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Abstract

It is becoming increasingly evident that organisms actingricertain dynamical
environments often employ exact or approximate Bayesgtisstal calculations
in order to continuously estimate the environmental stategrate information
from multiple sensory modalities, form predictions and at® actions. What is
less clear is how these putative computations are implesddny cortical neural
networks. An additional level of complexity is introduceeldause these networks
observe the world through spike trains received from prinsansory afferents,
rather than directly. A recent line of research has desdnibechanisms by which
such computations can be implemented using a network obnewhose activ-
ity directly represents a probability distribution acrtiss possible “world states”.
Much of this work, however, uses various approximationsictvtseverely re-
strict the domain of applicability of these implementatioflere we make use of
rigorous mathematical results from the theory of contirsutime point process
filtering, and show how optimal real-time state estimatiod prediction may be
implemented in a general setting using linear neural nétsvo¥We demonstrate
the applicability of the approach with several examples| eelate the required
network properties to the statistical nature of the envirent, thereby quantify-
ing the compatibility of a given network with its environnten

1 Introduction

A key requirement of biological or artificial agents actimga random dynamical environment is
estimating the state of the environment based on noisy wdisens. While it is becoming clear that
organisms employ some form of Bayesian inference, it is Bbtlear how the required computa-
tions may be implemented in networks of biological neurdis.consider the problem of a system,
receiving multiple state-dependent observations (pbsaiising from different sensory modalities)
in the form of spike trains, and construct a neural networlcthybased on these noisy observations,
is able to optimally estimate the probability distributiofithe hidden world state.

The present work continues a line of research attemptingaigie a probabilistic Bayesian frame-
work for optimal dynamical state estimation by biologicalnal networks. In this framework, first
formulated by Rao (e.g., [8, 9]), the time-varying probaypitlistributions are represented in the
neurons’ activity patterns, while the network’s connedtfivstructure and intrinsic dynamics are
responsible for performing the required computation. Raetworks use linear dynamics and dis-
crete time to approximately compute the log-posteriorritiistions from noisy continuous inputs
(rather than actual spike trains). More recently, Beck amaiglet [1] introduced networks in which
the neurons directly represent and compute the postedapilities (rather than their logarithms)



from discrete-time approximate firing rate inputs, using4finear mechanisms such as multiplica-
tive interactions and divisive normalization. Anothererglnt line of work, is that of Brown and
colleagues as well as others (e.g., [4, 11, 13]) where appations of optimal dynamical estima-
tors from spike-train based inputs are calculated, howesvigrout addressing the question of neural
implementation.

Our approach is formulated within a continuous time poinicess framework, circumventing many
of the difficulties encountered in previous work based owrréi® time approximations and input
smoothing. Moreover, using tools from the theory of contimsitime point process filtering (e.qg.,
[3]), we are able to show that a linear system suffices to ytieédexactposterior distribution for
the state. The key element in the approach is switching frostgpior distributions to a new set
of functions which are simply non-normalized forms of thesteoior distribution. While posterior
distributions generally obey non-linear differential atjans, these non-normalized functions obey
a linear set of equations, known as the Zakai equations [lt&iliguingly, these linear equations
contain the full information required to reconstruct théiim@l posterior distribution! The linearity
of the exact solution provides many advantages of inteaficet and analysis, not least of which is
an exact solution, which illustrates the clear distinctimiween observation-dependent and inde-
pendent contributions. Such a separation leads to a ckawation of the system performance in
terms of prior knowledge and real-time observations. Stheenput observations appear directly
as spike trains, no temporal information is lost. The prefamulation allows us to consider in-
puts arising from several sensory modalities, and to deterthe contribution of each modality to
the posterior estimate, thereby extending to the tempanalaih previous work on optimal multi-
modal integration, which was mostly restricted to the statise. Inherent differences between the
modalities, related to temporal delays and different shabéuning curves can be incorporated and
quantified within the formalism.

In a historical context we note that a mathematically rigisrapproach to point process based fil-
tering was developed during the early 1970s following thraieal work of Wonham [14] for finite
state Markov processes observed in Gaussian noise, andsbhhku[7] and Zakai [15] for diffusion
processes. One of the first papers presenting a matheratigalrous approach to nonlinear fil-
tering in continuous time based on point process obsenatias [12], where the exact nonlinear
differential equations for the posterior distributions derived. The presentation in Section 4 sum-
marizes the main mathematical results initiated by theidithe of research, adapted mainly from
[3], and serves as a convenient starting point for many ptesektensions.

2 A neural network as an optimal filter

Consider a dynamic environment characterized at tirbg a stateX;, belonging to a set ofV
states, namely; € {si,s2,...,sy}. We assume the state dynamics is Markovian with genera-
tor matrix Q. The matrix@, [Q];; = ¢;;, is defined [5] by requiring that for small values lf
Pr[XHh = SilXt = Si] =1+qh+ O(h) andPr[XtJrh = Slet = Si] = qijh + O(h) fOl'j £ 1.

The normalization requirement is thgj gi; = 0. This matrix controls the process’ infinitesimal
progress according t(t) = w(¢)Q, wherer;(t) = Pr[X; = s,].

The stateX; is not directly observable, but is only sensed through afskf candom state-dependent
observation point processéﬁffk) M . We take each point procegét(k) to represent the spiking
activity of thek-th sensory cell, and assume these processes to be doutiigstic Poisson counting
processeswith state-dependent rates, (X;). These processes are assumed to be independent,
giventhe current stat&;. The objective of state estimation (a.k.a. nonlinear filigxis to obtain a
differential equation for the posterior probabilities

A 1 M
pit) = Pr [ X =i [N NG 1)
WhereN[(Oki} = {Nﬁk)}ogsgt. In the sequel we denofg/ = {N[(Ol)t],...,N[(O]\f])}, and refer the

reader to Section 4 for precise mathematical definitions.

We interpret the rate; as providing the tuning curve for theth sensory input. In other words,
the k-th sensory cell responds with strength(s;) when the input state iX; = s,. The required

limplying that the rate function itself is a random process.



differential equations fop;(¢) are considerably simplified, with no loss of information,[BY con-
sidering a set of non-normalized ‘probability functions(t), such thap; (t) = pi(t)/ Z;V:l p;(t).
Based on the theory presented in Section 4 we obtain

N M
pi(t) = ZjSPj(t) + Z (Ak(si) — 1) [Z St —ty) — 1] pi(t), )
j=1 k=1 n

where{t*} denote the spiking times of thieth sensory cell. This equation can be written in vector
form by defining

M
Ap = diag(Ae(s1) = LAe(s2) = 1. Ae(sar) = 1) 5 A=) Ay, 3)
k=1

andp = (p1,...,pn), leading to

M
pt)=(Q—NTp(t)+> Ap Y ot —th)p(t). 4)
k=1

n

Equations (2) and (4) can be interpreted as the activity dheat neural network, wherg;(t)
represents the firing rate of neurémt timet, and the matrix@Q — A) " represents the synaptic
weights (including self-weights); see Figure 1 for a graphiisplay of the network. Assuming
that the tuning functiong; are unimodal, decreasing in all directions from some makirakie
(e.g., Gaussian or truncated cosine functions), we obs$ere(2) that the impact of an input spike
at timet is strongest on cell for which A\, (s;) is maximal, and decreases significantly for cells
j for which s; is ‘far’ from s;. This effect can be modelled using excitatory/inhibitoonoec-
tions, where neurons representing similar states excite ether, while neurons corresponding to
very different states inhibit each other (e.g., [2]). Thasue will be elaborated on in future work.

Several observations are in place regarding (4). (i) The so- A
lution of (4) provides the optimal posterior state estimato i
given the spike train observations, i.e., no approximasan-
volved. (ii) The equations are linear even though the eqoati
obeyed by the posterior probabilitigg(¢) are nonlinear. (iii)
The temporal evolution breaks up neatly into an observation
independent term, which can be conceived of as implementing
a Bayesian dynamic prior, and an observation-dependent ter

which contributes each time a spike occurs. Note that a simi- (Q-A)yg
lar structure was observed recently in [1]. (iv) The obsBovas ~~ posterior spiking
process affects the posterior estimate through two terinst, F  estimation network  sensory cells
input processes with strong spiking activity, affect thévity

more strongly. Second, thieth input affects most strongly theFigure 1: A graphical depiction of
components op(t) correspondmg to states with large valugge network implementing optimal
of thg tuning curve\,(s;). (v) Atthis point we assume that theﬁltering of M spike train inputs.
matrix Q is known. In a more general setting, one can expect

Q to belearnedon a slower time scale, through interaction

with the environment. We leave this as a topic for future work

Multi-modal inputs A multi-modal scenario may be envisaged as one in which aetuishe sen-
sory inputs arises from one modality (e.g., visual) while temaining inputs arise from a different
sensory modality (e.g., auditory). These modalities méfgwdin the shapes of their receptive fields,
their response latencies, etc. The framework developedeaisosufficiently general to deal with
any number of modalities, but consider for simplicity jusbtmodalities, denoted by and A. Itis
straightforward to extend the derivation of (4), leading to

M, Mq
pl) = (Q— A"~ A*)Tp(t) + {2 AL ST al—h) + S ALY A - t%’f)} plH). ()
k=1 n k=1 n

Prediction The framework can easily be extended to prediction, defiseithe problem of calcu-
lating the future posterior distributiop!*(t) = Pr[X;.s = s;|Y{]. Itis easy to show that the



non-normalized probabilities” (¢) can be calculated using the vector differential equation
M
P = (Q-N)Tp" (1) + Y Ak D ot~ tn)p"(2), ()
k=1 v

with the initial conditionp”(0) = ¢"@" p(0), and wherel;, = ¢"@" A e="Q" . Interestingly, the
equations obtained are identical to (4), except that theesyparameters are modified.

Simplified equation When the tuning curves of the sensory cells are uniformlyidisted Gaus-
sians (e.g., spatial receptive fields), namelyr) = Amaxexp(—(z —kAx)?/20?), it can be shown
[13] that for small enougt\z, and a large number of sensory celi§,—, Ax(z) ~ 3 for all z, im-
plying thatA = >, Ay = (8 — M)l. Therefore the matrid has no effect on the solution of (4),
except for an exponential attenuation that is applied teha&llcells simultaneously. Therefore, in
cases where the number of sensory cells is latgean be omitted from (4). This means that be-
tween spike arrivals, the system behaves solely accorditigeta-priori knowledge about the world,
and when a spike arrives, this information is reshaped daugto the firing cell’s tuning curve.

3 Theoretical Implications and Applications

Viewing (4) we note that between spike arrivals, the inpt ha effect on the system. Therefore,
the inter-arrival dynamics is simpfy(t) = (Q — A) " p(t). Definingt,, as then-th arrival time of a
spike from any one of the sensors, the solution in the intdtyat,, 1) is

N
p(t) = =@M p(t,,).

When a new spike arrives from tlieth sensory neuron at ting the system is modified within an
infinitesimal window of time as

pi(ty) = pi(ty) + pity ) (A(si) — 1) = pilty ) Ak(si)- ()

Thus, at the exact time of a spike arrival from théh sensory cell, the vectaris reshaped according
to the tuning curve of the input cell that fired this spike. ém$ngn spikes occurred before tinte
we can derive aexplicit solution to (4), given by
p(t) = QDT TT (L + Mgy, el D@07 p(0), (8)
=1
wherek(t;) is the index of the cell that fired &t, I is the identity matrix, and we assumed initial
conditionsp(0) atty = 0.

3.1 Demonstrations

We demonstrate the operation of the system on several dsiméxamples. First consider a small
object moving back and forth on a line, jumping between a $elistrete states, and being ob-
served by a retina withl/ sensory cells. Each world state describes the particle’s position,
and each sensory cell generates a Poisson spike train with rajé X;), taken to be a Gaussian
Amaxexp (—(z — zx)?/20?). Figure 2(a) displays the motion of the particle for a spedifioice of
matrix @, and 2(b) presents the spiking activityldf position sensitive sensory cells. Finally, Figure
2(c) demonstrates the tracking ability of the system, whieeewidth of the gray trace corresponds
to the prediction confidence. Note that the system is abléstimduish betweeg5 different states
rather well with only10 sensory cells.

In order to enrich the systems’s estimation capabilitiesscen include additional parameters within
the state of the world. Considering the previous examplecngate a larger set of states; =
(si,d;), whered; denotes the current movement direction (in this easaup, d,=down). We add

a population of sensory cells that respond differently teedént movement directions. This lends
further robustness to the state estimation. As can be séggure 2(d)-(f), when for some reason the
input of the sensory cells is blocked (and the sensory ceisfiontaneously) the system estimates
a movement that continues in the same direction. When th&addiecis removed, the system is re-
synchronized with the input. It can be seen that even durargp@s where sensory input is absent,
the general trend is well predicted, even though the estidnamcertainty is increased.



By expanding the state space it is also possible for the my&idrack multiple objects simultane-
ously. In figure 2(g)-(i) we present tracking of two simukaunisly moving objects. This is done
simply by creating a new state spaeg, = (s}, sf), wheres! denotes the state (location) of the
k-th object.

(a) Object trajectory (d) Object trajectory (g) Object trajectory
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Figure 2: Tracking the motion of an object in 1D. (a) The obBifetrajectory. (b) Spiking activity
of 10 sensory cells. (c) Decoded position estimation with comitgeinterval. Each of th&0
sensory cells has a Gaussian tuning curve of width 2 and maximal firing ratémax = 25.(d)-(f)
Tracking based on position and direction information. Téeé lbar marks the time when the input
was blocked, and the green bar marks the time when the bleckad removed. Here we used
place-cells and direction-cells (marked in red). (g)-(i) Tracking of twojets simultaneously. The
network activity in (i) representBr [ X} = s; V X7 = s;|V{].

3.2 Behavior Characterization

The solution of the filtering equations (4) depends on twa@esses, namely the recurrent dynamics
due to the first term, and the sensory input arising from therséterm. Recall that the connectivity
matrix ) is essentially the generator matrix of the state transpiimtess, and as such, incorporates
prior knowledge about the world dynamics. The second teamsisting of the sensory input, con-
tributes to the state estimator update every time a spikareccThus, a major question relates to
the interplay between the a-priori knowledge embeddedemtitwork through) and the incom-
ing sensory input. In particular, an important questiomtes to tailoring the system parameters
(e.g., the tuning curvesy;), to the properties of the external world. As a simple chiadzation

of the generator matrix), we consider the diagonal and non-diagonal terms. The dagerm

qi; is related to the average time spent in stateroughE[T;] = —1/¢;; [5], and thus we define
7(Q) = — (qﬁl 4+t qgﬁv) /N, as a measure of the transition frequency of the processewhe
small values ofr correspond to a rapidly changing process. A second releweasure relates to
the regularity in the transition between the states. To tifyathis consider a staté and define a
probability vectorq; consisting of theV — 1 elements{Q;;}, j # ¢, normalized so that the sum
of the elements i$. The entropy ofy; is a measure for the state transition irregularity fromestat
and we defindd (@) as the average of this entropy over all states. In summaryump the main
properties of?) into 7(Q), related to the rapidity of the process, alid(Q), measuring the transition
regularity. Clearly, these variables are but one heur@tmce for characterizing the Markov pro-
cess dynamics, but they will enable us to relate the ‘worldadlyics’ to the system behavior. The
sensory input influence on the system is controlled by thimtucurves. To simplify the analysis we
assume uniformly placed Gaussian tuning curde$z) = Amaxexp (—(z — kAx)?/202), which
can be characterized by two parameters - the maximum vaigg and the widtho. Note, however
that our model does not require any special constraintsetuting curves.

Figure 3 examines the system performance under differeritivgetups. We measure the perfor-
mance using thd.; error of the maximum aposteriori (MAP) estimator built frahe posterior
distribution generated by the system. The MAP estimatobtaioed by selecting the cell with the
highest firing activityp; (t), is optimal under the present setting (leading to the mihpnabability

of error), and can be easily implemented in a neural netwgrlka BVinner-Take-All circuit. The
choice of theL; error is justified in this case since the sta{es} represent locations on a line,



thereby endowing the state space with a distance measufigute 3(a) we can see that agQ)
increases, the error diminishes, an expected result, sioaer world dynamics are easier to ana-
lyze. The effect of (Q) is opposite - lower entropy implies higher confidence in tegtrstate.
Therefore we can see that the error increases Wittp) (fig. 3(b)). The last issue we examine
relates to the behavior of the system when an incorteatatrix is used (i.e., the world model is
incorrect). It is clear from figure 3(c) that for low valuesif (the number of sensory cells), using
the wrong( matrix increases the error level significantly. Howeverhesvalue ofM increases, the
differences are reduced. This phenomenon is expected #iecmore observations are available
about the world, the less weight need be assigned to theod-kmowledge.
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Figure 3: State estimation error for different world dynesnand model misspecification. For (a)
and (b)M =17, N =17, 0 = 3, Amax = 50, and for ()N = 25, o = 3, Amax = 50.

In figure 4 we examine the effect of the tuning curve paramseirithe system’s performance. Given
a fixed number of input cells, if the tuning curves are too martfig. 4(a) top), they will not cover
the entire state space. On the other hand, if the tuning sameetoo wide (fig. 4(a) bottom) the cell’s
response is very similar for all states. Therefore we getreor &unction that has a local minimum
(fig. 4(b)). It remains for future work to determine what ig thptimal value o& for a given model.
The effect of different values ofmax is obvious - higher values ofmax lead to more spikes per
sensory cell which increases the system'’s accuracy. @leartler physiological conditions, where
high firing rates are energetically costly, we would expettdeoff between accuracy and energy
expenditure.
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Figure 4: The effect of the tuning curves parameters on padace.

4 Mathematical Framework and Derivations

We summarize the main mathematical results related to poitess filtering, adapted mainly from
[3]. Consider a finite-state continuous-time Markov prec&s € {s1, s2,..., sy} With a gener-
ator matrix@ that is being observed via a set of (doubly stochastic) Boigsocesses with state-
dependent rate functions,(X;), k= 1,..., M.

Consider first a single point process observailn= { N, }o<s<:. We denote the joint probability
law for the state and observation procesdhy The objective is to derive a differential equation for
the posterior probabilities (1). This is the classamlinear filteringproblem from systems theory



(e.g. [6]). More generally, the problem can be phrased apating E, [f(X;)|N{], where, in the
case of (1)f is a vector function, with componenfs(z) = [z = s,].

We outline the derivation required to obtain such an equnaticsing a method referred to as
change of measurée.g., [3]). The basic idea is to replace the computatigniadird evaluation

of E{[f(X,)|N{], by a tractable computation based on a simple probability [€onsider two
probability spaceg), 7, P,) and (Q2, F, P.,) that differ only in their probability measures?;

is said to beabsolutely continuousiith respect toP, (denoted byP; < P), if for all A € F,
Py(A) =0 = P1(A) =0. AssumingP; < P,, it can be proved that there exists a random variable
L(w), w € Q, such that for al4 € F,

Pi(d) = Boflal] = [ D(@)dPs(w), (©)

whereE, denotes the expectation with regardi®p. The random variablé, is called theRadon-
Nykodim derivativef P, with respect taP, and is denoted by (w) = dP; (w)/dPy(w).

Consider two continuous-time random processés,#V,, that have different interpretation under
the different probability measured?, P;:

P X is a finite-state Markov procesy; € {si, s2,...,5n5}. (10)
N, is a Poisson process with a constant rate of 1, independent of

P, - X, is afinite-state Markov procesk, € {s1, s2,...,sn}. (11)
N, is a doubly-stochastic Poisson process with rate functigi:,)

The following avatar of Bayes’ formula (eq. 3.5 in chap. 6 8})] supplies a way to calculate the
conditional expectatiol; [f(X;)|N}] based orP; in terms of an expectation w.rf,

Eo[L: f(X¢)|NG]
Eo[L:|N§]

whereL; = dP, /dP, ., andP,, and P, , are the restrictions of, and P, respectively, to the
sigma-algebra generated by¢, X5°}. We refer the reader to [3] for precise definitions.

Using (1) and (12) we have

E: [f(X¢)|Ng] = (12)

pilt) = B [£(X)|NG] = %

Since the denominator is independentipit can be regarded as a normalization factor. Thus,
definingp: () = Eo[Ly f:(X,)|N], it follows thatp; (t) = pi(t)/ S, pj (1).

Based on the above derivation, one can show ([3], chap.léadip;(¢)} obey the stochastic differ-
ential equation (SDE)

(13)

N
dpi(t) Z jipi (Bt + (A(s:) = 1)pi(t) (AN, — dt). (14)

A SDE of the formdp(t) = a(t)dt + b(t)dN; should be interpreted as follows. If at timeno

jump occurred in the counting procea, thenp(t + dt) — p(t) ~ a(t)dt, wheredt denotes an
infinitesimal time interval. If a jump occurred at timéhenp(t + dt) — p(t) = a(t)dt + b(t). Since
the jump locations are randomit) is a stochastic process, hence the term SDE.

Now, this derivation can be generalized to the case whene thee M observation processes

Nt(l), Nt(z), . ,Nt(M) with different rate functions\; (X:), A2(X¢), ..., Aa(X3). In this case the
differential equations for the non-normalized posteriatabilities is

dPL ZQ]LP] dt + Z >\k - 1 /)L( )(dNt(k) - dt) (15)

Recalling thaWt(k) is a counting process, nameiwt(k)/dt =", 6(t —tF), we obtain (2), where
t* is the arrival time of the:-th event in thek-th observation process.



5 Discussion

In this work we have introduced a linear recurrent neuralvogt model capable of exactly imple-
menting Bayesian state estimation and prediction fromtiapike trains in real time. The framework
is mathematically rigorous and requires few assumptiengiurally formulated in continuous time,
and is based directly on spike train inputs, thereby saurifino temporal resolution. The setup is
ideally suited to the integration of several sensory maiéaliand retains its optimality in this setting
as well. The linearity of the system renders an analytictamiipossible, and a full characterization
in terms of a-priori knowledge and online sensory input. sTi@mework sets the stage for many
possible extensions and applications, of which we menteweral examples. (i) It is important
to find a natural mapping between the current abstract neundel and more standard biologi-
cal neural network models. One possible approach was nmextim Section 2, but other options
are possible and should be pursued. Additionally, the impletation of the estimation network
(namely, the variables; (¢)) using realistic spiking neurons is still open. (i) At thisint the matrix

Q@ in (4) is assumed to be known. Combining approaches to legu@iand adapting the tuning
curves)\ in real time will lend further plausibility and robustnessthe system. (iii) The present
framework, based on doubly stochastic Poisson procesaerdyecextended to more general point
processes, using the filtering framework described in [@i@].Currently, each world state is repre-
sented by a single neuron (a grandmother cell). This is lgleanon-robust representation, and it
would be worthwhile to develop more distributed and robegresentations. Finally, the problem
of experimental verification of the framework is a cruci@stn future work.
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