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Abstract. In the present paper, we study the problem of aggregation
under the squared loss in the model of regression with deterministic
design. We obtain sharp oracle inequalities for convex aggregates defined
via exponential weights, under general assumptions on the distribution
of errors and on the functions to aggregate. We show how these results
can be applied to derive a sparsity oracle inequality.

1 Introduction

Consider the regression model
l/i:f(xi)+§i, 1=1,...,n, (1)

where x1,...,x, are given elements of a set X, f : X — R is an unknown
function, and &; are i.i.d. zero-mean random variables on a probability space
(£2,F,P) where 2 C R. The problem is to estimate the function f from the
data D,, = ((z1,Y1),...,(zn, Yn)).

Let (A,.A) be a probability space and denote by &2, the set of all probability
measures defined on (A, A). Assume that we are given a family {f\, A € A}
of functions fy : X — R such that the mapping A — f\ is measurable, R
being equipped with the Borel o-field. Functions f) can be viewed either as
weak learners or as some preliminary estimators of f based on a training sample
independent of Y £ (Y7,...,Y;) and considered as frozen.

We study the problem of aggregation of functions in {f\, A € A} under the
squared loss. Specifically, we construct an estimator fn based on the data D,
and called aggregate such that the expected value of its squared error

R o a1 L 9

i=1

is approximately as small as the oracle value infyea || f — fiall2-
In this paper we consider aggregates that are mixtures of functions f) with
exponential weights. For a measure 7 from &, and for 5 > 0 we set

fulz) 2 /A 058, 7. Y) [r() w(dN), z € X, @)
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with
e f{-nlY - hl2/8)
Hk(ﬂaﬂ—vY) - (3)
Jaexp { —nllY — fu%/B8}m(dw)
where |[Y — fo|2 £ 230 (Vi — fA(a:i))Q and we assume that 7 is such that
the integral in (2) is finite.

Note that fn depends on two tuning parameters: the prior measure 7 and
the “temperature” parameter 3. They have to be selected in a suitable way.

Using the Bayesian terminology, m(-) is a prior distribution and f,, is the
posterior mean of fy in a “phantom” model Y; = fi(x;) + &, where & are iid
normally distributed with mean 0 and variance 5/2.

The idea of mixing with exponential weights has been discussed by many
authors apparently since 1970-ies (see [27] for a nice overview of the subject).
Most of the work focused on the important particular case where the set of esti-
mators is finite, i.e., w.lo.g. A ={1,..., M}, and the distribution 7 is uniform
on A. Procedures of the type (2)—(3) with general sets A and priors 7 came into
consideration quite recently [9,8,3,29,30,1,2,25], partly in connection to the
PAC-Bayesian approach. For finite A, procedures (2)—(3) were independently in-
troduced for prediction of deterministic individual sequences with expert advice.
Representative work and references can be found in [24,17,11]; in this frame-
work the results are proved for cumulative loss and no assumption is made on
the statistical nature of the data, whereas the observations Y; are supposed to be
uniformly bounded by a known constant. This is not the case for the regression
model that we consider here.

We mention also related work on cumulative exponential weighting methods:
there the aggregate is defined as the average n™! >";'_, fk For regression models
with random design, such procedures are introduced and analyzed in [8], [9]
and [26]. In particular, [8] and [9] establish a sharp oracle inequality, i.e., an
inequality with leading constant 1. This result is further refined in [3] and [13].
In addition, [13] derives sharp oracle inequalities not only for the squared loss
but also for general loss functions. However, these techniques are not helpful in
the framework that we consider here, because the averaging device cannot be
meaningfully adapted to models with non-identically distributed observations.

Aggregate fn can be computed on-line. This, in particular, motivated its use
for on-line prediction with finite A. Papers [13], [14] point out that f, and its
averaged version can be obtained as a special case of mirror descent algorithms
that were considered earlier in deterministic minimization. Finally, [10] estab-
lishes an interesting link between the results for cumulative risks proved in the
theory of prediction of deterministic sequences and generalization error bounds
for the aggregates in the stochastic i.i.d. case.

In this paper we establish sharp oracle inequalities for the aggregate fn under
the squared loss, i.e., oracle inequalities with leading constant 1 and optimal rate
of the remainder term. For a particular case, such an inequality has been pio-
neered in [16]. The result of [16] is proved for a finite set A and Gaussian errors.
It makes use of Stein’s unbiased risk formula, and gives a very precise constant
in the remainder term of the inequality. The inequalities that we prove below are




Aggregation by exponential weighting 3

valid for general A and arbitrary functions f) satisfying some mild conditions.
Furthermore, we treat non-Gaussian errors. We introduce new techniques of the
proof based on dummy randomization which allows us to obtain the result for
“n-divisible” distributions of errors &;. We then apply the Skorokhod embedding
to cover the class of all symmetric error distributions with finite exponential mo-
ments. Finally, we consider the case where f) is a linear combination of M known
functions with the vector of weights A € RM. For this case, as a consequence
of our main result we obtain a sparsity oracle inequality (SOI). We refer to [22]
where the notion of SOI is introduced in a general context. Examples of SOI
are proved in [15,5,4,6,23]. In particular, [5] deals with the regression model
with fixed design that we consider here and proves approximate SOI for BIC
type and Lasso type aggregates. We show that the aggregate with exponential
weights satisfies a sharp SOI, i.e., a SOI with leading constant 1.

2 Risk bounds for n-divisible distributions of errors

The assumptions that we need to derive our main result concern essentially the
probability distribution of the i.i.d. errors &;.
(A) There exist i.i.d. random variables (i, ..., (, defined on an enlargement of
the probability space ({2, F, P) such that:
(A1) the random variable &; 4+ ¢; has the same distribution as (14 1/n)¢;,
(A2) the vectors ¢ = ((1,...,¢,) and & = (&1, ..., &,) are independent.
Note that (A) is an assumption on the distribution of &;. If &; satisfies (Al),
then we will say that its distribution is n-divisible. We defer to Section 4 the
discussion about how rich is the class of n-divisible distributions.

Hereafter, we will write for brevity 6 instead of 65(8,w,Y). Denote by &
the set of all the measures p € #,4 such that A\ — f\(x) is integrable w.r.t. p
for x € {z1,...,z,}. Clearly &2/ is a convex subset of &2,. For any measure
p e P we define

fu<xl):AfA(xz)M(dA); t=1,...,n.

We denote by -7 the probability measure A — [, 6 7(d)) defined on A. With

the above notation, we have f, = fg.x.
We will need one more assumption. Let L : R — R U {co} be the moment
generating function of the random variable (1, i.e., L¢(t) = E(e!%1), t € R.

(B) There exist a functional ¥g : &) x &) — R and a real number §y > 0 such
that

—F L= F=F 2 n 2ftxi_f‘ulxi
USSR R A TR § i Lc(%) < Wy, 1),

p— Wg(p, 1) is concave and continuous in the total

variation norm for any u' € &/,
Ws(p, ) =1,
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for any 8 > fo.

Simple sufficient conditions for this assumption to hold in particular cases are
given in Section 4.

The next theorem presents a “PAC-Bayesian” type bound.
Theorem 1. Let m be an element of P such that 6 -m € P for all' Y € R”
and B> 0. If assumptions (A) and (B) are fulfilled, then the aggregate f, defined
by (2) with B > [y satisfies the oracle inequality

B(15a = 112) < 1= sipa@) + B0 vpemy @

where K(p, ) stands for the Kullback-Leibler divergence between p and .
Proof. Define the mapping H : &) — R"™ by

H/L = (f_#(xl) - f(:rl)a . '7ﬁ1(zn) - f(frn))T7 e 32;1

For brevity, we will write

hy = H;, = (f)\(xl) - f(xl)’ .- '7f>\(mn) - f(xn))Ta A E A,

where § is the Dirac measure at A (that is §,(A) = 1(A € A) for any A € A
where 1(-) denotes the indicator function).

Since E(&;) = 0, assumption (A1) implies that F((;) =0fori=1,...,n. On
the other hand, (A2) implies that ¢ is independent of 8. Therefore, we have

~ N2 —ocTH
E(||f9-7r - f||i) = BElogexp { |fo-x f”nﬁ 2¢ 9"’} =5+5
where
+
S = —ﬁElog/AO,\ exp { - [Eb S f%ﬁ_ 26 Jr(an),
7 T
Sy = 6ElOgA9A exp { I fo-r = FI = 11f2 = fﬁ% +2¢ (ha = Hox) }W(d)\).
The definition of 8 yields
Y - £i3 —fI2-2¢"h
= —gBog [ ooy { - X DB IA SR =Ty g
_f 2
+ pE log/Aexp{ . Lﬁb‘””}w(d)\). (6)

Since [ Y — fall2 = €)% — 207 "€ ha + | S — fI17, we get

S =—-pFE log/AeXp{ — (n+ DA = fgl —26+0) M }W(d)\)
T
+ ﬁElog/Aexp{ ol = f’\H;L — 26 }W(d)\)

= BElog / e "N r(d\) — BE log / e~ FDPN (g, (7)
A A
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where we used the notation p(A) = (||f — fx ]2 —2n 1€ "hy) /S and the fact that
&+ can be replaced by (1+1/n)& inside the expectation. The Holder inequality
implies that [, e="*Mx(d\) < ([, e~ TDPN7(dN))7#T. Therefore,

g

n+

S < —

Flog / e~ (0PN (). (8)
A
Assume now that p € &, is absolutely continuous with respect to 7. Denote

by ¢ the corresponding Radon-Nikodym derivative and by Ay the support of p.
Using the concavity of the logarithm and Jensen’s inequality we get

fElog/ e~ (PN (g < fElog/ e~ FDPN 7 (d)\)
A Ay

= —Flog / e~ (TP 671 (N) p(dN)
Ay

IN

(n+1)E /A p(N) p(dA) + /A log 6(\) p(d).

+

Noticing that the last integral here equals to K(p, 7) and combining the resulting
inequality with (8) we obtain

BK(p,)
S < BE M p(dN\) + ————=.
<68 [ o) pan + 2
Since E(&;) = 0 for every i = 1,...,n, we have BE(p(\)) = || fx — f]|2, and using
the Fubini theorem we find
BK(p, )
S < — flIZ p(dX) + ——. 9
< [ U= 7 pan) + S 0
Note that this inequality also holds in the case where p is not absolutely contin-
uous with respect to , since in this case K(p, 7) = oo.
To complete the proof, it remains to show that S; < 0. Let E¢(-) denote the
conditional expectation E(-|€). By the concavity of the logarithm,

[ fo-x — FII2 = 1fx — fII2 +2¢ (hy — Ho.r)
B

Since f) = fs, and ¢ is independent of 6, the last expectation on the right hand
side of this inequality is bounded from above by ¥z (dx, 8- 7). Now, the fact that
S1 < 0 follows from the concavity and continuity of the functional ¥s(-,6 - ),
Jensen’s inequality and the equality ¥g(f - 7,0 - 7) = 1.

Si < BElog / N2 exp{ }w(d)\).
A

REMARK. Another way to read the result of Theorem 1 is that, if the probabilistic
“phantom” Gaussian error model is used to construct fn, with variance taken
larger than a certain threshold value, then the Bayesian posterior mean under
the true model is close in expectation to the best prediction, even when the true
data generating distribution does not have Gaussian errors, but errors of more
general type.
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3 Model selection with finite or countable A

Consider now the particular case where A is countable. W.l.o.g. we suppose that
A={L2,...}, {fi, A€ A} = {f;}52, and we set m; 2 (XA = j). As a corollary
of Theorem 1 we get the following sharp oracle inequalities for model selection
type aggregation.

Theorem 2. Assume that m is an element of P, such that 0 -7 € & for
all’Y € R" and 8 > 0. Let assumptions (A) and (B) be fulfilled and let A be

countable. Then for any B > By the aggregate f, satisfies the inequality

ﬂlogwj*l
n+1 )

B(1f - 12) < ut (155 - 113+
j=1
In particular, if mj =1/M, j=1,..., M, we have

B log M

B(Ifa— £I2) < min 15 - £+ 520 (10)
Proof. For a fixed integer jo > 1 we apply Theorem 1 with p being the Dirac

measure: p(A = j) = 1(j = jo), 7 > 1. This gives

0 log 7rj_01

B(llf = £I2) < 1650 = FI+ ==~

Since this inequality holds for every jo, we obtain the first inequality of the
proposition. The second inequality is an obvious consequence of the first one.

REMARK. The rate of convergence (log M)/n obtained in (10) is optimal rate of
model selection type aggregation when the errors §; are Gaussian [21, 5].

4 Checking assumptions (A) and (B)

In this section we give some sufficient conditions for assumptions (A) and (B).
Denote by D,, the set of all probability distributions of &; satisfying assumption
(A1). First, it is easy to see that all zero-mean Gaussian or double-exponential
distributions belong to D,,. Furthermore, D,, contains all stable distributions.
However, since non-Gaussian stable distributions do not have second order mo-
ments, they do not satisfy (4). One can also check that the convolution of
two distributions from D, belongs to D,. Finally, note that the intersection
D = Nyp>1D,, is included in the set of all infinitely divisible distributions and is
called the L-class (see [19], Theorem 3.6, p. 102).

However, some basic distributions such as the uniform or the Bernoulli dis-
tribution do not belong to D,,. To show this, let us recall that the characteristic
function of the uniform on [—a, a] distribution is given by ¢(t) = sin(at)/(wat).
For this function, ¢((n + 1)t)/p(nt) is equal to infinity at the points where
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sin(nat) vanishes (unless n = 1). Therefore, it cannot be a characteristic func-
tion. Similar argument shows that the centered Bernoulli and centered binomial
distributions do not belong to D,,.

We now discuss two important cases of Theorem 1 where the errors &; are
either Gaussian or double exponential.

Proposition 1. Assume that supycy ||f — falln < L < oo. If the random vari-
ables &; are i.i.d. Gaussian N'(0,02), 0% > 0, then for every 3 > (4+2/n)o?+2L?
the aggregate f, satisfies inequality (5).

Proof. If & ~ N(0,0?), assumption (A) is fulfilled with random variables ¢; hav-
ing the Gaussian distribution A (0, (2n + 1)o?/n?). Using the Laplace transform
of the Gaussian distribution we get L¢(u) = exp(c?u?(2n+1)/(2n?)). Therefore,
take

1S = Jrlli =1 = Fulls 20220+ DIf = fwli)
B n3> '

This functional satisfies Wg(u, u) = 1, and it is not hard to see that the mapping
w— g, ') is continuous in the total variation norm. Finally, this mapping
is concave for every 3 > (4 +2/n)o? + 2sup, ||f — fil|2 by virtue of Lemma 3
in the Appendix. Therefore, assumption (B) is fulfilled and the desired result
follows from Theorem 1.

Ws(p, ') = exp <

Assume now that &; are distributed with the double exponential density

1 v
fe(z) = —— e V22llo 2 eR.
@) = 70— ,
Aggregation under this assumption is discussed in [28] where it is recommended
to modify the shape of the aggregate in order to match the shape of the distri-
bution of the errors. The next proposition shows that sharp risk bounds can be
obtained without modifying the algorithm.

Proposition 2. Assume that supyc, || f — falln < L < o0 and sup; , |fr(zi)| <
L < oo. Let the random wvariables &; be i.i.d. double exponential with variance
0% > 0. Then for any 3 larger than

4 1\ -
max <(8+ )02 +2L2, 40(1 + )L)
n n

the aggregate f, satisfies inequality (5).

Proof. We apply Theorem 1. The characteristic function of the double exponen-
tial density is ¢(t) = 2/(2+ 02t?). Solving ©(t)p¢(t) = @((n+ 1)t/n) we get the
characteristic function ¢¢ of (;. The corresponding Laplace transform L¢ in this
case is L¢(t) = ¢ (—it), which yields

(2n + 1)o?t?

Lc(t) =1+ m2 — (n ¥+ 1)2U2t2'
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Therefore
n

(n+1)o "

We now use this inequality to check assumption (B). For all u, u’ € 924 we have
2|fu($z) — ﬁbz(xz)’/ﬁ < 41_//6, i1=1,...,n.

Therefore, for 5 > 40(1 + 1/n)£ we get

log Le(t) < (2n + 1) (ot/n)?, |t <

log L¢ (2]]”#(:@) — fu’($1)|/ﬁ) < 40°(2n + 1)({?;;1.) _ fu'(ﬂ%)) |

Thus, we get the functional Wy of the same form as in the proof of Proposition 1,
with the only difference that o2 is now replaced by 202. Therefore, it suffices to
repeat the reasoning of the proof of Proposition 1 to complete the proof.

5 Risk bounds for general distributions of errors

As discussed above, assumption (A) restricts the application of Theorem 1 to
models with “n-divisible” errors. We now show that this limitation can be
dropped. Recall that the main idea of the proof of Theorem 1 consists in an
artificial introduction of the dummy random vector ¢ independent of £&. How-
ever, the independence property is too strong as compared to what we really
need in the proof of Theorem 1. Below we come to a weaker condition invoking
a version of Skorokhod embedding (a detailed survey on this subject can be
found in [18]).

For simplicity we assume that the errors &; are symmetric, i.e., P(§; > a) =
P(&; < —a) for all a € R. The argument can be adapted to the asymmetric case
as well, but we do not discuss it here.

We now describe a version of Skorokhod’s construction that will be used
below, cf. [20, Proposition I1.3.8].

Lemma 1. Let &,...,&, be i.i.d. symmetric random variables on (2, F, P).
Then there exist i.i.d. random variables (1, ...,(, defined on an enlargement of
the probability space (£2,F, P) such that

(a) &+ ¢ has the same distribution as (1 + 1/n)E.
(c) for any A > 0 and for any i =1,...,n, we have

BeX]6;) < e/t

Proof. Define (; as a random variable such that, given &;, it takes values &;/n or
—2&;—&; /n with conditional probabilities P(¢; = &;/n|&;) = (2n+1)/(2n+2) and
P(¢ = —2& — &/n|&) = 1/(2n + 2). Then properties (a) and (b) are straight-
forward. Property (c) follows from the relation

Moilg)) = e L maaiym
E(e™%¢) =e <1+2n+2(€ 1)

and Lemma 2 in the Appendix with z = A¢;/n and o = 2n + 2.
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We now state the main result of this section.

Theorem 3. Fiz some o > 0 and assume that supye, [|f — falln < L for a
finite constant L. If the errors & are symmetric and have a finite second moment
E(€2), then for any 3 > 4(1 + 1/n)a + 2L* we have

. K
B(1fa=112) < [ 1= A2y + DD R vpess

where the residual term R, is given by

n

Rn — E*(Supz 4(” + 1)(522 7 O‘)(f)x(xz) B f9<ﬂ(xi))2>

2
AeA n?p3

and E* denotes expectation with respect to the outer probability P*.

Proof. In view of Lemma 1(b) the conditional expectation of random variable
(; given 0y vanishes. Therefore, with the notation of the proof of Theorem 1,
we get E(||fn — fI2) = S + S;. Using Lemma 1(a) and acting exactly as in the
proof of Theorem 1 we get that .S is bounded as in (9). Finally, as shown in the
proof of Theorem 1 the term S; satisfies

[ fox — FII2 = 1fx = fII2 +2¢" (hy — Ho.r)
B

Sy < ﬁElog/ N exp{ }w(d)\).
A

According to Lemma 1(c),

Fe (ech(hrHe.w)/ﬁ> < exp{ "~ A+ 1) (i) — for ()62 }

: n232

=1

Therefore, S; < S5 + R,,, where

da(n+1)[Ifx = forlln IIf = A7 = If = forlln
nB? B

Finally, we apply Lemma 3 with s? = 4a(n + 1) and Jensen’s inequality to get

that 52 S 0.

Corollary 1. Let the assumptions of Theorem 3 be satisfied and let |&;| < B

almost surely where B is a finite constant. Then the aggregate f, satisfies in-
equality (5) for any B> 4B*(1+ 1/n) + 2L2.

Proof. Tt suffices to note that for o = B2 we get R,, < 0.

Sy = BElog /A frexp ( )w(d/\).

Corollary 2. Let the assumptions of Theorem 3 be satisfied and suppose that
E(et&1™) < B for some finite constants t > 0, k > 0, B > 0. Then for any
n > e** and any B > 4(1 + 1/n)(2(logn)/t)*/* + 2L? we have

. K(p,m
B (I - 112) < [ 15— 112 p(an) + 2220 (12)
16BL%(n + 1)(2logn)?/*
nQﬁtQ/m ’

Vpe HPy.



10 Dalalyan and Tsybakov

In particular, if A={1,..., M} and 7 is the uniform measure on A we get
A . log M
_fI12) < . f12 L
B(Ifa=1I2) < min ISy = 717+ 520 (13)
16BL?(n + 1)(2logn)?/*
n2ﬁt2/n :
Proof. Set a = (2(logn)/t)'/* and note that
4(n+1 - g 16L%(n + 1
R ED i g2 Yo BE )y < P D e g,

- n?p NeA,ue Py nf

where a; = max(0,a). For any = > (2/(tx))"/* the function z%e~**" is decreas-
ing. Therefore, for any n > e2/* we have z2e %" < a?e~t*" = a?/n?, as soon
as x > a. Hence, B(¢2 — a)y < Ba?/n? and the desired inequality follows.

)

REMARK. Corollary 2 shows that if the tails of the errors have exponential decay
and f is of the order (logn)'/* which minimizes the remainder term, then the
rate of convergence in the oracle inequality (13) is of the order (log n)# (log M) /n.
In the case K = 1, comparing our result with the risk bound obtained in [13]
for averaged algorithm in random design regression, we see that an extra logn
multiplier appears. We conjecture that this deterioration is due to the technique
of the proof and probably can be removed.

6 Sparsity oracle inequality

Let ¢1, ..., be some functions from X to R. Consider the case where A C RM
and fx =32, Ajdj, A= (A1,...,Anm). For A € RM denote by J () the set of indi-
ces j such that A; # 0, and set M(X\) £ Card(J(\)). For any 7 > 0,0 < Lo < oo,
define the probability densities

3
H=—"2__ VieR,
1 M
g = = 77" ao(X/7) U] < Lo), VA € RY,
Co 14

where Cy = Cy(1, M, Lo) is the normalizing constant and ||A|| stands for the
Euclidean norm of A € RM,

Sparsity oracle inequalities (SOI) are oracle inequalities bounding the risk in
terms of the sparsity index M (A) or similar characteristics. The next theorem
provides a general tool to derive SOI from the “PAC-Bayesian” bound (5). Note
that in this theorem f,, is not necessarily defined by (2). It can be any procedure
satisfying (5).
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Theorem 4. Let f, satisfy (5) with 7(d\) = q(\) d\ and 7 < 6Lo/v/M where
0< Lo<oo,0<d<1. Assume that A contains the ball {\ € RM : ||\|| < Lo}.
Then for all \* such that || \*|| < (1 — &) Lo we have

46

B(Ifa = FI2) <l = fIR+ -5 D loa(1+ 77 X))+ ROM. 7, Lo, o),

JEJI(A*)

where the residual term is

M
- 2373 M°/?
M7 La.8) — 72627 M*/?(3L0)~* 2 2E
R(M,7, Lo, 6) =7 ]Z_l ||¢j||”+(n+1)53L3

for Lo < 00 and R(M,7,00,8) =72 331, [1¢y12.

Proof. We apply Theorem 1 with p(d\) = C.lg(A — M)I(||A — X*|| < §Lg) d),
where C'y« is the normalizing constant. Using the symmetry of ¢ and the fact
that f — fax = fa—a = —fa-—\ we get
[t = fob= fdap@) =€ [ (= S fudugtw) du =0,
A lw|[<6Lo

Therefore [, [|fx— fI[% p(dN) = | fx- = flIn + [, [1fx = fa- [l p(dX). On the other
hand, bounding the indicator 1(||A — \*|| < §Lg) by one and using the identities
Jg q0(t) dt = [, t*qo(t) dt = 1, we obtain

M 2 2 ~\M 2
1 wi rw; 72 =1 195l
— £ 12 p(d)) < .2/73 DI qws = == 170
J 5= pelp(@n) < i SO0l [ 2 a0(%2) duy = —Z2
Since 1 — 2 > e~ 2% for all z € [0,1/2], we get

j=1
M . M .
cvoo= e [ ATT(ors L T{[ L, w(2)0)

Lo /TVM 3dt M 1 M
= P — 1_
([ o) (- armraey)

. ( 2M
< —
Z €xXp (1 ¥ 5L07_—1M—1/2)

]

3) > exp(—2r3M5/2(5Lo) ).

On the other hand, in view of the inequality 1+ |A;/7| < (1+[Aj/7[)(1+ |A; —
Aj|/7) the Kullback-Leibler divergence between p and 7 is bounded as follows:

Cltg(n — ) M 1y s
< ) — * .
K(p,7) = /RM log < ey, p(d\) <4 E log(1+ [777A}]) — log Cx

j=1

Easy computation yields Cy < 1. Therefore Cy« > CoCy« > exp(—%) and

the desired result follows.
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We now discuss a consequence of the obtained inequality in the case where the
errors are Gaussian. Let us denote by @ the Gram matrix associated to the family
(#5)j=1,....0m, i.e., M x M matrix with entries @; j =n=t 3" | ¢;(z;)¢j (z;) for
every 7,7 € {1,..., M}. We denote by Apmax(®P) the maximal eigenvalue of @. In
what follows, for every x > 0, we write log, x = (logz).

Corollary 3. Let f, be defined by (2) with w(d)\) = q(\) d\ and let T = J\‘;L\%
with 0 < Lo < 00, 0 <6 < 1. Let &; be i.i.d. Gaussian N(0,0?) with a? >0,
Amaz () < K2, ||flln < L and let B> (4 +2n"1)o? + 202 with L = L + LoK.

Then for all \* € RM such that |\*|| < (1 — §)Lo we have

E[lfa = fI2] < I — I3 + n4f1 () (14 log+{]\(;[T\/()ﬁ}) +3 " log. 3]
J(A%)

C
* nMY/2min(M1/2 n3/2)

where C' is a positive constant independent of n, M and \*.

Proof. We apply Theorem 4 with A = {\ € RM : ||\|| < Lo}. We need to check
that f, satisfies (5). This is indeed the case in view of Proposition 1 and the
inequalities ||fx — flln < || flln + VAT®A < L+ K||A|| < L. Thus we have

B( 1~ fI2) <l — AR+ -2 3 log(L+ 7)) + ROM. 7, Lo, ),

n+1 ieT0m)
with R(M, T, Lo, d) as in Theorem 4. One easily checks that log(1 + T’1|)\;’f|) <
14 log, (T71A5]) < 14 1log, (77") + log, (|A}]). Hence, the desired inequality
follows from

_ (OLo)® oM —3n=3/2)f5/2 <M 2 2BM°/?
R(M7 T, LOva) — M?32n e Zj:l ||¢)J||n + (n+1)M3n3/2
< (BLo)’MKZ2e? 243 <
= MZ2n (n+1)M1/2n3/2 — nM1l/2 min(Ml/Q,n3/2) .

REMARK. The result of Corollary 3 can be compared with the SOI obtained
for other procedures [5-7]. These papers impose heavy restrictions on the Gram
matrix @ either in terms of the coherence introduced in [12] or analogous local
characteristics. Our result is not of that kind: we need only that the maximal
eigenvalue of @ were bounded. On the other hand, we assume that the oracle
vector A* belongs to a ball of radius < Lg in ¢5 with known L¢. This assumption
is not very restrictive in the sense that the {5 constraint is weaker than the
{1 constraint that is frequently imposed. Moreover, the structure of our oracle
inequality is such that we can consider slowly growing Ly, without seriously
damaging the result.

7 Appendix

Lemma 2. For any z € R and any a > 0, x + log (1 + %(e*m — 1)) < “”%0‘
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Proof. On the interval (—oo,0], the function z — z + log (1 + L(e7"> — 1)) is
increasing, therefore it is bounded by its value at 0, that is by 0. For positive
values of x, we combine the inequalities e™¥ < 1 — y + y*/2 (with y = za) and
log(1+y) <y (with y =1+ L (e7=> —1)).

Lemma 3. For any 3 > s?/n+2supycu |f — [rll2 and for every i/ € 2, the
function

21 F 72 72
s fw = fulln  If = fulln
W — exp ( — )
n? B
is concave.

Proof. Consider first the case where Card(A) = m < oo. Then every element of
P4 can be viewed as a vector from R™. Set

Qu) = L =NNF = fulz +29(f = fur f = furdn
= (1= H Hop+ 2yp" HE Hopt,

where v = s2/(n3) and H, is the n x m matrix with entries (f(x;)— f(2:))//n-
The statement of the lemma is equivalent to the concavity of e=9)/8 as a func-
tion of 4 € £, which holds if and only if the matrix 3V2Q(u) —VQ(1)VQ(1)T
is positive-semidefinite. Simple algebra shows that V2Q(u) = 2(1—+)HI H,, and
VQ(M) = QHE[(I - 7>Hnu + ’YHnMI}- Therefore, VQ(M)VQ(M)T = HEMHn;
where M = 4H,,iji? HT with ji = (1 — )i + yp/. Under our assumptions, 3 is
larger than s?/n, ensuring thus that i € £2,. Clearly, M is a symmetric and
positive-semidefinite matrix. Moreover,

s (M) < T = 7,71 = 23~ (3 n( = )

i=1 AEA
< A S @) - @) =1l - A
i=1 AeA AEA

<4 — A2
< rggfllf Il

where Apq (M) is the largest eigenvalue of M and Tr(M) is its trace. This
estimate yields the matrix inequality

VQ(u)\VQ(u)T < dmax || f = fill5 HIH,.

Hence, the function e~@")/8 is concave as soon as 4 maxye || f — fal|2 < 26(1 —
7). The last inequality holds for every 3 > n=1s? + 2maxyc ||f — frll2-
The general case can be reduced to the case of finite A as follows. The con-
2016 ,_F 12 _F 2
cavity of the functional G(u) = exp (S Hf’;:ﬁzf“H" L g””") is equivalent to the
validity of the inequality

G(u + ﬁ) > G(p) + G(jn)

~ /
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Fix now arbitrary p, i € &7/,. Take A ={1,2,3} and consider the set of functions
{fr,A € A} = {f., fa, fr}- Since A is finite, ‘@;I = ;. According to the first
part of the proof, the functional

- 21F, _ |2 P2
Gv) = exp ( Hf,; ﬁzfunn s ﬂf 12

), VE«@/],

is concave on & ; as soon as § > s?/n+ 2max, ;|| f — fxlI2, and therefore for
every 3 > s*/n+2supycy | f — fall5 as well. (Indeed, by Jensen’s inequality for
any measure 1 € ) we have | f—full5, < [1If=fAl7n(dN) < supyeq [If = f3l15)
This leads to

- N _ G G(v

G(”;FV) > (”);r @) yiie P

Taking here the Dirac measures v and v defined by v(A = j) = 1(j = 1) and
v(A=j)=1( =2),j=1,2,3, we arrive at (14). This completes the proof of
the lemma.
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