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Abstract— It is well-known that the information bottleneck
method and rate distortion theory are related. Here it is described
how the information bottleneck can be considered as rate
distortion theory for a family of probability measures where
information divergence is used as distortion measure. It is shown
that the information bottleneck method has some properties that
are not shared with rate distortion theory based on any other
divergence measure. In this sense the information bottleneck
method is unique.

I. I NTRODUCTION

For many problems in the theory of lossy compression it is
difficult to specify a distortion measure. In some cases we want
to compress a variableX but what we are really interested in
is not the value ofX but the value of a variableY correlated or
coupled withX. We are only interested in retrieving the value
of X to the extent that it gives information aboutY . Thus,
each value ofX gives a distribution onY . The information
bottleneck method was introduced in [1] to solve this problem.
It has always been known that the information bottleneck
method is related to rate distortion theory. In this paper we
shall explore the relation in detail. The information bottleneck
method has found natural interpretations and a number of
applications as described in [2], [3], [4], [5], [6], [7], [8].
The results in these papers do not rule out the possibility
that similar results could have been obtained by other means
(other distortion measure). Our approach will be via rate
distortion theory and as we shall see we are lead directly to
the information bottleneck via a number of assumptions or
simplifications that efficiently rule out all other distortion or
divergence measures than information divergence.

Let A and B be alphabets and letX and Y be random
variables with values inA and B: For simplicity we shall
assume thatA andB are finite but most of the results in this
paper holds for infinite sets as well. The joint distribution of
X and Y is given and given by a distribution onA and a
Markov kernelΦ : A→ M1

+ (B) , whereM1
+ (B) denotes the

set of probability measures onB. As reconstruction alphabet
we useÂ = M1

+ (B) .

X −−−−→ Y

As distortion measured : A× Â → R we use

d(x, x̂) = D (Φ (x) , x̂) (1)

whereD denotes some divergence measure onM1
+ (B) . Our

goal is to minimize both the rateI
(
X, X̂

)
and the distortion

E
(
d

(
X, X̂

))
over all joint distribution of

(
X, X̂

)
∈ A× Â

with prescribed marginal distribution ofX. The trade-off
between rate and distortionis given by the rate distortion
curve. To find the point on the rate distortion curve with slope
−β one should minimize

I
(
X, X̂

)
+ β · E

[
d

(
X, X̂

)]
.

The most important divergence measure isinformation di-
vergence(or Kullback-Leibler information or relative entropy)
defined by

D (P‖Q) =
∑

y∈B
log

(
pi

qi

)
pi.

We know from Sanov’s Theorem [9] that the difficulty in
distinguishing a distributionP from a distributionQ by a
statistical test is given by the information divergence. This
suggests to use information divergence as distortion measure.
We shall now formalize these ideas.

Information divergence belong to a class of divergence
measures calledCsisźar f -divergencesdefined by

Df (P, Q) =
∑

i∈B
f

(
pi

qi

)
pi

where f is denotes a convex function satisfyingf (1) = 0
[10], [11]. Forf (x) = x log x we get information divergence.
For f (x) = (x− 1)2 we get χ2-divergence. Forf (x) =(
x1/2 − 1

)2
we get Hellinger divergence. forf (x) = |x− 1|

we get variational distance.
Information divergence also belongs to the class ofBregman

divergences[12]. For a finite output alphabet a Bregman
divergence onM+ (B) is defined by

Bf (P, Q) = f (P )− (f (Q) + (P −Q) · ∇f (Q))

wheref : M+ (B) → R is some convex function. Information
divergence is obtained when

f (P ) =
∑

i∈B
pi log pi .



Rate distortion theory with Bregman divergences is well
studied in [13].

Sometimes so-calledBurbea-Raodivergences are used. The
Burbea-Rao divergence betweenP andQ is defined by

BRf (P, Q) =
∑

i∈B

f (pi) + f (qi)
2

− f

(
pi + qi

2

)

for some convex functionf [14].
An important class of divergence measures are the separable

divergences introduced in [15]. These are divergences defined
by

D (P, Q) =
∑

i∈B
δ (pi, qi)

for some functionδ : [0; 1]2 → R. We note that Csisźar
f -divergences and Burbea-Rao divergences a separable. A
separable Bregman divergence is given by

Bf (P,Q) =
∑

i∈B
g (pi)− (g (qi) + (pi − qi) g′ (qi))

for some convex functiong : [0; 1] → R. A divergence
measure is said to be reflexive ifD (P, Q) ≥ 0 with equalty
for P = Q.

For distributionsP and Q close to each other all these
divergence measures are approximately proportional [16] if
the functions used to define them are sufficiently smooth.

II. A DDITIVITY

Rate distortion theory is most interesting when you have a
rate distortion theorem. In order to get a rate distortion theorem
one has to consider sequences instead of single events and one
has to extend the definition of distortion from a sequence of
inputsxn in An to a sequence of reconstruction pointsx̂n by

d (xn, x̂n) =
1
n

n∑

i=1

d (xi, x̂i) ,

see [9]. The factor1n is just a matter of normalization but
for our problem it is essential that our divergence measure is
additive, i.e.

D (P1 × P2, Q1 ×Q2) = D (P1, Q2) + D (P2, Q2) . (2)

As the divergence on the left hand side lives on a different
space than the divergences on the right hand side Equation
2 could be usedto definethe divergence on a product space
and in this sense Equation 2 cannot be used to characterize
divergence measures suitable for rate distortion theory. If we
require that the divergence measures in the left and the right
hand side of Equation 2 belong to special classes of divergence
measures one can obtain non-trivial characterizations.

Theorem 1:A separable reflexive divergence measure that
is additive is a linear combination og information divergence
and reversed information divergence.

Proof: Let the Divergence measureD be based on
δ : ]0; 1[2 → R. Take P1 = (pi)i∈B , Q1 = (pi)i∈B , P2 =

(s, 1− s) andQ2 = (1/2, 1/2) . Then

∑

i∈B
δ (pi, qi) + δ

(
s,

1
2

)
+ δ

(
1− s,

1
2

)

=
∑

i∈B
δ
(
spi,

qi

2

)
+ δ

(
(1− s) pi,

qi

2

)
.

By taking the second derivative at both sides we get

δ′′11

(
s,

1
2

)
+ δ′′11

(
1− s,

1
2

)
=

∑

i∈B
δ′′11

(
spi,

qi

2

)
p2

i + δ′′11
(
(1− s) pi,

qi

2

)
p2

i .

For s = 1/2 we get

δ′′11

(
1
2
,
1
2

)
=

∑

i∈B
δ′′11

(pi

2
,
qi

2

)
p2

i .

This equation should hold for all probability vectorsP andQ
which implies that(x, y) → δ′′11 (x, y)x2 is linear inx andy.
Thus there exists contantsc1, c2 and such thatδ′′11 (x, y)x2 =
c1x + c2y having solutions of the form

δ (x, y) = c1x log
x

y
+ c2y log

y

x
+ f (y)x + g (y)

for some functionsf, g. The first two terms gives information
divergence and reversed information divergence so we just
have to check additivity of a divergence based onδ̃ (x, y) =
f (y)x + g (y) .

Taking the second derivative with respect toy leads to

(f ′′ (y)x + g′′ (y)) y2 = c4x + c5y.

in the same way as above. This should hold for allx leading
to f ′′ (y) = c4y

−2 andg′′ (y) = c5y
−1.The solutions are

f (y) = −c4 log y + c6y + c7

g (y) = c5y log y + c8y + c9

for some constantsc6, c7, c8 andc9. Thus

δ̃ (x, y) = (−c4 log y + c6y + c7) x + c5y log y + c8y + c9.

The terms that are linear inx or y may be replaced by
constants without changing the divergence so we may assume
that

δ̃ (x, y) = −c4x log y + c5y log y + c7xy + c10.

One easily checks that the first two terms satisfies additivity
and the second ones do not except forc7 = c10 = 0. For
x = y we have

0 = δ̃ (x, x) = (c5 − c4)x log x

which implies thatc5 = c4 andc7 = c11 = 0. Thus δ̃ (x, y) =
c4 (y log y − x log y) and positivity is only obtained forc = 0.



III. SUFFICIENCY

The number of parameters in our rate distortion problem
can often be reduced by replacing the original variables with
sufficient variables. This idea is actually used already in
formulating the model. In principle any model can always be
extended by including less relevant or even irrelevant variables.
Normally one would leave out these less relevant variables at
an early stage, but as we shall see in the information bottle
neck method one can also get rid of irrelevant variableswithin
the model.

First we shall consider sufficiency on the input side. Assume
that X = (X1, X2) and thatX1 is independent ofY given
X2. Equivalently,

X1 −−−−→ X2 −−−−→ Y

is assumed to be a Markov chain. AsY only depend onX1

via X2 we would like to leave outX1 from the analysis. Thus
we should compare the bottleneck problemX → Y with the
bottleneck problemX2 → Y and show that they have the
same rate distortion function.

Obviously any joint distribution on
(
X̂, X, Y

)
gives a joint

distribution on
(
X̂, X1, Y

)
with the same mean distortion

and a smaller (or equal) rate. Let a joint distribution on(
X̂, X1, Y

)
be given whereX̂ andY are independent given

X1. The joint distribution on(X1, X2, Y ) defines a Markov
kernel fromX2 to X1. Now consider the joint distribution on(
X̂, X1, X2, Y

)
whereX1, X̂ and Y are independent given

X2. For this joint distribution the mean distortion is equal to
the mean distortion of

(
X̂, X1, Y

)
and the rate equals

I
(
X̂, X

)
= I

(
X̂, X2

)
+ I

(
X̂, X1 | X2

)

= I
(
X̂, X2

)
.

We note that this sufficiency result on the input side holds for
any distortion measure.

Next we shall consider sufficiency on the output side.
Assume thatY = (Y1, Y2) and thatX is independent ofY2

given Y1. Equivalently,

X −−−−→ Y1 −−−−→ Y2

is assumed to be a Markov chain. AsY2 only depend onX
via Y1 we would like to leave outY2 from the analysis. Thus
we should compare the bottleneck problemX → Y with the
bottleneck problemX → Y1 and show that they have the same
rate distortion function. We have

D
(
PY (· | X) ‖PY

(
· | X̂

))

=


 D

(
PY1 (· | X) ‖PY1

(
· | X̂

))

+D
(
PY2 (· | Y1, X) ‖PY2

(
· | Y1, X̂

))

 .

Therefore

E
[
D

(
PY (· | X) ‖PY

(
· | X̂

))]
=

E
[
D

(
PY1 (· | X) ‖PY1

(
· | X̂

))]
. (3)

Note that Equation (3) holds for anyf -divergence. We shall
show that it essentially only holds forf -divergences. It is
easy to find examples of pairs of general divergence measures
that fulfill Equation (3) for some specific joint distribution on
(X, Y ) but it is natural to require that the distortion measure
on M1

+ (B) should not depend on the joint distribution on
(X, Y ) .

Theorem 2:A separable divergence measure that satisfies
the sufficiency condition has the form

D (P,Q) =
∑

i∈B
f

(
pi

qi

)
qi. (4)

Remark 3:The functionf in Equation 4 is not necessarily
convex. If f is convex andf (1) = 0 the divergence is a
Csisźar f -divergence.

Proof: The proof of this result was essentially given
as part of the proof of Theorem 1 in [17]. Their theorem
states that a separable divergence satisfying a data processing
inequality must be a Csiszár f -divergence.

Under some conditions this result can even be extended to
Bregman divergences that are not separable.

IV. F INITENESS

Assume that the number of elements inA is n. Let P ∈
M1

+ (A) denote the marginal distribution ofX. Consider dis-

tributions onA×M1
+ (B) , i.e. a joint distribution on

(
X, X̂

)
.

The joint distribution can be specified by the distributionQ
of X̂ and the conditional distribution ofX given X̂ given
by a Markov kernelE : M1

+ (B) → M1
+ (A) . The set of

distributions onM1
+ (B) is an infinite simplex. Consider the

convex setC of distributionQ such thatQ andE determines
joint distribution of

(
X, X̂

)
hasP as the marginal distribution

of X. The condition that the marginal distribution ofX has
P as prescribed distribution givesn− 1 linearly independent
conditions. Therefore the extreme points ofC are mixtures of
at mostn points.

We have

I
(
X, X̂

)
+ β · E

[
d

(
X, X̂

)]
=

H (X)−H
(
X | X̂

)
+ β · E

[
E

(
d

(
X, X̂

)
| X̂

)]

= H (X) + E
[
β · E

(
d

(
X, X̂

)
| X̂

)
−H

(
X | X̂

)]
.

Note that

β · E
(
d

(
X, X̂

)
| X̂

)
−H

(
X | X̂

)

is a function ofX̂, i.e. a functionM1
+ (B) → R. Thus the

minimum of I
(
X, X̂

)
+ β · E

[
d

(
X, X̂

)]
is attained for

an extreme point ofC, i.e. the minimum is attained for a
distribution on Â with support on at mostn points. In the



information bottleneck literature one will normally find the
result that the support has at mostn + 2 points. Note that
no particular properties of the distortion measured have been
used.

Let Â denote a set withn elements. From now on we shall
identify a coupling betweenB and M1

+ (A) with a coupling
betweenB and Â together with a mapi : Â → M1

+(B).
We know that this is no restriction for calculating the rate
distortion function.

V. THE BOTTLENECK EQUATIONS

Let a joint distribution on
(
X, X̂

)
∈ A× Â be given. This

gives Markov kernelΨ : Â → M1
+ (A) . It can be composed

with Φ to give the mapiΨ : Â→ M1
+ (B) defined by

iΨ (x̂) =
∑

x∈A
Ψ(x | x̂) · Φ(x) .

We shall use that information divergence satisfies the so-
called compensation equality first recognized in [18]. Let
(s1, s2, ..., sk) denote a probability vector and letQ and
P1, P2, ..., Pk denote probability measures on the same set.
Then

k∑

j=1

sjD (Pj‖Q) =
k∑

j=1

sjD
(
Pj‖P̄

)
+ D

(
P̄‖Q)

whereP̄ =
∑

j sjPj . In particular

k∑

j=1

sjD (Pj‖Q) ≥
k∑

j=1

sjD
(
Pj‖P̄

)
. (6)

This leads to

E
[
d(X, i(x̂)) | X̂ = x̂

]
= E

[
D (Φ (X) ‖i (x̂)) | X̂ = x̂

]

≥ E
[
D (Φ (X) ‖iΨ (x̂)) | X̂ = x̂

]
.

Therefore

E
[
d(X, i(X̂))

]
≥ E

[
D

(
Φ(X) ‖iΨ

(
X̂

))]

= E
[
d(X, iΨ(X̂))

]
.

We also have thatI
(
X, i

(
X̂

))
≥ I

(
X, iΨ

(
X̂

))
so instead

of minimizing over all possible mapsi and all possible joint
distributions onA × Â we just have to minimize over joint
distributions and puti = iΨ.

X̂ −−−−→ X −−−−→ Y

For a joint distribution of
(
X, X̂

)
we have thatiΨ (x̂) is

the distribution ofY givenX̂ = x̂ if X̂ andY are independent
given X, i.e. X̂ → X → Y form a Markov chain. Now

I(X; Y ) = I
(
X̂; Y

)
+ I

(
X;Y | X̂

)

= I
(
X̂; Y

)
+ E

[
D

(
Φ (X) ‖iΨ

(
X̂

))]

= I
(
X̂; Y

)
+ E

[
d

(
X; iΨ

(
X̂

))]
.

Thus

E
[
d(X, iΨ(X̂))

]
= I(X;Y )− I

(
X̂;Y

)
.

We note thatI (X, Y ) is a constant and get the following
theorem.

Theorem 4:When information divergence is used as distor-
tion measure

inf
[
I

(
X, X̂

)
+ β · E

(
d

(
X, X̂

))]

= β · I(X; Y ) + inf
[
I

(
X, X̂

)
− β · I

(
X̂;Y

)]
.

The solution satisfies the so-called bottleneck equations, i.e.
the minimum is attained for reconstruction points satisfying
i = iΨ and joint distribution satisfies the Kuhn-Tucker condi-
tions for rate distortion with these reconstructions points.

The last term is essentially the one that shall be minimized
in the information bottleneck where one wants to minimize
I

(
X, X̂

)
and at the same time maximizeI

(
X̂; Y

)
. We have

seen that inequality (6) is essentially in deriving Theorem 4.
Theorem 5:If d : M1

+ (A) × M1
+ (A) → R is a Csisźar

f -divergenc for some differentiable functionf and

k∑

j=1

sjd (Pj , Q) ≥
k∑

j=1

sjd
(
Pj , P̄

)

for all mixtures P̄ =
∑k

j=1 sjPj and all Q then d is
proportional to information divergence.

Proof: Assume thatd is the Csisźar f -divergence given
by

d (P,Q) = Df (P‖Q) =
∑

i∈B
f

(
P (i)
Q (i)

)
Q (i) .

We shall writef asf (x) = xg
(
x−1

)
so that

Df (P‖Q) =
∑

i∈B
g

(
Q (i)
P (i)

)
P (i) .

We have
k∑

j=1

sj

∑

i∈B
g

(
Q (i)
Pj (i)

)
Pj (i) ≥

k∑

j=1

sj

∑

i∈B
g

(
P̄ (i)
Pj (i)

)
Pj (i) .

The probability vector(Q (1) , Q (2) , ...) satisfies
∑

Q (i) =
1. We introduce a Lagrange multiplier and calculate

∂

∂Q (i)




k∑

j=1

sj

∑

i∈B
g

(
Q (i)
Pj (i)

)
Pj (i)− λ ·

∑
Q (i)




=
k∑

j=1

sjg
′
(

Q (i)
Pj (i)

)
− λ.

Defineh (x) = g′
(
x−1

)
. Then

k∑

j=1

sjh

(
Pj (i)
P̄ (i)

)
= λ



holds for all i.becauseP̄ is a stationary point. In particular
it should hold if there exists ani′ such thatPj (i′) does not
depend onj. In that case

λ =
k∑

j=1

sjh

(
Pj (i′)
P̄ (i′)

)
=

k∑

j=1

sjh (1) = h (1) .

Thus for anyi ∈ B we have

k∑

j=1

sjh

(
Pj (i)
P̄ (i)

)
= h (1) .

That implies thath (x) = h (1)+α (x− 1) for some constant
α. Then

g (x) =
∫

g′ (x) dx =
∫ (

h (1) + α
(
x−1 − 1

))
dx

= (h (1)− α)x + α log x + c

for come constantc ∈ R. Then

f (x) = x
(
(h (1)− α)x−1 + α log

(
x−1

)
+ c

)

= h (1)− α + αx log x + cx.

The conditionf (1) = 0 implies h (1)− α = −c

f (x) = αx log x + c (x− 1) .

Hence

Df (P, Q) =
∑

i∈B

(
α

P (i)
Q (i)

log
P (i)
Q (i)

+ c

(
P (i)
Q (i)

− 1
))

Q (i)

= α
∑

i∈B
P (i) log

P (i)
Q (i)

= αD (P‖Q) .

In [13] it was shown that a divergence measure satisfying (6)
must be a Bregman divergence. This leads us to the following
corollary.

Corollary 6: A divergence measure that is both af -
divergence and a Bregman divergence must be proportional
to information divergence.

In [17, Thm. 4] the intersection of the set of Bregman and
f -divergences is characterized by an equation and a concavity
condition and information divergence is given as an example
of an element in the intersection. Corollary 6 implies that there
are essentially no other elements in the intersection.

VI. CONCLUSION

In this paper various distortion measures have been consid-
ered and their properties with respect to rate distortion theory
have been studied. Some of the results are summarized in the
following table.

Property Class of divergences
Additivity Inf. div. and reversed
Sufficiency on input side All
Sufficiency on output side non-convex ”f -div.”
Data processing inequality Csiszár f -div.
Finiteness All
Bottleneck equation Bregman div.

We see that if one wants to have all the properties fulfilled
the divergence is equal to or proportional to information
divergence. A divergence that is proportional to information
divergence is essentially information divergence measured by
different units (for instance bits instead of nats). Thus it
is desirable to use information divergence, that leads to the
information bottleneck method.
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