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It has been recently shown that, under the margin (or low noise)
assumption, there exist classifiers attaining fast rates of convergence
of the excess Bayes risk, i.e., the rates faster than n~'2. The works
on this subject suggested the following two conjectures: (i) the best
achievable fast rate is of the order n~!, and (ii) the plug-in classi-
fiers generally converge slower than the classifiers based on empirical
risk minimization. We show that both conjectures are not correct. In
particular, we construct plug-in classifiers that can achieve not only
the fast, but also the super-fast rates, i.e., the rates faster than n=?!.

We establish minimax lower bounds showing that the obtained rates

cannot be improved.

1. Introduction. Let (X,Y’) be a random couple taking values in Z 2
R? x {0,1} with joint distribution P. We regard X € R? as a vector of
features corresponding to an object and Y € {0,1} as a label indicat-
ing that the object belongs to one of the two classes. Consider the sam-
ple (X1,Y1),...,(Xy,Y,), where (X;,Y;) are independent copies of (X,Y).
We denote by P®" the product probability measure according to which the
sample is distributed, and by Px the marginal distribution of X.
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2 J.-Y. AUDIBERT AND A. B. TSYBAKOV

The goal of a classification procedure is to predict the label Y given the
value of X, i.e., to provide a decision rule f : R* — {0,1} which belongs to
the set F of all Borel functions defined on R? and taking values in {0,1}.
The performance of a decision rule f is measured by the misclassification

error
A
R(f) =P # f(X)).
The Bayes decision rule is a minimizer of the risk R(f) over all the decision

rules f € F, and one of such minimizers has the form f*(X) = ]I{U(X)Z%}

where 1., denotes the indicator function and n(X) 2 P(Y = 1|X) is the

regression function of Y on X (here P(dY|X) is a regular conditional prob-
ability which we will use in the following without further mention).

An empirical decision rule (a classifier) is a random mapping f,, : 2" — F
measurable w.r.t. the sample. Its accuracy can be characterized by the excess

risk

(1.1) E(fn) = ER(fn) = R(f*) = B(120(X) = 1L} )2 (x))

where E is the sign of expectation. A key problem in classification is to
construct classifiers with small excess risk [cf. Devroye, Gyorfi and Lugosi
(1996), Vapnik (1998)]. Optimal classifiers can be defined as those having
the best possible rate of convergence of &( fn) to 0, as n — oo. Of course,
this rate, and thus the optimal classifier, depend on the assumptions on the
joint distribution of (X,Y’). A standard way to define optimal classifiers is
to introduce a class of joint distributions of (X, Y") and to declare f» optimal
if it achieves the best rate of convergence in a minimax sense on this class.

Two types of assumptions on the joint distribution of (X,Y’) are com-
monly used: complexity assumptions and margin assumptions.

Complezity assumptions are stated in two possible ways. The first of them
is to suppose that the regression function 7 is smooth enough or, more
generally, belongs to a class of functions ¥ having a suitably bounded e-
entropy. This is called a complexity assumption on the regression function

(CAR). Most commonly it is of the following form.
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FAST RATES FOR PLUG-IN CLASSIFIERS 3

Assumption (CAR). The regression function n belongs to class ¥ of

functions on R such that
H(e, 3, L,) < Aye™?, Ve >0,

with some constants p > 0, A, > 0. Here H(e, X, L,) denotes the e-entropy
of the set ¥ w.r.t. an L, norm with some 1 < p < o00.

Recall that the metric entropy H(e, 3, Lp) is the logarithm of the min-
imum number of Ly-balls of radius e covering the set ¥ [Kolmogorov and
Tikhomirov (1961)].

At this stage of discussion we do not identify precisely the value of p for
the L, norm in Assumption (CAR), nor the measure with respect to which
this norm is defined. Examples will be given later. If 3 is a class of smooth
functions with smoothness parameter § on a compact in R?, for example, a
Holder class, as described below, a typical value of p in Assumption (CAR)
is p=d/p.

Assumption (CAR) is well adapted for the study of plug-in rules, i.e. of

the classifiers having the form

(1.2) FN (X)) =T x>

where 7j,, is a nonparametric estimator of the function 7. Indeed, Assumption
(CAR) typically reads as a smoothness assumption on 1 implying that a
good nonparametric estimator (kernel, local polynomial, orthogonal series or
other) 7, converges with some rate to the regression function 7, as n — oo.
In turn, closeness of 7}, to n implies closeness of f, to f: for any plug-in

classifier I we have

(13) ER(fE") = RU") < 2E [ [fa(@) - n(a)|Px (da)

(cf. Devroye, Gyorfi and Lugosi (1996), Theorem 2.2). For various types of
estimators 7),, and under rather general assumptions it can be shown that, if
(CAR) holds, the RHS of (1.3) is uniformly of the order n~'/(2*#) and thus

(1.4) sup E(fFT) = O(n~1E), n - oo,
P:mey
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4 J.-Y. AUDIBERT AND A. B. TSYBAKOV

[cf. Yang (1999)]. In particular, if p = d/3 (which corresponds to a class of
smooth functions with smoothness parameter 3), we get

(1.5) sup E(fPTy = O(n=P/38+d)) - .
P:mey

Note that (1.5) can be easily deduced from (1.3) and standard results on
the L1 or Ly convergence rates of usual nonparametric regression estimators
on [-smoothness classes ¥. The rates in (1.4), (1.5) are quite slow, always
slower than n~/2, In (1.5) they deteriorate dramatically as the dimension
d increases. Moreover, Yang (1999) shows that, under general assumptions,
the bound (1.5) cannot be improved in a minimax sense. These results raised
some pessimism about the plug-in rules.

The second way to describe complexity is to introduce a structure on
the class of possible decision sets G* = {z : f*(z) = 1} = {z : n(x) >
1/2} rather than on that of regression functions 1. A standard complezity
assumption on the decision set (CAD) is the following.

Assumption (CAD). The decision set G* belongs to a class G of subsets
of R such that

H(e,G,dp) < Aye™, Ve >0,

with some constants p > 0, A, > 0. Here H(e,G,da) denotes the e-entropy
of the class G w.r.t. the measure of symmetric difference pseudo-distance
between sets defined by da(G,G') = Px(GAG') for two measurable subsets
G and G' in R?.

The parameter p in Assumption (CAD) typically characterizes the smooth-
ness of the boundary of G* [cf. Tsybakov (2004a)]. Note that, in general,
there is no connection between Assumptions (CAR) and (CAD). Indeed, the
fact that G* has a smooth boundary does not imply that n is smooth, and
vice versa. In Assumption (CAD), the values of p closer to 0 correspond to
smoother boundaries (less complex sets G*). As a limit case when p — 0
one can consider the Vapnik-Chervonenkis classes (VC-classes) for which the

g-entropy is logarithmic in 1/e.
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FAST RATES FOR PLUG-IN CLASSIFIERS 5

Assumption (CAD) is suited for the study of empirical risk minimization
(ERM) type classifiers introduced by Vapnik and Chervonenkis (1974), see
also Devroye, Gyorfi and Lugosi (1996), Vapnik (1998). As shown in Tsy-
bakov (2004a), for every 0 < p < 1 there exist ERM classifiers fFM such
that, under Assumption (CAD),

(1.6) sup E(fEEMY = O(n='?), n— occ.

P:G*eg
The rate of convergence in (1.6) is better than that for plug-in rules, cf.
(1.4) — (1.5), and it does not depend on p (respectively, on the dimension
d). Note that the comparison between (1.6) and (1.4) — (1.5) is not quite
legitimate, because classes of joint distributions P of (X,Y") satisfying As-
sumption (CAR) are different from those satisfying Assumption (CAD).
Nevertheless, such a comparison have been often interpreted as an argu-
ment in disfavor of the plug-in rules. Indeed, Yang’s lower bound shows that
the n~1/2 rate cannot be attained under Assumption (CAR) suited for the
plug-in rules. Recently, advantages of the ERM type classifiers, including pe-
nalized ERM methods, have been further confirmed by the fact that, under
the margin (or low noise) assumption, they can attain fast rates of con-
vergence, i.e. the rates that are faster than n~/2 [Mammen and Tsybakov
(1999), Tsybakov (2004a), Massart and Nédélec (2003), Tsybakov and van
de Geer (2005), Koltchinskii (2005), Audibert (2004)].
The margin assumption (or low noise assumption) is stated as follows.

Assumption (MA). There exist constants Cop > 0 and o > 0 such that

(1.7) Px(0 < |n(X)—1/2| <t) < Cot?*, Vit>0.

The case a = 0 is trivial (no assumption) and is included for notational
convenience. The other extreme case @ = oo is most advantageous for clas-
sification: the regression function 7 is bounded away from 1/2. Assumption
(MA) provides a useful characterization of the behavior of regression func-

tion 7 in a vicinity of the level n = 1/2 which turns out to be crucial for
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6 J.-Y. AUDIBERT AND A. B. TSYBAKOV

convergence of classifiers. Note that the margin assumption does not affect
the complexity of the class of regression functions but it affects the rate of
convergence of the excess risk due to its structure. This can be seen from
the following simple argument which underlies our results. For any § > 0

from (1.1) and Assumption (MA) we get

ER(f") ~ R(f) < 20Px(0 < [n(X)~1/2] <)

+ B(120(X) = UL pprx) 2 (x0)y L) -1/21>53)

(1.8) < 2C8H + 2B (1n(X) = (X)) Wi, (x)—n(x)[>0})

where in the last inequality we used the fact that [n(X) — 1/2] < |7, (X) —
n(X)| on the set {X : fPI(X) # f*(X)}. Thus, the excess risk is decom-
posed in two terms: 2C0'+® which is determined by the margin assumption
and reflects the behavior of 7 near the decision boundary, and the second
term which characterizes the regression estimation error. Optimal conver-
gence is essentially obtained by choosing § which balances the two terms.
Fast rates are possible because the second term in (1.8) decreases exponen-
tially in § for several types of regression estimators 7.

For more discussion of the margin assumption see Tsybakov (2004a) and
to the survey of Boucheron, Bousquet and Lugosi (2005). The main point

L are achievable. In

is that, under (MA), fast classification rates up to n~
particular, for every 0 < p < 1 and a > 0 there exist ERM type classifiers
ffRM such that

(1.9) sup E(fFERMY — O(n_ﬂ%ﬁw), n — oo,

P:(CAD),(MA)

where supp.capy,mra) denotes the supremum over all joint distributions
P of (X,Y) satisfying Assumptions (CAD) and (MA). The RHS of (1.9)
can be arbitrarily close to O(n~1) for large o and small p. Result (1.9)
for direct ERM classifiers on e-nets is proved by Tsybakov (2004a), and
for some other ERM type classifiers by Tsybakov and van de Geer (2005),
Koltchinskii (2005) and Audibert (2004) (in some of these papers the rate

of convergence (1.9) is obtained with an extra log-factor).
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FAST RATES FOR PLUG-IN CLASSIFIERS 7

Comparison of (1.6) and (1.9) with (1.4) seems to support the conjecture
that the plug-in classifiers are inferior to the ERM type ones. The main
message of the present paper is to disprove this. We will show that there
exist plug-in rules converging with fast rates, and even with super-fast rates,
i.e. faster than n~! under the margin assumption (MA). The basic idea of
the proof is to use arguments similar to (1.8) combined with exponential
inequalities for the regression estimator 7, (see Section 3 below) or the
convergence results in the Lo, norm (see Section 5), rather than the usual
Ly or Ly norm convergence of 7y, as previously described (cf. (1.3)). On the
other hand, the super-fast rates are not attainable for ERM rules or, more
precisely, under Assumption (CAD) which serves for the study of the ERM
type rules. In fact, the lower bound of Massart and Nédélec (2003) shows
that the rates cannot be faster than (logn)/n even for smaller classes than
those satisfying (CAD).

It is important to note that our results on fast rates cover more general
setting than just classification with plug-in rules. These are rather results
about classification in the regression complexity context under the margin
assumption. In particular, we establish minimax lower bounds valid for all
classifiers, and we construct a “hybrid” plug-in/ ERM procedure (i.e. a pro-
cedure performing ERM on a set of plug-in rules coming from an appropri-
ate grid on the set of regression functions) that achieves optimality. Thus,
the point is mainly not about the type of procedure (plug-in or ERM) but
about the type of complexity assumption (on the regression function (CAR)
or on the decision set (CAD)) that should be natural to impose. Assumption
(CAR) on the regression function arises in a natural way in the analysis of
several practical procedures of plug-in type, such as various versions of boost-
ing or SVM [cf. Blanchard, Lugosi and Vayatis (2003), Bartlett, Jordan and
McAuliffe (2003), Blanchard, Bousquet and Massart (2004), Tarigan and
van de Geer (2004)]. These procedures are now intensively studied but, to
our knowledge, only suboptimal rates of convergence have been proved in

the regression complexity context under the margin assumption. The results
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8 J.-Y. AUDIBERT AND A. B. TSYBAKOV

in Section 4 (see also Section 5) establish the optimal rates of classification
under Assumption (CAR) and show that they are attained for a “hybrid”
plug-in/ERM procedure. Expectedly, the same rates should be achievable

for other plug-in type procedures, such as boosting.

2. Notation and definitions. In this section we introduce some no-
tation, definitions and basic facts that will be used in the paper.

We denote by C,C1,Cs,... positive constants whose values may differ
from line to line. The symbols P and E stand for generic probability and
expectation signs, and Ex is the expectation w.r.t. the marginal distribution
Px. We denote by B(z, ) the closed Euclidean ball in R? centered at z € R?

and of radius r > 0.

For any multi-index s = (sq,...,54) € N% and any = (z1,...,24) € R,
A
we define |s| = S0 s;, s! = s1!...84, 2° = 251 .. 25 and |z| = (2F +
. . AN gsi++s
s :B?i)l/Q. Let D? denote the differential operator D® = W.
1 Y%y

Let 5 > 0. Denote by |[3] the maximal integer that is strictly less than
. For any z € R? and any |3|-times continuously differentiable real valued
function g on R?, we denote by g, its Taylor polynomial of degree | 3] at
point x: /

RIS S A=t )
IsI<L5]

Let L > 0. The (8, L, R%)-Hélder class of functions, denoted %(3, L, RY),

is defined as the set of functions g : R? — R. that are | 3] times continuously

differentiable and satisfy, for any z,2’ € R? , the inequality
l9(z') = gu(a")| < Lljz —2'|1°.

Fix some constants cg,rg > 0. We will say that a Lebesgue measurable

set A C R is (g, r0)-regular if
(2.1) AMANB(z,7)] > coA[B(z,r)], VO<r<ry, VaxecA,

where A\[S] stands for the Lebesgue measure of S € R%. To illustrate this
definition, consider the following example. Let d > 2. Then the set A = {iL‘ =
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FAST RATES FOR PLUG-IN CLASSIFIERS 9

(z1,...,24) € R : ?:1 |z;]9 < 1} is (co, r0)-regular with some cp,r9 > 0
for ¢ > 1, and there are no cp,79 > 0 such that A is (co,rg)-regular for
0<qg<l.

Introduce now two assumptions on the marginal distribution Px that will

be used in the sequel.

DEFINITION 2.1. Fiz 0 < ¢, 70, tmax < 00 and a compact C C RY.
We say that the mild density assumption is satisfied if the marginal
distribution Px is supported on a compact (co,ro)-regular set A C C and
has a uniformly bounded density p w.r.t. the Lebesque measure: p(x) <

Nmaxvv xr € A

DEFINITION 2.2. Fix some constants cg,rg > 0 and 0 < pmin < fhmax <
oo and a compact C C RY. We say that the strong density assumption is
satisfied if the marginal distribution Px is supported on a compact (co,r0)-
reqular set A C C and has a density p w.r.t. the Lebesgue measure bounded

away from zero and infinity on A:
Pmin < p(x) < pmax  for x € A, and p(x) =0 otherwise.
We finally recall some notions related to locally polynomial estimators.

DEFINITION 2.3.  For h > 0, z € R%, for an integer | > 0 and a function

K : R* — R,, denote by b, a polynomial on RY of degree | which minimizes

(2.2) .

n
1=

[Yi — 0.(X; — 2)]°K (Xi — x) .
1

The locally polynomial estimator 72 (z) of order I, or LP(1) estimator,
of the value n(x) of the regression function at point x is defined by: HE¥ (x) 2
0,(0) if O, is the unique minimizer of (2.2) and HEF (x) 20 otherwise. The
value h is called the bandwidth and the function K is called the kernel of the
LP(l) estimator.
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10 J.-Y. AUDIBERT AND A. B. TSYBAKOV

Let T denote the coefficients of f,, indexed by multi-index s € N¢: éx(u) =

> jsj<t Tsu®. Introduce the vectors T 2 (T) = (Vs)

where

s|<l’ Is|<l

(2:3) Ve S S Yi(Xs - a) K (R,

. A
U(u) (us)\s\gl and the matrix Q = (Q81752>|81‘,|82‘§l where

A L
(2.4) Qo1 o & S0y (Xi — )02 (X2

The following result is straightforward (cf. Section 1.7 in Tsybakov (2004b)

where the case d = 1 is considered).

ProproSITION 2.1. If the matrixz Q is positive definite, there exists a
unique polynomial on R of degree | minimizing (2.2). Its vector of coeffi-
cients is given by T = Q™'V and the corresponding LP(1) regression function
estimator has the form

~LP T -1 - Xi—x\ o7 -1
A (@) = UTO)Q Y = 3ok (S ) UT0)Q U — ).
i=1

3. Fast rates for plug-in rules under the strong density assump-
tion. We first state a general result showing how the rates of convergence
of plug-in classifiers can be deduced from exponential inequalities for the

corresponding regression estimators.

LEMMA 3.1.  Let 7, be an estimator of the regression function n and P
a set of probability distributions on Z such that for some constants Cy > 0,
Cy > 0, for some positive sequence a,, for n > 1 and any 6 > 0, and for
almost all x w.r.t. Px, we have

(3.1) sup P®"(|fyn(x) —n(x)] > (5) < O exp (— Cra,67).
pPeP

Consider the plug-in classifier fn = H{ﬁnzé}' If all the distributions P € P

satisfy the margin assumption (MA), we have

_ 4o

sup{ ER(f,) = R(f*)} < Can =
peP

for n > 1 with some constant C > 0 depending only on o, Cy, C1 and Cy.
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PRrROOF. Consider the sets A; C R% j=1,2,..., defined as

Ay
A

{zeR*: 0 < |n(z) — 3| <6},
{z e R 2715 < |n(z) — 5| < 26}, for j > 1.

> e

For any § > 0, we may write
(3.2)
ER(fn) — R(f")

E(12n(X) = 107, (x)epx0)

o B(120(X) = ULz ) pexyy Lixeasy)
< 20Px(0 < |n(X) — 3| <)

+ 21 B(20(X) = U oy pe 0y Tixeayy)-

On the event {f, # f*} we have | — %] < | — ml. So, for any j > 1, we get

E(|2n(X) — 1|]I{fn(x)¢f*(x)}1[{XeAj})
< 2j+15E[]I{Iﬁn(X)—n(X)IEW*l&}I[{o<|n(X)—%|gzj5}]
<2M5 Ex {Pm(’ﬁn(X) —n(X)| = 2j715)1[{o<|n()<)—%\g2j5}}
< C12M G exp (= Coan(2710)) Px (0 < [n(X) — §| < 296)
< 201 Co2 1+ §1H oxp (— Cha, (27716)?)

where in the last inequality we used Assumption (MA). Now, from inequality
(3.2), taking § = an, /2 and using Assumption (MA) to bound the first term
of the right hand side of (3.2), we get

A _lto _lta . .
ER(fn) - R(f*) < 2COCLn > +Cap 2 ijg 2](1+a) exp ( - 0222]_2)
_lta

2

< Can

O]

Inequality (3.1) is crucial to obtain the above result. This inequality holds
true for various types of estimators and various sets of probability distribu-
tions P. Here we focus on a standard case where n belongs to the Holder
class (3, L,R?%) and the marginal law of X satisfies the strong density

assumption. We are going to show that in this case there exist estimators
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12 J.-Y. AUDIBERT AND A. B. TSYBAKOV

25
satisfying inequality (3.1) with a, = n2#+d. These can be, for example, lo-
cally polynomial estimators. Specifically, assume from now on that K is a

kernel satisfying

(3.3) Je>0: K(z) > cly<g, Vo eRY,
(3.4) K(u)du =1,
Rd
(3.5) [ O ) K ) du < o,
R
(3.6) sup (1+ [|ul|*’) K (u) < oco.
ueR?

Let h > 0, and consider the matrix B 2 (Bsy.50) where B, 5, =

N |s1l,]s2|<(8]
S S
# > (th— x) UK (%) . Define the regression function estimator

7 as follows. If the smallest eigenvalue of the matrix B is greater than
(logn)~t
[0, 1], where #5F (z) is the LP(|3]) estimator with a bandwidth 2 > 0 and a
kernel K satisfying (3.3) — (3.6). If the smallest eigenvalue of B is less than

(logn)~*

we set 7% (z) equal to the projection of H-¥(z) on the interval

we set 7 (x) = 0.

THEOREM 3.2. Let P be a class of probability distributions P on Z such
that the regression function n belongs to the Holder class E(ﬂ,L,Rd) and
the marginal low of X satisfies the strong density assumption. Then there
exist constants C1, Cy, Cy > 0 such that for any 0 < h < ro/c, any Csh® < §

and any n > 1 the estimator 0}, satisfies

(3.7) sup P®”( i (z) — n(z)| > 5) < Cyexp (— Cynh?s?)
Pep

for almost all x w.r.t. Px. As a consequence, there exist C1,Cy > 0 such

1
that for h =n" 28+d and any 6 > 0, n > 1 we have

(3.8) sup P®"<

() — 77(35)’ > 5) < Ciexp(— Cang%(S?)
PeP

n

for almost all x w.r.t. Px. The constants C1,Co, C3 depend only on 3, d, L,

Co, 70, Mmin, fmax, and on the kernel K.

imsart-aos ver. 2006/03/07 file: plugin_rev.tex date: June 3, 2006



FAST RATES FOR PLUG-IN CLASSIFIERS 13

PROOF. See Section 6.1. O]

REMARK 3.1.  We have chosen here the LP estimators of n because for
them the exponential inequality (3.1) holds without additional smoothness
conditions on the marginal density of X. For other popular regression esti-
mators, such as kernel or orthogonal series ones, similar inequality can be
also proved if we assume that the marginal density of X is as smooth as the

regression function.

DEFINITION 3.1. For a fized parameter o > 0, fized positive parameters
0,70, Co, B, L, ftmax > fmin > 0 and a fized compact C C R%, let Px, denote
the class of all probability distributions P on Z such that

(i) the margin assumption (MA) is satisfied,
(ii) the regression function n belongs to the Hélder class (5, L, RY),

(iii) the strong density assumption on Px is satisfied.
Lemma 3.1 and (3.8) immediately imply the next result.

THEOREM 3.3. For any n > 1 the excess risk of the plug-in classifier
~ 1

fo= ]I{ﬁ*zé} with bandwidth h = n 26+ satisfies

A _ B0+
sup { BR(f;) = R(f*)} < On™ 27
PePs

where the constant C > 0 depends only on a, Cy, C1 and Cs.

_BQA+a) . . .
For aff > d/2 the convergence rate n~ 25+d obtained in Theorem 3.3 is a

fast rate, i.e., it is faster than n—1/2

. Furthermore, it is a super-fast rate (i.e.,
is faster than n~!) for a8 > d. We must note that if this condition is satisfied,
the class Py is rather poor, and thus super-fast rates can occur only for very
particular joint distributions of (X,Y). Intuitively, this is clear. Indeed, to
have a very smooth regression function 7 (i.e., very large ) implies that
when 7 hits the level 1/2, it cannot “take off” from this level too abruptly.

As a consequence, when the density of the distribution Px is bounded away
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14 J.-Y. AUDIBERT AND A. B. TSYBAKOV

from 0 at a vicinity of the hitting point, the margin assumption cannot
be satisfied for large « since this assumption puts an upper bound on the
“time spent” by the regression function near 1/2. So, o and [ cannot be
simultaneously very large. It can be shown that the case of simultaneously
large o and [ is essentially described by the condition af > d.

To be more precise, observe first that Py, is not empty for af > d, so
that the super-fast rates can effectively occur. Examples of laws P € Py
under this condition can be easily given, such as the one with Px equal to
the uniform distribution on a ball centered at 0 in R?, and the regression
function defined by n(z) = 1/2 — C||z||* with an appropriate C' > 0. Clearly,
7 belongs to Holder classes with arbitrarily large # and Assumption (MA)
is satisfied with @ = d/2. Thus, for d > 3 and 3 large enough super-fast
rates can occur. Note that in this example the decision set {z : n(x) > 1/2}
has the Lebesgue measure 0 in R It turns out that such a condition is
necessary to achieve classification with super-fast rates when the Holder
classes of regression functions are considered.

To explain this we need a definition. We will say that 7 crosses the level
1/2 at a point zg € RY if for any r > 0, there exist z_ and z in B(xo, )
such that n(z_) < 1/2 and n(xy) > 1/2.

PROPOSITION 3.4. If a(1 A (3) > 1 there is no distribution P € Py, such
that the regression function n associated with P crosses 1/2 in the interior

of the support of Px.

Proof of this proposition is given in Audibert and Tsybakov (2005).
Note that the condition a(1 A ) > 1 appearing in Proposition 3.4 is
B 2(;:3) > 128 %gf dH) , which is necessary to have super-fast rates.

As a simple consequence, in this context, super-fast rates cannot occur when

equivalent to
the regression function crosses 1/2 in the interior of the support.

The following lower bound shows optimality of the rate of convergence

for the Holder classes obtained in Theorem 3.3.
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FAST RATES FOR PLUG-IN CLASSIFIERS 15

THEOREM 3.5. Let d > 1 be an integer, and let L, 3, be positive con-
stants, such that a8 < d. Then there exists a constant C > 0 such that for

any n > 1 and any classifier fn : 2" — F, we have

N B(1+a)
sup {ER(fn) — R(f*)} > Cn™ 25+d |
PePx,
PROOF. See Section 6.2. ]

Note that the lower bound of Theorem 3.5 does not cover the case of
super-fast rates (af > d).
Finally, we discuss the case where “a = oo”, which means that there

exists tg > 0 such that
(3.9) Px (0 < |n(X)—1/2| <tg) =0.

This is a very favorable situation for classification. The rates of convergence
of the ERM type classifiers under (3.9) are, of course, faster than under
Assumption (MA) with a < oo [cf. Massart and Nédélec (2003)], but they
are not faster than n~!. Indeed, Massart and Nédélec (2003) provide a lower
bound showing that, even if Assumption (CAD) is replaced by a very strong
assumption that the true decision set belongs to a VC-class (note that both
assumptions are naturally linked to the study of the ERM type classifiers),
the best achievable rate is of the order (logn)/n. We show now that for
the plug-in classifiers much faster rates can be attained. Specifically, if the
regression function 1 has some (arbitrarily low) Holder smoothness 5 and
(3.9) holds, the rate of convergence is exponential in n. To show this, we

first state a simple lemma which is valid for any plug-in classifier fn

LEMMA 3.6. Let Assumption (3.9) be satisfied, and let 1, be an estimator
of the regression function n. Then for the plug-in classifier fn = ]I{f7 >1y we
n=3

have

~

ER(fn) — R(f*) < P(|7a(X) = n(X)| > to).
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16 J.-Y. AUDIBERT AND A. B. TSYBAKOV

PrOOF. Following the argument similar to the proof of Lemma 3.1 and

using condition (3.9) we get

ER(fn) — R(f7)

IN

2t0Px (0 < [n(X) — 1/2] < to)
+ E(2n(X) - 1|H{fn(x)#*(x)}]I{In(X)—l/2|>to})

E(120(X) = 1z, o0+ 00y L0 -1/21t0})
< P(|ia(X) = n(X)| > to).

O]

Lemma 3.6 and Theorem 3.2 immediately imply that, under assumption
(3.9), the rate of convergence of the plug-in classifier f’; =T s 1 with a
small enough fixed (independent of n) bandwidth h is exponential. To state
the result, we denote by Py, o the class of probability distributions P defined
in the same way as Py, with the only difference that in Definition 3.1 the
margin assumption (MA) is replaced by condition (3.9).

PROPOSITION 3.7. There ezists a fized (independent of n) h > 0 such
that for any n > 1 the excess risk of the plug-in classifier f;; = H{ﬁ*z%} with
bandwidth h satisfies

sup {ER( ) — R(f*)} < Cyexp(—Csn)
PEPs o

where the constants Cy, Cs5 > 0 depend only on tg, B, d, L, co, 70, fmins fbmax;
and on the kernel K.

PROOF. Use Lemma 3.6, choose h > 0 such that h < min(ro/c, (to/C3)'/?),
and apply (3.7) with § = t. O

Koltchinskii and Beznosova (2005) prove a result on exponential rates for
the plug-in classifier with some penalized regression estimator in place of the
locally polynomial one that we use here. Their result is stated under a less
general condition than Proposition 3.7, in the sense that they consider only

the Lipschitz class of regression functions 7, while in Proposition 3.7 the
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FAST RATES FOR PLUG-IN CLASSIFIERS 17

Holder smoothness 3 can be arbitrarily close to 0. Note also that we do not
impose any complexity assumption on the decision set. However, the class
of distributions Py, o is quite restricted in a different sense. Indeed, for such
distributions condition (3.9) should be compatible with the assumption that
1 belongs to a Holder class. A sufficient condition for that is the existence of a
band or a “corridor” of zero Py-measure separating the sets {z : n(x) > 1/2}
and {z : n(x) < 1/2}. We believe that this condition is close to the necessary

one.

4. Optimal learning rates without the strong density assump-
tion. In this section we show that if Px does not admit a density bounded
away from zero on its support the rates of classification are slower than
those obtained in Section 3. In particular, super-fast rates, i.e., the rates
faster than n=!

bility distributions.

, cannot be achieved. Introduce the following class of proba-

DEFINITION 4.1. For a fized parameter a > 0, fized positive parameters
0,70, Co, B, L, ftmax > 0 and a fized compact C C RY, let P, denote the class
of all probability distributions P on Z such that

(i) the margin assumption (MA) is satisfied,
(ii) the regression function n belongs to the Hélder class (6, L, RY),

(iii) the mild density assumption on Pyx is satisfied.

In this section we mainly assume that the distribution P of (X, Y") belongs
to P§, but we also consider larger classes of distributions satisfying the
margin assumption (MA) and the complexity assumption (CAR).

Clearly, Py, C P%. The only difference between P{. and Py, is that for P
the marginal density of X is not bounded away from zero. The optimal rates
for Ps; are slower than for Py. Indeed, we have the following lower bound

for the excess risk.

THEOREM 4.1. Let d > 1 be an integer, and let L, 3, be positive con-

stants. Then there exists a constant C > 0 such that for anyn > 1 and any
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18 J.-Y. AUDIBERT AND A. B. TSYBAKOV

classifier fn : 2" — F we have

A (1+a)p
sup {ER(f,) — R(f*)} > Cn~ CFap+d,
PePg

PROOF. See Section 6.2. O

In particular, when o = d/3, we get slow convergence rate 1/y/n, instead
of the fast rate n_% obtained in Theorem 3.3 under the strong density
assumption. Nevertheless, the lower bound can still approach n~!, as the
margin parameter « tends to oco.

We now show that the rate of convergence given in Theorem 4.1 is optimal
in the sense that there exist estimators that achieve this rate. This will be
obtained as a consequence of a general upper bound for the excess risk of
classifiers over a larger set P of distributions than P%,.

Fix a Lebesgue measurable set C C R and a value 1 < p < oo. Let X2
be a class of regression functions n on R? such that Assumption (CAR) is
satisfied where the e-entropy is taken w.r.t. the L,(C, Px) norm. Then for

every € > 0 there exists an e-net AV on ¥ w.r.t. this norm such that
log (card N;) < A'e™*,

where A’ is a constant. Consider the empirical risk
1 n
Rn(f) = o S Wpixpeviys [ET,
i=1

and set

1 .
A n 2+atp if p = o0,

En = 5n(047 P p) = _ pta .
n Creptelrte) if 1< p < 00.

Define a sieve estimator 7 of the regression function 7 by the relation
(4.1) i e Argminge . Ri(f7)

where f5;(7) = 5(5)>1/2), and consider the classifier fo= U551 /93 Note
that f,‘f can be viewed as a “hybrid” plug-in/ ERM procedure: the ERM is
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FAST RATES FOR PLUG-IN CLASSIFIERS 19

performed on a set of plug-in rules corresponding to a grid on the class of

regression functions 7).

THEOREM 4.2. Let P be a set of probability distributions P on Z such
that

(i) the margin assumption (MA) is satisfied,
(ii) the regression function n belongs to a class ¥ which satisfies the com-
plexity assumption (CAR) with the e-entropy taken w.r.t. the Ly(C, Px)

norm for some 1 < p < oo.

Consider the classifier ff = Wps>1/9y- Then for any n > 1 we have

14+«
N . Cn 2¥atr if P = 00,
(42)  swp{ER(fY) - R(H}<{ " eay
pPeP Cn @Ct+a)ptelpta) Zf 1< p < 0.

PROOF. See Section 6.3. O]

Theorem 4.2 allows one to get fast classification rates without any density

assumption on Px. Namely, define the following class of distributions P of

(X,Y).

DEFINITION 4.2. For fixed parameters o > 0, Cy > 0,6 > 0,L > 0,
and for a fized compact C C R?, let PL denote the class of all probability
distributions P on Z such that

(i) the margin assumption (MA) is satisfied,
(i) the regression function n belongs to the Holder class ¥(5, L, RY),
(iii) for all P € P the supports of marginal distributions Px are included
in C.

If C is a compact the estimates of e-entropies of Holder classes ¥(8, L, Rd)
in the Loo(C, \) norm where X is the Lebesgue measure on R? are obtained
by Kolmogorov and Tikhomorov (1961), and they yield Assumption (CAR)
with p = d/(3. Therefore, from (4.2) with p = oo we easily get the following
upper bound.
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20 J.-Y. AUDIBERT AND A. B. TSYBAKOV

THEOREM 4.3. Let d > 1 be an integer, and let L, 3, be positive con-
stants. For any n > 1 the classifier frf = Wyz551/0) defined by (4.1) with
p = oo satisfies

(1+0)8

sup {ER(f;?) - R(f*)} < COn~ @Frap+
PePY

with some constant C' > 0 depending only on «, 3, d, L and Cy.

__(+o)B
Since P& C PL, Theorems 3.5 and 4.3 show that n~ +a)F+d is optimal

rate of convergence of the excess risk on the class of distributions 77%.

5. Comparison lemmas. In this section we give some useful inequali-
ties between the risks of plug-in classifiers and the L), risks of the correspond-
ing regression estimators under the margin assumption (MA). These inequal-
ities will be helpful in the proofs. They also illustrate a connection between
the two complexity assumptions (CAR) and (CAD) defined in the Intro-
duction and allow one to compare our study of plug-in estimators with that
given by Yang (1999) who considered the case & = 0 (no margin assump-
tion), as well as with the developments in Bartlett, Jordan and McAuliffe
(2003) and Blanchard, Lugosi and Vayatis (2003).

Throughout this section 7 is a Borel function on R¢ and

f(@) = Lin)>1/2)-

For 1 < p < oo we denote by || - ||, the L,(R?, Px) norm. We first state some

comparison inequalities for the L., norm.

LEMMA 5.1.  For any distribution P of (X,Y) satisfying Assumption
(MA) we have

(5.1) R(f) — R(f*) < 2Co||7i — nl|ite,
and
(5.2) Px (f(X) # f*(X), n(X) # 1/2) < Colli — nl|%.
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FAST RATES FOR PLUG-IN CLASSIFIERS 21

PRrROOF. To show (5.1) note that

R(f) = R(f*) = E(20(X) — UL px)zpx)})
< 2B ([n(X) = 31Ty 2<in)-a00)1)
< 2l = 7lleePx (0 < [n(X) = 3| < lIn — 7o)
< 2Co|ln —allse.
Similarly,
Px(f(X) # f*(X), n(X) #1/2) < Px(0< n(X)— 3| < |n(X)—7(X)|)
< Px (0 < [n(X) = 51 < [In =)
< Colln — 1ll%-
O

REMARK 5.1. Lemma 5.1 offers an easy way to obtain the result of Theo-
rem 3.3 in a slightly less precise form, with an extra logarithmic factor in the
rate. In fact, under the strong density assumption, there exist nonparametric
estimators Ty, (for instance, suitably chosen locally polynomial estimators)

such that

s
. logn 55+d
E(Hnn—nllgo)é(f( - ) , Vg>0,

uniformly over n € X(B, L, RY) [see, e.g., Stone (1982)]. Taking here q¢ =
1+ « and applying the comparison inequality (5.1) we immediately get that
the plug-in classifier fn = Iy4,>1/2) has the excess risk S(fn) of the order
(n/log n)—ﬂ(1+0¢)/(2ﬁ+d) )

Another immediate application of Lemma 5.1 is to get lower bounds on
the risks of regression estimators in the L., norm from the corresponding
lower bounds on the excess risks of classifiers (cf. Theorems 3.5 and 4.1).
But here again we loose a logarithmic factor required for the best bounds.

Inequality (5.2) serves to compare the measure of symmetric difference
distance between the decision sets with the L., distance between the cor-
responding regression functions. In fact, if Px(n(X) = 1/2) = 0, inequality
(5.2) reads as da(G,G*) < Colli —n||%, where G = {z : f(z) = 1}. Thus,

imsart-aos ver. 2006/03/07 file: plugin_rev.tex date: June 3, 2006



22 J.-Y. AUDIBERT AND A. B. TSYBAKOV

the da-convergence rates for estimation of the true decision set G* can be
obtained from the L, rates of the corresponding regression estimators.
We now consider the comparison inequalities for L, norms with 1 < p <

Q.

LEMMA 5.2. For any 1 < p < oo and any distribution P of (X,Y)
satisfying Assumption (M A) with o > 0 we have

_ p(1+a)

(5:3) R(f) = R(f*) < Ci(a, p)|7 = nllp""

1

e p—
where Ci (o, p) = 2(a+ p)p~H(B) >+ Cg*P. In particular,

1+a
24«

G4) R - B < G2 ( [Iate) - n@)Px (o)
PRrROOF. For any t > 0 we have

R(f) = R(f*) = E[120(X) = U725 (x))]
= 2E[n(X) = 1/21T 55025+ (x)) Tosinx)-1/21<0)]
+H2E[|n(X) = 1/210 5y - x0)y L) -1/21>4)]
< 2E[In(X) — (X)) Tgocpnx)-1/21<}]
+2E[|n(X) — 71(X) W x)—acx) > 6]

i p=1 2|ln —7qlp
(5.5) < 2ln—all[Px (0 < In(X) —1/2 < O] 7 + ==

by Holder and Markov inequalities. So, for any ¢ > 0, introducing F 2
ln — 7|, and using Assumption (MA) to bound the probability in (5.5) we

obtain
_ « ijl a(p—1) Ep
R(D- R <2(GF 5 B+ ).
Minimizing in ¢ the RHS of this inequality we get (5.3). O

If the regression function 1 belongs to the Holder class (83, L, Rd) there

exist estimators 7, such that, uniformly over the class,
~ 2 _ 26
(5.6) E{ [i,(X) = n(X)]*} < Cn~ 555
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FAST RATES FOR PLUG-IN CLASSIFIERS 23

for some constant C' > 0. This has been shown by Stone (1982) under the ad-
ditional strong density assumption and by Yang (1999) with no assumption
on Px. Using (5.6) and (5.4) we get that the excess risk of the correspond-

A 28 lto
ing plug-in classifier f, = 15 >1/2) admits a bound of the order n= 27+d 2+a

which is suboptimal when o # 0 (cf. Theorems 4.2, 4.3). In other words,
under the margin assumption, Lemma 5.2 is not the right tool to analyze
the convergence rate of plug-in classifiers. On the contrary, when no margin
assumption is imposed (i.e., & = 0 in our notation) inequality (1.3), which
is a version of (5.4) for o = 0, is precise enough to give the optimal rate of
classification [Yang (1999)].

Another way to obtain (5.4) is to use Bartlett, Jordan and McAuliffe
(2003): it is enough to apply their Theorem 10 with (in their notation)
#(t) = (1 —)2,4(t) = t? and to note that for this choice of ¢ we have
Ry(n) — Ry = |In — 7||3. Blanchard, Lugosi and Vayatis (2003) used the
result of Bartlett, Jordan and McAuliffe (2003) to prove fast rates of the
order n_% for a boosting procedure over the class of regression func-
tions n of bounded variation in dimension d = 1. Note that the same rates
can be obtained for other plug-in classifiers using (5.4). Indeed, if 1 is of
bounded variation, there exist estimators of n converging with the mean
squared Lo rate n~2/3[cf. Nemirovskii, Polyak and Tsybakov (1985), Yang
and Barron (1999), van de Geer (2000), Gyorfi et al. (2002)], and thus ap-

_ 2(0+a)
plication of (5.4) immediately yields the rate n= 32+o) for the corresponding

plug-in rule. However, Theorem 4.2 shows that this is not an optimal rate
(here again we observe that inequality (5.4) fails to establish the optimal
properties of plug-in classifiers). In fact, let d = 1 and let the assumptions of
Theorem 4.2 be satisfied, where instead of assumption (ii) we use its partic-
ular instance: 77 belongs to a class of functions on [0, 1] whose total variation
is bounded by a constant L < oo. It follows from Birman and Solomjak

(1967) that Assumption (CAR) for this class is satisfied with p = 1 for any
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24 J.-Y. AUDIBERT AND A. B. TSYBAKOV

1 < p < c0. Hence, we can apply (4.2) of Theorem 4.2 to find that

~ o (14a)
(5.7) sup {ER(fS) = R(f*)} < Cn ey ey
PeP

for the corresponding class P. If p > 2 (recall that the value p € [1,00) is
_2(1+04)
chosen by the statistician), the rate in (5.7) is faster than n= 32+o) obtained

under the same conditions by Blanchard, Lugosi and Vayatis (2003).
6. Proofs.

6.1. Proof of Theorem 3.2. Consider a distribution P in Py. Let A

be the support of Px. Fix x € A and § > 0. Consider the matrix B =
. A

(331’52)\81|,|82|SL5J with elements By, 5, = [ga u*' 752K (u)pu(z + hu)du. The

smallest eigenvalue \g of B satisfies

AB

rnjn”M/”:1147T1§VV
min gy =1 W BW + miny— W7 (B — B)W
minyyy = WEBW = 30y, eoj<(8] [ B, = Bsysal-

(6.1) >
>

Let A, 2 {u e RY: |ju|| < ¢ z+hu € A} where c is the constant appearing
in (3.3). Using (3.3), for any vector W satisfying ||W|| = 1, we obtain

WIBW = [pa (Xjg<ps Wet) K (w)p(z + hu)du
> cptmin [4, (i< sy Wou) du.
By assumption of the theorem, ch < ry. Since the support of the marginal
distribution is (cg, 79 )-regular we get

AMAL] > =9\ [B(z, ch) N A] > coh™9\[B(z, ch)] > cvac?,

where vy 2 A[B(0,1)] is the volume of the unit ball and ¢y > 0 is the
constant introduced in the definition (2.1) of the (cg, 79)-regular set.

Let A denote the class of all compact subsets of B(0, ¢) having the Lebesgue
measure covgc?. Using the previous displays we obtain

6.2 in WIBW > cpim; i / Wau®)2du 2 2p0.
N = sea s(|5|;m ) du = 2y
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By the compactness argument, the minimum in (6.2) exists and is strictly
positive.

For ¢ = 1,...,n and any multi-indices s1, s9 such that |si],[s2] < [3],
define

A o\ S1ts2 L
T2 g (5=) " K () — e wt K (e + hudu

We have ET; = 0, |T;| < h™%sup,cga (1 + [[u]®) K (u) 2 k1h=? and the
following bound for the variance of 7;:
25142
Varl < e (S g (3
— ﬁf du251+252K2( ) T

< B Jra (L4 [l ) K2 (u

K2

hd -

+ hu)du

A
)du =
Using Bernstein’s inequality, we get

n =1

pen (‘331,32 — By, 55| > €) = P& (‘l n

hde2
> e) < 2exp {_72@12;15/3} .
This and (6.1) — (6.2) imply that
(6.3) P (\g < po) < 2M?%exp ( — Cnh?)

where M? is the number of elements of the matrix B. Assume in what follows
that n is large enough, so that ug > (logn)~!. Then for Az > uo we have
| () — n(x)| < [AHE" (2) — n(x)|. Therefore,

PE™ (|05 () — n(x)| > 0) < PP"(Ag < po)

(6.4) + PO (|EP (z) — n(x)| > 6, Ag > o).

We now evaluate the second probability on the right hand side of (6.4).
For A\ > po we have niF(z) = UT(0)Q~V (where V is given by (2.3)).

. A .
Introduce the matrix Z = (Zis), ;... 1sl<L8] with elements

Zis B (X; — o)\ K (%572).

The s-th column of Z is denoted by Z,, and we introduce

7 (@

A
20 2 552181 T2 2.
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Since Q = Z7Z, we get
Vis| < 18] UN(0)Q1Z2TZ, = Tps—io,.00}
hence UT(0)Q~*2T 2" = p(z). So we can write
WP () —n(z) = UT(0)Q~Y(V — 2TZ™) = UT(0)B~'a

where a 2 #H(V —ZT7zM) ¢ RM and H is a diagonal matrix H 2
. A

(H51752)|51\,|52\§Lﬁj with Hy, s, = h™* 5, —g,y. For Ag > o we get

(6.5)

i (@) = n(2)| < B~ al < Ag'all < pg'llall < pg ' M max, |as,

where as are the components of the vector a given by

a5 = ok S0y [Vi - me(X0)] (B572) K (X2)

Define
TS gl a )] (42) K ().
TP 2 LX) - ne(X0)] (N72) K (K.
We have

(66) o] < [T 5L TV + (5 50 (1Y - BTV |+ (BT,

Note that ET*" =0, |T*Y| < k;h=%, and

Var 7" < 47 [ K2 (w) p(z + hu)du < (kg /4)h 4,
T — BT < LrahP~% 4 Lrgh® < ChP—4,
Var TZ-(S’2) < hTAL2 [ 2P| 2P K2 (u) (e + hu)du < L2kgh?5—4,

Using Bernstein’s inequality, for any €1, €2 > 0, we obtain

1 hde2
pon (‘% zn:l,I;(s )’ 261) §26Xp{n2/2n+2;1161/3}

and

, , hd 2
pen (‘% n [Ti(s 2 _ ETi(S 2)]’ > 62) < 2exp {_2L2@h27;+§20h@52/3} .
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Since also
ET®?| < b’ / [l K2(w) (e + hu)du < Lioh®
we get, using (6.6), that if 3,ualML/£2h5 < § < 1 the following inequality
holds
P (la) = 487) < PO (L yon, oY) > 42)

n 3M

e (L (107 B > 455)

< 4dexp (—Cnhd52) .
Combining this inequality with (6.3), (6.4) and (6.5), we obtain

(6.7) pon(

T (1) — n(w)\ > 0) < Cexp ( — Cthd62)

for 3m~*M Lkah® < & (for § > 1 inequality (6.7) is obvious since 7,7
take values in [0, 1]). The constants C;,C5 in (6.7) do not depend on the
distribution Px, on its support A and on the point x € A, so that we get
(3.7). Now, (3.7) implies (3.8) for Cnf‘é’ﬂ% < 6, and thus for all § > 0 (with
possibly modified constants C7 and C5).

6.2. Proof of Theorems 3.5 and 4.1. The proof of both theorems is based
on Assouad’s lemma [see, e.g., Korostelev and Tsybakov (1993), Chapter 2
or Tsybakov (2004b), Chapter 2]. We apply it in a form adapted for the
classification problem (Lemma 5.1 in Audibert (2004)).

For an integer ¢ > 1 we consider the regular grid on R? defined as

A 2k +1 2kd+1> : }
= PN Zki gy —1 s 221,...,d .
G, 2 { (T ) ke {0 g = 1)

Let n,(z) € G, be the closest point to € R? among points in G, (we
assume uniqueness of ng(z): if there exist several points in G, closest to
x we define ny(z) as the one which is closest to 0). Consider the partition
Xl ... Xéd of [0,1]¢ canonically defined using the grid G, (z and y belong
to the same subset if and only if ng(z) = n,(y)). Fix an integer m < ¢°.
For any i € {1,...,m}, we define X; 2 X! and Ap 2 Rd \ U™, A&, so that
Xy,..., X, form a partition of R%.
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Let v : Ry — R4 be a nonincreasing infinitely differentiable function

such that w =1 on [0,1/4] and v = 0 on [1/2,00). One can take, for exam-
—1

ple, u(z) = ( 11// 42 uy (t)dt) J.° ui(t)dt where the infinitely differentiable

function uq is defined as

1
eXP Y ~ (7= 2) (a=174) for z € (1/4,1/2),
uy(z) = { { (1/2=a)( 1/4)}

0 otherwise.

Let ¢ : R? — R be the function defined as

$(x) 2 Cyulz]),

where the positive constant C is taken small enough to ensure that |¢(z") —
bo(2')| < L||l2’ — z||? for any z, 2" € R Thus, ¢ € X(3, L, RY).

Define the hypercube H = {Pz : & = (01,...,0m) € {—1,1}"} of proba-
bility distributions Pz of (X,Y) on Z = R? x {0,1} as follows.

For any Pz € H the marginal distribution of X does not depend on &, and
has a density p w.r.t. the Lebesgue measure on R? defined in the following
way. Fix 0 < w < m~! and a set Ag of positive Lebesgue measure included
in Xy (the particular choices of Ay will be indicated later), and take: (i)
p(x) = w/A[B(0, (4g)~1)] if = belongs to a ball B(z, (4¢) 1) for some z € G,
(ii) p(x) = (1 — mw)/A[Ap] for x € Ag, (iii) u(x) = 0 for all other z.

Next, the distribution of Y given X for Pz € H is determined by the
regression function nz(z) = P(Y = 1|X = z) that we define as nz(x)
I4o;0(z)

—L== for any x € Xj, j = 1,...,m, and 1z = 1/2 on Ap, where ¢(z)

g Pé(gqlx — ny(x)]). We will assume that Cy < 1 to ensure that ¢ and 7

4

take values in [0, 1].

For any s € N? such that |s| < |3], the partial derivative D*p exists,
and D*¢(z) = ¢*I=PD*¢(q[x — ny(x)]). Therefore, for any i € {1,...,m}
and any z, 2’ € X;, we have

lp(z') = pa(a”)] < Ll —2'||°.
This implies that for any & € {—1, 1} the function 1z belongs to the Holder
class (3, L,R%).

imsart-aos ver. 2006/03/07 file: plugin_rev.tex date: June 3, 2006



FAST RATES FOR PLUG-IN CLASSIFIERS 29

We now check the margin assumption. Set zo = (2%1, e %) For any
g€ {—1,1}" we have

P3(0 < [nz(X) —1/2| < t)
=mPz(0 < ¢[g(X — z0)] < 2tq°)
=M [B(a,(1q)-1) L{0<olale—r0)]<2t4%) N[BT (1g=T7]
= 7A[B(T6L,ul}/4)] fB(o,1/4) ]I{¢(r)§2tqﬁ}dx

= mwlly>c, /(249

Therefore, the margin assumption (MA) is satisfied if mw = O(¢~?).
According to Lemma 5.1 in Audibert (2004), for any classifier fn we have

(6.8) Isglé%{ER(fn) — R(f*)} = mwb/ (1 — by/nw) /2
where
b2 L= (o VI=P@ m@)dn)?] " = Cog?,
V2 [y ela)m(@)de = Coq?

with p1(2) = p(@)/ [, n(2)dz.

We now prove Theorem 3.5. Take ¢ = [C’n%ﬁj, w=C¢%and m =
|C"q?=%| with some positive constants C',C’,C" to be chosen, and set
Ap = [0,1]%\ U™, X;. The condition a3 < d ensures that the above choice
of m is not degenerate: we have m > 1 for C” large enough. We now prove
that H C Px; under the appropriate choice of C', C’, C". In fact, select these
constants so that the triplet (¢, w, m) meets the conditions m < qd, 0 <
w < m~Y, mw = O(g~*%). Then, in view of the argument preceding (6.8),
for any & € {—1,1}™ the regression function 7z belongs to X(3, L, R%)
and Assumption (MA) is satisfied. We now check that Px obeys the strong
density assumption. First, the density p(z) equals to a positive constant for
x belonging to the union of balls U™, B(2;, (4¢) ') where z; is the center of
X;, and p(z) = (1 —mw)/(1 —mg=%) =1+ 0(1), as n — oo, for x € Ag.
Thus, pimin < () < fmax for some positive pmin and pmax. (Note that this

construction does not allow to choose any prescribed values of pimin and pimax,
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because p(x) = 1+ o(1). The problem can be fixed via a straightforward
but cumbersome modification of the definition of Ag that we skip here.)
Second, the (cg,rp)-regularity of the support A of Px with some ¢y > 0
and o > 0 follows from the fact that, by construction, A(A N B(z,r)) =
(1 + o(1)A([0,1] N B(x,7)) for all z € A and 7 > 0 (here again we skip
the obvious generalization allowing to get any prescribed ¢y > 0). Thus,
the strong density assumption is satisfied, and we conclude that H C Ps.
Theorem 3.5 now follows from (6.8) if we choose C’ small enough.

Finally, we prove Theorem 4.1. Take ¢ = LCnmJ, w = C"¢*® /n and
m = ¢¢ for some constants C' > 0, C' > 0, and choose Ag as a Euclidean
ball contained in Ay. As in the proof of Theorem 3.5, under the appropriate
choice of C' and C”, the regression function 7z belongs to (83, L, Rd) and
the margin assumption (MA) is satisfied. Moreover, it is easy to see that the
marginal distribution of X obeys the mild density assumption (the (cg,79)-
regularity of the support of Px follows from considerations analogous to
those in the proof of Theorem 3.5). Thus, H C Ps. Choosing C’ small

enough and using (6.8) we obtain Theorem 4.1.

6.3. Proof of Theorem 4.2. We prove the theorem for p < oo. The proof
for p = oo is analogous. For any decision rule f we set d(f) 2 R(f)— R(f*)

and

frra ) & { fa) i @A

fl@) if n(z) =1/2,
LEMMA 6.1.  Under Assumption (MA) for any decision rule f we have
(6.9) Px(f(X) # (X, £)) < Cd(f)>/ 15,

PRrOOF. Note that f**(-, f) is a Bayes rule, and following the same lines as
in Proposition 1 of Tsybakov (2004a) we get Px(f(X) # f**(X, f), n(X) #
1/2) < Cd(f)*/(+®) Tt remains to observe that Px (f(X) # (X, f), n(X) #
1/2) = Px(f(X) # (X, f)). O
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For a Borel function 77 on R define f; 2 Lyi>1/2y, f70) 2 (-, fp) and

2

Zn(f5) = [Balfi) — Bu(f3)] = [R(f5) — R(f3)] = [Ra(f5) — Ru(f3)] — d(f5)-

Let 7, be an element of N;, such that |5, — 7|, < &,, where || - ||, is

the L,(C, Px) norm. It follows from the comparison inequality (5.3) that
(I+a)p

d(f,,) < Cen™™ 26, Set

_ (A+a)p
A, = Cn Ctaptelpta)

(i.e., A, is of the order of desired rate). Fix ¢t > 0 and introduce the set
Na={ne Nz, + d(fy) = tAn}.

For any ¢t > 0 we have

P(d(f3) > tA,)
< P(mingen; [Rn(f7) — RBa(fp,)] < 0)
= P(mingen; [Zn(f7) = Zn(fn.) + d(f5) — d(f5,)] <0)
< P(mingen [Zn(f5) = Zn(fn,) + d(f7)/2 + 180 /2 = d(fy,)] < 0)
< P(mingeny [Zn(f5) +d(f3)/2] < 0) + P(Zn(fy,) = tAn/2 = d(fy,))
< P(mingen; [Zn(f5) + d(f5)/2] <0)
+P(Zn(fy,) 2 tAR/2 = 6yp).

Since A, is of the same order as d,, we can choose t large enough to have
tA, /2 — 6, > tA, /4. Thus,

A

P(d(fy) > tA,) < card N, max P(Zn(f5) < ~d(f7)/2)
+P(Zn(fn,) = tAn/4)
< exp(A'e,”) max P(Z,(f7) < ~d(f7)/2)

n

+P(Zn(f) = tAn/4).

Note that for any Borel function 7 the value Z,(f5) is an average of n i.i.d.

bounded and centered random variables whose variance does not exceed
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Px(ff(X) # (X)) < Cd(f7)*/+*) [cf. (6.9)]. Thus, using Bernstein’s

inequality we obtain

Cna?
P(_Zn(fﬁ) > CL) < exp <_a + d(fﬁ)a/(l+a)> 3 Va>0.

Therefore, for 77 € N,

P(Zn(fﬁ) < _d(fﬁ)/Q) < exp ( — Cnd(fﬁ)(2+a)/(1+a)>
< exp (- On(tA,)EH/0re),

Similarly, for ¢t > C,

n 2
P(Z,(fy,) > tA,/4) < exp <_A CnA; >

n + d(fy, )/ ()
CnA2

= o <_ A+ 52 ‘”‘”)

< exp (—CnA,g2+a)/(1+a)) .

The result of the theorem follows now from the above inequalities and the

relation nAq(EJra)/(Ha) e’

REFERENCES

[1] AUDIBERT, J.-Y. (2004). Classification using Gibbs estimators under complexity
and margin assumptions. Preprint, Laboratoire de Probabilités et Modelés Aléatoires,
http://www.proba.jussieu.fr/mathdoc/textes/PMA-908.pdf.

[2] AUDIBERT, J.-Y. and TSYBAKOv, A.B. (2005). Fast learning rates for plug-in clas-
sifiers under the margin condition. Preprint, Laboratoire de Probabilités et Modelés
Aléatoires, http://www.proba.jussieu.fr/mathdoc/textes/.

[3] BARTLETT, P.L., JORDAN, M.I. and MCAULIFFE, J.D. (2003). Convexity, classifica-
tion and risk bounds. Techn. Report 638, University of California at Berkeley.

[4] BiRMAN, M.S. and SOLOMJAK, M.Z. (1967) Piecewise-polynomial approximation of
functions of the classes Wy'. Mat. Sbornik 73 295-317.

[5] BLANCHARD, G., BousQuET, O. and Massarr, P. (2004) Sta-
tistical performance of support vector machines. Manuscript.
http://www.kyb.mpg.de/publications/pss/ps2731.ps

[6] BLANCHARD, G., Lucosl, G. and VAYATIS, N. (2003). On the rate of convergence of

regularized boosting classifiers. Journal of Machine Learning Research 4 861-894.

imsart-aos ver. 2006/03/07 file: plugin_rev.tex date: June 3, 2006



[12]

[13]

[14]

[15]

[16]

[17]

FAST RATES FOR PLUG-IN CLASSIFIERS 33

BOUCHERON, S., BousQUET, O. and Lucosi, G. (2005). Theory of classification:
some recent advances. ESAIM Probability € Statistics 9 323-375.

DEVROYE, L. , GYORFI, L. and Lucosl, G. (1996). A Probabilistic Theory of Pattern
Recognition. Springer, New York, Berlin, Heidelberg.

GYORFI, L., KOHLER, M., KRZYZAK, A. and WALK, H. (2002). A Distribution-Free
Theory of Nonparametric Regression. Springer, New York.

KoLMOGOROV, A.N. and TIKHOMOROV V.M. (1961) e-entropy and e-capacity of sets
in function spaces. Translations of the American Mathematical Society 17 277-364.
KoLTCHINSKII, V. (2005) Local Rademacher complexities and oracle inequalities in
risk minimization. Ann. Statist., to appear.

KorTcHINSKIL, V. and BEzZNOSOvA, O. (2005) Exponential convergence rates in clas-
sification. Proceedings of the 18th Conference on Learning Theory (COLT 2005).
KOROSTELEV, A. P. and TsYBAKOV, A. B. (1993). Minimaz Theory of Image Recon-
struction. Lecture Notes in Statistics 82, Springer, New York, Berlin, Heidelberg.
Lucosi, G. and WEGKAMP, M. (2004). Complexity regularization via localized ran-
dom penalties. Ann. Statist. 32 1679-1697.

MAMMEN, E. and TsyBakov, A. B. (1999). Smooth discrimination analysis. Ann.
Statist. 27 1808-1829.

MassART, P. and NEDELEC, E. (2003). Risk bounds for statistical learning. Preprint.
http://www.math.u-psud.fr/~massart/margin.pdf.

NEMIROVSKII A.S., POLYAK B.T. and TsyBakov, A.B. (1985). Rate of convergence
of nonparametric estimators of maximum-likelihood type. Problems of Information
Transmisston 21 258-272.

ScoveL, J.C. and STEINWART, 1. (2004). Fast Rates for Support Vector
Machines. Los Alamos National Laboratory Technical Report LA-UR 08-9117.
http://www.c3.lanl.gov/~ingo/publications/ann-04a.pdf.

SToNE, C.J. (1980). Optimal rates of convergence for nonparametric estimators. Ann.
Statist. 8 1348—-1360.

SToONE, C.J. (1982) Optimal global rates of convergence for nonparametric regression.
Ann. Statist. 10 1040-1053.

TARIGAN, B. and vAN DE GEER, S. (2004). Adaptivity of Sup-
port Vector Machines with ¢; Penalty. Preprint, University of Leiden.
http://www.math.leidenuniv.nl/~geer/svm4.pdf.

TsYBAKOV, A.B. (2004a). Optimal aggregation of classifiers in statistical learning.
Ann. Statist. 32 135-166.

TSYBAKOV, A. B. (2004b). Introduction a& l’estimation non—paramétrique. Springer,
Berlin.

TsyBAKOV, A. B. and VAN DE GEER, S. (2005) Square root penalty: adaptation to

imsart-aos ver. 2006/03/07 file: plugin_rev.tex date: June 3, 2006



34 J.-Y. AUDIBERT AND A. B. TSYBAKOV

the margin in classification and in edge estimation. Annals of Statistics 33 1203-1224.

[25] VAN DE GEER, S. (2000). Empirical Processes in M-Estimation, Cambridge Univ.
Press.

[26] VAPNIK, V. N. (1998). Statistical Learning Theory. Wiley, New York.

[27] VAPNIK, V. N. and CHERVONENKIS, A. Ja. (1974). Theory of Pattern Recognition.
Nauka, Moscow (in Russian).

[28] YANG, Y. (1999). Minimax nonparametric classification - Part I: Rates of convergence,
Part II: Model selection for adaptation. IEEE Trans. Inf. Theory 45 2271-2292.

[29] YANG, Y. and BARRON, A. (1999). Information-theoretic determination of minimax
rates of convergence. Annals of Statistics 27 1564-1599.

J.-Y. AUDIBERT A. B. TSYBAKOV

CENTER FOR EDUCATION AND RESEARCH LABORATOIRE DE PROBABILITES ET MODELES
IN INFORMATICS ArtaToirREs (UMR CNRS 7599),

ECOLE NATIONALE DES PONTS ET CHAUSSEES UNIVERSITE PARIS VI

19, RUE ALFRED NOBEL 4, PL.JUSSIEU, BOITE COURRIER 188,

CITE DESCARTES, CHAMPS-SUR-MARNE 75252 PARIS, FRANCE

77455 MARNE-LA-VALLE, FRANCE E-MAIL: tsybakov@Qccr.jussieu.fr

E-MAIL: audibert@certis.enpc.fr

imsart-aos ver. 2006/03/07 file: plugin_rev.tex date: June 3, 2006



