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Abstract

Markov jump processesplay an importantrole in a large numberof application
domains.However, realisticsystemsareanalyticallyintractableandthey havetra-
ditionally beenanalysedusingsimulationbasedtechniques,whichdonotprovide
a framework for statisticalinference.We proposea mean�eld approximationto
performposteriorinferenceandparameterestimation.Theapproximationallows
apracticalsolutionto theinferenceproblem,while still retainingagooddegreeof
accuracy. We illustrateourapproachon two biologicallymotivatedsystems.

Intr oduction

Markov jump processes(MJPs)underpinour understandingof many importantsystemsin science
andtechnology. They provide a rigorousprobabilisticframework to model the joint dynamicsof
groups(species) of interactingindividuals,with applicationsrangingfrom informationpackets in
a telecommunicationsnetwork to epidemiologyandpopulationlevels in the environment. These
processesareusuallynon-linearandhighly coupled,giving rise to non-trivial steadystates(often
referredto asemerging properties).Unfortunately, this alsomeansthatexactstatisticalinferenceis
unfeasibleandapproximationsmustbemadein theanalysisof thesesystems.

A traditionalapproach,which hasbeenvery successfulthroughoutthe pastcentury, is to ignore
thediscretenatureof theprocessesandto approximatethestochasticprocesswith a deterministic
processwhosebehaviour is describedby asystemof non-linear, coupledODEs.Thisapproximation
relies on the stochastic�uctuations beingnegligible comparedto the averagepopulationcounts.
Therearemany importantsituationswherethis assumptionis untenable:for example,stochastic
�uctuations arereputedto be responsiblefor a numberof importantbiological phenomena,from
cell differentiationto pathogenvirulence[1]. Researchersarenow ableto obtainaccurateestimates
of the numberof macromoleculesof a certainspecieswithin a cell [2, 3], promptinga needfor
practicalstatisticaltoolsto handlediscretedata.

Samplingapproacheshave beenextensively usedto simulatethe behaviour of MJPs. Gillespie's
algorithmandits generalisations[4, 5] form thebasisof many simulatorsusedin systemsbiology
studies. The simulationscanbe viewed as individual samplestaken from a completelyspeci�ed
MJP, andcanbevery usefulto revealpossiblesteadystates.However, it is not clearhow observed
datacanbeincorporatedin aprincipledway, whichrendersthisapproachof limited usefor posterior
inferenceandparameterestimation.A Markov chainMonteCarlo (MCMC) approachto incorpo-
rateobservationshasbeenrecentlyproposedby Boys et al. [6]. While this approachholdsa lot of
promise,it is computationallyvery intensive. Despiteseveralsimplifying approximations,thecor-
relationsbetweensamplesmeanthatseveralmillions of MCMC iterationsareneededevenin simple
examples.In this paperwe presentanalternative,deterministicapproachto posteriorinferenceand
parameterestimationin MJPs. We extendthe mean-�eld (MF) variationalapproach([cf. e.g. 7])
to approximatea probabilitydistributionover an(in�nite dimensional)spaceof discretepaths, rep-
resentingthe time-evolving stateof thesystem.In this way, we replacethecouplingsbetweenthe

1



differentspeciesby their average,mean-�eld (MF) effect. The resultis an iterative algorithmthat
allows parameterestimationandpredictionwith reasonableaccuracy andvery containedcomputa-
tional costs.

Therestof this paperis organisedasfollows: in sections1 and2 we review the theoryof Markov
jump processesand introduceour generalstrategy to obtain a MF approximation. In section3
we introducetheLotka-Volterramodelwhich we useasanexampleto describehow our approach
works.In section4 wepresentexperimentalresultsonsimulateddatafrom theLotka-Volterramodel
andfrom asimplegeneregulatorynetwork. Finally, wediscusstherelationshipof ourstudyto other
stochasticmodels,aswell asfurtherextensionsanddevelopmentsof ourapproach.

1 Mark ov jump processes

Westartoff by establishingsomenotationandbasicde�nitions. A D-dimensionaldiscretestochas-
tic processis a family of D -dimensionaldiscreterandomvariablesx(t) indexedby thecontinuous
time t. In our examples,the valuestaken by x(t) will be restrictedto the non-negative integers
ND

0 . ThedimensionalityD representsthenumberof (molecular)speciespresentin thesystem;the
componentsof thevectorx (t) thenrepresentthenumberof individualsof eachspeciespresentat
time t. Furthermore,thestochasticprocesseswe will considerwill alwaysbeMarkovian, i.e. given
any sequenceof observationsfor thestateof thesystem(x t 1 ; : : : ; x t N ), theconditionalprobability
of thestateof thesystematasubsequenttimex t N +1 dependsonly on thelastof thepreviousobser-
vations.A discretestochasticprocesswhich exhibits theMarkov propertyis calleda Markov jump
process(MJP).

A MJP is characterisedby its processratesf (x 0jx ), de�ned 8x0 6= x; in an in�nitesimal time
interval � t, thequantityf (x 0jx ) � t representsthein�nitesimal probabilitythatthesystemwill make
a transitionfrom statex at time t to statex 0 at time t + � t. Explicitly,

p(x0jx ) ' � x 0x + � tf (x0jx ) (1)

where� x 0x is the Kronecker deltaandthe equationbecomesexact in the limit � t ! 0. Equation
(1) implies by normalisationthat f (x jx) = �

P
x 06= x f (x0jx ). The interpretationof the process

ratesasin�nitesimal transitionprobabilitieshighlightsthesimplerelationshipbetweenthemarginal
distribution pt (x) andthe processrates. The probability of �nding the systemin statex at time
t + � t will be given by the probability that the systemwasalreadyin statex at time t, minusthe
probability that thesystemwasin statex at time t andjumpedto statex 0, plustheprobability that
thesystemwasin adifferentstatex

00
at time t andthenjumpedto statex. In formulae,this is given

by

pt + � t (x) = pt (x)

2

41 �
X

x 06= x

f (x0jx ) � t

3

5 +
X

x 06= x

pt (x0) f (x jx0) � t:

Takingthelimit for � t ! 0 weobtainthe(forward)Masterequationfor themarginalprobabilities

dpt (x)
dt

=
X

x 06= x

[� pt (x) f (x0jx ) + pt (x0) f (x jx0)] : (2)

2 Variational approximate inference

Let usassumethatwehave noisyobservationsy l l = 1; : : : ; N of thestateof thesystemat a dis-
cretenumberof time points;thenoisemodelis speci�edby a likelihoodfunctionp̂ (y l jx (t l )) . We
cancombinethis likelihoodwith theprior processto obtainaposteriorprocess.As theobservations
happenat discretetime points,theposteriorprocessis clearlystill a Markov jump process.Given
theMarkoviannatureof theprocesses,onecouldhopeto obtaintheposteriorratefunctionsg(x 0jx )
by a forward-backward proceduresimilar to the oneusedfor HiddenMarkov Models. While this
is possiblein principle,thecomputationswould requiresimultaneouslysolvinga very largesystem
of coupledlinear ODEs (the numberof equationsis of order SD , S being the numberof states
accessibleto thesystem),which is not feasibleevenin simplesystems.
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In thefollowing, wewill usethevariationalmean�eld (MF) approachto approximatetheposterior
processby a factorizingprocess,minimising theKullback - Leibler (KL) divergencebetweenpro-
cesses.The inferenceprocessis thenreducedto the solutionof D one- dimensionalMasterand
backwardequationsof sizeS. This is still nontrivial becausetheKL divergencerequiresthe joint
probabilitiesof variablesx(t) at in�nitely many differenttimest, i.e. probabilitiesoverentirepaths
of a processratherthanthesimplermarginalspt (x). We will circumvent this problemby working
with time discretisedtrajectoriesandthenpassingon to thecontinuumtime limit. We denotesuch
a trajectoryasx0:K = (x (t0) ; : : : ; x (t0 + K � t)) where� t is a small time interval andK is very
large.Hence,wewrite thejoint posteriorprobabilityas

ppost (x0:K ) =
1
Z

ppr ior (x0:K ) �
NY

l =1

p̂ (y l jx (t l )) with ppr ior (x0:K ) = p(x0)
K � 1Y

k=0

p(x k+1 jx k )

with Z = p(y1; : : : ; yN ). Notethatx (t l ) 2 x0:K . In therestof this section,we will show how to
computetheposteriorratesandmarginalsby minimisingtheKL divergence.We noticein passing
thatasimilar framework for continuousstochasticprocesseswasproposedrecentlyin [8].

2.1 KL divergencebetweenMJPs

TheKL divergencebetweentwo MJPsde�ned by their pathprobabilitiesp(x 0:K ) andq(x0:K ) is

K L [q; p] =
X

x 0: K

q(x0:K ) ln
q(x0:K )
p(x0:K )

=
K � 1X

k=0

X

x k

q(x k )
X

x k +1

q(x k+1 jx k ) ln
q(x k+1 jx k )
p(x k+1 jx k )

+ K 0

andwhereK 0 =
P

x 0
q(x0) log q(x 0 )

p(x 0 ) will besetto zeroin thefollowing. Wecannow useequation
(1) for theconditionalprobabilities;letting � t ! 0 andsimultaneouslyK ! 1 sothatK � t ! T ,
weobtain

K L [q; p] =
Z T

0
dt

X

x

qt (x)
X

x 0:x 06= x

�
g(x0jx ) ln

g(x0jx )
f (x0jx )

+ f (x0jx ) � g(x0jx )
�

(3)

wheref (x0jx ) andg(x0jx ) arethe ratesof the p andq processrespectively. Notice that we have
swappedfrom thepathprobabilitiesframework to anexpressionthatdependssolelyon theprocess
ratesandmarginals.

2.2 MF approximation to posterior MJPs

We will now considerthecasewherep is a posteriorMJPandq is anapproximatingprocess.The
prior processwill bedenotedasppr ior andits rateswill bedenotedby f . TheKL divergencethenis

K L(q; ppost ) = ln Z + K L(q; ppr ior ) �
NX

l =1

Eq [ln p̂ (y l jx (t l ))] :

To obtaina tractableinferenceproblem,we will assumethat, in the approximatingprocessq, the
joint pathprobability for all thespeciesfactorisesinto theproductof pathprobabilitiesfor individ-
ual species. Thisgivesthefollowing equationsfor thespeciesprobabilitiesandtransitionrates

qt (x) =
DY

i =1

qit (x i ) gt (x0jx ) =
DX

i =1

Y

j 6= i

� x 0
j ;x j git (x0

i jx i ) : (4)

Notice that we have emphasisedthat the processratesfor the approximatingprocessmay depend
explicitly on time,evenif theprocessratesof theoriginalprocessdonot. Exploiting theseassump-
tions,weobtainthattheKL divergencebetweentheapproximatingprocessandtheposteriorprocess
is givenby

K L [q; ppost ] = ln Z �
NX

l =1

Eq [ln p̂ (y l jx (t l ))] +

Z T

0
dt

X

i

X

x

qit (x)
X

x 0:x 06= x

(

git (x0jx) ln
git (x0jx)

f̂ i (x0jx)
+ ~f i (x0jx) � git (x0jx)

) (5)
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wherewehave de�ned

f̂ i (x0jx) = exp
�
Ex ni [ln f i

�
x0jx : x0

j = x j ; 8j 6= i
�
]
�

~f i (x0jx) = Ex ni [f i
�
x0jx : x0

j = x j ; 8j 6= i
�
]

(6)

andEx ni [: : :] denotesanexpectationover all componentsof x exceptx i (usingthemeasureq). In
orderto �nd theMF approximationto theposteriorprocesswemustoptimisetheKL divergence(5)
with respectto the marginalsqit (x) andthe ratesgit (x0jx). These,however, arenot independent
but ful�ll theMasterequation(2).

We will take careof this constraintby usinga Lagrangemultiplier function � i (x; t) andcompute
thestationaryvaluesof theLagrangian

L = K L (q; ppost )

�
X

i

Z T

0
dt

X

x

� i (x; t)

0

@@t qit (x) �
X

x 06= x

f git (xjx0) qit (x0) � git (x0jx) qit (x)g

1

A :
(7)

Wecannow computefunctionalderivativesof (7) to obtain

� L
� qit (x)

=
X

x 06= x

"

git (x0jx) ln
git (x0jx)

f̂ i (x0jx)
� git (x0jx) + ~f i (x0jx)

#

+ @t � i (x; t) +

X

x 0

git (x0jx) f � i (x0; t) � � i (x; t)g �
X

l

ln p̂ (y l jx (t)) � (t � t l ) = 0
(8)

� L
� git (x0jx)

= qit (x)

 

ln
git (x0jx)

f̂ i (x0jx)
+ � i (x0; t) � � i (x; t)

!

= 0 (9)

De�ning r i (x; t) = e� � i (x;t ) andinserting(9) into (8), wearriveat thelineardifferentialequation

dr i (x; t)
dt

=
X

x 06= x

�
~f i (x0jx) r i (x; t) � f̂ i (x0jx) r i (x0; t)

�
(10)

valid for all timesoutsideof theobservations.To includetheobservations,weassumefor simplicity
thatthenoisemodelfactorisesacrossthespecies,sothatp̂ (y l jx (t)) =

Q
i p̂i (yil jx i (t l )) 8l . Then

equation(8) yields

lim
t ! t �

l

r i (x; t) = p̂i (yil jx i (t l )) lim
t ! t +

l

r i (x; t) :

WecanthenoptimisetheLagrangian(7) usinganiterativestrategy. Startingwith aninitial guessfor
qt (x) andselectinga speciesi , we cancomputef̂ i (x0jx) and ~f i (x0jx). Usingthese,we cansolve
equation(10) backwardsstartingfrom theconditionr i (x; T) = 18x (i.e., theconstraintbecomes
void at theendof thetime underconsideration).This allows usto updateour estimateof therates
git (x0jx) usingequation(9), whichcanthenbeusedto solvethemasterequation(2) andupdateour
guessof qit (x). This procedurecanbefollowedsequentiallyfor all thespecies;aseachstepleads
to a decreasein the valueof the Lagrangian,this guaranteesthat the algorithmwill converge to a
(local)minimum.

2.3 Parameter estimation

SinceK L [q; ppost ] � 0, weobtainasusefulby-productof theMF approximationa tractablevaria-
tional lowerboundonthelog - likelihoodof thedatalogZ = logp(y 1; : : : ; yN ) from (5). As usual
[e.g 7] sucha boundcanbe usedin order to optimisemodelparametersusinga variationalE-M
algorithm.
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3 Example: the Lotka-Volterra process

TheLotka-Volterra(LV) processis oftenusedasperhapsthesimplestnon-trivial MJP[6, 4]. Intro-
ducedindependentlyby Alfred J.Lotka in 1925andVito Volterrain 1926,it describethedynamics
of a populationcomposedof two interactingspecies,traditionally referredto aspredatorandprey.
Theprocessratesfor theLV systemaregivenby

f pr ey (x + 1jx; y) = � x f pr ey (x � 1jx; y) = � xy
f pr edator (y + 1jx; y) = � xy f pr ey (y � 1jx; y) = 
 y (11)

wherex is thenumberof preysandy is thenumberof predators.All otherratesarezero:individuals
canonly be createdor destroyed oneat the time. Ratesparsityis a characteristicof very many
processes,including all chemicalkinetic processes(indeed,the LV modelcanbe interpretedasa
chemicalkinetic model). An immediatedif�culty in implementingour strategy is thatsomeof the
processratesareidenticallyzerowhenoneof thespeciesis extinct (i.e. its numbershave reached
zero); this will leadto in�nities whencomputingthe expectationof the logarithm of the ratesin
equation(6). To avoid this,wewill “regularise”theprocessby addingasmallconstantto thef (1j0);
it canbeproved thaton averageover thedatageneratingprocessthevariationalapproximationto
theregularisedprocessstill optimisesaboundanalogousto (3) on theoriginalprocess[9].

Thevariationalestimatesfor theparametersof theLV processareobtainedby insertingtheprocess
rates(11) into theMF boundandtakingderivativesw.r.t. theparameters.Settingthemto zero,we
obtainasetof �x edpointequations

� =

RT
0 hgpr eyt (x + 1jx)i pr eyt

RT
0 dt hxi pr eyt

; � =

RT
0 hgpr eyt (x � 1jx)i pr eyt

RT
0 dt hxi pr eyt hyi pr edator t

;


 =

RT
0 hgpr edator t (y � 1jy)i pr edator t

RT
0 dt hyi pr edator t

; � =

RT
0 hgpr edator t (y + 1jy)i pr edator t

RT
0 dt hyi pr edator t hxi pr eyt

: (12)

Equations(12) have an appealingintuitive meaningin termsof the physics of the process:for
example,� is givenby theaveragetotal increaserateof theapproximatingprocessdividedby the
averagetotal numberof preys.

We generated15 countsof predatorandprey numbersat regular intervals from a LV processwith
parameters� = 5 � 10� 4, � = 1 � 10� 4, 
 = 5 � 10� 4 and� = 1 � 10� 4, startingfrom initial
populationlevelsof sevenpredatorsandnineteenpreys. Thesecountswerethencorruptedaccording
to thefollowing noisemodel

p̂i (yil jx i (t l )) /
�

1
2j y il � x i ( t l ) j

+ 10� 6
�

; (13)

wherex i (t l ) is the(discrete)countfor speciesi at time t l beforetheadditionof noise.Noticethat,
sincepopulationnumbersareconstrainedto be positive, the noisemodel is not symmetric. The
original countis placedat themode,ratherthanthemean,of thenoisemodel. This asymmetryis
unavoidablewhendealingwith quantitiesthatareconstrainedpositive.

While in theoryeachspeciescanhaveanarbitrarily largenumberof individuals,in orderto solvethe
differentialequations(2) and(10) we have to truncatetheprocess.While the truncationthreshold
couldbeviewedasanotherparameterandoptimisedvariationally, in theseexperimentswe took a
moreheuristicapproachandlimited the maximumnumberof individualsof eachspeciesto 200.
Thiswasjusti�ed by consideringthatanexponentialgrowth pattern�tted to theavailabledataledto
anestimateof approximately90 individualsin themostabundantspecies,well below thetruncation
threshold.

Theresultsof theinferenceareshown in Figure1. Thesolid line is themeanof theapproximating
distribution, thedashedlinesarethe90%con�denceintervals,thedottedline is thetruepathfrom
which the datawas obtained. The diamondsare the noisy observations. The parametervalues
inferredarereasonablycloseto the real parametervalues: � = 1:35 � 10� 3, � = 2:32 � 10� 4,
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Figure1: MF approximationto posteriorLV process:(a) predatorpopulationand(b) prey pop-
ulation. Diamondsare the (noisy) observed datapoints, solid line the mean,dashedlines 90%
con�denceintervals,dottedlinesthetruepathfrom which thedatawassampled.


 = 1:57 � 10� 3 and� = 1:78 � 10� 4. While theprocessis well approximatedin theareawhere
datais present,the free-formpredictionis lessgood,especiallyfor the predatorpopulation. This
might be due to the inaccuraciesin the estimatesof the parameters.The approximateposterior
displaysnontrivial emerging properties:for example,we predictthatthereis a 10%chancethatthe
prey populationwill becomeextinct at theendof theperiodof interest.Theseresultswereobtained
in approximately�fteen minutesonanIntel PentiumM 1.7GHzlaptopcomputer.

To checkthe reliability of our inferenceresultsand the ratewith which the estimatedparameter
valuesconvergeto thetruevalues,we repeatedour experimentsfor 5, 10, 15 and20 availabledata
points.For eachsamplesize,we drew � ve independentsamplesfrom thesameLV process.Figure
2(a)shows theaverageandstandarddeviation of themeansquarederror (MSE) in theestimateof
theparametersasafunctionof thenumberof observationsN ; asexpected,thisdecreasesuniformly
with thesamplesize.

4 Example: geneautoregulatory network

As a secondexamplewe considera geneautoregulatorynetwork. This simplenetwork motif is
oneof themostimportantbuilding blocksof thetranscriptionalregulatorynetworksfoundin cells
becauseof its ability to increaserobustnessin thefaceof �uctuation in externalsignals[10]. Because
of this, it is oneof the beststudiedsystems,both at the experimentalandat the modelling level
[11, 3]. Thesystemconsistsagainof two species,mRNA andprotein;theprocessratesaregivenby

f R N A (x + 1jx; y) = � (1 � 0:99� � (y � yc)) f R N A (x � 1jx; y) = � x
f p (y + 1jx; y) = 
 x f p (y � 1jx; y) = � y (14)

where� is theHeavysidestepfunction,y theproteinnumberandx themRNA number. Theintuitive
meaningof theseequationsis simple: both proteinandmRNA decayexponentially. Proteinsare
producedthroughtranslationof mRNA with a rateproportionalto themRNA abundance.On the
otherhand,mRNA productiondependson proteinconcentrationlevels througha logical function:
assoonasproteinnumbersincreasebeyondacertaincritical parameteryc, mRNA productiondrops
dramaticallyby a factor100.

Theoptimisationof thevariationalboundw.r.t. theparameters� , � , 
 and� is straightforwardand
yields�x edpointequationssimilar to theonesfor theLV process.Thedependenceof theMF bound
on thecritical parameteryc is lessstraightforwardandis givenby

L yc = const +

(

2
Z T

0
dt�gh (yc) + log

"

1 � 0:99
1
T

Z T

0
h (yc) dt

# Z T

0
dt�g

)

(15)

where�g = hgR N A (x + 1jx)i qR N A
andh (yc) =

P
y � yc

qp (y). A plot of this function obtained
duringtheinferencetaskbelow canbeseenin Figure2(b). We candeterminetheminimumof (15)
by searchingover thepossible(discrete)valuesof yc.
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Figure 2: (a) Mean squarederror (MSE) in the estimateof the parametersas a function of the
numberof observationsN for the LV process.(b) Negative variationallikelihoodboundfor the
geneautoregulatorynetwork asa functionof thecritical parameteryc.
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Figure3: MF approximationto posteriorautoregulatorynetwork process:(a)proteinpopulationand
(b) mRNA population.Diamondsarethe(noisy)observeddatapoints,solid line themean,dashed
lines90%con�denceintervals,dottedlinesthetruepathfrom which thedatawastaken.

Again,we generateddataby simulatingtheprocesswith parametervaluesyc = 20, � = 2 � 10� 3,
� = 6 � 10� 5, 
 = 5 � 10� 4 and� = 7 � 10� 5. Fifteencountsweregeneratedfor bothmRNA
andproteins,with initial countof 17 proteinand12 mRNA molecules.Thesewerethencorrupted
with noisegeneratedfrom thedistribution shown in equation(13). Theresultsof theapproximate
posteriorinferenceareshown in Figure3. The inferredparametervaluesare in goodagreement
with the true values: yc = 19, � = 2:20 � 10� 3, � = 1:84 � 10� 5, 
 = 4:01 � 10� 4 and
� = 1:54 � 10� 4. Interestingly, if thedatais suchthat theproteincountnever exceedsthecritical
parameteryc, thisbecomesunidenti�able(thelikelihoodboundis optimisedby yc = 1 or yc = 0),
asmaybeexpected.Thelikelihoodboundlosesits sharpoptimumevidentfrom Figure2(b) (results
not shown).

5 Discussion

In this contribution we have shown how a MF approximationcanbeusedto performposteriorin-
ferencein MJPsfrom discretelyobserved noisy data. The MF approximationhasbeenshown to
performwell andto retainmuchof therichnessof thesecomplex systems.Theproposedapproach
is conceptuallyvery differentfrom existingMCMC approaches[6]. While thesefocusonsampling
from the distribution of reactionshappeningin a small interval in time, we computean approxi-
mation to the probability distribution over possiblepathsof the system. This allows us to easily
factoriseacrossspecies;by contrast,samplingthenumberof reactionshappeningin a certaintime
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interval is dif�cult, andnot amenableto simple techniquessuchasGibbssampling. While it is
possiblethatfuturedevelopmentswill leadto moreef�cient samplingstrategies,our approachout-
stripscurrentMCMC basedmethodsin termsof computationalef�ciency, A furtherstrengthof our
approachis theeasewith which it canbescaledto morecomplex systemsinvolving largernumbers
of species.Thefactorisationassumptionimplies that thecomputationalcomplexity grows linearly
in thenumberof speciesD ; it is unclearhow MCMC wouldscaleto largersystems.

An alternative suggestion,proposedin [11], wassomehow to seeka middle way betweena MJP
anda deterministic,ODE basedapproachby approximatingtheMJPwith a continuousstochastic
process,i.e. by usinga diffusionapproximation.While theseauthorsshow thatthis approximation
works reasonablywell for inferencepurposes,it is worth pointing out that the populationsizes
in their experimentalresultswere approximatelyone order of magnitudelarger than in ours. It
is arguablethat a diffusion approximationmight be suitablefor populationsizesas low asa few
hundreds,but it cannotbeexpectedto bereasonablefor populationsizesof theorderof 10.

The availability of a practicaltool for statisticalinferencein MJPsopensa numberof important
possibledevelopmentsfor modelling. It would beof interest,for example,to developmixedmod-
els whereonespecieswith low countsinteractswith anotherspecieswith high countsthat canbe
modelledusingadeterministicor diffusionapproximation.Thissituationwouldbeof particularim-
portancefor biologicalapplications,wheredifferentproteinscanhave very differentcopy numbers
in acell but still beequallyimportant.Anotherinterestingextensionis thepossibilityof introducing
a spatialdimensionwhich in�uenceshow likely interactionsare.Suchanextensionwould bevery
important,for example,in an epidemiologicalstudy. All of theseextensionsrely centrallyon the
possibilityof estimatingposteriorprobabilities,andweexpectthattheavailability of apracticaltool
for theinferencetaskwill beveryusefulto facilitatethis.

References

[1] Harley H. McAdamsandAdamArkin. Stochasticmechanismsin geneexpression.Proceed-
ingsof theNationalAcademyof SciencesUSA, 94:814–819,1997.

[2] Long Cai,Nir Friedman,andX. Sunney Xie. Stochasticproteinexpressionin individual cells
at thesinglemoleculelevel. Nature, 440:580–586,2006.

[3] YoshitoMasamizu,ToshiyukiOhtsuka,Yoshiki Takashima,Hiroki Nagahara,Yoshiko Take-
naka,KenichiYoshikawa,Hitoshi Okamura,andRyoichiroKageyama.Real-timeimagingof
thesomitesegmentationclock: revelationof unstableoscillatorsin the individual presomitic
mesodermcells. Proceedingsof the National Academyof SciencesUSA, 103:1313–1318,
2006.

[4] Daniel T. Gillespie. Exactstochasticsimulationof coupledchemicalreactions. Journal of
PhysicalChemistry, 81(25):2340–2361,1977.

[5] Eric MjolsnessandGuy Yosiphon.Stochasticprocesssemanticsfor dynamicalgrammars.to
appearin Annalsof MathematicsandArti�cial Intelligence,2006.

[6] Richard J. Boys, Darren J. Wilkinson, and Thomas B. L. Kirkwood. Bayesian
inference for a discretely observed stochastic kinetic model. available from
http://www.staff.ncl.ac.uk/d.j.wilkinson/pub.html, 2004.

[7] ManfredOpperandDavid Saad(editors). AdvancedMeanField Methods. MIT press,Cam-
bridge,MA,2001.

[8] CedricArchambeau,DanCornford,ManfredOpper, andJohnShawe-Taylor. Gaussianprocess
approximationsof stochasticdifferentialequations.Journal of Machine LearningResearch
WorkshopandConferenceProceedings, 1(1):1–16,2007.

[9] ManfredOpperandDavid Haussler. Boundsfor predictive errorsin thestatisticalmechanics
of supervisedlearning.PhysicalReview Letters, 75:3772–3775,1995.

[10] Uri Alon. An introductionto systemsbiology. ChapmanandHall, London,2006.

[11] Andrew Golightly andDarrenJ.Wilkinson. Bayesianinferencefor stochastickinetic models
usingadiffusionapproximation.Biometrics, 61(3):781–788,2005.

8


