionally let a ∈ A
be the true character that the subject intend to spell during the intensifications. We formulate the
problem of decoding the character a ∈ A out of 36 candidates as a direct product of two six-class
classification problem as follows:

pθ(a|X) =
efθ(X(col(a)))

∑6
l=1 efθ(X(l))

· e
fθ(X(row(a)+6))

∑12
l=7 efθ(X(l))

, (6)

where col(a) ∈ {1, . . . , 6} and row(a) ∈ {1, . . . , 6} are the indices of the column and the row of the
character a on the display (see Fig. 1). Here fθ(X) is the linear model in Eq. (1) and outputs a
scalar value for each intensification; note that the parameter θ = (W , b) is shared among all inputs
X(l) (l = 1, . . . , 12). In other words, the above model is a direct product of a column classifier
and a row classifier in which the scalar value of the model Eq. (1) is interpreted as the degree of
P300 response after each intensification. In order to predict a character assuming that we have a
detection model fθ(X), we maximize the posterior probability p(a|X) given X with respect to a
as follows:

â = argmax
a∈A

log pθ(a|X)

= argmax
a∈A

(
fθ(X(col(a))) + fθ(X(row(a)+6))

)
,

which is simply to choose the column and row with maximum response.

2.4 Learning the decoding model

Our training data consists of controlled trials where the subjects are instructed to spell some prede-
fined sequences of characters. Given training examples {Xi, ai}ni=1, where Xi = (X(1)

i , . . . ,X
(12)
i ),
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and ai ∈ A, our task is to learn the coefficients W and b. To this end, the most straightforward
approach is to use the above decoding model as the conditional likelihood of the training examples.
We take the negative logarithm of the likelihood and define the following loss function `(z, θ) as
`(z, θ) := − log pθ(a|X), where z = (X, a). Plugging this loss function into Eq. (2) we obtain the
following optimization problem:

minimize
n∑

i=1

{
−fi,col(ai) + log

(
6∑

l=1

efi,l
)
− fi,(row(ai)+6) + log

(
12∑

l=7

efi,l
)}

+ λ

C∑

c=1

uc,

subject to fi,l =
〈
W ,X

(l)
i

〉
+ b (i = 1, . . . , n, l = 1, . . . , 12),

uc ≥

√√√√
T∑

t=1

w2
ct (c = 1, . . . , C),

where wct is the (c, t) element of W , in the case of channel selection regularizer (Eq. (3)); the
optimization problem for the basis selection regularizer (Eq. (4)) can be obtained similarly. The
above optimization problem is a convex problem with second order cone constraints (see e.g., [9])
and can be solved using CVX toolbox[5] for MATLAB. The above approach that uses the decoding
model as the likelihood function for training contrasts sharply with conventional approach that
firsts train a binary classifier that detects P300 response and then combines them to predict a
character.

2.5 Data acquisition and preprocessing

We use the P300 datasets (dataset II) provided by Jonathan R. Wolpaw, Gerwin Schalk, and Dean
Krusienski in the BCI competition III [4]. The dataset includes two subjects namely A and B.
The signal is recorded with a multi-channel EEG amplifier with 64 channels. We low-pass filter
the signal at 20 Hz, down sample the signal to 60 Hz, and cut out an interval of 600 ms from the
onset of each intensification as an epoch X̃

(l) ∈ RC×T where C = 64 and T = 37 (l = 1, . . . , 12).

A trial X ∈ (CC×T )12 consists of 12 preprocessed epoches X(l) = P SX̃
(l)

P T (l = 1, . . . , 12) and
is assigned a single character a ∈ A. For each character, trials (each consisting of 12 epochs) are
repeated 15 times. We average out these repetitions and get 85 training examples (12 · 85 = 1020
epochs); although we can also consider each repetition as an individual example in the learning
framework (Eq. (2)) as in [10], at the moment we are not able to handle a large training set due
to the computational burden. In order to further reduce the training set size we partition 85 trials
into 8 sets of 40 trials (480 epochs) regularly overlapped and randomly sampled. We learn W
and b in our discriminative framework with the loss function derived from the decoding model;
the outputs of 8 classifiers are simply averaged. Although in [10] it was reported that making an
ensemble of SVMs improves performance, such comparison was not possible in our case.

The test data consists of 100 characters; also 12 different intensifications are repeated 15 times
(in a random order) in the test set. We report the results of (a) averaging all the 15 repetitions
and (b) averaging only the first 5 repetitions in the prediction of each character.

For the channel selection regularizer, we use identity matrices for P S and P T . For the
basis selection regularizer, we use the whitening matrices for P S and P T as P S = Σ−1/2

S

and P T = Σ−1/2
T , respectively. Here ΣS and ΣT are the pooled covariance matrices between

channels and time-points, respectively, and are defined as ΣS = 1
12n

∑n
i=1

∑12
l=1 cov((X̃

(l)

i )>),

ΣT = 1
12n

∑n
i=1

∑12
l=1 cov(X̃

(l)

i ), where cov denotes the covariance along the rows (MATLAB
cov function). Finally, for the SSC selection regularizer, we use the identity matrix for P S and
for P T we use the unitary matrix given by the complex Fourier transform, i.e. P T (t1, t2) =
exp(−ı2π (t1−1)(t2−1)

T ) t1, t2 = 1, . . . , T . As P T is complex, we also allow complex coefficients W ,
although only real parts enter the loss function. Note that minimization of Eq. (5) is still convex
for complex W and can again be accomplished using second order cone constraints.
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3 Results

Figures 2 shows the classification accuracy and the number of active components for channel, basis
and SSC selection regularizer from left to right, respectively. Subjects A and B are shown in the
left and the right part of each figure, respectively. The top part shows the classification accuracy.
Note that a random guess would give 100/36=2.8% accuracy. We can see that the number of
non-zero channels, basis, or SSC decreases as the regularization constant λ increase; however
the accuracy is almost constant until the regularization shuts off all the coefficients. Figure 3
shows the coefficient matrix topographically mapped on the scalp (nose pointing upwards) for the
different regularizers considered. We can see that the coefficients are tightly concentrated around
Cz and CPz for the channels selection regularizer (Eq. (3)). On the other hand, since the basis
defined by the whitening transformation is fairly localized, the coefficients for the basis selection
regularizer (Eq. (4)) are very much concentrated around the time interval from 200 to 300 ms.
The frequencies selected by the SSC regularizer are mainly below 5 Hz. The time-courses of the
coefficients are therefore very smooth, reflecting the shape of the P300 component. We note that
the best accuracy obtained by Rakotomamonjy et al. at the competition was 72% and 97% for
subject A and 75% and 96% for subject B for 5 repetitions and 15 repetitions, respectively [10].
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Figure 2: Performance and the number of active channels (left), active basis (center) and active
spatio-spectral components (right) with the respective regularizers. In the top part, solid and
dash-dotted curves show results of averaging 15 and 5 repetitions, respectively.

3 Results

Figure 2 shows the classification accuracy and the number of active channels for channel, basis
and SSC selection regularizer, respectively. The left part and the right part correspond to subject
A and B, respectively. The top part shows the classification accuracy. Note that a random guess
would give 100/36=2.8% accuracy. We can see that the number of non-zero channels, basis, or
SSC decreases as the regularization constant λ increases; however the accuracy is almost constant
until the regularization shuts off all the coefficients. Figure 3 shows the coefficient matrix topo-
graphically mapped on the scalp (nose pointing upwards) for the different regularizers considered.
We can see that the coefficients are tightly concentrated around CPz and Cz for the channels
selection regularizer (Eq. (3)). On the other hand, since the basis defined by the whitening trans-
formation is fairly localized, the coefficients for the basis selection regularizer (Eq. (4)) are very
much concentrated around the time interval from 200 to 300ms. The frequencies selected by the
SSC regularizer (Eq. (5)) are mainly below 5 Hz. The time-courses of the coefficients are there-
fore very smooth, reflecting the shape of the P300 component. We note that the best accuracy
obtained by Rakotomamonjy et al. at the competition was 72% and 97% for subject A and 75%
and 96% for subject B for 5 repetitions and 15 repetitions, respectively [9].
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Figure 2: Performance and the number of active channels (left), active basis (center) and active
spatio-spectral components (right) with the respective regularizers. In the top part, blue and
green curves show results of averaging 5 and 15 repetitions, respectively.
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Figure 3: Scalp plots of the coefficients obtained with the along time. Top Row: channel selection
regularizer (Subject A; λ = 61.6). Center Row: basis selection regularizer (Subject B; λ = 8.86).
Bottom row: SSC selection regularizer (Subject B; λ = 12.74).
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Figure 3: Scalp plots of the coefficients obtained with the along time. Top Row: channel selection
regularizer (Subject A; λ = 61.6). Center Row: basis selection regularizer (Subject B; λ = 8.86).
Bottom row: SSC selection regularizer (Subject B; λ = 12.74).
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4 Conclusion

In this paper, we have proposed a method that performs channel or basis selection jointly with the
training of a brain-signal decoding model. We use the linear sum of the Euclidian norms of the rows
or columns of the coefficient matrix as the regularizer and perform learning in an empirical risk
minimization problem. The regularizer enforces many rows or columns of the coefficient matrix
to be simultaneously zero. This row- or column-wise selection contrasts sharply with the element-
wise selection that can be obtained with the lasso-regularization [8]. Moreover the training can be
done in a convex optimization problem. The proposed method is applied to P300 speller dataset
and has shown reasonable performance at small number of electrodes/basis functions. However
compared to the best results from the competition the performance was not satisfactory especially
when the number of repetition is small. One reason for this might be the fact that we averaged
all the repetitions in the training examples and trained the classifier on the averaged data. Thus
the classifier underestimates the variability within repetitions. In the future we plan to make the
optimization more efficient so that we can handle the original set of training examples without
averaging.
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