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Abstract

This paper deals with the behavior of some nonlinear semiparametric models in
the case where the unknown nuisance function f is not necessarily differentiable.
Two models are considered, in the Gaussian white noise framework: estimation
of the center of symmetry and estimation of the period of a periodic signal. We
obtain the rate of convergence of the sieve maximum likelihood estimators in these
models over different functional spaces. In particular, it is shown that if the class
controls appropriately the growth to infinity of the Fisher information over the
sieve, semiparametric fast rates of convergence are obtained. We also prove a lower
bound result which implies that these semiparametric rates are strictly below the
parametric ones, meaning there is a significant loss of information, contrary to the
regular case.
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1 Introduction and main results

The models. Two semiparametric models will be considered in this paper. Let L2[0, 1]
be the Hilbert space of all square integrable functions on the interval [0, 1]. Suppose we
observe in continuous time a path X, which is a solution of the diffusion equation

dX(t) = f(t/θ)dt+ dW (t) , t ∈ [−T/2, T/2], (T > 0) (1.1)

where the unknown function f belongs to L2[0, 1] and is extended 1-periodically, θ is an
unknown period parameter which belongs to a subset of ]0,+∞[ and W is standard Brow-
nian motion on the interval of observation [−T/2, T/2]. We shall work in the asymptotic
framework T → +∞. This model will be referred to as the period model throughout the
paper.

The second model, which will be referred to as the translation model in the sequel, consists
of observing a path Y , which is a solution of the diffusion equation

dY (t) = f(t− θ)dt+ εdW (t) , t ∈ [−1/2, 1/2], (ε > 0) (1.2)

where the unknown function f is symmetric, 1-periodic and when restricted to [0, 1], be-
longs to L2[0, 1]. The unknown parameter θ, that is the center of symmetry of the signal
f(·−θ), is supposed to belong to a compact subset of the real numbers, andW is here stan-
dard Brownian motion on [−1/2, 1/2]. We shall work in the asymptotic framework ε→ 0.

Context. The aim of the theory of semiparametric models can be described as try-
ing to understand the effect of the unknown nonparametric component of the model in
the estimation of a finite-dimensional parameter or functional of interest. The situation is
relatively well understood in those models where a certain amount of regularity is present,
usually meaning the assumption of local asymptotic normality of the model or, stronger,
of differentiability in quadratic mean (see [1] or [11][Chap. 25]), along one-dimensional
submodels. Under these conditions, in many cases the effect of the nonparametric nui-
sance can be understood in terms of scores and tangent sets through the concept of
efficient Fisher information, which might be smaller than the Fisher information in the
corresponding parametric case. In this case one says that a loss of information occurs.
However, even in this case, some gaps remain in the theory, in particular when the efficient
Fisher information is zero, where often rates of convergence slower than the parametric
ones arise, see for example [9] in a deconvolution framework.

In this article the considered semiparametric models do not necessarily verify the reg-
ularity assumptions cited above. In fact, we do not impose a priori any other regularity
condition on the function f in model (1.1) than the one necessary for the likelihood func-
tion (see (1.3) below) to be defined, that is that f should be square-integrable. To the
best of the authors’ knowledge, the problem of understanding estimation in non-regular
semiparametric contexts has received few attention, and one of the aims of the present
article is to shed some light on this issue. In fact, it turns out, as we shall see, that
interesting non-parametric effects are observed in the non-regular case which are more or
less wiped out by regularity assumptions in the regular case.

Let us now present some already-known results in the Gaussian white noise models (1.1)-
(1.2). In the parametric case where f is known, we refer to the book by [7] and the
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references therein. In the regular parametric case, usual parametric rates are obtained,
that is of the order of ε in the translation model (resp. T−3/2 in the period model),
whereas in the non-regular case, fast rates of convergence appear : the more “irregular”
the function f , the faster the rate. We shall give more insight in Section 1.2. In the semi-
parametric case, in the regular framework, the same rates of convergence (including the
constants) as in the parametric case are obtained for models (1.1)-(1.2). We refer to [6]
for the period model (1.1) and [4] and references therein for the translation model (1.2).
Still in the regular case, non-parametric effects have been shown to occur in the second
order terms of the asymptotics, see [4], [5] and [3], where it is shown that semiparametric
second order terms are significantly larger than usual parametric ones.

Practical point of view, periodogram and model selection. The problem of esti-
mating the frequency of an unknown periodic signal corrupted by noise is a central issue
in signal processing and its applications (telecommunications, laser vibrometry, to name
a few), see [8] and the references therein. Models (1.1)-(1.2) can be seen as idealized
versions in continuous time of finite sample models. One of the most important methods
of estimation involves the maximization of the so-called cumulated periodogram. In the
context of model (1.1), this is the same as maximizing in τ the quantity

LK(τ) =
1

T

∑
|k|≤K

∣∣∣∣∣
∫ T/2

−T/2

exp(2ikπ(t/τ))dX(t)

∣∣∣∣∣
2

.

One still needs to choose the integer K, which corresponds to the dimension of the finite-
dimensional space (or sieve) approximating the functional space where f lives. It turns
out in practice that the algorithm based on the maximization of LK(τ) is often very sen-
sitive to the choice of K, see [8], where a clever algorithm based on a penalized version of
LK is considered (under, however, regularity assumptions on f). This sensitivity seems
not to be foreseen by the theory in the semiparametric regular framework, where many
choices of K can be shown to produce asymptotically efficient estimators of θ (roughly, if
f is regular enough, any K of smaller order than T 1/4 would do, see [3]). In this article,
we shall see that this is no longer true if no strong smoothness assumption is made on the
nuisance f : if we allow functions with potentially many significative Fourier coefficients,
then we must choose K large enough to recover enough information from the signal. But
this also means adding more noise (the contribution of W in the observed X), thus a
compromise must be found between these two constraints, which makes the rate of con-
vergence of the estimators based on the cumulated periodogram very sensitive to K, even
from a theoretical perspective.

There is another natural reason why considering classes of irregular functions (see be-
low for precise definitions) makes sense in the considered models. In many models, for
example partially linear semiparametric models (see for instance [13]), one considers uni-
form rate results over a convex set of (nuisance) functions (think of Sobolev balls), where
in fact the boundary of the set determines the rate, since they are the hardest to estimate.
In our case however, it is known already from the parametric case that the more irregular
the function, the faster the rate. It seems natural, therefore, to try and find uniform
results over complements of balls. In that way, it is still the boundary of the set that is
hardest to estimate, and therefore determines the rate.
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Main results. We address the problem of statistical estimation in models (1.1)-(1.2)
in a semiparametric non-regular framework. We establish that uniform fast rates of con-
vergence can be obtained over natural classes of irregular functions by sieve maximum
likelihood estimators and determine their rate of convergence. We also establish a lower
bound result which implies that the semiparametric rates are strictly below the paramet-
ric ones. This lower bound does not quite coincide with the rate of the sieve maximum
likelihood estimator and we conjecture that there are semiparametric estimators having
a strictly better rate of convergence than sieve maximum likelihood estimators.

1.1 Gaussian white noise models

A special basis of the space L2[0, 1] is the trigonometric basis, denoted εk(·) = exp(2iπk·),
for any k ∈ Z, where Z denotes the set of all integers. For an element f of L2[0, 1], we
denote by ‖ · ‖ its L2-norm and by {ck}k∈Z the sequence of its Fourier coefficients, so that

‖f‖2 =

∫ 1

0

f(t)2dt, ck =

∫ 1

0

f(t)ε−k(t)dt (k ∈ Z).

In model (1.2), due to the symmetry of f , we work with

fk =
√

2

∫ 1

0

f(t) cos(2πkt)dt (k ≥ 0).

The only further assumption that we make a priori on the function f is that there exist
some real constants ρ, L with 0 < ρ < L such that f belongs to the set F defined as

(F) F , F(ρ, L) = {f ∈ L2[0, 1], |c1| ≥ ρ, ‖f‖2 ≤ L2}.

We also extend the functions in F by 1-periodicity so that they can be seen as functions
over the real line. Note that we do not impose at this point regularity assumptions on
derivatives for f , as in [4], [6], [3] (existence of a bounded second derivative for f in the
L2-sense) or [5] (existence of a bounded 1 + κ-derivative, κ > 0, in the L2-sense), all the
cited work falling in the “regular” framework. The assumption on c1 is a way to ensure
that the energy

∑
k∈Z k

2|ck|2 of the signal (which might be infinite in our context) is far
away from zero. This correspond to the fact that one wants to exclude functions which
could be arbitrarily close in L2 to a constant function, for which estimation of θ in the
context of (1.1) or (1.2) is impossible. It also ensures that the function f has 1 as the
smallest period, which is important in both models for identifiability reasons.

We further assume that the parameter θ belongs to a set ΘP (resp. ΘS) in the period
model (resp. translation model) such that

(T) ΘP = [A,B] ⊂]0,+∞[, ΘS = [−τ0, τ0] ⊂]− 1/4, 1/4[.

In the translation model, one easily checks that to ensure identifiability, the parameter
set should have a diameter smaller than 1/2, which explains the choice for ΘS. As for ΘP ,
it would have been possible to choose a varying subset [AT , BT ] asymptotically covering
]0,+∞[, but to avoid technicalities irrelevant to the content of the present paper, we
restrict ourselves to the compact case.

The aim of the statistical problem at hand is to understand how and how fast one can
estimate the unknown θ, the function f being unknown as well. An estimator will be as
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usual a measurable function of the observations, which means here a measurable function
with respect to the σ-field generated by the process X (respectively Y ), the solution of
(1.1) (resp. (1.2)), on the Banach space BP of continuous functions on [−T/2, T/2] (resp.
BS on [−1/2, 1/2]). We denote by PP

θ,f (resp. PS
θ,f ) the probability distribution generated

by X (resp. Y ) on this space.
The natural statistical object to work with is the likelihood, which, in the context of

models (1.1) and (1.2), is defined as a likelihood ratio. Let PP
0 (resp. PS

0 ) be the probabil-
ity distribution generated by Brownian motion on BP (resp. by ε times Brownian motion
on BS). Then the likelihoods LP (θ, f) and LS(θ, f) are defined as the following Radon-
Nikodym derivatives, for which explicit expressions are given by Girsanov’s formula: for
any X ∈ BP and any Y ∈ BS,

LP (θ, f)(X) ,
dPP

θ,f

dPP
0

(X) = exp

(∫ T/2

−T/2

f(t/θ)dX(t)− 1

2

∫ T/2

−T/2

f(t/θ)2dt

)
, (1.3)

LS(θ, f)(Y) ,
dPS

θ,f

dPS
0

(Y) = exp

(
ε−2

∫ 1/2

−1/2

f(t− θ)dY(t)− ε−2

2

∫ 1/2

−1/2

f(t− θ)2dt

)
.

We denote by EP
θ,f (resp. ES

θ,f ) the expectation under the probability distribution PP
θ,f

(resp. PS
θ,f ). In the sequel for simplicity we sometimes drop the index P or S.

1.2 The parametric case

We shall first deal with the parametric non-regular case, where the situation is already
well understood (see for instance [7]). In that case, the function f is known and we con-
sider maximum likelihood-type estimators θ of θ. It is intuitively clear that the slower
the L2 difference between the functions with parameters θ and τ goes to zero as τ → θ,
which corresponds to a more irregular function f , the faster the rate of convergence for
θ will be. It turns out that this connection is indeed very direct. We focus here on the
translation model, the period case being essentially similar.

The maximum-likelihood estimator is formally defined as

θ , Argmax
τ∈ΘP

ε−2

∫ 1/2

−1/2

f(t− τ)dY(t)− ε−2

2

∫ 1/2

−1/2

f(t− τ)2dt.

Using the fact that the observation process Y follows (1.2), it is easy to check that

θ = Argmax
τ∈ΘP

∫ 1/2

−1/2

{f(t− τ)− f(t− θ)}dW (t)− 1

2

∫ 1/2

−1/2

{f(t− τ)− f(t− θ)}2dt.

This leads us to define a class of functions over which the L2 distance between the
signals is controlled from above and below. More precisely, for positives η, M1 < M2 and
0 < β < α < 1, we define

FS
α,β(η,M1,M2) = {f ∈ F : ∀ τ, θ ∈ ΘS : |τ − θ| < η,∫ 1/2

−1/2

{f(t− θ)− f(t− τ)}2 dt ≥M1(τ − θ)2α

∫ 1/2

−1/2

{f(t− θ)− f(t− τ)}2 dt ≤M2(τ − θ)2β}.
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The control from below defines the degree of irregularity of the functions in the class,

whereas the control from above is to ensure that the supremum of the process
∫ 1/2

−1/2
{f(t−

τ)− f(t− θ)}dW (t) is essentially controlled by the supremum of the standard deviations.
Note that the control from below alone does not guarantee that this last process has
continous sample paths.

Note that one can also consider sieve maximum likelihood estimators. Since f is
known, so is also f [K](·) =

∑K
k=1 fkεk(·) and we define, for any sequence of integers

K = K(ε) such that K(ε) → +∞ as ε→ 0,

θ(K) , Argmax
τ∈ΘS

ε−2

∫ 1/2

−1/2

f [K](t− τ)dY(t)− ε−2

2

∫ 1/2

−1/2

f [K](t− τ)2dt.

As for the sieve maximum likelihood estimator, there is a class of functions particularly
adapted to these estimators. For a positive integer K0, a positive real M and α ∈]0, 1[,
we define

Sα(K0,M) =

{
f ∈ F : ∀K ≥ K0 :

K∑
k=−K

k2|ck|2 ≥MK2−2α

}
. (1.4)

In the case of model (1.2), the condition is the same as imposing
∑K

k=1 k
2f 2

k ≥MK2−2α.

Note that here the process
∫ 1/2

−1/2
f [K](t − τ)dW (t) has sample paths differentiable at any

order, and there is no need to control the decay of the tail of Fourier coefficients. Note also
that the condition defining the class Sα is stronger than the corresponding lower bound
in the definition of the class Fα,β(η,M1,M2), for small enough M1. This can be seen by
expanding the L2-distance over the Fourier basis and using the bound | sin(u)| ≥ 2π/|u|
for 0 < |u| < π. The parametric rate of convergence is now given by the following theorem.

Theorem 1.1. Fix positive K0,M and α ∈]0, 1[. Let us define lε = log(ε−1) and Kα =
b{lεε}−1/αc. Then for any f in Sα(K0,M),

lim
ε→0

sup
θ∈ΘS

Pθ,f

(
|θ(Kα)− θ| ≥ l1/α

ε ε1/α
)

= 0

Fix positive η, M1 < M2 and 0 < β < α < 1. Then for any f in FS
α,β(η,M1,M2),

lim
ε→0

sup
θ∈ΘS

Pθ,f

(
|θ − θ| ≥ lεε

1/α
)

= 0

Notice that arbitrarily high rates can be achieved as the known signal f gets more
and more irregular. It will turn out that in the semiparametric setup, this will no longer
be possible.

1.3 Semiparametric rates for sieve maximum likelihood estima-
tors

We briefly recall a natural way to obtain estimators in models (1.1)-(1.2). The idea is to
use the profile likelihood method (see [11][Chap. 25]) which consists in maximizing the
likelihood in two steps: first one maximizes it with respect to the nuisance parameter,
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obtaining a function -called profile likelihood- independent of f , and then one chooses the
maximizer of this quantity as estimator. In fact, the first step cannot involve a maximum
over the whole space F , which is too large, thus one restricts the maximization to a sieve,
which here will be the K-dimensional linear space generated by the first K elements of
the trigonometric basis. The final estimator is obtained by choosing K (a choice which
turns to be essential) and is called the sieve maximum likelihood (or sieve-MLE).

This method is particularly useful in the case of models (1.1)-(1.2) since the profile
likelihood can be written in a closed form. In the models under consideration, this tech-
nique and refinements with weights have been studied in detail in [4] and [3], which is
why we will directly give the expression of the obtained profile likelihood in both cases,
that is (1.5) for the translation case and (1.11) for the period.

We shall seek for best possible uniform rates of convergence for the sieve-MLE over
some class of functions. A first candidate for the class is certainly the whole class F
defined above. However, this class contains (almost) all smooth functions, for which we
know that the estimation is in fact more difficult in the considered models and the obtained
rate turns out to be ε or T−3/2 (the usual parametric n−1/2), see Theorems 1.3 and 1.5
and Section 1.4 for a corresponding (and in fact stronger) lower bound result. A smaller
class will allow to obtain uniform fast rates for sieve-MLEs : the class Sα(K0,M) defined
by (1.4), which enables to quantify the ”irregularity” of a function through a parameter
α and which contains all functions at least ”α-irregular” in this sense. Note that the
definition of Sα(K0,M) is in fact quite natural in the sense that it gives control over the
Fisher information for estimating θ in the sequence (depending on K) of (parametric)
models where (θ, f) is of the form {(θ, f1, . . . , fK)}. In this sense it suits well the study
of a K-dimensional sieve-MLE.

1.3.1 Estimation of the center of symmetry

The profile likelihood method yields the following criterion (see [4]) to maximize

lK(τ) =
K∑

k=1

∣∣∣∣∣√2

∫ 1/2

−1/2

cos(2πk(t− τ))dY (t)

∣∣∣∣∣
2

, (1.5)

where τ belongs to ΘS, Y (t) is assumed to satisfy (1.2) , and K is an integer to be chosen.

For any K > 0, we obtain a sieve-MLE θ̂(K) by maximizing the profile likelihood

θ̂(K) = Argmax
τ∈ΘS

lK(τ). (1.6)

We are particularly interested in the following choice of K

K∗
S = K∗

S,α =

{
bε−

2
1+2α c if 1/4 ≤ α ≤ 1,

bε−
4

1+4α c if 0 < α < 1/4
. (1.7)

The associated sieve-MLE is defined by

θ̂S = Argmax
τ∈ΘS

lK∗
S
(τ). (1.8)

Let us define the rate

rS
ε =

{
ε

4
1+4α if 0 < α < 1/4,

ε
3

1+2α if 1/4 ≤ α ≤ 1.
(1.9)
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Theorem 1.2. Let us assume (F) and (T) and let rS
ε be defined by (1.9) and θ̂S be defined

by (1.8). Then with lε = − log ε, for any 0 < α < 1 and positives K0 and M ,

lim
ε→0

sup
θ∈ΘS , f∈Sα(K0,M)

Pθ,f

(∣∣∣θ̂S − θ
∣∣∣ > l1/α

ε rS
ε

)
= 0.

The rate of convergence rS
ε is a fast rate in that it is faster than the usual parametric

rate rS
0,ε = ε (that is 1/

√
n if we take ε = 1/

√
n). Note that the smaller α (that is the more

irregular the function in the sense of the classes Sα(K0,M)), the faster we can estimate
θ, as we can see immediately from the expression (1.9). A close examination of the proof
of Theorem 1.2 reveals that the rate of θ̂(K) is quite sensitive to the choice of the cut-off
K. Note also that there is a change of slope in the power of the rate (1.9) at α = 1/4,
which is reminiscent of the nonparametric effect observed in the problem of estimating
the L2-norm, where α = 1/4 is also a transition point.

We also consider the sieve-MLE θ̃S for K = K̃ , bε−1/2c that is

θ̃S = Argmax
τ∈ΘS

lK̃(τ), (1.10)

and we denote by rS
0,ε = ε the rate in the smooth case.

Theorem 1.3. Let us assume (F) and (T) and let θ̃S be defined by (1.10). Then with
lε = − log ε,

lim
ε→0

sup
θ∈ΘS , f∈F

Pθ,f

(∣∣∣θ̃S − θ
∣∣∣ > lεr

S
0,ε

)
= 0.

Theorem 1.3 extends the semiparametric results known in the regular case, where f is
differentiable and the Fisher information is finite, saying that semiparametric estimation
is possible, whatever the regularity of f in F , at the rate ε (up to a log factor).

1.3.2 Estimation of the period

The profile likelihood method leads to the criterion, for any positive integer K,

LK(τ) =
1

T

∑
|k|≤K

∣∣∣∣∣
∫ T/2

−T/2

εk(t/τ)dX(t)

∣∣∣∣∣
2

, (1.11)

where the process X satisfies (1.1) and εk(·) = exp(2ikπ·). As already noted in [6], there
is an additional difficulty in using (1.11) compared to (1.5), in that periodicity of f implies
that LK(2θ) is roughly of the same order as LK(θ) and thus one needs an extra localization
argument. We overcome this difficulty by considering the smallest approximate minimizer
of (1.11) by defining

EK =

{
τ ∈ ΘP , LK(τ) ≥ (1− δ) sup

τ∈ΘP

LK(τ)

}
(1.12)

eK = inf EK , (1.13)
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where δ should satisfy

0 < δ <
ρ2

L2
.

The inequality ensures that the τ ′s equal to fractions of θ (see Lemma 2.4) will not be in
EK with high probability (see the proof of Lemma 2.6).

For any K > 0, we obtain an estimator of the period (despite the localization argu-
ment involved we still refer to it as sieve-MLE), which, adopting as in [6] the following
definition for a ball of center x of radius r

B(x, r) =
{
τ ∈ ΘP ,

∣∣∣x
τ
− 1
∣∣∣ < r

}
, (1.14)

is defined as
θ∗(K) = Argmax

τ∈B(eK ,1/4)

LK(τ). (1.15)

Let us define

K∗
P = K∗

P,α =

{
bT

1
1+2α c if 1/4 ≤ α ≤ 1,

bT
2

1+4α c if 0 < α < 1/4
. (1.16)

The associated sieve-MLE is defined by

θ̂P = θ∗(K∗
P,α) = Argmax

τ∈B(eK∗
P,α

,1/4)

LK∗
P,α

(τ) if 1/4 ≤ α ≤ 1. (1.17)

In fact, similar to the translation model, we have a transition when α = 1/4. In the
period case, when 0 < α < 1/4, we define the estimator θ̂P as a two-step estimator. First,
the estimator θ∗(K∗

P,1/4) yields a first intermediate rate T−2 (see Subsection 2.2.4) which
is strengthened by considering the final estimator

θ̂P = Argmax
τ∈ΘP∩B(θ∗(K∗

P,1/4
),T−2)

LK∗
P,α

(τ) if 0 < α < 1/4. (1.18)

We also need to restrict slightly the classes F and Sα(K0,M). We assume that there exist
β > 0 and L1 > L such that f belongs to the following class

F+ = F(ρ, L) ∩
{
f = {ck},

∑
k∈Z

k2β|ck|2 ≤ L2
1

}
.

Similarly for any α > β we define Sα,β(K0,M) = Sα(K0,M) ∩ F+.

Let us define

rP
T =

{
T−

3+4α
1+4α if 0 < α < 1/4

T−
5+4α
2+4α if 1/4 ≤ α ≤ 1.

(1.19)

Theorem 1.4. Let rP
T be defined by (1.19) and let θ̂P be defined by (1.17), (1.18). Then,

for any 0 < β < α < 1 and any positive K0,M , with lT = − log T ,

lim
T→+∞

sup
θ∈ΘP , f∈Sα,β(K0,M)

Pθ,f

(∣∣∣θ̂P − θ
∣∣∣ > l

1/α
T rP

T

)
= 0.
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This result is slightly more difficult and technical than the corresponding result in
the translation case, but the rate is essentially the same, once one replaces ε in (1.9) by
T−1 and multiplies the result by T−1. Note that we require slightly more here than the
function being in L2 by considering the class F+. This condition appears when one wants
to establish uniform convergence to zero of some remainder terms in the profile likelihood
criterion. These terms are in fact zero in the translation case due to orthogonality argu-
ments (see also the proof of Theorem 1.4). However the condition is not very strong since
it suffices that a very small β exists for the results to hold.

As with the translation model, we can complement the previous result by considering
the sieve-MLE θ̃P for K = K̃P , bT 1/3c, that is

θ̃P = Argmax
τ∈ΘP

LK̃P
(τ). (1.20)

and we denote by rP
0,T = T−3/2 the rate in the smooth case.

Theorem 1.5. Let θ̃P be defined by (1.20). Then with lT = − log T ,

lim
T→+∞

sup
θ∈ΘP , f∈F+

Pθ,f

(∣∣∣θ̃P − θ
∣∣∣ > lT r

P
0,T

)
= 0.

Theorem 1.5 extends the results of [6] to any f in F+, whereas Theorem 1.4 asserts
than the smooth rate rP

0,T = T−3/2 can be notably improved when working uniformly over
the slightly smaller class Sα,β(K0,M).

1.4 Lower bounds

As we have seen in Section 1.2, the sieve-MLE attains faster uniform rates over the class
Sα(K0,M) than the smooth rates. It is then natural to investigate the best possible rate
of convergence of semiparametric estimators in the minimax sense over such classes. In
particular, we would like to know whether it is possible or not to do as well as in the
parametric case, which is the case in the regular framework, at least asymptotically.
Let us define

rT = T−
7+8α
2+8α and rε = ε

5
1+4α . (1.21)

Theorem 1.6. For any 0 < β < α < 1, positive K0,M , there exist C,C ′ such that, using
definition (1.21),

lim inf
T→+∞

inf
θ̂

sup
θ∈ΘP , f∈Sα,β(K0,M)

EP
θ,f ((θ̂ − θ)2rT

−2) ≥ C > 0

lim inf
ε→0

inf
θ̂

sup
θ∈ΘS , f∈Sα(K0,M)

ES
θ,f ((θ̂ − θ)2rε

−2) ≥ C ′ > 0,

where the infima are taken over all estimators of θ in the period (resp. translation) model.

Theorem 1.6 states that the semiparametric rate is slower than the rate obtained in
Section 1.2 in the parametric case over Sα,β(K0,M). This means that a significant loss
of information occurs. Note also that this lower bound is actually strictly faster than the
rates we found for the sieve-MLE.
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Another interesting question is the following: what happens if we seek for uniform
results over classes larger than Sα? Generalisations of these classes are the following. Let
us define, for positives η, M1 and 0 < α < 1,

FP
α (η,M1) = {f ∈ F , ∀ τ, θ ∈ ΘP : |τ − θ| < η,∫ T/2

−T/2

{f(t/θ)− f(t/τ)}2 dt ≥M1(τ − θ)2α},

FS
α (η,M1) = {f ∈ F , ∀ τ, θ ∈ ΘS : |τ − θ| < η,∫ T/2

−T/2

{f(t− θ)− f(t− τ)}2 dt ≥M1(τ − θ)2α}.

Classes of this type are quite natural in that they define the irregularity using the intrinsic
distance on the statistical problem, that is here the L2-distance between the signals.
However, if one seeks for fast uniform rates, they are, somehow, too large.

Theorem 1.7. For any 0 < α < 1 and positive η,M1, we can choose L, defining the class
F(ρ, L), big enough such that there exist C,C ′ with

lim inf
T→+∞

inf
θ̂

sup
θ∈ΘP , f∈FP

α (η,M1)

EP
θ,f ((θ̂ − θ)2T 3) ≥ C > 0

lim inf
ε→0

inf
θ̂

sup
θ∈ΘS , f∈FS

α (η,M1)

ES
θ,f ((θ̂ − θ)2ε−2) ≥ C ′ > 0,

where the infima are taken over all estimators of θ in the period (resp. translation) model.

In the semiparametric context, it is thus not possible to obtain a better minimax rate
of convergence over the classes Fα than in the case where f is smooth. The fact that
we might need to choose L very big, is related to the fact that the upper bound on the
L2-norm in F might conflict with the lower bound on the L2 distance of the signals.
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1.5 Discussion and perspectives
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The obtained rates of convergence in the translation case are summarized in the fig-
ure above. The main message is that uniform fast rates of convergence are obtained for
sieve-MLE estimators (the ’square’-curve) over appropriate spaces and that the best pos-
sible rates in the minimax sense over these spaces are strictly below the parametric ones
(’plus’ and ’circle’-curves). This loss of speed is even worse if one considers larger spaces
(’diamond’-curve).

Now there are two questions, both linked to the “gap” between the ’square’ and ’plus’-
curves. The first is : can we do better with sieve-MLEs (1.6) than the rate we obtain for
the choice (1.7) of K∗? In other words, is the choice K = K∗ optimal? Although we shall
not prove it here, we think it is, see the discussion at the end of the proof of Theorem 1.2.

The second is, if the sieve-MLEs cannot do better than the ’square curve’, is the ’plus’
curve not optimal or can we improve estimation? We conjecture that there are estimators
outperforming the sieve-MLEs.

2 Proofs : upper bounds

Along the proofs, we use a number of self-contained Lemmas whose proofs are given in
Section 4. We abbreviate the distributions PP

θ,f and PS
θ,f by Pθ,f or even P, since it will

always be clear from the context to which model we refer to. Let us denote, for a process
Y indexed by a subset Θ of the real numbers,

‖Y ‖ , sup
t∈Θ

Y (t).

The notation . (resp. &) is used for “smaller (resp. larger) than or equal to a universal
constant times”. Sometimes we make universal constants explicit and denote them by C.
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Furthermore, O and o are the usual Landau symbols. For any integers m,n, we denote
by m ∧ n their minimum.

2.1 Semi-parametric case: center of symmetry

The criterion lK defined in (1.5) can be written

lK(τ) =
K∑

k=1

f 2
k cos2(2πk(τ − θ)) + εη1(τ) + ε2η2(τ),

where

η1(τ) = 2
K∑

k=1

fk {cos(2πkτ)ξk + sin(2πkτ)ξ∗k} cos(2πk(τ − θ)) (2.1)

η2(τ) =
K∑

k=1

{cos(2πkτ)ξk + sin(2πkτ)ξ∗k}
2 , (2.2)

and

ξk =
√

2

∫ 1/2

−1/2

cos(2πkt)dW (t)

ξ∗k =
√

2

∫ 1/2

−1/2

sin(2πkt)dW (t).

Note that {ξk}k≥1 and {ξ∗k}k≥1 form two independent sequences of independent N (0, 1)
variables. Note also that η2 is a pure noise term (that is, it does not depend on f). Let
us write

lK(τ)− lK(θ) = −
K∑

k=1

f 2
k sin2(2πk(τ − θ)) + ε(η1(τ)− η1(θ)) + ε2(η2(τ)− η2(θ)).

Using the properties of the Fourier basis and setting δ = τ − θ one checks that

E({η1(τ)− η1(θ)}2) = 4
K∑

k=1

f 2
k sin2(2πkδ) , 4v(δ,K), (2.3)

E({η2(τ)− η2(θ)}2) = 4
K∑

k=1

sin2(2πkδ). (2.4)

2.1.1 Control of processes

To prove Theorem 1.2, it is necessary to be able to control the processes η1(τ) − η1(θ)
and η2(τ) − η2(θ). For both, we establish that the supremum of the process over the
sets of interest is controlled up to a logarithmic factor by the supremum of the standard
deviations. For Gaussian processes (thus a priori only for η1(τ)− η1(θ)), this property is
known to be true if one is able to control the entropy of the indexing set of the process
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with respect to the natural semimetric given by its covariance structure (see for example
[10] Theorem 2.4 or [12] Appendix A.2.2). Here we shall instead use the fact that the two
processes at stake are differentiable a.s. (which comes from their explicit dependence in
τ , see Equations (2.1) and (2.2)) and we will apply Lemma 4.1. The apparent drawback
of this rougher method is that a logarithmic factor appears. However, we were not able
to get rid of this log-factor when using the more refined techniques mentioned above.

Lemma 2.1. There exist positive constants C1, C2, C3, C4 such that for K large enough,
for any positive real y,

P
(
‖η2 −K‖ > y

√
K
)

≤ C1K exp(−C2y{y ∧K1/2})

P
(
‖η′2‖ > yK3/2

)
≤ C3K

2 exp(−C4y{y ∧K3/2}).

In particular, note that Lemma 2.1 implies that ifK is polynomial in ε−1, then P(‖η2−
K‖ > lε

√
K) and P(‖η′2‖ > lεK

3/2) decrease to zero faster than any polynomial in ε.
Notice that the same holds for P(‖η2(·)− η2(θ)‖ > lε

√
K).

Lemma 2.2. Let γε be a sequence tending to zero as ε→ 0 and v(·, K) be defined by (2.3).
There exist positive constants C5, C6 such that for K large enough, for any positive real
y,

sup
θ∈ΘS ,f∈F

Pθ,f

(
sup

γε≤|τ−θ|<2τ0

|η1(τ)− η1(θ)|
v(τ − θ,K)1/2

≥ y

)
≤ C5γ

−4
ε K4 exp(−C6y

2).

The proof of these lemmas can be found in Section 4.

2.1.2 Proof of Theorem 1.2

The starting point of the proof is quite standard. One has to study the criterion lK(τ) and
proving that it takes its global maximum close to τ = θ gives us already a first ”rough”
rate of convergence. Then, studying its local behavior around τ = θ by analyzing the
dependence of lK(τ)− lK(θ) in τ − θ hopefully enables us to sharpen the rate.

The ”standard” approach in the smooth case where f has some derivatives is to expand
the criterion around τ = θ using Taylor’s formula and to control the rest terms by bounds
on the derivatives of lK , see for instance [4], [5] (and [6], [3] in the case of the period
model). This approach cannot be used here, at least not until a sufficiently fast rate has
been reached. The reason is that as long as δ > K−1, the functional v(δ, ε) does not be-
have like δ2 but like δ2α. A similar phenomenon (but this time independently of f) occurs
with the pure noise part η2(τ)− η2(θ) : we shall use the bound | sin(2πkδ)| ≤ 1 ∧ 2πk|δ|,
which yields different estimates depending on how close τ is to θ. In the “smooth” case,
this discussion was unnecessary since K could be chosen small enough, corresponding to
the fact that the smoother the function, the smaller the number of significative Fourier
coefficients.

We establish the rate of convergence in several steps. In the proof, to simplify the
notation, the cut-off K∗

S defined by (1.7) will simply be denoted by K. Let γε ≥ γ′ε be
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two sequences of positive real numbers and v(δ,K) defined by (2.3), then

P(γ′ε < |θ̂S − θ| ≤ γε) ≤ P

(
sup

τ : γ′ε<|τ−θ|≤γε

l(τ) ≥ l(θ)

)

≤ P

(
sup

δ: γ′ε<|δ|≤γε

−v(δ,K) + 2ε(η1(τ)− η1(θ)) + ε2(η2(τ)− η2(θ)) ≥ 0

)

≤ P

(
4ε sup

γ′ε<|δ|≤γε

η1(τ)− η1(θ)

v(δ,K)1/2
≥ inf

γ′ε<|δ|≤γε

v(δ,K)1/2

)
(2.5)

+P

(
2ε2 sup

γ′ε<|δ|≤γε

η2(τ)− η2(θ)

v(δ,K)1/2
≥ inf

γ′ε<|δ|≤γε

v(δ,K)1/2

)
(2.6)

We first establish that the estimator θ̂S is at least convergent at the rate γ1,ε = lεεK
1/4.

For this we prove that the right-hand side of the last display tends to zero if γε = 2τ0 and
γ′ε = γ1,ε. Note that this last quantity tends to zero due to the choice K = K∗.

Note that v(δ,K) ≥ f 2
1 sin2(2πδ). Since |δ| < 2τ0 and 2τ0 is strictly less that 1/2, we

have that infδ: |δ|>γ1,ε v(δ,K)1/2 & |f1|γ1,ε & γ1,ε using (F). Thus using Lemma 2.2, we
obtain that (2.5) tends to zero as ε→ 0. To see that the same holds for (2.6), note that
for some small C > 0,

(2.6) ≤ P

(
ε2 sup

δ: γ′ε<|δ|≤γε

η2(τ)− η2(θ) ≥ inf
δ: |δ|>γε

v(δ,K)

)
(2.7)

≤ P

(
sup

δ: γ′ε<|δ|≤γε

η2(τ)− η2(θ) ≥ Cl2εK
1/2

)
.

Finally we use Lemma 2.1.

Now we shall use repeatedly (2.5)-(2.6), improving each time on the rate of convergence
γ′ε assuming that f belongs to the class Sα(K0,M).

Let us check that the rate of convergence over Sα(K0,M) is at least γ2,ε = D2xεK
−1,

where xε = l
1/4α
ε and D2 is a large enough constant (we do this only in the case α ≤ 3/4,

since for 3/4 < α ≤ 1, γ1,ε ≤ γ2,ε). Thus in this paragraph we work on the set
{δ : γ2,ε < |δ| ≤ γ1,ε}. Since δ now tends to zero, b1/4|δ|c ≥ 1/8|δ|. Using the fact
that for any x ∈ [−π/2, π/2], | sin(x)| ≥ 2|x|/π, we have that for δ positive,

v(δ,K) ≥
K∧b1/4δc∑

k=1

f 2
k sin2(2πkδ) & δ2

K∧1/8δ∑
k=1

k2f 2
k .

The definition of the class Sα now implies that v(δ,K) & δ2{K ∧ 1/8δ}2−2α & δ2α and
thus infδ: γ2,ε<|δ|≤γ1,ε v(δ,K) & x2α

ε K
−2α. To show that (2.5) and (2.6) (via (2.7)) tend to

zero, we make use of Lemmas 2.2, 2.1. This can be done if the two following conditions
are satisfied:

ε−1xα
εK

−α &
√
lε and ε−2x2α

ε K
−2α &

√
lεK.
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This happens if K is less than Kmax = ε
−4α
1+4α . Since this is the case for the choice K = K∗,

we have proved that θ̂S achieves the rate γ2,ε.

Finally we check that θ̂S achieves the rate γ3,ε = x4
εr

S
ε . Note that on {δ : γ3,ε < |δ| ≤ γ2,ε}

we have that

v(δ,K) ≥
K/xε∑
k=1

f 2
k sin2(2πkδ) & δ2(K/xε)

2−2α,

and thus

inf
δ: γ3,ε<|δ|≤γ2,ε

v(δ,K)1/2 & γ3,ε(K/xε)
1−α,

which in view of the definitions of K∗ and rS
ε together with Lemma 2.2 implies that (2.5)

tends to zero. Now note that since η2 is differentiable, there exists a (random) cτ such
that

η2(τ)− η2(θ) = (τ − θ)η′2(cτ ) = δη′2(cτ ).

Thus

sup
δ: γ3,ε<|δ|≤γ2,ε

|η2(τ)− η2(θ)|
v(δ,K)1/2

. sup
δ: γ3,ε<|δ|≤γ2,ε

|δ supτ∈Θ η
′
2(τ)|

|δ|(K/xε)1−α
. (K/xε)

α−1 sup
τ∈Θ

|η′2(τ)|.

We finally obtain that

(2.6) ≤ P

(
sup
τ∈Θ

|η′2(τ)| & ε−2(K/xε)
1−α inf

δ: γ3,ε<|δ|≤γ2,ε

v(δ,K)1/2

)
≤ P

(
sup
τ∈Θ

|η′2(τ)| & ε−2(K/xε)
2−2αγ3,ε

)
.

Using the definitions of K∗ and rS
ε we see that ε−2(K/xε)

2−2αγ3,ε & K3/2
√
lε. Now Lemma

2.1 implies that (2.6) tends to zero, which concludes the proof.

Note that the rate of convergence is determined by the value of τ−θ such that the pure-
noise process ε2(η2(τ)−η2(θ)) becomes dominant in the balancing of−

∑K
k=1 f

2
k sin2(2πk(τ−

θ))+ ε(η1(τ)− η1(θ))+ ε2(η2(τ)− η2(θ)). Values of K essentially faster or slower that K∗

eventually lead to rates for τ − θ slower than rS
ε when doing the preceding balancing.

2.1.3 Proof of Theorem 1.3

We reproduce the beginning of the proof of Theorem 1.2 and obtain a rate γε = lεεK̃
1/4

(note that this intermediate rate is faster than K̃−1). Now we proceed as in the last step
of the proof for θ̂S. Using the estimates v(δ, K̃) & δ2 together with Lemmas 2.2 and 2.1,
we obtain the rate of convergence lεε, which concludes the proof of the Theorem.

Remark. Note that the process which limits the rate of convergence in Theorem 1.2
is always η2 whereas η1 determines the rate in Theorem 1.3. In other words, considering
small values of K makes η2 negligible.
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2.1.4 Parametric case : Proof of Theorem 1.1

The proof for the sieve estimator θ(K) is very much in the spirit of the proof of Theorem
1.2 but much easier since there are just two terms in the criterion and no pure noise term
η2. Indeed, starting again from the definition of θ(Kα) and using the noteworthy fact
that the functions f [K](· − τ) and (f − f [K])(· − θ) are orthogonal in L2[−1/2, 1/2], one
obtains

θ(K) = Argmax
τ∈ΘS

∫ 1/2

−1/2

{f [K](t− τ)− f [K](t− θ)}dW (t)

−1

2

∫ 1/2

−1/2

{f [K](t− τ)− f [K](t− θ)}2dt.

The remaider of the proof now closely follows the proof of Theorem 1.2. The deterministic
part in the preceding display equals −2

∑K
k=1 f

2
k sin2(πkδ) whereas the process part plays

the role of η1(τ)− η1(θ).

The proof for the maximum likelihood estimator θ is slightly different, since one has
to deal with the function f itself and not f [K]. But the assumption that f belongs to
the class FS

α,β(η,M1,M2) enables to control the entropy of the indexing set of the process

τ →
∫ 1/2

−1/2
{f(t − τ) − f(t − θ)}dW (t) and eventually to control the supremum of the

process with the supremum of the standard deviations. The remainder of the prooof is as
before and is omitted.

2.2 Semi-parametric case: estimation of the period

The profile likelihood method leads to the criterion LK(τ) which can be written as

LK(τ) =
1

T

∑
|k|≤K

∣∣∣∣∣
∫ T/2

−T/2

e2ikπt/τdX(t)

∣∣∣∣∣
2

,

= Γ(τ) + ζ(τ) + Ψ(τ),

where, with the notation εk(·) = exp(2ikπ·), and omitting the dependence in K,

Γ(τ) =
1

T

∑
|k|≤K

∣∣∣∣∣
∫ T/2

−T/2

εk(t/τ)f(t/θ)dt

∣∣∣∣∣
2

(2.8)

ζ(τ) =
2

T

∑
|k|≤K

∫ T/2

−T/2

εk(t/τ)f(t/θ)dt

∫ T/2

−T/2

εk(t/τ)dW (t) (2.9)

Ψ(τ) =
1

T

∑
|k|≤K

∣∣∣∣∣
∫ T/2

−T/2

εk(t/τ)dW (t)

∣∣∣∣∣
2

. (2.10)

Let us define a local parameter λ by λ , τ−1 − θ−1 and let

V(λ,K) , T
∑
|k|≤K

|ck|2
(
k2λ2T 2 ∧ 1

)
. (2.11)
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This last quantity is the analog in the period model of v(δ,K) defined by (2.3) in the
translation case.

Let us highlight the main differences with Theorem 1.2. The key ingredients to con-
trol the process parts ζ,Ψ are Lemma 4.1 and an eigenvalues-type decomposition for Ψ
(see Lemma 4.4). But the major difficulty with respect to the translation case lies in fact
in the study and behavior of the deterministic part Γ of the criterion L. For any f in
F+, we first show (Lemmas 2.3, 2.4) that Γ takes its maximum close to θ or one of its
multiples. This enables us to get a preliminary rate of roughly 1/T for the sieve-MLE
(Lemma 2.6). Local expansions around τ = θ uncover the functional V(λ,K) in Lemma
2.7, at least for K of smaller order than T . For larger values of K, an extra localization
step is necessary. Once the appropriate local expansions are obtained, the proof follows
quite closely the one of Theorem 1.2.

In Subsections 2.2.1,2.2.2 and 2.2.3, K (unless otherwise stated) is any sequence of positive
integers such that, as T tends to +∞, K → +∞ and K = o(T 2). Regularity-dependent
results and precise choices of K are given in Subsection 2.2.4. In the sequel, the Landau
notation o,O, are meant in a uniform sense with respect to τ and f . More precisely,
when we write that ’G(τ, f) = H(τ, f)(1 + o(1)) holds for τ ∈ T and f ∈ G’, we mean
supτ∈T , f∈G |G(τ, f)/H(τ, f)− 1| = o(1).

2.2.1 Profile likelihood, global behavior

For any real number x, let us denote by ∆(x) its distance to Z and by ]x[ the (smallest)
integer realizing this distance.

Lemma 2.3. For any f ∈ L2[0, 1] and any τ ∈ ΘP , as T tends to +∞,

Γ(τ) = G(τ) + ‖f‖2O
(

logK +
log2K

T

)
(2.12)

where

G(τ) = T
∑
|k|≤K

|c]kθ/τ [|2
∣∣∣∣φ̂(Tθ∆(kθ/τ)

)∣∣∣∣2 (2.13)

For any p, j ∈ Z, we denote by gcd(p, j) the greatest common divisor of p and j.

Lemma 2.4. Let εT and γT be positive real-valued sequences such that γT → +∞ and

TεT → +∞, γTT
−1 → 0, γT εT → 0.

Then for any f ∈ F+ and any τ ∈ ΘP , as T tends to +∞,

G(τ) = {|c0|2 + o(1)}T if τ /∈ ∪j≥1, 0<p≤γT
B(jθ/p, εT ) (2.14)

G(τ) ≤ {
∑

|q|≤bK
j
c |cqp|2 + o(1)}T if τ ∈ ∪0<p≤γT , gcd(p,j)=1B(jθ/p, εT ) (2.15)

G(θ) = {
∑

|k|≤K |ck|2}T. (2.16)

The supremum of the process parts ζ and Ψ is controlled with the following lemma.
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Lemma 2.5. For any integer p, as T → +∞,

sup
θ∈ΘP , f∈F+

Pθ,f

(
‖Ψ−K ‖ > l2T

√
K
)

= o(T−p) (2.17)

sup
θ∈ΘP , f∈F+

Pθ,f

(
‖ ζ ‖ > lT

√
T
)

= o(T−p). (2.18)

The proof of these lemmas can be found in Section 4.

2.2.2 Sieve-MLE : consistency when K = o(T )

The results of the preceding subsection allow us to derive a first rough rate of convergence
for θ∗(K) if K = o(T ) as T → +∞.

Lemma 2.6. For any integer p and any K such that K = o(T ), as T → +∞,

sup
θ∈ΘP ,f∈F+

Pθ,f

(
θ∗(K) /∈ B

(
θ,
lT
T

))
= o(T−p).

Proof. Let us define the event

A0 =

{
sup

τ∈ΘP

|ζ(τ) + Ψ(τ)−K| ≤ l2TT
1/2

}
. (2.19)

The complement of A0 has probability o(T−p) for any integer p, thanks to Lemma 2.5.

It suffices to show that for T large enough, for any ω ∈ A0, we have θ∗(ω) ∈ B (θ, εT ).

Let us use Lemmas 2.3 and 2.4 with εT = lT/T and γT = T 1/2. On the event A0,

sup
τ∈ΘP

L(τ) ≤ T

∑
|k|≤K

|ck|2 + o(1) + Cl2TT
−1/2

 ≤ T

∑
|k|≤K

|ck|2 + o(1)

 .

Similarly, on A0, due to Lemma 2.3,

L(θ) ≥ T

∑
|k|≤K

|ck|2 + o(1)

 .

Thus on A0,
L(θ)

supτ∈ΘP L(τ)
≥ 1 + o(1),

which means that for T large enough, θ ∈ ET on A0.

On the other hand, by a similar argument using Lemma 2.4, one checks that on A0,

ET ⊂ ∪j≥1, 0<p≤γT
B(jθ/p, εT ).

If p is not equal to 1 and τ belongs to B(jθ/p, εT ), we first note that the convergence of∑K
k=1 |ck|2 to ‖f‖2 and of

∑
|q|≤bK/jc |cqp|2 to

∑
q∈Z |cqp|2 are uniform over functions f in
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F+. Indeed, for any f in F+,
∑

|k|>K |ck|2 ≤ K−2βL2
1. Now use that |c1| ≥ ρ and ‖f‖ ≤ L

to see that ∑
q∈Z

|cqp|2 ≤
(

1− ρ2

L2

)∑
k∈Z

|ck|2.

This easily implies that, on A0, uniformly over F+, for T large enough, the values of L(τ)
for τ in B(jθ/p, εT ) and p > 1 remain far away from the supremum of L, that is, on A0,

ET ⊂ ∪j≥1B(jθ, εT ).

Thus using the above intermediate result stating that θ ∈ ET , we obtain that on A0,

eT ∈ B(θ, εT ).

Noting that B(eT , 1/4) ∩B(2θ, εT ) = ∅, the definition of θ∗ implies that on A0,

θ∗ ∈ B(θ, εT ).

2.2.3 Profile likelihood, local behavior

This subsection investigates the local behavior of the different parts of the criterion L.
Once one is sufficiently close to θ, which means here if |τ−1 − θ−1| = |λ| < K−1, the
situation very much resembles the translation case. The differences Γ(τ) − Γ(θ) and
ζ(τ)−ζ(θ) are very much related to the functional V(λ,K) (see (2.11)), while Ψ(τ)−Ψ(θ)
is controlled using a ”derivatives” method through the process R defined by

R(τ) ,
Ψ(τ)−Ψ(θ)

(τ − θ)
if τ 6= θ, R(θ) = Ψ′(θ). (2.20)

Lemma 2.7. There exist positive c, C such that, uniformly over τ ∈ ΘP such that |τ−1 −
θ−1| = |λ| < K−1,

−cV(λ,K) +O(lT ) ≤ Γ(τ)− Γ(θ) ≤ −CV(λ,K) +O(lT ).

Lemma 2.8. There exists a constant C > 0 such that, for any τ ∈ ΘP with |τ−1 − θ−1| =
|λ| < K−1, the variance of the centered Gaussian process ζ(τ)− ζ(θ) satisfies

Eθ,f

(
{ζ(τ)− ζ(θ)}2

)
≤ CV(λ,K). (2.21)

Moreover, if R is defined by (2.20), then for any integer p, as T tends to +∞,

P

(
sup

τ∈ΘP

|R(τ)| > TK3/2lT

)
= o(T−p). (2.22)

2.2.4 Proof of Theorem 1.4

By Lemma 2.6, we already have a rate of convergence of lTT
−1. As for Theorem 1.2, we

shall improve step by step on this rate.

The case 1/4 ≤ α ≤ 1. Let us choose K = K∗
P,α, see Equation 1.16. Note that since for
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this choice of K we have K = o(l−1
T T ), the rate for λ we obtain is such that λ = o(K−1),

thus the local expansions provided by Lemmas 2.7 and 2.8 can be used. This enables us
to get analogue versions of Lemmas 2.1 and 2.2 in the case of the period model. The
precise statement are omitted. Then, we reproduce, using Lemmas 2.7 and 2.5, the proof
of the corresponding part of Theorem 1.2 (that is the one to obtain the rate γ2,ε) and we
obtain that for any K0,M , as T tends to +∞,

sup
θ∈ΘP ,f∈Sα(K0,M)

Pθ,f

(
θ∗P /∈ B

(
θ,

1

KT

))
→ 0.

Once this rate is obtained, the last step of the proof is to show that one obtains the
rate lT r

P
T . Using Lemmas 2.7 and 2.8, this follows closely the corresponding part of the

proof of Theorem 1.2, and therefore we omit the rest of the proof and leave details to the
interested reader.

The case 0 < α < 1/4. One cannot directly make use of Lemma 2.7 for the estima-
tor θ∗P,α since K = K∗

P,α is larger than T . But we can make use of the estimator θ∗(K∗
P,1/4)

to get a rate T−2 (use Theorem 1.4 in the case α = 1/4, for which the theorem has been
established above). Note that for any 0 < α < 1/4, this rate is faster than 1/K∗

P,α. Thus

defining the estimator θ̂P as in (1.18), we obtain that its rate is at least T−2 = o(1/K∗
P,α)

as T → +∞ and Lemmas 2.7 and 2.8 can now be used. The remainder of the proof is as
in the case 1/4 ≤ α ≤ 1 and is omitted.

The proof of Theorem 1.5 is similar to the translation case and is left to the reader.

3 Proofs: Lower bound results

To prove a lower bound on the rate of convergence when estimating θ (either the lo-
cation of symmetry or the period, in our case), we will follow a well-known approach,
which is outlined beautifully in Pollard’s so far unpublished book Asymptopia: choose
Pθ,g1 , . . . ,Pθ,gm and Pτ,g1 , . . . ,Pτ,gm with τ far enough away from θ, such that

Qθ ,
1

m

m∑
k=1

Pθ,gk
and Qτ ,

1

m

m∑
k=1

P̃τ,gk

remain close in L1. Then we can use the following inequality:

inf
θ̂

sup
(θ,f)

Eθ,f

(
θ̂ − θ

)2

≥ 1

4
(θ − τ)2(1− 1

2
‖Qθ −Qτ‖1).

So our goal is to maximize (θ− τ)2, keeping ‖Qθ −Qτ‖1 away from 2. In both the proofs
of Theorem 1.7 and of Theorem 1.6, we do this by choosing a smooth function fm (which
may in fact not depend on m), and bounding respectively χ2(Pθ,fm ,Qθ), χ

2(Pτ,fm ,Qτ )
(these can be bounded using the same technique) and χ2(Pθ,fm ,Pτ,fm), which is relatively
easy since fm is smooth. Since for any two probability measures P and Q we have

‖P−Q‖1 ≤
√
χ2(P,Q),

we can then use the triangle inequality for the L1-norm to bound ‖Qθ − Qτ‖1. This
scheme is depicted in Figure 1.
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Figure 1: Idea behind lower bound proofs.

3.1 Proof of Theorem 1.7

To prove Theorem 1.7 in the translation case, we need the following lemma.

Lemma 3.1. Suppose f ∈ L2[0, 1] and the pertubations η1, . . . , ηm ∈ L2[0, 1]. Define

P1 = Pθ,f and P2 =
1

m

m∑
k=1

Pθ,f+ηk
.

Then in the translation model, we have

χ2(P1,P2) + 1 = EP1

(
dP2

dP1

)2

=
1

m2

∑
1≤i,j≤m

exp

(
1

ε2

∫ 1/2

−1/2

{ηiηj}(t− θ)dt

)
,

and in the period model we have

χ2(P1,P2) + 1 = EP1

(
dP2

dP1

)2

=
1

m2

∑
1≤i,j≤m

exp

(∫ T/2

−T/2

{ηiηj}(t/θ)dt

)
.

The proof of this Lemma follows from the Girsanov formula and some elementary calcu-
lations. Note that the result does not depend on the function f .

Now choose the smooth function

f(x) = cos(2πx).

We will choose pertubations η1, . . . , ηm such that f + ηk ∈ FS
α (η,M1), and such that Pθ,f

and 1
m

∑m
k=1 Pθ,f+ηk

are arbitrarily close together as m → ∞. This will show that you
cannot estimate θ in the class FS

α faster than in the smooth case.
We start with an element φ ∈ L2[−1/2, 1/2], with support in (−1/4, 1/4), and such

that φ ∈ FS
α (1/2, R), for some constant R we will specify later. Recall that elements of

F are extended by 1-periodicity. However, to define our perturbations, we shall just need
the values of φ within (−1/2, 1/2], so we set φ0(x) = φ(x)1(−1/2,1/2](x) for all x, where 1B

is the indicator of B. For fixed m and any x in (−1/2, 1/2], we define for k = 1, . . . ,m

ηk(x) =
√
mφ0

(
m

(
x+

1

4m
− k

2m

))
+
√
mφ0

(
m

(
−x+

1

4m
− k

2m

))
.
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Then we define ηk(x) for any x in R by 1-periodicity. These rescaled, translated and
symmetrized versions of φ are all orthogonal, since their supports are disjoint. We wish
to check that f + ηk ∈ FS

α (η,M1). First we remark that bounding the first Fourier
coefficient of f + ηk from below is not a problem, since∣∣∣∣∣

∫ 1/2

−1/2

ηk(x)e
−2πix dx

∣∣∣∣∣ ≤
∫ 1/2

−1/2

|ηk(x)| dx ≤
2√
m

∫ 1/2

−1/2

|φ(x)| dx,

so this can be done by choosing m large enough. Also note that for every m ≥ 2 and
every k = 1, . . . ,m, we have

‖ηk‖2 = 2‖φ‖2,

so the L2-norm of the ηk’s remains bounded. Finally, using the inequality (a + b)2 ≥
1
2
a2 − b2, we see that∫ 1/2

−1/2

[f(x− θ) + ηk(x− θ)− f(x− τ)− ηk(x− τ)]2 dx

≥ 1

2

∫ 1/2

−1/2

[ηk(x− θ)− ηk(x− τ)]2 dx−
∫ 1/2

−1/2

[f(x− θ)− f(x− τ)]2 dx

≥ 1

2

∫ 1/2

−1/2

[ηk(x− θ)− ηk(x− τ)]2 dx− 2π2(θ − τ)2.

In order to control the first part of the right-hand side, we assume that m is even, since
otherwise η(m+1)/2 will have period 1/2, which might cause problems. If m is even and
|θ − τ | > 1/2m, but |θ − τ | < η ≤ 1/2, then for every k, ηk(x − θ) will have at least
one “bump” (either the left scaled copy of φ or the right one) which is disjoint from the
support of ηk(x− τ), and vice versa. This means that∫ 1/2

−1/2

[ηk(x− θ)− ηk(x− τ)]2 dx ≥ 2‖φ‖2 (for |θ − τ | > 1

2m
).

Furthermore, if |θ − τ | ≤ 1/2m, then it is not hard to see that∫ 1/2

−1/2

[ηk(x− θ)− ηk(x− τ)]2 dx ≥
∫ 1/2

−1/2

[φ(y −mθ)− φ(y −mτ)]2 dy

≥ Rm2α(θ − τ)2α.

To guarantee that f + ηk ∈ FS
α (η,M1), it is therefore enough to make sure that ‖φ‖ is

larger than some lower bound depending on η and M1 (but not on m!), in which case the
relevant inequalities are satisfied for all m big enough. Increasing ‖φ‖ = ‖ηk‖ might cause
the function f + ηk to leave the class F(ρ, L), unless we choose L big enough. Now define

Qθ =
1

m

m∑
k=1

Pθ,f+ηk
.

Then Lemma 3.1 tells us that, using the fact that the ηk’s are orthogonal,

‖Pθ,f −Qθ‖1 ≤
√
χ2(Pθ,f ,Qθ) ≤

1√
m

√
e2‖φ‖

2
2/ε2 − 1.
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This means that by choosing m large enough, we can put P0,θ arbitrarily close to Pθ,f .
Furthermore, it is clear that

‖Pθ,f −Qθ‖1 = ‖Pτ,f −Qτ‖1.

Since f is smooth, we can keep ‖Pθ,f −Pτ,f‖ ≤ 1 when |θ − τ | is of the order ε:

‖Pθ,f −Pτ,f‖ ≤
√
χ2(Pθ,f ,Pτ,f )

=

√
exp

(
ε−2

∫ 1

0

(f(t− τ)− f(t− θ))2 dt

)
− 1

≤ 1,

where the last inequality holds if∫ 1

0

(f(t− τ)− f(t− θ))2 dt = 2 sin2(2π(θ − τ)) ≤ 1

2
ε2.

This can be done by choosing |θ − τ | = ε/4π. By the arguments belonging to Figure 1
the minimax result of Theorem 1.7 then follows. The proof for the period case is slightly
more technical, but it uses the same pertubations and ideas (of course the smooth rate in
this case is T−3/2).

3.2 Proof of Theorem 1.6

Here we will need slightly more complicated perturbations than in the previous section.
We therefore also need a new lemma:

Lemma 3.2. Suppose φ1, . . . , φm ∈ L2[0, 1] are orthogonal and f ∈ L2[0, 1] and ‖φi‖2
2 ≤

M . Extend these functions periodically. Suppose the interval I has integer length. Define
Pf as the measure corresponding to the model

dX(t) = f(t)dt+ dW (t) (t ∈ I).

Define for m ≥ 1 W = {−1, 1}m and for w ∈ W, define

φw =
m∑

i=1

wiφi.

Finally, define

QW = 2−m
∑
w∈W

Pf+φw .

Then there exists a constant C > 0 depending only on M such that

EPf

(
dQW

dPf

)2

≤ exp

(
C

m∑
i=1

(∫
I

φ2
i (t) dt

)2
)
.
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Proof. We start by noting that if F is a primitive of f , we have

dPf+φw

dPf

(X) = exp

(∫
I

φw(t) dX(t)− 1

2

∫
I

φ2
w(t) dt−

∫
I

f(t)φw(t) dt

)
= exp

(∫
I

φw(t) d(X − F )(t)− 1

2

∫
I

φ2
w(t) dt

)
.

This means that, using the fact that the φi’s are orthogonal,

dQW

dPf

(X) = 2−m
∑
w∈W

exp

(∫
I

φw(t) d(X − F )(t)− 1

2

∫
I

φ2
w(t) dt

)

= exp

(
−1

2

n∑
i=1

∫
I

φ2
i (t) dt

)
2−m

∑
w∈W

exp

(∫
I

φw(t) d(X − F )(t)

)

= exp

(
−1

2

n∑
i=1

∫
I

φ2
i (t) dt

)
×

m∏
i=1

1

2

[
exp

(∫
I

φi(t) d(X − F )(t)

)
+ exp

(
−
∫

I

φi(t) d(X − F )(t)

)]
.

So we get, using the fact that the random variables {
∫

I
φi(t) dW (t)} are independent,

EPf

(
dQW

dPf

)2

= exp

(
−

n∑
i=1

∫
I

φ2
i (t) dt

)
×

E

(
m∏

i=1

1

4

[
2 + exp

(
2

∫
I

φi(t) dW (t)

)
+ exp

(
−2

∫
I

φi(t) dW (t)

)])

=
m∏

i=1

1

2

[
exp

(
−
∫

I

φ2
i (t) dt

)
+ exp

(∫
I

φ2
i (t) dt

)]

Now choose C > 0 such that for all |u| ≤M , cosh(u) ≤ 1 + Cu2 ≤ eCu2
. Then we get

EPf

(
dQW

dPf

)2

≤ exp

(
C

m∑
i=1

(∫
I

φ2
i (t) dt

)2
)
.

The above lemma can be used for both the translation and the period case. The
proof for both cases is again very similar, and we will concentrate on the translation case.
Remember the definition of our class:

Sα(K0,M) = {f ∈ F : ∀K ≥ K0 :
K∑

k=−K

k2|ck|2 ≥MK2−2α}.

Choose C > 1 big enough such that g ∈ Sα(K0,M), where g has Fourier coefficients

gk = Ck−
1
2
−α (k ≥ 1) and g−k = gk.
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Now fix m ≥ 2 and denote ψ̂(k) =
∫ 1

0
ψ(x)e−2ikπxdx the Fourier coefficients of a square-

integrable function ψ. Define φ1, . . . , φm ∈ L2[0, 1] by their Fourier coefficients.

φ̂1(m) = C ·m− 1
2
−α

φ̂i(k) = C · k−
1
2
−α (2 ≤ i ≤ m and m+ ni−1 ≤ k < m+ ni).

For all other combinations of i and k ≥ 0 we take φ̂i(k) = 0, and we set φ̂i(−k) = φ̂i(k).
Here, n1 = 1, nm = +∞, and the other ni’s are chosen such that for a fixed R > 4 (and
all m ≥ 2) we have

‖φi‖2
2 ≤ RC2m−2α−1.

The reason that this is possible, is because there exists R > 4 such that

∞∑
k=m

C2k−1−2α ≤ 1

4
RC2m−2α (∀ m ≥ 2).

It is clear that we can make sure that for 1 ≤ i ≤ m− 1,

1

m

∞∑
k=m

C2k−1−2α − C2 ·m−2α−1 ≤ 1

2
‖φi‖2

2 ≤
1

4
RC2m−2α−1.

This means that

‖φm‖2
2 ≤

2

m

∞∑
k=m

C2k−1−2α + 2C2 ·m−2α ≤ RC2m−2α−1.

Now define fm ∈ L2[0, 1] through its Fourier coefficients:

f̂m(k) =


0 for k = 0,

C|k|− 1
2
−α for 1 ≤ k ≤ m− 1 and −m+ 1 ≤ k ≤ −1,

0 for |k| ≥ m.

Define for w ∈ W = {−1, 1}m

φw =
m∑

i=1

wiφi.

Clearly, |f̂m(k) + φ̂w(k)| = |ĝ(k)|, so fm + φw ∈ Sα(K0,M). Also, fm and φ1, . . . , φm are
all orthogonal. Define

QW
θ = 2−m

∑
w∈W

Pθ,fm+φw .

According to (a rescaled version of) Lemma 3.2, if we wish to bound χ2(QW
θ ,Pθ,fm), it is

enough to bound
m∑

i=1

ε−4‖φi‖4
2 ≤ R2C4m−1−4αε−4.

This remains bounded if we choose

m ≈ ε−
4

1+4α .

Now define
QW

τ = 2−m
∑
w∈W

Pτ,fm+φw .
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Clearly, the above argument also shows that we have bounded χ2(QW
τ ,Pτ,fm). Following

the scheme depicted in Figure 1, we then need to bound χ2(Pθ,fm ,Pτ,fm). This can be
done by bounding

ε−2

∫ 1

0

(fm(x− θ)− fm(x− τ))2 dx.

However,

ε−2

∫ 1

0

(fm(x− θ)− fm(x− τ))2 dx = 2ε−2

m−1∑
k=1

∣∣ei2πkθ − ei2πkτ
∣∣2 f̂(k)2

≤ 8π2(θ − τ)2ε−2

m−1∑
k=1

k2f̂(k)2

. (θ − τ)2ε−2m2−2α . (θ − τ)2ε−
10

1+4α .

This means that if we choose
θ − τ ≈ ε

5
1+4α ,

we can bound χ2(Pθ,fm ,Pτ,fm), which proves the lower bound in Theorem 1.6 for the
translation case, using the arguments belonging to Figure 1.

4 Appendix : technical lemmas

4.1 A general lemma

Let us state the following very useful lemma that we know from [6].

Lemma 4.1. Let Z(t) be a stochastic process differentiable a.s., µ and x positive real
numbers and I an interval of R. Then it holds

P

(
sup
τ∈I

Z(τ) > x

)
≤ exp(−µx) sup

τ∈I

(
E exp{2µZ(τ)}

)1/2
(

1 + µ

∫
τ∈I

{E|Z ′
(τ)|2}1/2dτ

)
.

4.2 The center of symmetry case

Proof of Lemma 2.1 By definition,

η2(τ)−K =
K∑

k=1

{cos(2πkτ)ξk + sin(2πkτ)ξ∗k}
2

η′2(τ) = 2
K∑

k=1

(2πk) {cos(2πkτ)ξk + sin(2πkτ)ξ∗k} {− sin(2πkτ)ξk + cos(2πkτ)ξ∗k}

To control their Laplace transforms note that for any fixed τ ,

η2(τ)
D
=

K∑
k=1

α2
k and η′2(τ)

D
= 2

K∑
k=1

(2πk)αkα̃k
D
= 2

K∑
k=1

(2πk)
{
β2

k − β̃k
2
}
,
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where
D
= denotes equality in distribution and αk, α̃k, βk, β̃k are independent standard nor-

mal. Thus for any 0 < µ < 1/8, thanks to the fact that − log(1 − v) ≤ v + v2 for
−1/2 < v < 1/2,

E(exp{2µ(η2 −K)}) = exp(−2µK) exp

{
−

K∑
k=1

1

2
log(1− 4µ)

}
≤ exp(8µ2K).

Similarly, there exists C > 0 such that

E(exp{2µη′2}) ≤ exp(Cµ2K3).

By direct computation one checks E(η′2(τ)
2) . K3 and E(η′′2(τ)

2) . K5. We apply
Lemma 4.1 to the processes η2(τ) −K and η′2(τ) with the respective choices x = K1/2y,
µ = (K−1/2y ∧ 1)/8 and x = K3/2y, µ = (K−3/2y ∧ 1)/D (with D a large enough con-
stant).

Proof of Lemma 2.2. We shall again apply Lemma 4.1. Let us denote

ζ1(τ) ,
η1(τ)− η1(θ)

v(τ − θ,K)1/2
.

Note that due to (2.3), E(ζ1(τ)
2) = 1 thus E(exp{2µζ1(τ)}) = exp(2µ2). On the other

hand, by direct calculation and using the inequality (a+ b)2 ≤ 2a2 + 2b2,

E(ζ ′1(τ)
2) ≤ 2

E(η′1(τ)
2)

v(τ − θ,K)
+ 2E({η1(τ)− η1(θ)}2)

(∑K
k=1(2πk)f

2
k sin(4πk{τ − θ})

2v(τ − θ,K)3/2

)2

. K3v(δ,K)−1 +

(
K∑

k=1

(2πk)f 2
k

)2

v(δ,K)−2 . K3γ−2
ε +K2‖f‖4γ−4

ε ,

for any τ such that γε ≤ |τ − θ| ≤ 2τ0, which concludes the proof of Lemma 2.2.

4.3 The period case, deterministic part

Before we start proving the Lemmas stated in Section 2.2, we formulate and prove a useful
lemma about Fourier coefficients.

Lemma 4.2. For any positive integer K, any τ, θ ∈ ΘP and any f = {ck}k∈Z in L2[0, 1],∑
|k|≤K, l 6=]kθ/τ [

|c]kθ/τ [||cl|∣∣l − kθ
τ

∣∣ ≤ C logK
(
1 +

τ

θ

)1/2

‖f‖2

∑
|k|≤K

∣∣∣∣∣∣
∑

l 6=]kθ/τ [

|cl|∣∣ l
θ
− k

τ

∣∣
∣∣∣∣∣∣
2

≤ C log2K‖f‖2,

where the summation over l is over all relative integers except ]kθ/τ [.
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Proof. Let us write∑
|k|≤K, l 6=]kθ/τ [

|c]kθ/τ [||cl|∣∣l − kθ
τ

∣∣ =
∑

|k|≤K, .5≤|l−kθ/τ |≤K

|c]kθ/τ [||cl|

|l− kθ
τ |

+
∑

|k|≤K, |l−kθ/τ |>K

|c]kθ/τ [||cl|∣∣l − kθ
τ

∣∣
= A1(K) + A2(K)

Using Cauchy-Schwarz inequality,

A2(K) ≤
∑
|k|≤K

|c]kθ/τ [|

 ∑
|l−kθ/τ |>K

|cl|2
1/2 ∑

|l−kθ/τ |>K

1∣∣l − kθ
τ

∣∣2
1/2

≤
∑
|k|≤K

|c]kθ/τ [| × ‖f‖ ×
(
C

K

)1/2

≤

∑
|k|≤K

|c]kθ/τ [|2
1/2∑

|k|≤K

1

1/2

× ‖f‖ ×
(
C

K

)1/2

≤ C
(
1 +

τ

θ

)1/2

‖f‖2.

A1(K) ≤

 ∑
|k|≤K, .5≤|l−kθ/τ |≤K

|c]kθ/τ [|2∣∣l − kθ
τ

∣∣
1/2 ∑

|k|≤K, .5≤|l−kθ/τ |≤K

|cl|2∣∣l − kθ
τ

∣∣
1/2

≤

∑
|k|≤K

|c]kθ/τ [|2
∑

.5≤|l−kθ/τ |≤K

1∣∣l − kθ
τ

∣∣
1/2 ∑

|k|≤K, .5≤|l−kθ/τ |≤K

|cl|2∣∣l − kθ
τ

∣∣
1/2

≤

∑
|k|≤K

|ck|2
(
1 +

τ

θ

)
C logK

1/2∑
|k|≤K

|ck|2C log

{(
1 +

A

B

)
K

}1/2

.

The second sum is bounded noting that the index l is always less in absolute value than(
1 + A

B

)
K, which proves the first part of the lemma. The second inequality follows

from similar arguments separating the sum in l in two sums over |l − kθ/τ | ≤ K and
|l − kθ/τ | > K respectively and is omitted.

Let us now turn to the proofs of Lemmas 2.3 and 2.4. Let φ̂ be the Fourier transform

of the indicator function of [−1/2, 1/2]: φ̂(x) =
∫ 1/2

−1/2
e2iπxtdt = sin(πx)/(πx). Note that

there exists C > 0 such that

|φ̂(u)| ≤ 1 for u ∈ R , |φ̂(u)| ≤ C

|u|
for |u| > 1/4. (4.1)

Let us introduce the auxiliary notation

ak,l =
T

θ

(
l − kθ

τ

)
, bk,l =

T

θ
(l − k). (4.2)
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Proof of Lemma 2.3. Using the L2-convergence of the Fourier series, one easily checks
that for any f in L2[0, 1] with Fourier coefficients {ck} and any τ ∈ ΘP ,∫ T/2

−T/2

εk(t/τ)f(t/θ)dt = T
∑
l∈Z

φ̂

(
T

θ

(
kθ

τ
− l

))
cl.

Thus, with notation (4.2),

Γ(τ) = T
∑
|k|≤K

∣∣∣∣∣∑
l

clφ̂ (ak,l)

∣∣∣∣∣
2

, (4.3)

Γ(τ) = T
∑
|k|≤K

∣∣∣∣∣∣c]kθ/τ [φ̂

(
T

θ
∆(kθ/τ)

)
+

∑
l 6=]kθ/τ [

clφ̂ (ak,l)

∣∣∣∣∣∣
2 . (4.4)

Let us expand the square in (4.4). The first term equals the main term in (2.12). The
crossed term is upper bounded by, using (4.1),

2T
∑
|k|≤K

|c]kθ/τ [|
∣∣∣∣φ̂(Tθ∆(kθ/τ)

)∣∣∣∣
∣∣∣∣∣∣
∑

l 6=]kθ/τ [

clφ̂ (ak,l)

∣∣∣∣∣∣
≤ 2

∑
|k|≤K

|c]kθ/τ [|
∑

l 6=]kθ/τ [

|cl|
C∣∣ l

θ
− k

τ

∣∣
≤ 2C

∑
|k|≤K, l 6=]kθ/τ [

|c]kθ/τ [||cl|∣∣ l
θ
− k

τ

∣∣ .
On the other hand the last term coming from the square in (4.4) is upper bounded by

T
∑
|k|≤K

∣∣∣∣∣∣
∑

l 6=]kθ/τ [

clφ̂ (ak,l)

∣∣∣∣∣∣
2

≤ 1

T

∑
|k|≤K

∣∣∣∣∣∣
∑

l 6=]kθ/τ [

|cl|∣∣ l
θ
− k

τ

∣∣
∣∣∣∣∣∣
2

.

We conclude using Lemma 4.2.

Proof of Lemma 2.4. We start the proof by noting that there exists a sequence ∆T

tending to +∞ such that ∆T ≤ inf(K, γTA/B) and γT ∆T εT → 0, for instance we can
take ∆T equal to the minimum of 1/

√
γT εT , K and γTA/B. We use this sequence to cut

the sum defining G(τ) in two pieces.

G(τ) = T
∑

|k|≤∆T

|c]kθ/τ [|2
∣∣∣∣φ̂(Tθ∆(kθ/τ)

)∣∣∣∣2 + T
∑

∆T <|k|≤K

|c]kθ/τ [|2
∣∣∣∣φ̂(Tθ∆(kθ/τ)

)∣∣∣∣2
= G1(τ) + G2(τ).

First let us note that
G2(τ) ≤ T

(
1 +

τ

θ

) ∑
∆T <|k|≤K

|ck|2.
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This term is a o(T ) uniformly over F+, since
∑

|k|>∆T
|ck|2 ≤

∑
|k|>∆T

{ k
∆T
}2β|ck|2 . ∆−2β

T .

Now let us study G1(τ).

Assume that τ is not in a ball B(jθ/p, εT ) with p ≤ γT and j ≥ 1. Then for any
integer p such that 1 ≤ p ≤ γT , ∣∣∣∣kθτ − p

∣∣∣∣ > pεT .

Since in the sum defining G1, |k| ≤ ∆T ,

]kθ/τ [≤ kB

A
≤ ∆TB

A
.

If ]kθ/τ [> 0 then since ∆TB ≤ AγT , the preceding lines imply that∣∣∣∣Tθ∆(kθ/τ)

∣∣∣∣ > TεT

θ
.

If ]kθ/τ [= 0, then note that ∣∣∣∣Tθ∆(kθ/τ)

∣∣∣∣ ≥ |k|T/τ.

In all cases, since TεT → +∞,

|G1(τ)− |c0|2T | ≤ T
(
1 +

τ

θ

)
‖f‖2

(
θ2

T 2ε2
T

+
1

T 2

)
.

Assume that τ is in a ball B(jθ/p, εT ) with p ≤ γT and gcd(p, j) = 1. Then there are two
cases for the integer k in the sum defining G1(τ).

• There exists an integer q such that k = qj. Then

|kθ/τ − pq| < pqεT ≤ γT ∆T εT/j ≤ γT ∆T εT .

Since γT ∆T εT = o(1) as T → +∞ it holds for T large enough that ]kθ/τ [= pq.

• The integer k is not a multiple of j. Then k = qj + r with r < j. Note that∣∣∣∣kθτ −
(
pq +

rp

j

)∣∣∣∣ ≤ pqεT +
rpεT

j
≤ CpqεT ≤ C

γT ∆T εT

j
.

Since gcd(p, j) = 1, kθ/τ is at a distance to the integers larger than 1/2j, that is

∆(kθ/τ) ≥ 1

2j
.

Since τ must lie in ΘP , we have that jθ/p ≤ 2B. Thus j−1 ≥ θ/(2pB). Therefore∣∣∣∣Tθ∆(kθ/τ)

∣∣∣∣ ≥ T

2jθ
≥ T

4γTB
.

We have assumed that γTT
−1 → 0 as T → +∞, thus∣∣∣∣φ̂(Tθ∆(kθ/τ)

)∣∣∣∣2 ≤ C

(
γTB

T

)2

.
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Finally we obtain that if τ is in a ball B(jθ/p, εT ),

G1(τ) ≤ T
∑
|q|≤∆T

|cpq|2 + T

(
γTB

T

)2 (
1 +

τ

θ

)
C‖f‖2.

Equation (2.16) follows from the definition of the function G.

4.4 Processes in the period estimation case

The process ζ is Gaussian and its covariance structure is very much related to the deter-
ministic part Γ as is established in the next lemma.

Lemma 4.3. For any τ ∈ ΘP , as T tends to +∞,

E(ζ(τ)2) = 4Γ(τ) + τ‖f‖2O(logK). (4.5)

The process Ψ is apparently more complicated than its counterpart η2 in the transla-
tion case but it can still by written as (infinite) weighted sum of squares of independent
standard Gaussian variables. For any real s and any τ ∈ ΘP , let us define the kernel
Kτ

T (s) as the function s→ T−1
∑

|k|≤K εk{s/τ}.

Lemma 4.4. For any τ ∈ ΘP = [A,B], there exist a sequence of real numbers {βl(τ)}l≥1

and a sequence of independent standard normal random variables αl(τ) such that

Ψ(τ) =
+∞∑
l=1

βl(τ)α
2
l (τ). (4.6)

The βk(τ)
′s are the eigenvalues of the operator on L2([−T/2, T/2]) defined by

g →

{
t→

∫ T/2

−T/2

Kτ
T (t− u)g(u)du

}
.

Similar results hold for the derivatives Ψ(p) of the process Ψ, with corresponding eigenval-
ues β

(p)
l (τ). If Var denotes the variance, it holds

E[Ψ(p)(τ)] =
+∞∑
l=1

β
(p)
l (τ) =

∫ T/2

−T/2

K
τ (p)
T (0)dt (4.7)

Var[Ψ(p)(τ)] = 2
+∞∑
l=1

β
(p)
l (τ)2 = 2

∫ T/2

−T/2

∫ T/2

−T/2

∣∣∣Kτ (p)
T (t− u)

∣∣∣2 dtdu, (4.8)

The following lemma gives precise control on the preceding quantities for p = 0, 1.

Lemma 4.5. The process Ψ has mean 2K, the process Ψ′ is centered. Moreover, as T
tends to +∞ , for any τ ∈ ΘP ,

E({Ψ(τ)− 2K}2) = 4K +O
(
K
τ 2

T 2

)
. (4.9)

E(Ψ′(τ)2) = T 2τ−4{1 + o(1)}
∑
|k|≤K

(2πk)2/3. (4.10)
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Proof of Lemma 4.3 Let us denote γk =
∑

l clφ̂(ak,l), with ak,l = T
θ

(
l − kθ

τ

)
.

E(ζ(τ)2) = 4T

∫ T/2

−T/2

∣∣∣∣∣∣
∑
|k|≤K

{∑
l

clφ̂(ak,l)

}
εk(tT/τ)

∣∣∣∣∣∣
2

dt

= 4T

∑
|k|≤K

|γk|2 +
∑

|k|,|p|≤K,k 6=p

γkγpφ̂

(
(k − p)T

τ

)
In the first term of the sum we recognize 4Γ(τ) (see Lemma 2.3). To see that the second
term is negligible use Cauchy-Schwarz inequality as follows

T
∑

|k|,|p|≤K,k 6=p

γkγpφ̂

(
(k − p)T

τ

)
.

 ∑
|k|,|p|≤K,k 6=p

|γk|2

|k − p|

 . logK
Γ(τ)

T
.

Proof of Lemma 4.4. The statement follows from the fact that the considered operator is
selfadjoint and compact, see [2] for details.

Proof of Lemma 4.5. From the definition of Ψ it follows

Var(Ψ(τ)) =
2

T 2

∫ T/2

−T/2

∫ T/2

−T/2

∣∣∣∣∣∣
∑
|k|≤K

εk{(t− u)/τ}

∣∣∣∣∣∣
2

dtdu

= 2
∑

|k|,|p|≤K

∫ 1/2

−1/2

εk−p(Tt/τ)dt

∫ 1/2

−1/2

εp−k(Tu/τ)du

= 2
∑

|k|,|p|≤K

(
1k=p + φ̂

(
(k − p)T

τ

)2

1k6=p

)
= 4K +O

 τ 2

T 2

∑
|k|,|p|≤K,k 6=p

1

(k − p)2

 .

Thanks to (4.8),

E(Ψ′(τ)2) = 8π2T 2τ−4
∑

|k|,|p|≤K

kp

∫ T/2

−T/2

∫ T/2

−T/2

exp(2iπ(t− u)(k − p)/τ)(t− u)2dtdu

The term k = p in the preceding sum equals T 2τ−4
∑

|k|≤K(2πk)2/3. It remains to see
that the term k 6= p is negligible.∑

k 6=p

kp

∫ T/2

−T/2

∫ T/2

−T/2

exp(2iπ(t− u)(k − p)/τ)(t− u)2dtdu

=
τ 2

T 2

∑
k 6=p

kp

{∫ 1/2

−1/2

t2εk−p(tT/τ)dt

∫ 1/2

−1/2

εk−p(−uT/τ)du

−2

∫ 1/2

−1/2

tεk−p(tT/τ)dt

∫ 1/2

−1/2

uεk−p(−uT/τ)du

+

∫ 1/2

−1/2

εk−p(tT/τ)dt

∫ 1/2

−1/2

u2εk−p(−uT/τ)du

}
= O(τ 2/T 2)

∑
k 6=p

∣∣∣∣ kp

(k − p)2

∣∣∣∣ .
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This yields the result noting that the double sum in the preceding display is a O(K3).

Proof of Lemma 2.5 With the tools provided by Lemmas 4.3,4.4 and 4.5, together with
the application of Lemma 4.1, the proof is similar to the ones of Lemmas 2.1 and 2.2 and
is omitted.

Proof of Lemmas 2.7 and 2.8 Since K < λ−1, ]kθ/τ [= k and Lemma 2.3 yields

Γ(τ)− Γ(θ) = T
∑
|k|≤K

|ck|2
(∣∣∣φ̂ (kλT )

∣∣∣2 − 1

)
+O(lT ).

The first lemma is proved noting that

(1− ck2λ2T 2)1|k|<λ−1T−1 ≤
∣∣∣φ̂(kλT )

∣∣∣2 ≤ (1− Ck2λ2T 2)1|k|<λ−1T−1 +
1

2
1λ−1T−1≤|k|<K .

To prove Lemma 2.8, with the notation 〈εk(·/τ),W ′〉 ,
∫ T/2

−T/2
εk(·/τ)dW (t),

ζ(τ)− ζ(θ) = 2
∑
|k|≤K

ck

[
φ̂

(
T

θ
k

(
θ

τ
− 1

))
− 1

]
〈εk(t/τ),W

′〉

+2
∑
|k|≤K

ck〈εk(t/τ)− εk(t/θ),W
′〉

+2
∑
|k|≤K

∑
l 6=k

cl

[
φ̂

(
T

θ

{
kθ

τ
− l

})
〈εk(t/τ),W

′〉 − φ̂

(
T

θ
{k − l}

)
〈εk(t/θ),W

′〉
]

= ζ1(τ) + ζ2(τ) + ζ3(τ).

Note that

E(ζ1(τ)
2) = 4T

∑
|k|≤K

|ck|2
{

1− φ̂(kλT )
}2

+
∑

−K≤p6=q≤K

cpcq{φ̂(pλT )− 1}{φ̂(qλT )− 1}T φ̂
(
T

τ
(p− q)

)
.

The second term can be bounded by the sum of |cpcq|/|p− q| and thus also by O(logK).
This implies that

cV(λ,K) +O(logK) ≤ E(ζ1(τ)
2) ≤ CV(λ,K) +O(logK).

We also have

E(ζ2(τ)
2) = 4

∑
|k|≤K

|ck|2〈εk(t/τ)− εk(t/θ), εk(t/τ)− εk(t/θ)〉

+4
∑

−K≤p6=q≤K

cpcq〈εp(t/τ)− εp(t/θ), εq(t/τ)− εq(t/θ)〉.

The first term is upper bounded by CT
∑

|k|≤K |ck|2
{

1− φ̂(kλT )
}

. The second term is

upper bounded by O(logK) as above.
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Finally, the terms appearing in the variance of ζ3 are of the form∑
−K≤k,p≤K

∑
l,q

clcqφ̂

(
T

θ

(
kθ

τ
− l

))
T φ̂

(
T

θ

(
kθ

τ
− p

))
φ̂

(
T

θ
(p− q)

)
and thus are upper bounded in modulus by

1

T 2

∑
−K≤k,p≤K

1

|k − p|
∑
l,q

|cl||cq|
|k − l||p− q|

≤ K logK

T 2
.

Since K = o(T 2), (2.21) is established. Finally, to prove (2.22), use Lemmas 4.4 and 4.1
as in the proof of Lemma 2.1.
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