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Abstract

Markov jump processeglay animportantrole in a large numberof application
domains.However, realisticsystemsareanalyticallyintractableandthey havetra-
ditionally beenanalysedisingsimulationbasedechniqueswhich do not provide
a framework for statisticalinference.We proposea mean eld approximatiorto
performposteriorinferenceandparameteestimation.The approximatiorallows
apracticalsolutionto theinferenceproblem,while still retainingagooddegreeof
accurag. We illustrateour approacton two biologically motivatedsystems.

Intr oduction

Markov jump processe$MJIPs)underpinour understandingf mary importantsystemsn science
andtechnology They provide a rigorousprobabilisticframevork to modelthe joint dynamicsof

groups(specie} of interactingindividuals, with applicationsrangingfrom information pacletsin

a telecommunicationsetwork to epidemiologyand populationlevels in the ervironment. These
processesre usually non-linearand highly coupled,giving rise to non-trivial steadystates(often

referredto asemeging properties) Unfortunately this alsomeanghatexactstatisticalinferenceis

unfeasibleandapproximationsnustbe madein the analysisof thesesystems.

A traditional approachwhich hasbeenvery successfuthroughoutthe pastcentury is to ignore
the discretenatureof the processeandto approximatehe stochastigrocesswith a deterministic
processvhosebehaiour is describedy asystenof non-lineay coupledODESs. Thisapproximation
relies on the stochastic uctuations being negligible comparedo the averagepopulationcounts.
Thereare mary importantsituationswherethis assumptioris untenable:for example,stochastic
uctuations are reputedto be responsibl€or a numberof importantbiological phenomenafrom
cell differentiationto pathogervirulence[1]. Researcherarenow ableto obtainaccurateestimates
of the numberof macromoleculesf a certainspecieswithin a cell [2, 3], promptinga needfor
practicalstatisticaltoolsto handlediscretedata.

Samplingapproache$iave beenextensvely usedto simulatethe behaiour of MJIPs. Gillespie's
algorithmandits generalisation§4, 5] form the basisof mary simulatorsusedin systemsiology
studies. The simulationscan be viewed asindividual samplesaken from a completelyspeci ed
MJPR andcanbe very usefulto reveal possiblesteadystates.However, it is not clearhow obsered
datacanbeincorporatedn aprincipledway, whichrenderghis approactof limited usefor posterior
inferenceand parameteestimation.A Markov chainMonte Carlo (MCMC) approacho incorpo-
rateobsenationshasbeenrecentlyproposedyy Boys etal. [6]. While this approactholdsalot of

promise,it is computationallwery intensive. Despitesereral simplifying approximationsthe cor

relationsbetweersamplesneanthatseveralmillions of MCMC iterationsareneededvenin simple
examples.In this paperwe presen@analternatie, deterministicapproacho posteriorinferenceand
parameteestimationin MJPs. We extendthe mean- eld (MF) variationalapproach([cf. e.g. 7])

to approximatea probability distribution overan(in nite dimensionalspaceof discretepaths rep-
resentinghe time-evolving stateof the system.In this way, we replacethe couplingsbetweerthe



differentspecieshy their average,mean- eld (MF) effect. The resultis aniterative algorithmthat
allows parameteestimationandpredictionwith reasonabl@ccurag andvery containeccomputa-
tional costs.

Therestof this paperis organisedasfollows: in sectionsl and2 we review the theoryof Markov
jump processesnd introduceour generalstratgy to obtaina MF approximation. In section3
we introducethe Lotka-\blterramodelwhich we useasan exampleto describenow our approach
works. In sectiond we presenexperimentatesultson simulateddatafrom the Lotka-\oblterramodel
andfrom asimplegeneregulatorynetwork. Finally, we discusgherelationshipof our studyto other
stochastienodels,aswell asfurtherextensionsanddevelopmentsof our approach.

1 Markov jump processes

We startoff by establishingsomenotationandbasicde nitions. A D -dimensionabiscretestohas-
tic processs afamily of D -dimensionaliscreterandomvariablesx (t) indexed by the continuous
time t. In our examples,the valuestaken by x(t) will be restrictedto the non-negative integers
NS . ThedimensionalityD representshe numberof (molecular)speciespresenin the system;the
component®f thevectorx (t) thenrepresenthe numberof individualsof eachspeciegpresentat
timet. Furthermorethe stochastiqrocessese will considewill alwaysbe Markovian,i.e. given

of the stateof thesystemata subsequertime x, ,, depend®nly onthelastof the previousobser
vations.A discretestochastiqrocessvhich exhibits the Markov propertyis calleda Markov jump
procesyMJP).

A MJP is characterisedby its processratesf (x94x), de ned 8x° 6 x; in anin nitesimal time
intenval t, thequantityf (x4x) t representthein nitesimal probabilitythatthe systemwill make
atransitionfrom statex attimet to statex®attimet + t. Explicitly,

p(X(iX)- xo t tf (X(iX) (1)
where o is the Kronecler deltaandthe equgiionbecomesexactin thelimit t ! 0. Equation
(1) implies by normalisationthatf (xjx) = K0gx | (x9x). Theinterpretationof the process

ratesasin nitesimal transitionprobabilitieshighlightsthe simplerelationshipbetweerthe maginal
distribution p; (x) andthe processrates. The probability of nding the systemin statex at time
t + t will begivenby the probability thatthe systemwasalreadyin statex attimet, minusthe
probability thatthe systemwasin statex attimet andjumpedto statex, plusthe probability that

thesystemwasin adifferentstatex” attimet andthenjumpedto statex. In formulae thisis given
by
2 3
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Takingthelimit for t! 0 we obtainthe (forward)Masterequationfor the maginal probabilities

dp (x) _ X
dt

[ peO)f (xJx) + p (XY (xjx9]: )
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2 Variational approximate inference

Let usassumehatwe have noisyobserationsy, | = 1;:::;N of thestateof thesystematadis-
cretenumberof time points;the noisemodelis speci ed by alikelihoodfunctionp(y,jx (t,)). We
cancombinethislik elihoodwith theprior procesgo obtainaposteriomprocessAs theobsenations
happerat discretetime points,the posteriorprocesss clearly still a Markov jump process.Given
the Markovian natureof the processesynecouldhopeto obtainthe posterioratefunctionsg(x 4x)
by a forward-backvard proceduresimilar to the one usedfor Hidden Markov Models. While this
is possiblein principle,the computationsvould requiresimultaneoushgolvinga very large system
of coupledlinear ODEs (the numberof equationss of orderSP, S beingthe numberof states
accessiblé¢o the system)whichis notfeasibleevenin simplesystems.



In thefollowing, we will usethevariationalmean eld (MF) approacho approximatehe posterior
procesdy a factorizingprocessminimising the Kullback - Leibler (KL) divergencebetweenpro-
cesses.Theinferenceprocesss thenreducedto the solutionof D one- dimensionaMasterand
backward equationsof sizeS. Thisis still nontrivial becausdéhe KL divergencerequiresthe joint
probabilitiesof variablesx(t) atin nitely mary differenttimest, i.e. probabilitiesover entirepaths
of a procesgatherthanthe simplermaiginalsp; (x). We will circumventthis problemby working
with time discretisedrajectoriesandthenpassingon to the continuumtime limit. We denotesuch

large. Hence we write thejoint posteriomprobabilityas
1 Yoo . 1 .
ppost (XO:K ) = prr ior (XO:K ) p(yllx (tl)) with ppr ior (XO:K ) = p(XO) p(xk+1 ]Xk)
=1 k=0

computethe posteriorratesandmaiginalsby minimisingthe KL divergence.We noticein passing
thata similar framework for continuousstochastiqprocessesasproposedecentlyin [8].

2.1 KL divergencebetweenMJIPs

TheKL divergencebetweertwo MJPsde ned by their pathprobabilitiesp(x .k ) andq(Xo:k ) is

X K 1X X i
a(Xo:x ) : O(Xk+1 JXk)
KL [gp] = Xo:k ) In = X Xk+1 jXk) IN ———= + K
(g p] a(Xo:k ) (X0 ) a(x«) A(Xk+1 jXk) O

X0: K k=0 Xk Xk+1

P
andwhereKo =, q(xo)log ggg; will besetto zeroin thefollowing. We cannow useequation

(1) for the conditionalprobabilities;letting t! 0andsimultaneousiK ! 1 sothatK t! T,
we obtain

Z1 X X
CLp= a0 a0 gxdom S

X x0:x 96 x
wheref (x9x) andg(x9x) arethe ratesof the p andq processespectiely. Notice thatwe have
swappedfrom the pathprobabilitiesframenork to anexpressiorthatdependsolely on the process
ratesandmamginals.

+f(x9%)  g(x%x) ®)

2.2 MF approximation to posterior MJPs

We will now considerthe casewherep is a posteriorMJP andq is anapproximatingprocess.The
prior processwill bedenotedaspprior andits rateswill bedenoteddy f . TheKL divergencethenis

X
K'L (0 Ppost) = INZ + K L(G Pprior ) EqlInp(yijx (t))]:
1=1
To obtaina tractableinferenceproblem,we will assumehat, in the approximatingprocess, the
joint pathprobability for all the speciedactorisesinto the productof path probabilitiesfor individ-
ual speciesThis givesthefollowing equationdor the speciegprobabilitiesandtransitionrates

\% ¥y _
a(X) = G (Xi) o (x9x) = xo; G (X{Ixi) : (4)
i=1 i=1 j6i

Notice thatwe have emphasisedthat the procesgatesfor the approximatingorocessmay depend
explicitly ontime, evenif the procesgatesof theoriginal processio not. Exploiting theseassump-
tions,we obtainthattheKL divergencebetweertheapproximatingprocessandtheposteriomprocess
is givenby

X
KL [g Ppost] = INZ EqInp(yijx (t))] +
1=1
z X x X ( | ) (5)
Ta T a0 o eBon 38 gy g 0
0 i X x0:x 086 x fl} (qu)



wherewe have de ned
fi (x3x) = exp Expilinfi xGx :x? = x;;8j 6 i ] ©)
7 (x3x) = Exnilfi xGx :x) = x;;8] 6 ]

andE,;[: : :] denotesan expectationover all component®f x exceptx; (usingthe measure). In
orderto nd theMF approximatiorto theposteriorprocessve mustoptimisetheKL divergence(5)
with respecto the mamginalsg; (x) andthe ratesg; (x§x). Thesehowever, arenotindependent
butful Il the Masterequation(2).

We will take careof this constraintby usinga Lagrangemultiplier function ;(x; t) andcompute
the stationaryvaluesof the Lagrangian
L =KL (g;
(0 Ppost ) 0 1

X 21 X X _ %)
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We cannow computefunctionalderivativesof (7) to obtain

#
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!
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Dening ri(x;t) = e 1) andinserting(9) into (8), we arrive atthelinear differentialequation

dri(x;t X ~
DT ReBoneen fedon (¢ (10)
X086 x
valid for all timesoutsideof the obsenations.To includetheobsermiqﬁls,we assuméor simplicity
thatthenoisemodelfactorisesicrosghespeciessothatp (yjx(t)) = ~; B (vajxi(t;)) 8l. Then
equation(8) yields

lim ri (x;t) = P (yajxi(t)) lim ri (x;t):
thot, thot]

We canthenoptimisethe Lagrangian(7) usinganiterative strategy. Startingwith aninitial guesgor
a (x) andselectinga species, we cancomputef; (x9x) andf7 (x9x). Usingthesewe cansolve
equation(10) backwardsstartingfrom the conditionr; (x; T) = 18x (i.e., the constraintbecomes
void atthe endof thetime underconsideration).This allows usto updateour estimateof therates
gt (x9x) usingequation(9), which canthenbeusedto solve the masterequation(2) andupdateour
guesof g; (x). This procedurecanbe followed sequentiallyfor all the speciesaseachstepleads
to a decreasén the value of the Lagrangianthis guaranteeshatthe algorithmwill corvergeto a
(local) minimum.

2.3 Parameter estimation
SinceK L [g; ppost] O, we obtainasusefulby-productof the MF approximatiora tractablevaria-

[e.g 7] sucha boundcanbe usedin orderto optimisemodel parametersising a variational E-M
algorithm.



3 Example: the Lotka-Volterra process

TheLotka-\blterra(LV) processs oftenusedasperhapghe simplestnon-trivial MJP[6, 4]. Intro-

ducedindependentiy Alfred J. Lotkain 1925andVito Volterrain 1926,it describehedynamics
of a populationcomposedf two interactingspeciestraditionally referredto aspredatorandprey.

Theprocessatesfor theLV systemaregivenby

forey X+ 1jx;y) = X forey (X 1jX;y) = Xy
1Epr edator (Y + LX;y) = Xy fpr ey y Lxy) =y (11)

wherex is thenumberof preysandy is thenumberof predatorsAll otherratesarezero:individuals
canonly be createdor destreyed one at the time. Ratesparsityis a characteristiof very mary
processesncluding all chemicalkinetic processegindeed,the LV modelcanbe interpretedasa
chemicalkinetic model). An immediatedif culty in implementingour stratgy is that someof the
procesgatesareidentically zerowhenoneof the specieds extinct (i.e. its numbershave reached
zero); this will leadto in nities when computingthe expectationof the logarithm of the ratesin
equation(6). To avoid this,wewill “regularise’theproces$y addingasmallconstanto thef (1j0);
it canbe provedthaton averageover the datageneratingorocesghe variationalapproximatiorto
theregularisedprocessstill optimisesaboundanalogougo (3) ontheoriginal procesg9].

Thevariationalestimategor the parametersf the LV processareobtainedby insertingthe process
rates(11) into the MF boundandtaking derivativesw.r.t. the parametersSettingthemto zero,we
obtainasetof x edpointequations

Ry )i Rr .
_ 0 r’gp'_r,eyt (X + 1]X)| preyt . _ 0 h;lpr eyt (X 1jX)I preyt .
- o7 i ' - T . ) ;
0 dt WI preyt 0 dt h(l pr eyt Wl pr edator t
T .. T o
- 0 Mor edator t (y Ly)i pr edator t _ 0 mpredator t (Y + 4y)i or edator t .

= 12

’

T _ NT . .

0 dt wl pr edator t 0 dt WI pr edator t hxi preyt
Equations(12) have an appealingintuitive meaningin termsof the physics of the process:for
example, is givenby the averagetotal increaserate of the approximatingorocesslivided by the
averagetotal numberof preys.

We generated.5 countsof predatorandprey numbersat regularintervals from a LV processwith
parameters =5 104, =1 104 =5 10 “%and =1 10 4, startingfrom initial
populationievelsof sevenpredatorandnineteemreys. Thesecountswerethencorruptedaccording
to thefollowing noisemodel

; 1
B (i jxi (1)) / S+ 106 - a3

wherex; (t;) is the (discrete)countfor species attimet, beforetheadditionof noise.Noticethat,
sincepopulationnumbersare constrainedo be positive, the noisemodelis not symmetric. The
original countis placedat the mode,ratherthanthe mean,of the noisemodel. This asymmetryis
unavoidablewhendealingwith quantitieghatareconstrainegositive.

While in theoryeachspeciesanhave anarbitrarily largenumberof individuals,in orderto solve the
differentialequationg2) and(10) we have to truncatethe process.While the truncationthreshold
could be viewed asanothermparameteand optimisedvariationally in theseexperimentsve took a

more heuristicapproachand limited the maximumnumberof individuals of eachspeciesto 200.

Thiswasjusti ed by consideringhatanexponentialgrowth patterntted to theavailabledataledto

anestimateof approximately90individualsin themostabundantspecieswell below thetruncation
threshold.

Theresultsof theinferenceareshavn in Figurel. Thesolid line is the meanof the approximating
distribution, the dashedines arethe 90% con denceintenals, the dottedline is the true pathfrom
which the datawas obtained. The diamondsare the noisy obserations. The parametewalues
inferred arereasonablycloseto the real parametevalues: = 1:35 10 3, = 2:32 10 4,
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Figure1: MF approximationto posteriorLV process:(a) predatorpopulationand (b) prey pop-

ulation. Diamondsare the (noisy) obsened datapoints, solid line the mean,dashedines 90%
con denceintervals,dottedlinesthetrue pathfrom which the datawassampled.

= 1:57 10 %and = 1:78 10 “. While the processs well approximatedn the areawhere
datais presentthe free-formpredictionis lessgood, especiallyfor the predatorpopulation. This
might be dueto the inaccuraciesn the estimatesof the parameters.The approximateposterior
displaysnontrivial emeging propertiesfor example,we predictthatthereis a 10% chancehatthe
prey populationwill becomeextinct atthe endof the periodof interest.Theseresultswereobtained
in approximatelyfteen minutesonanintel PentiumM 1.7GHzlaptopcomputer

To checkthe reliability of our inferenceresultsand the rate with which the estimatedparameter
valuescorvergeto thetrue values,we repeatedur experimentdor 5, 10, 15 and20 availabledata
points. For eachsamplesize,we drev ve independensampledrom the samelV processFigure
2(a) shaws the averageand standarddeviation of the meansquarederror (MSE) in the estimateof
theparameterasafunctionof thenumberof obsenationsN ; asexpectedthis decreaseaniformly
with the samplesize.

4 Example: geneautoregulatory network

As a secondexamplewe considera geneautorgulatory network. This simple network motif is
oneof the mostimportantbuilding blocksof the transcriptionaregulatorynetworksfoundin cells
becausef its ability toincreaseobustnesdn thefaceof uctuationin externalsignalg10]. Because
of this, it is one of the beststudiedsystemspoth at the experimentaland at the modelling level
[11, 3]. Thesystemconsistaagain of two speciesmRNA andprotein;the processatesaregivenby

frva(x+ 1xy) = (1 0:99 (y Vo) frva (X 1jxiy) = X

fo(y+ 1xy)= x foly Lxy)=y  (14)
where istheHeavysidestepfunction,y theproteinnumberandx themRNA number Theintuitive
meaningof theseequationds simple: both proteinand mRNA decayexponentially Proteinsare
producedhroughtranslationof mRNA with a rate proportionalto the mRNA alundance.Onthe
otherhand,mRNA productiondependsn proteinconcentratiorevelsthrougha logical function:

assoonasproteinnumbersncreaséeyondacertaincritical parametey., MRNA productiondrops
dramaticallyby afactor100.

The optimisationof the variationalboundw.r.t. theparameters, , and is straightforvardand
yields x edpointequationsimilarto theonesfor theLV processThedependencef theMF bound
onthecritical parametey,, is lessstraightforvardandis givenby
C( Z 1 Zq #Z T )
Ly, = const+ 2 dtgh(y.) + log 1 0:99? h (yc) dt dtg (15)
0 0 0
P
whereg = hgrna (X + 1X)ig andh(yc) = | 6 (y). A plotof this function obtained
duringtheinferencetaskbelonv canbe seenin Figure2(b). We candeterminghe minimumof (15)
by searchingoverthe possible(discretevaluesof yc.
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Figure 2: (a) Mean squarederror (MSE) in the estimateof the parametersas a function of the

numberof obsenationsN for the LV process.(b) Negative variationallik elihood boundfor the
geneautorgulatorynetwork asafunctionof thecritical parametey..
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Figure3: MF approximatiorto posteriorautorgulatorynetwork process(a) proteinpopulationand
(b) mRNA population.Diamondsarethe (noisy) obsened datapoints,solid line the mean,dashed
lines90% con denceintenals,dottedlinesthetrue pathfrom which the datawastaken.

Again, we generatediataby simulatingthe processwith parametevaluesy. = 20, =2 10 3,

=6 105 =5 10“and = 7 10 °. Fifteencountsweregeneratedor both mRNA
andproteins,with initial countof 17 proteinand12 mRNA molecules.Thesewerethencorrupted
with noisegeneratedrom the distribution shovn in equation(13). The resultsof the approximate
posteriorinferenceare shavn in Figure 3. The inferred parametervaluesarein goodagreement
with the true values:y, = 19, = 220 103 = 184 10° = 401 10 *and

= 1:54 10 “. Interestinglyif the datais suchthatthe proteincountnever exceedshe critical
parametey., thisbecomesinidenti able (thelik elihoodboundis optimisedbyy. = 1 ory. = 0),
asmaybeexpected.Thelikelihoodboundlosesits sharpoptimumevidentfrom Figure2(b) (results
notshown).

5 Discussion

In this contribution we have shavn how a MF approximationcanbe usedto performposteriorin-
ferencein MJPsfrom discretelyobsened noisy data. The MF approximationhasbeenshowvn to
performwell andto retainmuchof therichnessof thesecomplex systems.The proposedapproach
is conceptuallyery differentfrom existing MCMC approachefs]. While thesefocuson sampling
from the distribution of reactionshappeningn a smallintenal in time, we computean approxi-
mationto the probability distribution over possiblepathsof the system. This allows us to easily
factoriseacrossspeciespy contrastsamplingthe numberof reactionshappeningn a certaintime



interval is dif cult, andnot amenableto simpletechniquessuchas Gibbs sampling. While it is

possiblethatfuture developmentswill leadto moreef cient samplingstrateies,our approactout-

stripscurrentMCMC basedmethoddn termsof computationakf ciency, A furtherstrengthof our

approachs theeasewith whichit canbe scaledo morecomple systemsnvolving largernumbers
of species.The factorisatiorassumptionimplies thatthe computationatompleity grows linearly

in thenumberof specieD; it is unclearhow MCMC would scaleto largersystems.

An alternatve suggestionproposedn [11], wassomeha to seeka middle way betweena MJP

anda deterministic ODE basedapproactby approximatinghe MJP with a continuousstodastic
processi.e. by usinga diffusionapproximation.While theseauthorsshav thatthis approximation
works reasonablywell for inferencepurposesit is worth pointing out that the populationsizes
in their experimentalresultswere approximatelyone order of magnitudelarger thanin ours. It

is amguablethat a diffusion approximationmight be suitablefor populationsizesaslow asa few

hundredshut it cannotbe expectedo bereasonabléor populationsizesof the orderof 10.

The availability of a practicaltool for statisticalinferencein MJPsopensa numberof important
possibledevelopmentgor modelling. It would be of interest,for example,to develop mixed mod-
elswhereone specieswith low countsinteractswith anotherspecieswith high countsthatcanbe
modelledusingadeterministicor diffusionapproximation This situationwould be of particularim-
portancefor biologicalapplicationswheredifferentproteinscanhave very differentcopy numbers
in acell but still beequallyimportant.Anotherinterestingextensionis the possibility of introducing
a spatialdimensionwhich in uenceshow likely interactionsare. Suchanextensionwould be very
important,for example,in an epidemiologicaktudy All of theseextensionsrely centrallyon the
possibility of estimatingposteriomprobabilities andwe expectthattheavailability of a practicaltool
for theinferencetaskwill bevery usefulto facilitatethis.
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