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Abstract

We describe and analyze a simple and effec-
tive iterative algorithm for solving the optimiza-
tion problem cast by Support Vector Machines
(SVM). Our method alternates between stochas-
tic gradient descent steps and projection steps.
We prove that the number of iterations required
to obtain a solution of accuracyis O(1=). In
contrast, previous analyses of stochastic gradient
descent methods requir@l = ?) iterations. As
in previously devised SVM solvers, the number
of iterations also scales linearly witlx , where

is the regularization parameter of SVM. For a
linear kernel, the total run-time of our method
is O(d=( )), whered is a bound on the num-
ber of non-zero features in each example. Since
the run-time doesotdepend directly on the size
of the training set, the resulting algorithm is es-
pecially suited for learning from large datasets.
Our approach can seamlessly be adapted to em-
ploy non-linear kernels while working solely on
the primal objective function. We demonstrate
the ef ciency and applicability of our approach
by conducting experiments on large text classi-
cation problems, comparing our solver to ex-
isting state-of-the-art SVM solvers. For exam-
ple, it takes less thab seconds for our solver to
converge when solving a text classi cation prob-
lem from Reuters Corpus Volume 1 (RCV1) with
800, 000training examples.

Appearing inProceedings of th@4™ International Conference
on Machine LearningCorvallis, OR, 2007. Copyright 2007 by
the author(s)/owner(s).
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1. Introduction

Support Vector Machines (SVMs) are effective and popu-
lar classi cation learning tool (Vapnik, 1998; Cristiamin

& Shawe-Taylor, 2000). The task of learning a support
vector machine is cast as a constrained quadratic program-
ming problem. However, in its native form, it is in fact an
unconstrained empirical loss minimization with a penalty
term for the norm of the classi er that is being learned.
Formally, given a training se = f(X;;yi)g2, , where

Xi 2 R" andy; 2 f+1; 1g, we would like to nd the
minimizer of the problem

1 X
i 2 N :
min §ka o (Wi (x;y) 1)
(xiy)2s
where
“(wi(x;y) = maxf0; 1 yhw;xig : )

We denote the objective function of Eqg. (1) lyw).

An optimization method nds an-accurate solutios if
f(#) miny, f (W) + . The original SVM problem
also includes a bias terrh, We omit the bias throughout
the rst sections and defer the description of an extension
which employs a bias term to Sec. 4.

We describe and analyze in this paper a simple iterative al-
gorithm, called Pegasos, for solving Eq. (1). The algorithm
performsT iterations and also requires an additional pa-
rameterk, whose role is explained in the sequel. Pegasos
alternates between stochastic subgradient descent siegps a
projection steps. The parametedetermines the number
of examples fron®s the algorithm uses on each iteration for
estimating the subgradient. Whirn= m, Pegasos reduces
to a variant of the subgradient projection method. We show
that in this case the number of iterations that is required in
order to achieve an- accurate solution i©(1=( )). At

the other extreme, whek = 1, we recover a variant of
the stochastic (sub)gradient method. In the stochasti, cas
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we analyze the probability of obtaining a good approximatetertain general asymptotic convergence properties (Genso
solution. Speci cally, we show that with probability of at & Zenios, 1997), the time complexity of most of the algo-
leastl our algorithm nds an -accurate solution using rithms in this family is typically super linear in the tramg
only O(1=( )) iterations, while each iteration involves a set sizem. Moreover, since decomposition methods nd a
single inner product betweem andx. This rate of conver- feasible dual solution and their goal is to maximize the dual
gence doesiot depend on the size of the training set andobjective function, they often result in a rather slow canve
thus our algorithm is especially suited for large datasets. gence rate to the optimum of the primal objective function

Before indulging in the description and analysis of Pega-(See also the discussion in (Hush et al., 2006)).

sos, we would like to draw connections to and put ourSome of the decomposition methods do yield though a re-
work in context of some of the more recent work on SVM. gret bound in the online learning setting. For instance, the
For a more comprehensive and up-to-date overview of relPassive Aggressive (Crammer et al., 2006) applies the ob-
evant work see the references in the papers cited beloyective function of SVM to each example. Online learn-
as well as the web site dedicated to kernel methods ahg algorithms were also suggested as fast alternatives to
http://www.kernel-machines.org . Due to the centrality of SVM (see (Freund & Schapire, 1999)). Such algorithms
the SVM optimization problem, quite a few methods werecan be used to obtain a predictor with low generalization
devised and analyzed. The different approaches can beror using an online-to-batch conversion scheme (Cesa-
roughly divided into the following categories. Bianchi et al., 2004). However, the conversion schemes

Interior Point (IP) methods: IP methods (see for instance do not necessarily y|elc_}accurate solut|.ons tq the qngmal
VM problem and their performance is typically inferior

(Boyd & Vandenberghe, 2004) and the references theremo direct batch optimizers. As noted above, Pegasos shares

cast SVM learning as a quadratic optimization problem e . . .
subject to linear constraints. The constraints are repilace.the simplicity and speed of online learning algorlthms but
: . : . is guaranteed to converge to the actual SVM solution.
with a barrier function. The result is a sequence of uncon-
strained problems which can be optimized very ef ciently Gradient based methods: Unconstrained gradient meth-
using Newton or Quasi-Newton methods. The advantage abds were very common in optimization until the emergence
IP methods is that the dependence on the accurisogou-  of the ultra-fast IP methods. While gradient based methods
ble logarithmic, namelylog(log(1=)). Alas, IP methods are known to exhibit slow convergence rates, the compu-
typically require run time which is cubic in the number of tational demands imposed by large scale classi cation and
examplesn. Moreover, the memory requirements of IP areregression problems of high dimension feature space, re-
O(m?) which renders a direct use of IP methods very dif-vived the theoretical and applied interest in gradient meth
cult when the training set has many examples. It shouldods. The Pegasos algorithm is an improved stochastic sub-
be noted that there have been several attempts to redugeadient method. Two concrete algorithms that are closely
the complexity based on additional assumptions (see e.gelated to the Pegasos algorithm that are based on gradient
(Fine & Scheinberg, 2001)). However, the dependence omethods are the NORMA algorithm (Kivinen et al., 2002)
m remains super linear. In addition, while the focus of theand a stochastic gradient algorithm by Zhang (2004). The
paper is the optimization problem cast by SVM, one need#egasos algorithm uses a sub-sampl& tfining exam-
to bare in mind that the optimization problem is a proxy ples to compute an approximate sub-gradient. Wheril
method for obtaining good classi cation error on unseenthe Pegasos algorithm becomes very similar to the afore-
examples. Achieving very high accuracy in the optimiza-mentioned methods of Kivienen et. al and Zhang with a few
tion process is usually unnecessary and does not translatemotable and crucial differences. First, after each graddien
a signi cant increase in generalization accuracy. The timebased update, Pegas%slemploys a projection stepowito
spent by IP methods for nding a single accurate solutionthelL , ball of radiusl= . This modi cation enables the
may, for instance, be better utilized for nding numerous usage of a very aggressive decrease in the learning rate
approximate solutions for multiple choices af and yields an improve®(1=) rate of convergence rather

= 2 i i i i -
Decomposition methods: To overcome the quadratic thanO(1= <) rate. This theoretical improvement is also re

: . ected in our experiments. Whek = m Pegasos results
memory requirement of IP methods, decomposition metth a modi ed gradient-descent algorithm with an improved
ods such as SMO (Platt, 1998) and SVM-Light (Joachims g 9 P

1998) switch to the dual representation of the SVM Optl_tonvergence rate. In adqmon o the superior rate (.)f con
L . . vergence, Pegasos can incorporate a bias term (discussed
mization problem, and employ an active set of constraints - .
X : In Sec. 4) and can utilize parallel computation power for
thus working on a subset of dual variables. In the extrem%1 ropriate choices df
case, called row-action methods (Censor & Zenios, 1997 ’pp P '

the active set consists of a single constraint. While algoiast, we would like to point to the SVM-Perf algorithm
rithms in this family are fairly simple to implement and en- recently proposed by Joachims (2006) for linear SVMs.
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SVM-Perf uses cutting planes to nd a solution with accu- | |npuT: S, , T,k

racy intimeO(md=( 2)). The complexity guarantee for INITIALIZE : Choosew s.t. kwk 1:p N

Pegasos avoids the dependence on the data setsirel FOrR t=1:2:::::T

reduces the dependence on the accuracy to@(ly ). In ChooseA; S, wherejAj = k

practice, while SVM-Perf yields very signi cant improve- SetA7 = f(x;y) 2 Ay yhw;xi < 1g

ments over decomposition methods for large data sets, ouf Set = L P

experiments (see Sec. 5) demonstrate that Pegasos is sub- Setw,,1 = (1 ¢O)wp aar YX

stantially faster than SVM-Perf. 2 oo K A
Setwi+1 =min  1; kw‘ti%k Wiy 1

2. The Pegasos Algorithm OUTPUT: W41

In this section we describe the Pegasos algorithm for solv-

ing the optimization problem given in Eq. (1). The algo- Figure 1.The Pegasos Algorithm.
rithm receives as input two parametefs: the number of
iterations to performk - the number of examples to use for
calculating sub—gradienti Initially, we sef to any vector
whose norm is at most= . On iterationt of the algo-
rithm, we rst choose a sed S of sizek. Then, we We conclude this section with a short discussion of imple-

replace the objective in Eq. (1) with an approximate objec-mentation details when the instances are sparse, namely,

gradient method. In general, we alldyy to be a set ok
examples sampled i.i.d. frof.

tive function, when each instance has very few non-zero elements. In this
X case, we can represemtas a triplet(v;a; ) wherev is a
fw;A) = —kwk®+ 1 (Wi (x;y)) dense vector gnd; are scalars. The vecter is de ned
2 (x:y)2A, through the triplet as followsw = av and stores the
squared norm ofv, = kwk?. Using this representation,

Note that we overloaded our original de nition &f as it is easily veri ed that the total number of operations re-

the original objective can be denoted eithef &&) or as quired for performing one iteration of Pegasos witk 1

f (w; S). We interchangeably use both notations dependings O(d), whered is the number of non-zero elements«in

on the context . Next, we set the learning rate= 1=(t )

and de neA{ to be the set of examples for whigh suf- 3

fers a non-zero loss. We now perform a two-step update as

follows. We scalew; by (1  ; ) and for all examples |n this section we analyze the convergence properties of

(x;y) 2 A{ we add tow the vector ,* x. We denote the Pegasos. Throughout this section we denote

resulting vector byw,, 1. This step can be also written as , _

Wi i = We  (f (, where w? = argmin f(w) : %)
re= W jA%j P bpyzar VX (3)  Recall that on each iteration of the algorithm, we focus on

an instantaneous objective functibfw; A;). We start by
The de nition of the hinge-loss implies that, is a sub-  bounding the average instantaneous objective of the algo-
gradient off (w;A¢) atw;. Last, we sew.; to be the rithm relatively to the average instantaneous objective of

. Analysis

projection ofw,, 1 onto the set the optimal solution. We rst need the following lemma
p_ which generalizes a result from (Hazan et al., 2006). The
B = fw:kwk 1= g: 4 lemma relies on the notion of strongly convex functions.

) ) ) ) A detailed proof and further explanations can be found in
Thatn is, VF\)/Hl is o%tamed by scalingw,, 1 by (Shalev-Shwartz & Singer, 2007).
min 1;1=(  kw., 1k) . Aswe showinouranalysisbe- | emmal. Letfy;:::;f1 be a sequence ofstrongly con-
low, the optimal solution of SVM is in the sBt. Informally ~ vex functions w.r.t. the functio%k k?. LetB be a closed
speaking, we can always project back onto theBsas we  convex set and de neg (w) = argmin o g kw ~ w%.

the last vectow ., . The pseudo-code of Pegasos is givenB and fort 1, w41 = g (W tr ¢), wherer { isa
in Fig. 1. subgradient of ; atw; and ; = 1=(t ). Assume that for

Note that if we choosé\; = S on each round then we allt,kr tk G. Then, forallu 2 B we have
X 1 X G2(L+In(T))

obtain the subgradient projection method. On the other ex-
treme, if we choosé\; to contain a single randomly se- fe(wy) = fe(u)+

X . T 2T
lected example, then we recover a variant of the stochastic t=1 t=1

—|
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Based on the above lemma, we are now ready to bound thepnstants. We therefore obtain a signi cant improvement
average instantaneous objective of Pegasos. with a simpler algorithm.

Theorem 1. Assume that for al(x;y) 2 S the norm of - whenA; 6 S, Corollary 1 no longer holds. In addition,
x is gt mostR. Letw” be as de ned in Eq. (5) and let the nal hypothesis we use in Fig. 1 igt.; rather than

c=(  +R)% Then,forT 3, the average hypothesis. The next theorem bridges this gap
< < as it implies that the same convergence rate still holds in
1 f (Wi Ar) 1 f(w? A+ cin(T) : expectation if we randomly choose a stopping time.
T T T Theorem 2. Assume that the conditions stated in Thm. 1

hold and for allt, A; is chosen i.i.d. fronB. Letr be an
Proof. To simplify our notation we use the shorthand integer picked uniformly at random froffi]. Then,
fi(w) = f(w;A¢). The update of the algorithm can be cIn(T)
rewritten asw+1s = g (W tr ¢), wherer ¢ is de- Ea,.oa ¢ Ef[f (wi)] f(w?)+
ned in Eq. (3) andB is de ned in Eq. (4). Thus, for T
proving the theorem it suf ces to show that the condi-
tions stated in Lemma 1 hold. Sinfeis a sum of a -
strongly convex function£kw k?) and a convex function
(the average hinge-loss ov&s), it is also -strongly con-
vex (see Lemma 1 in (Shalev-Shwartz & Singer, 2007)). 1 1 ,
Next, we dgrive a bound okr (k. Using the facts that Early  TWoAdl  Early TW5AY]

Proof. To simplify our notation, denote 4! the sequence

given in Thm. 1 we obtain

kwik 1=  andthatkkxk R cgmbined with the tri- t=1 t=1 (6)
angle inequality we obtaikr ¢k "+ R. Finally, we L cin(™) .
need to prove thav” 2 B. To do so, we use the fact that T '
there exists a vector? 2 [0; 1]™ such that We now analyze the two expectations given in Eq. (6).
X ’ Sincew? does not depend on the choiceAf, we have,
vk ST i) = ke L
2 Y=g m X 1 X )
(xy)2s Ear [f f(w5A)] = T Ear [f (W5 AL)]
(The above equality is derived by applying the strong dual- =t =
ity theorem to the SVM optimization problem.) Rearrang- _ 1 X En. [f (W2 A @)
ing the above and usggthe non-negativity of the hinge-loss T to1 A A
gives thatkkw’k 1= . The bound in the theorem fol- _ .
lows now using simple algebraic manipulations. O = fw?:
Next, we analyze the expectation at the left-hand side of
Note that the convexity df implies that Eq. (6). Note thatv, only depends oA} . Thus,
P X
fr aw  foafw)s Bl fWGAJ = £ EnlfWoA)]: (@)

=1 =1
Using the above inequality and Thm. 1, we immediately t t

obtain the following corollary which gives a convergence X
anaI;/sis forthevzlaga -3 y which gives Verd for any two random variablesX;Y , Ex[f(X)] =
tte _ Ey Ex [f (X)jY]: SettingX = A} andY = A} ! we get
Corollary 1. Assume the condpons stated in Thm. 1 andyp 5t
thatA, = Sforallt. Letw = £~ | w,. Then,
Eat [f (W; A

Recall that the law of total expectation implies that

Eat 1[Eaylf (we; ADJAL M

) s TR0 = En t[FWO] = Eaplf (WOl :
Combining the above with Eq. (8) we obtain
Based on the above corollary, the number of itera- L X L X
tions required for achieving a solution of accuracy Earl= f(WiA)] = Ear[=  f(wy)]:
is O(R2=( )). Joachims (2006) recently suggested a T T
method, called SVM-Perf, which requir€§R*=(  ?)) it —————— -
erations. The cost of each iteration of SVM-Pei®ign d), Seemingly, to calculates we need additionaD(n) opera-

herem is the number of examples auds the effective tions at each iteration, whereis the dimension ofv. However,
Wi ! u xamp V€ " if n > md we can also save, as a linear combination of the

dimension of the examples. The complexity of a single iter-m instances in the training set and update only the coef cients.
ation of Pegasos wheky = Sis alsoO(md), with smaller  Thus, the cost of each iteration never exce®dms d).
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Combining the abO\{g with Eqg. (7) and Eg. (6), and notingof 1=e we know that with probability of at leagt 1=e
thatE, [f (w,)] = Ti tT:l f (w¢) we conclude our proof. we have that
O
In(T celn(T) In %
) )  SEND 3B

The above theorem states that, in expectation, the stochas- T=s T
tic version of th_e- algorithm will converge as fast as the (.je'Therefore, the probability that faall runs the above in-
terministic version. The next theorem provides a very sim- . . N

. equality does not hold is at most . In other words,
ple concentration bound.

with probability of atleasi.  , at least one of the vectors
Theorem 3. Assume that the conditions stated in Thm. 2y, satis es Eq. (9). We have therefore shown a method

1 (9

hold. Let 2 (0;1). Then, with probability of at leasit that usesO("2=) jterations for constructingln(1= )e
over the choices dfA;:::;Ar) and the index we have  \yeight vectors, where at least one of them 4accurate.
that Finally, we need to pick an-accurate vector from the set

f(w,) fWw?)+ L_g) :

of s vectors. This require®(-%;) examples in the general
case, since estimating the objective of edghup to accu-
racy of requiresO(-%;) examples. Note however that if
we would like to simply choose the best performing vec-
tor with respect to the zero-one error over a validation set

Proof. Let Z be the random variablé (w,) f(w?).
From the de nition ofw’ as the minimizer of (w) we
clearly have thatZz is a non-negative random variable.

Thus, from Markov inequalityP[Z al E[Z]=a (rather than based on the objective value of SVM), we only
SettingE[Z]=a = and using Thm. 2 we obtain that needO(+) examples. That is, we gain a factorisf . We
a = EZI cin(T) . 0 leave further exploration of this issue to future work.

= ElZl e

Let us now discuss the implications of Thm. 3. First, by 4. Extensions
takingT = 1 we immediately obtain from Thm. 3 con-
vergence in the limit. In addition, we can use Thm. 3
for analyzing the convergence of the last weight vector
We do so by viewingT as a random index drawn from

In this section we discuss a few extensions to our basic clas-
si cation learning algorithm. These extensions broaden th
'set of applications that can be tackled by our approach. Due
to the lack of space we con ne ourselves to a rather high
level overview of two extensions and defer the complete de-
tails to a long version of this paper. We would like to note
though that we have devised generalizations of Pegasos to
cin(t) cIn(T) comple>_< decilsion problems, from multiclass categorizatio
£ T : to learning with structured data.

iterations and returw . Using Thm. 3 we know that

flwr) f(w?)

Incorporating a bias term: In many applications, the
We conclude this section with a discussion on the depenweight vectorw is augmented with a bias term which is
dence of the convergence rate on the con dence parametér scalar, typically denoted ds The prediction for an in-
and on the accuracy parameterFrom Thm. 3 we ob- stancex becomesdw;xi + b and the loss is accordingly
tain that to achieve accuracywith con dencel we denedas,
needO(-1-) iterations. In contrast, by applying previ- .
ously studied conversions of online algorithms in the PAC ~ (W;b);(x;y)) =maxf0;1  y(hw;xi + bjg: (10)

setting (e.g. (Cesa-Bianchi et al., 2004; Cesa-Bianchi &Th bi & | il role when the distrib
Gentile, 2006)) one can obtain accuracy ofith con - e bias term often plays a crucial role when the distribu-

; InL=)y ; . tion of the labels is uneven as is typically the case in text
dencel usingO(—=—) iterations. Thus, as long as . o .
. . . rocessing applications where the negative examplegvastl
the desired con dence is not too high, our convergence rat " : X
N . .~ outnumber the positive ones. We now brie y describe three
is signi cantly better. If we would like to have a very high

) L -~ different approaches to learn the bias term and underscore
con dence, we can use a simple ampli cation technique

(a.k.a. boosting the con dence), to construct a few candi—the advantages and disadvantages of each approach.

date vectors such that with condende  at least one The rst approach is rather well known and its roots go
of the vectors has accuracy@('”(lT;)). Lets denote the back to early work on pattern recognition (Duda & Hart,
smallest integer larger thém(1= ). We run the algorithrs ~ 1973). This approach simply amounts to adding one more
times while setting the number of iterations for each run tofeature to each instaneethus increasing the dimension to
T=s. We then randomly choose one vector from the vectorsy + 1. The arti cially added feature always take the same
constructed by each run. Denotewy; :::; Wg the result- value. We assume w.l.0.g that the value of the constant fea-

ing weight vectors. Using Thm. 3 with a con dence value ture is1. Once the constant feature is added the rest of the
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algorithm remains intact, thus the bias term is not exgicit
introduced. The analysis can be repeated verbatim and we
therefore obtain the same convergence rate for this modi -

Table 1.Training time in CPU-seconds
| Pegasog SVM-Perf | SVM-Light

cation. Note however that by equating theé 1 component CCAT 2 " 20,075
. Covertype 6 85 25,514
of w with b, the norm-penalty counterpart 6f becomes
astro-ph 2 5 80

kwk? + 7. The disadvantage of this approach is thus that
we solve a slightly different optimization problem. On the
other hand, an obvious advantage of this approach is that it
requires no modi cations to the algorithm itself rathertha The above adaptation indeed work for the case= S and

a modest increase in the dimension and it thus can be us¢¥e obtain the same rate of convergence as in the no-bias
without any restriction or, . case. However, whefs; 6 S we cannot apply the analysis

) o _ from the previous section to our case since the expectation
The second approach incorporabtesxplicitly by de ning of f (w;A) over the choice of\ is no longer equal to
the loss as given _in Eq. (10) whileot_ penalizing forhb. f (w;S). WhenA, is large enough, we can use more in-
Formally, the task is to nd an approximate solution to the yolyed measure concentration tools to show that the expec-
following problem, tation of f (w;A;) is close enough tb(w;S). We again
1 X omit the details due to the lack of space.
min 5kwk2 = [1 y(hw;xi+ b)), : (11)

(xy)2S Using Mercer kernels: One of the main bene ts of support
Xy

vector machines is their ability to incorporate and corgitru
Note that all the sub-gradients calculations wr.temain ~ Non-linear predictors using kernels which satisfy Merer’

intact. The sub-gradient with respectis %JSO simple to conditions. The crux of this property stems from the rep-

compute. For a sampl it amounts to, % xiy)2A? resenter theorem (Kimeldorf & Wahba, 1971), which im-
: iAL] X;y)2A¢ ; ; ;

and thus requires onlig additions and subtractions and a plies t_hat the opt_lma_l SOIUt'_On of SVM can be express_ed

as a linear combination of its constraints. In the classi -

single devision. This approach is also very simple to im- i bl th ter th implies this
plement and can be used with any choiceAgf in par- cation problem, the representer theorem Implies
linear combination of the instances The common ap-

ticular, sets consisting of a single instance. The caveat of : T
this approach is that the functidn ceases to be strongly proach for solving the optimization problem for SVM when

convex. This is due to the fact that with the incorporationkerneIS are employed is to SV.VitCh to the du_al problem and
of b, the objective functioh becomes piece-wise linear in nd the_ optimal set_ O_f dual variables. FoIIowm_g (Fregnd &
the direction ofb and is thus no longer strongly convex. Schapire, 1999; Kivinen et al., 2002), we outline a différen

Therefore, the analysis presented in the previous sectioﬁppmaCh and directly minimize the p”T“a' _problem yvh|le
still using kernels. The main observation is thawif is

2|c:) J\?enrgcirncglrgse'n(:Aenr;geg(?t:%e%TOOf technique yields initial_ized to be the zero vector, then pt each iteratiorhef t

algorithmw; can be written asv; = i21, iXi where
The last method entertains the advantages of the two meth; is a subset of 1;:::; mg. The above claim can be eas-
ods above at the price of a more complex algorithm thaily proved using an inductive argument. Therefore, we can
is applicable only for large values & The main idea is store the selt; and the coef cients ; instead of storingv;.

to rewrite the optimization problem given in Eq. (11) as It is now easy to verify that the algorithm in Fig. 1 can be

miny, zkwk? + g(w; S) where used in conjunction with kernels, by representimg us-
_ P ) ing Iy and P calculating inner product operations using
g(w; S) = min T yzs Y(wixi+ B 0 (12)  hwexi = 21, igXi; %, and evaluating the norm of
wy usingkwik® = o) i j hxi;x;i. Based on the

Based on the above, we rede h¢w; A;) to be zkwk? + analysis in previous sections, Pegasos nds @tcurate
g(w;A;). On each iteration of the algorithm, we nd a solution usingO(1=( )) iterations, while each iteration
subgradient of (w; A¢) and subtract it (multiplied by;) involves a single inner product betweenandx. Note
from w;. Finally, we prngct the resulting vector so that its however that each inner product operation betw&esnd
norm will not exceedl= . The problem however is how x may requireminf m; O(1=(  )g) evaluations of the ker-

to nd a subgradient ofy(w; A;), asg(w;A;) is dened nelfunction.

through a minimization problem ovdx It can be shown

that_the complexity of ndin_g a subgr_adient g(vx_/;_At_) is_ 5. Experiments

equivalent to the complexity of solving the minimization

problem in Eqg. (12). The latter problem is a generalizedin this section we present experimental results that demon-
weighted median problem that can be solved ef ciently in strate different merits of our algorithm and its accompa-
time O(k). We omit the details due to the lack of space.nying analysis. We start by showing that Pegasos is in-
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10°

deed a practical tool for solving large scale problems. In
particular, we compare its runtime to a new state-of-the- | .
art solver (Joachims, 2006) on three large datasets. Nex®
we compare Pegasos to two previously proposed method .
that are based on stochastic gradient descent, namely t°| ™"~
Norma (Kivinen et al., 2002) and to the method given in
(Zhang, 2004). Finally, we explore the empirical behavior * | i i 3 ]
of the algorithm with respect to the paramekerin all of T T
the experiments we did not incoprorate a bias term since _
(Joachims, 2006; Kivinen et al., 2002; Zhang, 2004) dOFlgure 2._Comp§r|sons of Peggsos to Norma_(left) and_Pegasos to
. . o stochastic gradient descent with a xed learning rate (right) on the

not incorporate that term either. Additionally, we used the ; o :

lqorith i Fig. 1 +ing the st f boosting th Astro-Physics datset. In the left plot, the solid lines designate the
aigorithm as in =1g. 1, omi ng es agt_’—.' 0 095 'ng eobjective value and the dashed lines depict the loss on the test set.
con dence, as we found empirically that in practice it was
not necessary.

In our rst experiment we compared Pegasos 0 the SVM-e n\ymper of examples but rather on the value ofn-

Perf algorithm (Joachims, 2006). We used the followingyeeq the runtime of Pegasos for the Covertype dataset is

datasets, which were provided to us by T. Joachims. larger than its runtime for CCAT, although the latter datase
(1) The binary text classi cation task CCAT from the is larger.

Reuters RCV1 collection. There are 804,414 examples
and there are 47,236 features with sparsity 0.16% in thi$n our next experiment, we compared Pegasos to
dataset. Norma (Kivinen et al., 2002) and to a variant of stochastic
(2) Classi cation of abstracts of scienti ¢ papers from the gradient descent described in (Zhang, 2004). Both meth-
Physics ArXiv according to whether they are in the Astro-0ds are similar to Pegasos when setting 1 with two
physics section. There are 99,757 features of high sparsit§ifferences. First, there is no projection step. Second,
(0.08%). There are 62,369 examples in this dataset. the scheduling of the learning rate,, is different, In
(3) Class 1 in the Covertype dataset of Blackard, Jock &Norma (Thm. 4), it is suggested to sqt = p=  t),
Dean, which is comparably low-dimensional with 54 fea-Wherep 2 (0;1). Based on the bound given in Thm.
tures and a sparsity of 22.22%. There are 581,012 examplés of (Kivinen et al., 2002), the optimal choice ofis
in this dataset. 0:5(2 + 0:5T '72)1%2 which fort  100is in the range
, i 0:7; 0:716] Plugging the optimal value qn‘inthDm. 4in

Table 4 lists thg cpu-time of Pegasos and SVM—Perf on th‘%Kivinen et al., 2002) yields the bour@(1=( ' T)). We
datas«_ets described a_bove. SVM-Perf (Joachlmg, 2006) therefore hypothesized that Pegasos would converge much
a cutting plane algorithm for solving SVM that is based ¢, qtar than Norma. In Fig. 5 (left) we compare Pegasos to
on a reformulation of the SVM problem. It was Shown normg on the Astro-Physics dataset. We split the dataset
n (Joachlmg, 2006) t,haF SVM-Perf is substantially faSterinto a training set with 29,882 examples and a test set with
than SVM-Light, achieving a speedup of several orderss; 487 eyamples and report the nal objective value and
of magnitude on most datasets. We run both Pegasqgg ayerage hinge-loss over the test set. As in (Joachims,
and SVM-Perf on the three datasets with values ais 2006), we set =2 10 4. As can be seen, Pegasos clearly
given in (Jciachlms, 2006),_name|y,: 10 ‘;for CCAT, outperforms Norma. In fact, Norma fails to converge even

=2 10 " for Astro-physm.s, and =10 fgr COVer-  fter 106 iterations. This can be attributed to the fact that
type. We used the latest version of SVM-perf, implementedy a1y of here is rather small. As mentioned before,
in C, as provided by T. Joachims. We implemented Pegasqge gifterences between Pegasos and Norma are both the
in C++ and run all the experiments on a 2.8GHz Intel XeoNjterent learning rate and the projection step which is ab-
processor with 4GB of main memory under _Llnux. FOr sent in Norma. We also experimented with a version of
cpmpleteness, we added tq the table the runtime of SVMPegasos without the projection step and with a version of
Light as reported in (Joachlmls, 20,06)' As can be seen "Norma that includes a projection step. We found that the
the table, although SVM-Perfis by itself very fast, Pegasos,  yiaction step is important for the convergence of Pegasos
still achieves a signi cant improvement in run-time. \We especially wherT is small, and that a projection step also
calculated the objective value of the solutions obtained meproves the performance of Norma. However, Pegasos
l?egasos and SVM-Perf. For all three datasets, the ObJeg’till outperforms the version of Norma that includes an ad-
tive value of Pegasos never exceeded that ,Of S_VM-Perf b}ﬂitional projection step. We omit the graphs due to the lack
more than 0.001. In addition, the generalization error ofmc space. We now turn to comparing Pegasos to the algo-

both methods was virtually identical. It is interesting to rithm from (Zhang, 2004) which simply sets= , where
note that the performance of Pegasos does not depend Ong 4 ( xed) small number. A major disadvantage of this
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tion of SVM. The algorithm, called Pegasos, is a modi ed
stochastic gradient method in which every gradient descent
step is accompanied with a projection step. We derived fast
rate of convergence results and experimented with the algo-
rithm. Our empirical results indicate that for linear kdme
Pegasos achieves state-of-the-art results, despite angec
of its simplicity. We plan to investigate all the questions w
K ' surfaced in this paper as well as to conduct thorough exper-
iments with non-linear kernels. In addition, we have sthrte
Figure 3.The effect ofk on the objective value of Pegasos on the jnyestigating the usage of similar paradigms in other learn
Astro-Physics dataset. LefT: is xed. Right: kT is xed. ing problems such ds;-SVM and other loss functions.
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approach is that nding an adequate value fois a dif -

cult task on its own. Based on the analysis given in (Zhang
2004) we started by settingto be10 °. Surprisingly, this
turned out to be a poor choice and the optimal choice of
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