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Abstract

This paper deals with the behavior of some nonlinear semiparametric models in
the case where the unknown nuisance function f is not necessarily differentiable.
Two models are considered, in the Gaussian white noise framework: estimation
of the center of symmetry and estimation of the period of a periodic signal. We
obtain the rate of convergence of the sieve maximum likelihood estimators in these
models over different functional spaces. In particular, it is shown that if the class
controls appropriately the growth to infinity of the Fisher information over the
sieve, semiparametric fast rates of convergence are obtained. We also prove a lower
bound result which implies that these semiparametric rates are strictly below the
parametric ones, meaning there is a significant loss of information, contrary to the
regular case.
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1 Introduction and main results

The models. Two semiparametric models will be considered in this paper. Let L2[0,1]
be the Hilbert space of all square integrable functions on the interval [0, 1]. Suppose we
observe in continuous time a path X, which is a solution of the diffusion equation

dX (1) = f(t/0)dt +dW(t), te[-T/2,T/2), (T >0) (1.1)

where the unknown function f belongs to L?[0, 1] and is extended 1-periodically, 6 is an
unknown period parameter which belongs to a subset of |0, +00[ and W is standard Brow-
nian motion on the interval of observation [—7"/2,7T/2]. We shall work in the asymptotic
framework T — +o00. This model will be referred to as the period model throughout the

paper.

The second model, which will be referred to as the translation model in the sequel, consists
of observing a path Y, which is a solution of the diffusion equation

dY (t) = f(t — O)dt +edW(t) , te[-1/2,1/2], (¢>0) (1.2)

where the unknown function f is symmetric, 1-periodic and when restricted to [0, 1], be-
longs to L?[0,1]. The unknown parameter 6, that is the center of symmetry of the signal
f(-—0), is supposed to belong to a compact subset of the real numbers, and W is here stan-
dard Brownian motion on [—1/2,1/2]. We shall work in the asymptotic framework ¢ — 0.

Context. The aim of the theory of semiparametric models can be described as try-
ing to understand the effect of the unknown nonparametric component of the model in
the estimation of a finite-dimensional parameter or functional of interest. The situation is
relatively well understood in those models where a certain amount of regularity is present,
usually meaning the assumption of local asymptotic normality of the model or, stronger,
of differentiability in quadratic mean (see [I] or [l 1][Chap. 25]), along one-dimensional
submodels. Under these conditions, in many cases the effect of the nonparametric nui-
sance can be understood in terms of scores and tangent sets through the concept of
efficient Fisher information, which might be smaller than the Fisher information in the
corresponding parametric case. In this case one says that a loss of information occurs.
However, even in this case, some gaps remain in the theory, in particular when the efficient
Fisher information is zero, where often rates of convergence slower than the parametric
ones arise, see for example [9] in a deconvolution framework.

In this article the considered semiparametric models do not necessarily verify the reg-
ularity assumptions cited above. In fact, we do not impose a priori any other regularity
condition on the function f in model (1.1) than the one necessary for the likelihood func-
tion (see (1.3) below) to be defined, that is that f should be square-integrable. To the
best of the authors’ knowledge, the problem of understanding estimation in non-regular
semiparametric contexts has received few attention, and one of the aims of the present
article is to shed some light on this issue. In fact, it turns out, as we shall see, that
interesting non-parametric effects are observed in the non-regular case which are more or
less wiped out by regularity assumptions in the regular case.

Let us now present some already-known results in the Gaussian white noise models (1.1)-
(1.2). In the parametric case where f is known, we refer to the book by [7] and the



references therein. In the regular parametric case, usual parametric rates are obtained,
that is of the order of € in the translation model (resp. 7732 in the period model),
whereas in the non-regular case, fast rates of convergence appear : the more “irregular”
the function f, the faster the rate. We shall give more insight in Section 1.2. In the semi-
parametric case, in the regular framework, the same rates of convergence (including the
constants) as in the parametric case are obtained for models (1.1)-(1.2). We refer to [0]
for the period model (1.1) and [!] and references therein for the translation model (1.2).
Still in the regular case, non-parametric effects have been shown to occur in the second
order terms of the asymptotics, see [1], [5] and [3], where it is shown that semiparametric
second order terms are significantly larger than usual parametric ones.

Practical point of view, periodogram and model selection. The problem of esti-
mating the frequency of an unknown periodic signal corrupted by noise is a central issue
in signal processing and its applications (telecommunications, laser vibrometry, to name
a few), see [8] and the references therein. Models (1.1)-(1.2) can be seen as idealized
versions in continuous time of finite sample models. One of the most important methods
of estimation involves the maximization of the so-called cumulated periodogram. In the
context of model (1.1), this is the same as maximizing in 7 the quantity
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T/2
/ exp(2ikr(t/7))dX (1)

~T/2

|k|<K

One still needs to choose the integer K, which corresponds to the dimension of the finite-
dimensional space (or sieve) approximating the functional space where f lives. It turns
out in practice that the algorithm based on the maximization of Lk (7) is often very sen-
sitive to the choice of K, see [3], where a clever algorithm based on a penalized version of
Ly is considered (under, however, regularity assumptions on f). This sensitivity seems
not to be foreseen by the theory in the semiparametric reqular framework, where many
choices of K can be shown to produce asymptotically efficient estimators of 6 (roughly, if
f is regular enough, any K of smaller order than 7%/* would do, see [3]). In this article,
we shall see that this is no longer true if no strong smoothness assumption is made on the
nuisance f: if we allow functions with potentially many significative Fourier coefficients,
then we must choose K large enough to recover enough information from the signal. But
this also means adding more noise (the contribution of W in the observed X), thus a
compromise must be found between these two constraints, which makes the rate of con-
vergence of the estimators based on the cumulated periodogram very sensitive to K, even
from a theoretical perspective.

There is another natural reason why considering classes of irregular functions (see be-
low for precise definitions) makes sense in the considered models. In many models, for
example partially linear semiparametric models (see for instance [13]), one considers uni-
form rate results over a convex set of (nuisance) functions (think of Sobolev balls), where
in fact the boundary of the set determines the rate, since they are the hardest to estimate.
In our case however, it is known already from the parametric case that the more irregular
the function, the faster the rate. It seems natural, therefore, to try and find uniform
results over complements of balls. In that way, it is still the boundary of the set that is
hardest to estimate, and therefore determines the rate.



Main results. We address the problem of statistical estimation in models (1.1)-(1.2)
in a semiparametric non-regular framework. We establish that uniform fast rates of con-
vergence can be obtained over natural classes of irregular functions by sieve maximum
likelihood estimators and determine their rate of convergence. We also establish a lower
bound result which implies that the semiparametric rates are strictly below the paramet-
ric ones. This lower bound does not quite coincide with the rate of the sieve maximum
likelihood estimator and we conjecture that there are semiparametric estimators having
a strictly better rate of convergence than sieve maximum likelihood estimators.

1.1 Gaussian white noise models

A special basis of the space L?[0, 1] is the trigonometric basis, denoted e, (+) = exp(2imk-),
for any k € Z, where Z denotes the set of all integers. For an element f of L?[0,1], we
denote by || - || its L?>-norm and by {cg }rez the sequence of its Fourier coefficients, so that

WW=Af®%,%=Af®&NW (k € 7).

In model (1.2), due to the symmetry of f, we work with

fo = \/5/1 f(t)cos(2mkt)dt (k> 0).

The only further assumption that we make a priori on the function f is that there exist
some real constants p, L with 0 < p < L such that f belongs to the set F defined as

(F) FLF(pL)={fel?0.1, |al>p [|fI®<L?.

We also extend the functions in F by 1-periodicity so that they can be seen as functions
over the real line. Note that we do not impose at this point regularity assumptions on
derivatives for f, as in [1], [0], [3] (existence of a bounded second derivative for f in the
L*-sense) or [0] (existence of a bounded 1 + k-derivative, £ > 0, in the L?-sense), all the
cited work falling in the “regular” framework. The assumption on ¢; is a way to ensure
that the energy >, ., k*|cx|? of the signal (which might be infinite in our context) is far
away from zero. This correspond to the fact that one wants to exclude functions which
could be arbitrarily close in L? to a constant function, for which estimation of € in the
context of (1.1) or (1.2) is impossible. It also ensures that the function f has 1 as the
smallest period, which is important in both models for identifiability reasons.

We further assume that the parameter 6 belongs to a set ©F (resp. ©%) in the period
model (resp. translation model) such that

(T) ©F =[A B] cl0,+cc], ©%=[-7y,7) C]—1/4,1/4].

In the translation model, one easily checks that to ensure identifiability, the parameter
set should have a diameter smaller than 1/2, which explains the choice for ©%. As for ©F,
it would have been possible to choose a varying subset [Ar, Br| asymptotically covering
10, +0o0[, but to avoid technicalities irrelevant to the content of the present paper, we
restrict ourselves to the compact case.

The aim of the statistical problem at hand is to understand how and how fast one can
estimate the unknown 6, the function f being unknown as well. An estimator will be as



usual a measurable function of the observations, which means here a measurable function
with respect to the o-field generated by the process X (respectively V), the solution of
(1.1) (resp. (1.2)), on the Banach space B” of continuous functions on [—T'/2,T/2] (resp.
B on [~1/2,1/2]). We denote by P, (resp. Pj ;) the probability distribution generated
by X (resp. Y) on this space.

The natural statistical object to work with is the likelihood, which, in the context of
models (1.1) and (1.2), is defined as a likelihood ratio. Let P¥ (resp. P§) be the probabil-
ity distribution generated by Brownian motion on B (resp. by ¢ times Brownian motion
on B%). Then the likelihoods L¥ (6, f) and L°(0, f) are defined as the following Radon-
Nikodym derivatives, for which explicit expressions are given by Girsanov’s formula: for
any X € BY and any Y € BS,

» . dng T/2 T/2 )

L0, [)(X) = dPé’ (X) :exp< 7T/2f(t/9)dX(t)—§ 7T/2f(t/9) dt), (1.3)
dP?2 1/2 -2 prl/2

L3(6, f)(Y) £ d}féf (Y) = exp <5—2 i f(t—f))dY(t)—% i f(t-@)%lt).

We denote by E(I; 7 (resp. E;; f) the expectation under the probability distribution Pf:, 7
(resp. Pg #)- In the sequel for simplicity we sometimes drop the index P or S.

1.2 The parametric case

We shall first deal with the parametric non-regular case, where the situation is already
well understood (see for instance [7]). In that case, the function f is known and we con-
sider maximum likelihood-type estimators @ of 6. It is intuitively clear that the slower
the L? difference between the functions with parameters 6 and 7 goes to zero as 7 — 0,
which corresponds to a more irregular function f, the faster the rate of convergence for
§ will be. It turns out that this connection is indeed very direct. We focus here on the
translation model, the period case being essentially similar.

The maximum-likelihood estimator is formally defined as

B 1/2 2 12
6 = Argmaxe? flt—71)dY(t) — — f(t—7)2dt.
reOP —1/2 2 J i
Using the fact that the observation process Y follows (1.2), it is easy to check that

3 1/2 1 [1/2
0 = Argmax {ft—71)— f(t=0)}dW(t) — = {f(t —7)— f(t—0)}?at.
reoP  J_1)2 2) 12
This leads us to define a class of functions over which the L? distance between the
signals is controlled from above and below. More precisely, for positives n, M; < M, and
0<f<a<l, we define

fs,,@(ﬁthMz) = {feF: vVr0eco0:|jr—0 <n,

i 1/2
/_ (= 0) — f(t—)}2dt > My(r — 6

1/2

1/2
/ (F(E—0) — F(t— )2 dt < My(r — 0)P),

1/2



The control from below defines the degree of irregularity of the functions in the class,
whereas the control from above is to ensure that the supremum of the process f_lﬁz{ ft—
7) — f(t —0)}dW(t) is essentially controlled by the supremum of the standard deviations.

Note that the control from below alone does not guarantee that this last process has
continous sample paths.

Note that one can also consider sieve maximum likelihood estimators. Since f is
known, so is also fI¥I(.) = Zszl frex(-) and we define, for any sequence of integers
K = K(e) such that K(¢) — 400 as e — 0,

_ 1/2 o2 [1/2
0(K) £ Argmax 5_2/ fEE —7)dY (1) — 7/ FEl ¢ — )2t

TEOS 1/2 1/2

As for the sieve maximum likelihood estimator, there is a class of functions particularly
adapted to these estimators. For a positive integer Ky, a positive real M and a €]0, 1],
we define

K
So(Ko, M) = {f €F: VK>Ko: > Kol > MKHO‘}. (1.4)

k=—K

In the case of model (1.2), the condition is the same as imposing S r_, k2f2 > MK>2*.
Note that here the process f_152f[K] (t — 7)dW (t) has sample paths differentiable at any
order, and there is no need to control the decay of the tail of Fourier coefficients. Note also
that the condition defining the class S, is stronger than the corresponding lower bound
in the definition of the class F, g(n, My, Ms), for small enough M;. This can be seen by
expanding the L2-distance over the Fourier basis and using the bound |sin(u)| > 27/|ul
for 0 < |u| < w. The parametric rate of convergence is now given by the following theorem.

Theorem 1.1. Fix positive Ko, M and o €]0,1[. Let us define l. = log(e™*) and K, =
| {l.e}~Y*]. Then for any f in Sa(Ko, M),

e—0 9cOS

Fix positive n, M7 < My and 0 < § < a < 1. Then for any f in ffﬂ(n, My, M),

lim sup Py (|0 — 6] > 1581/0‘) =0
e=0pcos

Notice that arbitrarily high rates can be achieved as the known signal f gets more
and more irregular. It will turn out that in the semiparametric setup, this will no longer
be possible.

1.3 Semiparametric rates for sieve maximum likelihood estima-
tors
We briefly recall a natural way to obtain estimators in models (1.1)-(1.2). The idea is to

use the profile likelihood method (see [11][Chap. 25]) which consists in maximizing the
likelihood in two steps: first one maximizes it with respect to the nuisance parameter,



obtaining a function -called profile likelihood- independent of f, and then one chooses the
maximizer of this quantity as estimator. In fact, the first step cannot involve a maximum
over the whole space F, which is too large, thus one restricts the maximization to a sieve,
which here will be the K-dimensional linear space generated by the first K elements of
the trigonometric basis. The final estimator is obtained by choosing K (a choice which
turns to be essential) and is called the sieve mazimum likelihood (or sieve-MLE).

This method is particularly useful in the case of models (1.1)-(1.2) since the profile
likelihood can be written in a closed form. In the models under consideration, this tech-
nique and refinements with weights have been studied in detail in [4] and [3], which is
why we will directly give the expression of the obtained profile likelihood in both cases,
that is (1.5) for the translation case and (1.11) for the period.

We shall seek for best possible uniform rates of convergence for the sieve-MLE over
some class of functions. A first candidate for the class is certainly the whole class F
defined above. However, this class contains (almost) all smooth functions, for which we
know that the estimation is in fact more difficult in the considered models and the obtained
rate turns out to be & or T~%?2 (the usual parametric n~/2), see Theorems 1.3 and 1.5
and Section 1.4 for a corresponding (and in fact stronger) lower bound result. A smaller
class will allow to obtain uniform fast rates for sieve-MLEs : the class S, (K, M) defined
by (1.4), which enables to quantify the "irregularity” of a function through a parameter
a and which contains all functions at least ”a-irregular” in this sense. Note that the
definition of S, (Ko, M) is in fact quite natural in the sense that it gives control over the
Fisher information for estimating € in the sequence (depending on K) of (parametric)
models where (6, f) is of the form {(0, f1,..., fx)}. In this sense it suits well the study
of a K-dimensional sieve-MLE.

1.3.1 Estimation of the center of symmetry

The profile likelihood method yields the following criterion (see [1]) to maximize
2

/ Y cos(@nk(t — Ny ()| | (15)
1/2

where 7 belongs to ©7, Y (¢) is assumed to satisfy (1.2) , and K is an integer to be chosen.

For any K > 0, we obtain a sieve-MLE é(K ) by maximizing the profile likelihood
0(K) = Argmax [ (7). (1.6)

T€EOS
We are particularly interested in the following choice of K

T lem= | it 1/4<a<l, )
g S e 7| if O<a<1/4 '

The associated sieve-MLE is defined by
fs = Argmax lics (7). (1.8)

T€EOS
Let us define the rate \
rS:{ et if 0<a<1/4, (1.9)

et if 1/4<a <l



Theorem 1.2. Let us assume (F) and (T) and let 5 be defined by (1.9) and O be defined
by (1.8). Then with l. = —loge, for any 0 < a < 1 and positives Ko and M,

lim sup Py ¢ (’és—ﬁ‘ >l;/o‘r5> = 0.
€20 9cos, feSa(Ko,M)

The rate of convergence r2 is a fast rate in that it is faster than the usual parametric

rate 5, = € (that is 1/y/n if we take ¢ = 1/4/n). Note that the smaller « (that is the more
irregular the function in the sense of the classes S, (Ko, M)), the faster we can estimate
0, as we can see immediately from the expression (1.9). A close examination of the proof
of Theorem 1.2 reveals that the rate of (K) is quite sensitive to the choice of the cut-off
K. Note also that there is a change of slope in the power of the rate (1.9) at o = 1/4,
which is reminiscent of the nonparametric effect observed in the problem of estimating
the L?-norm, where o = 1/4 is also a transition point.

We also consider the sieve-MLE fg for K = K £ |¢~'/?] that is

fs = Argmax (1), (1.10)

T€OS

and we denote by r§. = ¢ the rate in the smooth case.

Theorem 1.3. Let us assume (F) and (T) and let s be defined by (1.10). Then with
l. = —loge,

lim sup Py <‘9~S - 9‘ > lgrng) =0.
=0 peos, fer 7

Theorem 1.3 extends the semiparametric results known in the regular case, where f is
differentiable and the Fisher information is finite, saying that semiparametric estimation
is possible, whatever the regularity of f in F, at the rate ¢ (up to a log factor).

1.3.2 Estimation of the period

The profile likelihood method leads to the criterion, for any positive integer K,

LK(T) = % Z

k<K

2

/T/2ek(t/r)dX(t) , (1.11)

~T/2

where the process X satisfies (1.1) and g4 (-) = exp(2ik7-). As already noted in [0], there
is an additional difficulty in using (1.11) compared to (1.5), in that periodicity of f implies
that Lk (26) is roughly of the same order as L (#) and thus one needs an extra localization
argument. We overcome this difficulty by considering the smallest approximate minimizer
of (1.11) by defining

Ex = {7’ € OF | Lg(r) > (1—90) sup LK(T)} (1.12)

T€OF

CKg = inng, (]_]_3)



where ¢ should satisfy
2

P
0<o< Iz
The inequality ensures that the 7’s equal to fractions of 6 (see Lemma 2.4) will not be in

Ex with high probability (see the proof of Lemma 2.6).

For any K > 0, we obtain an estimator of the period (despite the localization argu-
ment involved we still refer to it as sieve-MLE), which, adopting as in [0] the following
definition for a ball of center = of radius r

B(z,r) = {TG@P, ‘;—1‘ <7‘}, (1.14)

is defined as
0*(K) = Argmax Lg(7). (1.15)

T€B(ek,1/4)

Let us define

1
a ] < <
Ky =Ky, = Tl dsast, (1.16)
’ [T ] if 0<a<1/4
The associated sieve-MLE is defined by
Op =0"(K;,) = Argmax Ly, (7) if1/4<a <1 (1.17)

TEB(EK; ,1/4)
Q

In fact, similar to the translation model, we have a transition when o = 1/4. In the
period case, when 0 < a < 1/4, we define the estimator fp as a two-step estimator. First,
the estimator 0*(K},, ) yields a first intermediate rate 72 (see Subsection 2.2.4) which
is strengthened by considering the final estimator

Op = Argmax Ly (1) f0<a<1/4 (1.18)

TEOPNB(O* (K}, ,)T2)

We also need to restrict slightly the classes F and S, (Ko, M). We assume that there exist
£ >0 and L; > L such that f belongs to the following class

.7:+:.7:(p,L) N {f:{Ck}, Zk26|ck‘2 SL%}

keZ

Similarly for any a > § we define S, g(Ko, M) = So (Ko, M) N FT.

Let us define

P

rh = (1.19)

5+4a

T 3 if 1/4<a<1.

{T—?iii if 0<a<1/4

Theorem 1.4. Let % be defined by (1.19) and let Op be defined by (1.17), (1.18). Then,
for any 0 < B < a <1 and any positive Ko, M, with lp = —logT,

lim sup Py s (‘éP - 9} > l;/a#) =0.
T=+0gcoP, feS, 5(Ko,M)



This result is slightly more difficult and technical than the corresponding result in
the translation case, but the rate is essentially the same, once one replaces ¢ in (1.9) by
T-! and multiplies the result by 7-!. Note that we require slightly more here than the
function being in L? by considering the class 7. This condition appears when one wants
to establish uniform convergence to zero of some remainder terms in the profile likelihood
criterion. These terms are in fact zero in the translation case due to orthogonality argu-
ments (see also the proof of Theorem 1.4). However the condition is not very strong since
it suffices that a very small 3 exists for the results to hold.

As with the translation model, we can complement the previous result by considering
the sieve-MLE 0p for K = Kp = |T"/3], that is

f0p = Argmax Lg, (7). (1.20)

T€OF

and we denote by 7§ = T~%? the rate in the smooth case.
Theorem 1.5. Let 0p be defined by (1.20). Then with Iy = —log T,

lim sup Py (‘ép — 9‘ > ZTT(I)DT> =0.
T—=+o0gcor, fer+ ’

Theorem 1.5 extends the results of [0] to any f in F*, whereas Theorem 1.4 asserts
than the smooth rate r{ = T2 can be notably improved when working uniformly over
the slightly smaller class S, 3(Ko, M).

1.4 Lower bounds

As we have seen in Section 1.2, the sieve-MLE attains faster uniform rates over the class
Sa(Ko, M) than the smooth rates. It is then natural to investigate the best possible rate
of convergence of semiparametric estimators in the minimax sense over such classes. In
particular, we would like to know whether it is possible or not to do as well as in the
parametric case, which is the case in the regular framework, at least asymptotically.

Let us define

Theorem 1.6. For any 0 < 8 < a < 1, positive Ky, M, there exist C,C" such that, using
definition (1.21),

lim inf inf sup ng((é —0)’ry7%) > C >0
T—=t00 § gcoP, feS,5(Ko,M) -
lim inf inf sup ng((é —0)’r.7%) > C' >0,

=0 0 9eoS, feSa(Ko,M)

where the infima are taken over all estimators of 6 in the period (resp. translation) model.

Theorem 1.6 states that the semiparametric rate is slower than the rate obtained in
Section 1.2 in the parametric case over S, (Ko, M). This means that a significant loss
of information occurs. Note also that this lower bound is actually strictly faster than the
rates we found for the sieve-MLE.

10



Another interesting question is the following: what happens if we seek for uniform
results over classes larger than S,?7 Generalisations of these classes are the following. Let
us define, for positives n, M; and 0 < o < 1,

FPn,My) = {feF, VYrocol: |r—0 <n,
T/2
/ (F(/8) = F(t/m))2 dt > Mi(r — 6)),

—T/2

Fim,My) = {feF, ¥Yr,0e0°: |r—0 <n,
/
/T2U@—m—fa—ﬂﬁm2Aav—m“}

—T/2

Classes of this type are quite natural in that they define the irregularity using the intrinsic
distance on the statistical problem, that is here the L2-distance between the signals.
However, if one seeks for fast uniform rates, they are, somehow, too large.

Theorem 1.7. For any 0 < a < 1 and positive n, My, we can choose L, defining the class
F(p, L), big enough such that there exist C,C" with

lim inf inf sup Ej; (0 —0)°*T*) >C >0
T=Fo0 4 geoP, ferl(nm)
lim inf inf sup ng((é —0)%%) > " >0,

=09 gcoS, feFS(n,My)

where the infima are taken over all estimators of 0 in the period (resp. translation) model.

In the semiparametric context, it is thus not possible to obtain a better minimax rate
of convergence over the classes F, than in the case where f is smooth. The fact that
we might need to choose L very big, is related to the fact that the upper bound on the
L2-norm in F might conflict with the lower bound on the L? distance of the signals.

11



1.5 Discussion and perspectives

Nonregular semiparametrics : rates of convergence

6 —
o —&— Smooth rate
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The obtained rates of convergence in the translation case are summarized in the fig-
ure above. The main message is that uniform fast rates of convergence are obtained for
sieve-MLE estimators (the ’square’-curve) over appropriate spaces and that the best pos-
sible rates in the minimax sense over these spaces are strictly below the parametric ones
("plus’ and ’circle’-curves). This loss of speed is even worse if one considers larger spaces
(*diamond’-curve).

Now there are two questions, both linked to the “gap” between the 'square’ and "plus’-
curves. The first is : can we do better with sieve-MLEs (1.6) than the rate we obtain for
the choice (1.7) of K*? In other words, is the choice K = K* optimal? Although we shall
not prove it here, we think it is, see the discussion at the end of the proof of Theorem 1.2.

The second is, if the sieve-MLESs cannot do better than the ’square curve’, is the "plus’
curve not optimal or can we improve estimation? We conjecture that there are estimators
outperforming the sieve-MLEs.

2 Proofs : upper bounds

Along the proofs, we use a number of self-contained Lemmas whose proofs are given in
Section 4. We abbreviate the distributions Pj , and Pg, 7 by Py s or even P, since it will
always be clear from the context to which model we refer to. Let us denote, for a process
Y indexed by a subset © of the real numbers,

1Y || = sup Y (t).
tco

The notation < (resp. 2) is used for “smaller (resp. larger) than or equal to a universal
constant times”. Sometimes we make universal constants explicit and denote them by C'.
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Furthermore, O and o are the usual Landau symbols. For any integers m,n, we denote
by m A n their minimum.

2.1 Semi-parametric case: center of symmetry

The criterion [ defined in (1.5) can be written

k(1) = éf;? cos (2mk(7 — 0)) + e (7) + e”m (),
where
mir) = 2 kf; Fie {cos(2mkT) &, + sin(2mkT)ELY cos(2mk(T — 0)) (2.1)
na(r) = é {cos(2mkT)&, + sin(2mkT)E)} (2.2)
and _

1/2

& = V2 cos(2mkt)dW (t)
Y

& = V2 sin(2mkt)dW (t).

-1/2

Note that {&}r>1 and {& }x>1 form two independent sequences of independent N(0,1)
variables. Note also that 7, is a pure noise term (that is, it does not depend on f). Let
us write

l(r) = 1x(0) = =) fisin®2uk(r —0)) +e(m(r) = m(6)) + *(12(7) — 0 (6)).

Using the properties of the Fourier basis and setting 6 = 7 — 6 one checks that

E({m(r) —m(0)}’) = 4> fsin’(27kd) £ 40(5, K), (2.3)
E({na(7) —m(0)}?) = 4) sin’*(27ks). (2.4)

2.1.1 Control of processes

To prove Theorem 1.2, it is necessary to be able to control the processes 7y (1) — 1;(6)
and 19(7) — n2(0). For both, we establish that the supremum of the process over the
sets of interest is controlled up to a logarithmic factor by the supremum of the standard
deviations. For Gaussian processes (thus a priori only for n;(7) — n;(0)), this property is
known to be true if one is able to control the entropy of the indexing set of the process

13



with respect to the natural semimetric given by its covariance structure (see for example
[10] Theorem 2.4 or [12] Appendix A.2.2). Here we shall instead use the fact that the two
processes at stake are differentiable a.s. (which comes from their explicit dependence in
7, see Equations (2.1) and (2.2)) and we will apply Lemma 4.1. The apparent drawback
of this rougher method is that a logarithmic factor appears. However, we were not able
to get rid of this log-factor when using the more refined techniques mentioned above.

Lemma 2.1. There exist positive constants C1,Cy, Cs, Cy such that for K large enough,
for any positive real y,

P <H772 - K[| > yﬁ) < C1K exp(—Coy{y A K1/2})
P (|nll > yK*?) < CyK2exp(—Cuy{y A K¥?}).

In particular, note that Lemma 2.1 implies that if K is polynomial in ¢!, then P (|5 —
K| > I.vVK) and P(||ny]| > I.K??) decrease to zero faster than any polynomial in e.
Notice that the same holds for P(||n:(-) — n2(8)|| > I.VK).

Lemma 2.2. Let 7. be a sequence tending to zero as e — 0 and v(-, K) be defined by (2.3).
There exist positive constants Cs, Cg such that for K large enough, for any positive real

Y,

sup Pg}f
0cOS, feF

sup
Ye<|T—0|<270 U(T - 07 K)1/2

( Im(7) ~mOI y) < Gy 'K exp(—Coy?).

The proof of these lemmas can be found in Section 4.

2.1.2 Proof of Theorem 1.2

The starting point of the proof is quite standard. One has to study the criterion [x(7) and
proving that it takes its global maximum close to 7 = 6 gives us already a first "rough”
rate of convergence. Then, studying its local behavior around 7 = 6 by analyzing the
dependence of Ik (7) — lx(0) in 7 — 6 hopefully enables us to sharpen the rate.

The ”"standard” approach in the smooth case where f has some derivatives is to expand
the criterion around 7 = # using Taylor’s formula and to control the rest terms by bounds
on the derivatives of [, see for instance [1], [5] (and [0], [3] in the case of the period
model). This approach cannot be used here, at least not until a sufficiently fast rate has
been reached. The reason is that as long as § > K !, the functional v(,¢) does not be-
have like 6% but like §**. A similar phenomenon (but this time independently of f) occurs
with the pure noise part 172(7) — 72(0) : we shall use the bound |sin(27kd)| < 1 A 27k|d],
which yields different estimates depending on how close 7 is to €. In the “smooth” case,
this discussion was unnecessary since K could be chosen small enough, corresponding to
the fact that the smoother the function, the smaller the number of significative Fourier
coefficients.

We establish the rate of convergence in several steps. In the proof, to simplify the
notation, the cut-off K% defined by (1.7) will simply be denoted by K. Let 7. > ~. be

14



two sequences of positive real numbers and v(9, K) defined by (2.3), then

P(7§<\9s—9|§%)SP< sup zmzzw))

7 AL<|r =0/

< P ( sup  —v(0, K) + 26 (7) — m(0)) + € (n2(7) — m2(0)) > 0)

5 ’yé<|5‘§'}’s
m(r) — m(0) _ o
< P4 mr) —m®) o ey ,
. (i;gfi% v(6, K)2 2 Sl 6K (2.5)
P (2 () —m(6) 5
’ ( ) 7é<s|151|I)S’Ys U<57 K>1/2 - 'yé<1|r51‘§,ys U( ) ) ( )

We first establish that the estimator és is at least convergent at the rate v, = l.e K 1/4,
For this we prove that the right-hand side of the last display tends to zero if 7. = 27y and
7. = 71 Note that this last quantity tends to zero due to the choice K = K*.

Note that v(d, K) > fZsin?(27wd). Since |§| < 27 and 27y is strictly less that 1/2, we
have that infs, 55+, . v(9, K)'/? > |fil71: 2 7. using (F). Thus using Lemma 2.2, we
obtain that (2.5) tends to zero as ¢ — 0. To see that the same holds for (2.6), note that
for some small C' > 0,

(2.6) < P<€2 sup  mo(7) —m2(0) > inf v(é,K)) (2.7)

§: 7L<]6]<e 8o

< P< sup 772(7)—772(9)20@}(1/2)-

6: VL<0]<7e

Finally we use Lemma 2.1.

Now we shall use repeatedly (2.5)-(2.6), improving each time on the rate of convergence
~% assuming that f belongs to the class S, (Ko, M).

Let us check that the rate of convergence over S, (Ko, M) is at least yo. = Doz K -1
where z. = [/%* and D is a large enough constant (we do this only in the case @ < 3/4,
since for 3/4 < a < 1, 1. < 7.). Thus in this paragraph we work on the set
{6 720 < |6] < 7.} Since 6 now tends to zero, |1/4[0|] > 1/8|6|. Using the fact

that for any z € [—7/2,7/2], | sin(z)| > 2|z|/m, we have that for § positive,

KA|1/46) KA1/86

w0, K) > Y fisin’(2rks) 267 Y KPS
k=1 k=1

The definition of the class S, now implies that v(d, K) > 62{K A 1/8§}*72* > §%* and
thus infs, -, <o)<y v(0, K) 2 22*K~2*. To show that (2.5) and (2.6) (via (2.7)) tend to
zero, we make use of Lemmas 2.2, 2.1. This can be done if the two following conditions
are satisfied:

e 2K > /I, and e 222K~ > \/I.K.
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This happens if K is lgss than K, = 511%. Since this is the case for the choice K = K*,
we have proved that fg achieves the rate vy ..

Finally we check that fs achieves the rate Y3 = x2rd. Note that on {0 : 3. < |0 < Y2}

we have that
K/xze

v(6, K) > Z fEsin?(27wkd) 2 6% (K [x.)* 2,
k=1
and thus
inf V(8 K)V? 2 s (Kfx) e,

d: ’73,s<‘5|§'72,6

which in view of the definitions of K* and r® together with Lemma 2.2 implies that (2.5)
tends to zero. Now note that since 7 is differentiable, there exists a (random) ¢, such
that

m2(7) — m2(0) = (7 — O)ma(er) = dmy(cr).
Thus
m2(7) — m2(0))] |0 sup,ce 15(7)]

sup < sup < (K /z)* sup |, (7).
8t v3,e<|6]<v2,e 0(5’ K)1/2 8t v3,e<[0]<72,e |5|<K/$6)1_a ( / 6) re®| 2( )|

We finally obtain that

(26) < P (sup Iny(7)] = e 2(K/x) ™ inf v(d, K)1/2>

TEO 6t 73,e<[0]<y2,e

< P (suplng(r)| 2 2K 0 0. ).
TE

Using the definitions of K* and r° we see that e 2(K /x.)? 2%y; . > K*?2\/I.. Now Lemma

2.1 implies that (2.6) tends to zero, which concludes the proof. O

Note that the rate of convergence is determined by the value of 7—# such that the pure-
noise process £2(1(7)—12(6)) becomes dominant in the balancing of — S | f2 sin?(27k(7—
0)) +e(m (1) —ni(0)) +e2(n2(7) —1m2(0)). Values of K essentially faster or slower that K*
eventually lead to rates for 7 — @ slower than 7% when doing the preceding balancing.

2.1.3 Proof of Theorem 1.3

We reproduce the beginning of the proof of Theorem 1.2 and obtain a rate 7. = l.e K4
(note that this intermediate rate is faster than K ~1). Now we proceed as in the last step
of the proof for fg. Using the estimates v(8, K) > 6% together with Lemmas 2.2 and 2.1,
we obtain the rate of convergence [.e, which concludes the proof of the Theorem.

Remark. Note that the process which limits the rate of convergence in Theorem 1.2

is always 1y whereas 7; determines the rate in Theorem 1.3. In other words, considering
small values of K makes 7, negligible.
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2.1.4 Parametric case : Proof of Theorem 1.1

The proof for the sieve estimator §(K) is very much in the spirit of the proof of Theorem
1.2 but much easier since there are just two terms in the criterion and no pure noise term
1. Indeed, starting again from the definition of §(K,) and using the noteworthy fact
that the functions fI51(- — 7) and (f — fI&)(- — @) are orthogonal in L*[—1/2,1/2], one
obtains

/
(K) = Argmax " (Bt — 1) — fE (@t — 0)}aW (1)
TEOS —1/2
1

1/2
— [ A —7) = (- 0)) .
2/ 1)
The remaider of the proof now closely follows the proof of Theorem 1.2. The deterministic
part in the preceding display equals —2 Zszl fZsin?(7ké) whereas the process part plays
the role of (1) — n1(0).

The proof for the maximum likelihood estimator 6 is slightly different, since one has
to deal with the function f itself and not fI5). But the assumption that f belongs to
the class F? ,3(7% My, Ms) enables to control the entropy of the indexing set of the process

T — flﬁ2{f t —71)— f(t —6)}dW(t) and eventually to control the supremum of the

process with the supremum of the standard deviations. The remainder of the prooof is as
before and is omitted. O

2.2 Semi-parametric case: estimation of the period

The profile likelihood method leads to the criterion Ly (7) which can be written as

T/2
/ eszﬂt/‘rdx(t)

—T/2

Le(r) = =

k<K
= T(7) +¢(m) + ¥(7),

where, with the notation g4 (-) = exp(2ik7-), and omitting the dependence in K,

Y

r ! " 0)d 2
= 2.8
"X [, 2o 23)
2 T/2 T/2
== 0)d aw .
053 [, s cemane (2.9
v ! " dW 2
= 2.10
X [, zemaw (210)
Let us define a local parameter A by A £ 771 — §~! and let
VLK) 2 T Y el (RNT? A1), (2.11)

|k|<K
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This last quantity is the analog in the period model of v(0, K) defined by (2.3) in the
translation case.

Let us highlight the main differences with Theorem 1.2. The key ingredients to con-
trol the process parts ¢, ¥ are Lemma 4.1 and an eigenvalues-type decomposition for ¥
(see Lemma 4.4). But the major difficulty with respect to the translation case lies in fact
in the study and behavior of the deterministic part I of the criterion L. For any f in
Ft, we first show (Lemmas 2.3, 2.4) that ' takes its maximum close to 6 or one of its
multiples. This enables us to get a preliminary rate of roughly 1/7 for the sieve-MLE
(Lemma 2.6). Local expansions around 7 = 6 uncover the functional V(\, K) in Lemma
2.7, at least for K of smaller order than T'. For larger values of K, an extra localization
step is necessary. Once the appropriate local expansions are obtained, the proof follows
quite closely the one of Theorem 1.2.

In Subsections 2.2.1,2.2.2 and 2.2.3, K (unless otherwise stated) is any sequence of positive
integers such that, as T tends to 400, K — 400 and K = o(T?). Regularity-dependent
results and precise choices of K are given in Subsection 2.2.4. In the sequel, the Landau
notation o, O, are meant in a uniform sense with respect to 7 and f. More precisely,
when we write that 'G(7, f) = H(7, f)(1 4+ o(1)) holds for 7 € T and f € G’, we mean

SUDrer, reg |G(7, [)/H(T, [) = 1] = o(1).

2.2.1 Profile likelihood, global behavior

For any real number z, let us denote by A(x) its distance to Z and by |z[ the (smallest)
integer realizing this distance.

Lemma 2.3. For any f € L?[0,1] and any 7 € OF, as T tends to +oo,

I(r) = G(r) + |If|*O (logK + logTK ) (2.12)
where )
G(r) =T |cjosr(’ 'qé (%A(ké)/r)) (2.13)
k| <K

For any p, j € Z, we denote by ged(p, j) the greatest common divisor of p and j.
Lemma 2.4. Let er and ~yp be positive real-valued sequences such that vy — 400 and
T&T — +00, ’Yij_1 — 0, Yrér — 0.

Then for any f € F* and any 7 € OF, as T tends to +oo,

G(r) = {leol* +0(1)}T if T ¢ Ujs1, 0<pznr B30/, 1) (2.14)
G(1) < A1) lcgpl® +o()IT if T € Uocpenr, gedioy=1B(10/p,er) (2.15)
G(0) = {Z|k|§K ek P} T (2.16)

The supremum of the process parts ¢ and ¥ is controlled with the following lemma.
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Lemma 2.5. For any integer p, as T — +oo,

sup P97f<qu—K|y>z%\/?) = o(TP) (2.17)
0cOr, feF+t
sup Py (HCH>zTﬁ) — o(T7). (2.18)
0edr, feF+

The proof of these lemmas can be found in Section 4.

2.2.2 Sieve-MLE : consistency when K = o(T)

The results of the preceding subsection allow us to derive a first rough rate of convergence
for 0*(K) it K = o(T') as T — +o0.

Lemma 2.6. For any integer p and any K such that K = o(T), as T — 400,

sup Py (e*u() ¢ B (9, %)) = o(T7).

0cOF fcF+

Proof. Let us define the event

Ay = { sup |C(r) + W(7) — K| < Z%TI/Q} . (2.19)

TEOF

The complement of Ay has probability o(7~?) for any integer p, thanks to Lemma 2.5.
It suffices to show that for 7" large enough, for any w € Ay, we have 0*(w) € B (0, 7).

Let us use Lemmas 2.3 and 2.4 with e7 = I/T and 77 = T2, On the event Ay,

sup L(7) ST > el +0(1) + CHT2 5 < T8> el + o(1)
reo” Ikl <K k<K

Similarly, on Ag, due to Lemma 2.3,

L) =T > |l +0(1)

|k|<K
Thus on A,
L(#)
sup,cer L(7)

which means that for T" large enough, 6 € £ on Aj.

> 1+ 0(1),

On the other hand, by a similar argument using Lemma 2.4, one checks that on Ay,

Er C Uj>1, 0<peyy B(30/p, e7).

If p is not equal to 1 and 7 belongs to B(j6/p,er), we first note that the convergence of
SEJerl? to || £]|? and of D al<1i/j) 1Capl” 10 D ez |cqpl® are uniform over functions f in
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F*. Indeed, for any fin F*, 37, |exl* < K7 L7, Now use that |ei| > pand || f|| < L

to see that )
p
Slet < (1= 45) Clak

qEZL kEZ

This easily implies that, on Ag, uniformly over F*, for T large enough, the values of L(7)
for 7 in B(j0/p,er) and p > 1 remain far away from the supremum of L, that is, on A,

Er CU;j>1B(j0,er).
Thus using the above intermediate result stating that 0 € &7, we obtain that on Aj,
er € B(0,er).
Noting that B(er,1/4) N B(20,er) = 0, the definition of 6* implies that on A,

0" € E“H,ST)

2.2.3 Profile likelihood, local behavior

This subsection investigates the local behavior of the different parts of the criterion L.
Once one is sufficiently close to 6§, which means here if |[77! — 671 = |\ < K!, the
situation very much resembles the translation case. The differences I'(7) — I'(d) and
¢(7)—¢(8) are very much related to the functional V(A, K) (see (2.11)), while ¥(7) —W(0)
is controlled using a ”derivatives” method through the process R defined by

Yir) = W) 4, 40, R(O)=T(0). (2.20)
-
Lemma 2.7. There exist positive ¢, C' such that, uniformly over T € ©F such that |71 —
0l =\ < K,
—cVNK)+O(lr) <T(1)—=T(0) < -CV(\, K) + O(lr).

Lemma 2.8. There exists a constant C > 0 such that, for any T € OF with |77 —071| =
|IA| < K=1, the variance of the centered Gaussian process ((1) — ((0) satisfies

Eor ({C(r) = C(0)}") < CV(\ K). (2.21)

Moreover, if R is defined by (2.20), then for any integer p, as T tends to +oo,

P (Sup |R(7)| > TK3/2lT) =o(T7P). (2.22)

Teer

2.2.4 Proof of Theorem 1.4

By Lemma 2.6, we already have a rate of convergence of I7T~!. As for Theorem 1.2, we
shall improve step by step on this rate.

The case 1/4 < a < 1. Let us choose K = K}, see Equation 1.16. Note that since for
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this choice of K we have K = o(l'T), the rate for A we obtain is such that A = o(K 1),
thus the local expansions provided by Lemmas 2.7 and 2.8 can be used. This enables us
to get analogue versions of Lemmas 2.1 and 2.2 in the case of the period model. The
precise statement are omitted. Then, we reproduce, using Lemmas 2.7 and 2.5, the proof
of the corresponding part of Theorem 1.2 (that is the one to obtain the rate v, .) and we
obtain that for any Ky, M, as T tends to +o0,

1
sup Py, (0* B (9, —)> — 0.
9OP feSa(Ko,M) r\0r ¢ KT

Once this rate is obtained, the last step of the proof is to show that one obtains the
rate Iprd. Using Lemmas 2.7 and 2.8, this follows closely the corresponding part of the
proof of Theorem 1.2, and therefore we omit the rest of the proof and leave details to the
interested reader.

The case 0 < o < 1/4. One cannot directly make use of Lemma 2.7 for the estima-
tor 0}, since K’ = K7, , is larger than T". But we can make use of the estimator 6 (K%, /)
to get a rate T2 (use Theorem 1.4 in the case a = 1/4, for which the theorem has been
established above). Note that for any 0 < o < 1/4, this rate is faster than 1/K% ,. Thus

defining the estimator p as in (1.18), we obtain that its rate is at least T-2 = o(1/K%,)
as T'— 400 and Lemmas 2.7 and 2.8 can now be used. The remainder of the proof is as
in the case 1/4 < o < 1 and is omitted.

The proof of Theorem 1.5 is similar to the translation case and is left to the reader.

3 Proofs: Lower bound results

To prove a lower bound on the rate of convergence when estimating € (either the lo-
cation of symmetry or the period, in our case), we will follow a well-known approach,
which is outlined beautifully in Pollard’s so far unpublished book Asymptopia: choose
Pog,...,Pog, and P, g, ..., P, with 7 far enough away from 6, such that

1« AN
Q@ é - Z Pe,gk a‘nd QT é - Z PT,gk
(L M=
remain close in L. Then we can use the following inequality:
) A 2 1 9 1
infsup s (0-0)" = 70— 1)1 =5 1Qs — Q).
0 0.0 4 2

So our goal is to maximize (6 — 7)?, keeping ||Qy — Q.||; away from 2. In both the proofs
of Theorem 1.7 and of Theorem 1.6, we do this by choosing a smooth function f,, (which
may in fact not depend on m), and bounding respectively x*(Po .., Qo)s X*(Pr .., Qr)
(these can be bounded using the same technique) and x*(Pyy,., P+ .. ), which is relatively
easy since f,, is smooth. Since for any two probability measures P and Q we have

IP—Qlh < vVX3(P,Q),

we can then use the triangle inequality for the L'-norm to bound ||Qy — Q.||;. This
scheme is depicted in Figure 1.
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Po.f,, Pt

Figure 1: Idea behind lower bound proofs.

3.1 Proof of Theorem 1.7

To prove Theorem 1.7 in the translation case, we need the following lemma.

Lemma 3.1. Suppose f € L?[0,1] and the pertubations ni,...,n, € L*[0,1]. Define
1 m
P1 = P97f and PQ = E ZP97f+77k‘
k=1

Then in the translation model, we have

2Py Py +1—Ep, [P2) 1 3 1/1/2{ Vit — 0)dt
X 1, 2 - Py dPl - m2 eXp 52 _1/2 77177] )

1<i,j<m

and in the period model we have

) P\ 2 1 T/2
X (P1,Py) +1=Ep, ap,) " m2 Z exp T/2{77mj}(t/9)dt :

1<i,j<m -

The proof of this Lemma follows from the Girsanov formula and some elementary calcu-
lations. Note that the result does not depend on the function f.

Now choose the smooth function
f(z) = cos(2mz).

We will choose pertubations 7, . .., 7, such that f+n; € F2(n, M), and such that Py ¢
and % Y e, Po siy, are arbitrarily close together as m — oco. This will show that you
cannot estimate @ in the class F2 faster than in the smooth case.

We start with an element ¢ € L?[—1/2,1/2], with support in (—1/4,1/4), and such
that ¢ € F5(1/2, R), for some constant R we will specify later. Recall that elements of
F are extended by 1-periodicity. However, to define our perturbations, we shall just need
the values of ¢ within (—1/2,1/2], so we set ¢o(x) = ¢(x)1(_1/21/2)() for all z, where 1p
is the indicator of B. For fixed m and any x in (—1/2,1/2], we define for k =1,...,m

S ) R ACR)

dm  2m
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Then we define ni(z) for any x in R by 1-periodicity. These rescaled, translated and
symmetrized versions of ¢ are all orthogonal, since their supports are disjoint. We wish
to check that f + n, € F2(n,M;y). First we remark that bounding the first Fourier
coefficient of f + 7, from below is not a problem, since

1/2 1/2 9 1/2
—2mix
nk(x)e dxg/ k()| de < — o(x)|dx,
/_1/2 k() _1/2| k()] — _1/2| ()]

so this can be done by choosing m large enough. Also note that for every m > 2 and
every k=1,...,m, we have
lnell* = 20117,

so the L?*-norm of the 7;’s remains bounded. Finally, using the inequality (a + b)? >

1a® — b*, we see that

1/2
[_[ﬂx—@+wdw—®—f@—7%ﬂmw—ﬂfdw

1/2

1/2 1/2
>5[ =0 —me =P do= [ (e -0)~ fa- ) da

1/2 ~1/2
1 1/2 ) ) )
> 1 [ e = 0) — o — P de — 200 — 1)
~1/2

In order to control the first part of the right-hand side, we assume that m is even, since
otherwise 7(mn+1)/2 will have period 1/2, which might cause problems. If m is even and
|0 — 7| > 1/2m, but |6 — 7| < n < 1/2, then for every k, ni(x — 0) will have at least
one “bump” (either the left scaled copy of ¢ or the right one) which is disjoint from the
support of ni(x — 7), and vice versa. This means that

1/2 1
[ a0 ma - doz 2ol (forjp-rl > o),
—1/2 m
Furthermore, if |§ — 7| < 1/2m, then it is not hard to see that

1/2 , 1/2 )
([ (e — 8) — iz — ) de > [»[my—mm—¢@—nwndy

1/2 1/2
> Rm*(0 — 7).

To guarantee that f + n, € F2(n, M,), it is therefore enough to make sure that ||¢]|| is
larger than some lower bound depending on 1 and M; (but not on m!), in which case the
relevant inequalities are satisfied for all m big enough. Increasing ||¢|| = ||nx|| might cause
the function f + 7 to leave the class F(p, L), unless we choose L big enough. Now define

1 m
Qy = - ; Py -

Then Lemma 3.1 tells us that, using the fact that the n;’s are orthogonal,

1
1Py — Qolli < 1/x2(Pos, Qo) < N 20012/ _ 1.
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This means that by choosing m large enough, we can put Py arbitrarily close to Py ;.
Furthermore, it is clear that

[Po.s — Qollr = [P~y — Q1.

Since f is smooth, we can keep ||Py s — P, || <1 when |6 — 7] is of the order &:

IPoy —Poyll < \/X*(Pos,Pry)
1
exp (62 / (f
0
1,

= (t—r)—f(t—@))%lt) —1

<

where the last inequality holds if

/Ol(f(t —7) = f(t—0))*dt = 2sin’(27(0 — 7)) < %52'

This can be done by choosing |6 — 7| = ¢/4w. By the arguments belonging to Figure 1
the minimax result of Theorem 1.7 then follows. The proof for the period case is slightly

more technical, but it uses the same pertubations and ideas (of course the smooth rate in
this case is T7%/2).

3.2 Proof of Theorem 1.6

Here we will need slightly more complicated perturbations than in the previous section.
We therefore also need a new lemma:

Lemma 3.2. Suppose ¢y,..., ¢, € L?[0,1] are orthogonal and f € L*[0,1] and ||¢;|3 <
M. FEztend these functions periodically. Suppose the interval I has integer length. Define
P as the measure corresponding to the model

dX(t) = f(t)dt +dW(t) (te D).

Define for m > 1 W = {—=1,1}" and for w € W, define

=1

Finally, define
QW - 2_m Z Pf+¢w‘

wew
Then there exists a constant C' > 0 depending only on M such that

Ep, <%>2 < exp (Ci </I¢$(t) dt>2> .

i=1
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Proof. We start by noting that if F'is a primitive of f, we have

dP 14,

T ) = e [anaxe - [dwa- [ oo )
= oo ( [ouvacx - p -5 [atna).

This means that, using the fact that the ¢;’s are orthogonal,

%(x) _ szexp(/% X—F)(t)—%/lcbi(t)dt)

wew

= &Xp{—3 ¢2 dt) 2 exp ( Pu (t) - )(t))
(2 fron)ezenl]
= exp (—52/1@2@) dt) X
1 1
Eﬂ@m(/@ )+eXp( /cbl ())]
So we get, using the fact that the random variables { [, ¢;(t) dW (t)} are independent,
dQ" B
Ep (de) exp( /¢2 dt)
E(Hi{Q%—exp( /ngZ ) dW (t )+exp< /ngZ t) dW (t )})
1
= I [ (- [ ) vom ([ ar)]
Now choose C' > 0 such that for all |u| < M, cosh(u) < 1+ Cu? < e“*. Then we get

Ep, <%>2 < exp (Cil </I¢§(t) dt>2> :

The above lemma can be used for both the translation and the period case. The
proof for both cases is again very similar, and we will concentrate on the translation case.
Remember the definition of our class:

[]

K
So(Ko, M)={feF: VK>Ky: Z K2|enl? > MEK?2),

k=—K

Choose C' > 1 big enough such that g € S, (K, M), where g has Fourier coefficients

gr=CEk™ 2% (k> 1) and g_j = g
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~

Now fix m > 2 and denote (k) = fol Y(x)e 2% dy the Fourier coefficients of a square-
integrable function . Define ¢y, ..., ¢,, € L*0,1] by their Fourier coefficients.

bi(m) = C-m 72
di(k) = C. k2 (2<i<mand m+n;_1 <k <m+n,).

For all other combinations of i and k > 0 we take ¢;(k) = 0, and we set ¢;(—k) = ¢;(k).
Here, ny = 1, n,, = 400, and the other n;’s are chosen such that for a fixed R > 4 (and

all m > 2) we have
léills < RC*m=2e

The reason that this is possible, is because there exists R > 4 such that
- 27.—1"2« 1 2, —2«
ZC’I{: SZRCm (Vm >2).
k=m
It is clear that we can make sure that for 1 <7 <m — 1,
1 o120 2 9q-1 _ 1 o _ 1o a1
— ) C% —C*m < Z|lgill? < =RC*m~2 1,
m = 2 4
This means that

2 oo
||¢>m||§ < oy g C?k=1722 41 202 . =20 < RC?*m 2271,
k=m

Now define f,, € L?[0,1] through its Fourier coefficients:

0 for k =0,
fmk)=1{ Clk|727® for1<k<m-—1land —m+1<k<—1,
0 for |k| > m.

Define for w e W = {-1,1}"
i=1

Cleatly, | fr(k) + ¢u (k)| = [§(E)|, 80 fin + ¢ € Sa(Ko, M). Also, f,, and ¢1, ..., by, are
all orthogonal. Define

ng = 2_m Z Pe,fm“!‘(bw'

wew

According to (a rescaled version of) Lemma 3.2, if we wish to bound x?(Q}Y, Py y,.), it is

enough to bound

4 4 24 —1-da, —4
> e ey < R*C*m e
i=1
This remains bounded if we choose

4
m = e 1t+ia,

Now define

wew
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Clearly, the above argument also shows that we have bounded x*(QY, P, ;). Following
the scheme depicted in Figure 1, we then need to bound x*(Py.;,, PT7 f,,)- This can be
done by bounding

-2 / (e — 0) — ful — 7)) da.

However,
1 m—1 )
—2/ (fm(x _ 9) i fm(x i 7_))2 dr — 25—2 Z |€i27rk:0 o eiQWkT‘Qf(k>2
0 k=1
m—1 R
< 8r'(0 1) ) Kf(k)?
k=1
< (-7 mP T S (0 - 1) T

This means that if we choose
5
0 — T~ eTHa,

we can bound x?(Py,. , P, .), which proves the lower bound in Theorem 1.6 for the
translation case, using the arguments belonging to Figure 1.

4 Appendix : technical lemmas

4.1 A general lemma

Let us state the following very useful lemma that we know from [(].

Lemma 4.1. Let Z(t) be a stochastic process differentiable a.s., p and x positive real
numbers and I an interval of R. Then it holds

p (sup Z(r) > x) < expl—pua) sup (Bexp{212()}) v (1 +u / EI{Eyz’(T)P}l/?dT) |

Tel

4.2 The center of symmetry case
Proof of Lemma 2.1 By definition,

m(r) = K = {cos(2rkr)& + sin(2mkr)&; )

k=1

K
ne(t) = 2 Z (27k) {cos(2mkT)&k + sin(2mkT)E } {— sin(27kT)E + cos(2mkT)ES }

=1

To control their Laplace transforms note that for any fixed 7,

27



where 2 denotes equality in distribution and oy, ay, Gk, B are independent standard nor-
mal. Thus for any 0 < p < 1/8, thanks to the fact that —log(l — v) < v + v? for
-1/2<v<1/2,

K

E(exp{2u(n2 — K)}) = exp(—=2pK) exp {— > % log(1 — 4#)} < exp(8)°K).

Similarly, there exists C' > 0 such that

E(exp{2un}}) < exp(Cp*K?).

By direct computation one checks E(n,(7)?) < K? and E(n)(7)*) < K°. We apply
Lemma 4.1 to the processes 7y(7) — K and 7,(7) with the respective choices z = K'/?y,
p= (K9 A1)/8 and v = K3?y, p = (K~3?y A1)/D (with D a large enough con-
stant). O

Proof of Lemma 2.2. We shall again apply Lemma 4.1. Let us denote

a Mm(T)—m(0)
G(r) = o — 0, k)

Note that due to (2.3), E(¢;(7)?) = 1 thus E(exp{2u(i1(7)}) = exp(2u?). On the other
hand, by direct calculation and using the inequality (a + b)? < 2a* + 2b%,

2
E(ni(7)%) Yoy (27k) fE sin(drk{r — 6})
E / 2 < 2 1 2E o 0 2 k=1 k
G < 2 BERL  E(n() ~ m@)F) e e
X 2
S KPu(6, K) 7+ (Z(%k)f/?) (6, K)72 S K297+ K2 fl ',

k=1

for any 7 such that 7. < |7 — 6| < 27, which concludes the proof of Lemma 2.2. O]

4.3 The period case, deterministic part

Before we start proving the Lemmas stated in Section 2.2, we formulate and prove a useful
lemma about Fourier coefficients.

Lemma 4.2. For any positive integer K, any 7,0 € OF and any f = {cx}rez in L?[0,1],

] 1/2
3 legeorille] < ClogK(lJr%) 171

kO
k|<K, 1£]k0/7| 1=

Sy ‘CZ'E} < Clog K| fI1

[
k| <K |1£]k0/7( ‘9

where the summation over | is over all relative integers except |k6/7].
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Proof. Let us write

|gres(l]c1] o, »illet] kel |cil
> - > |kzg_k70| + >, - 2

|k|<K, 1A]k0/7] T |k|<K, 5<|l—ko/T|<K |k|<K, |I—k0/7|>K T
= A (K) + Ay(K)

Using Cauchy-Schwarz inequality,

1/2 1/2
1
2
A(K) < D w0 DD al > w0
|k|<K [l—k6/7|>K [l—k6/T|>K ‘ B ?’
o\ /2
< Y lewnt x 111 % ()
|k|<K
1/2 1/2 o 12
< S]] oxwx(%)
Ik|<K k<K
7\ 1/2
< c(t+2) AP
1/2 1/2
|11 ]
A(K) < Z ‘l—ﬁ Z |l—@
|k|<K, 5<|l—k0/7|<K T |k|<K, 5<|I—k0/7|<K T
1/2 1/2
< 2 1 |Cl|2
< DD apsl® D = > =]
|k|<K 5<|1—k6/T|<K T k<K, 5<[i-k6/T|<K T
1/2 1/2
A
< Z |cx|? <1+%>ClogK Z |ck|2010g{(1+§> K}
<K Ik|<K

The second sum is bounded noting that the index [ is always less in absolute value than
(1 + %) K, which proves the first part of the lemma. The second inequality follows
from similar arguments separating the sum in [ in two sums over |l — kf/7| < K and
|l — k0/7| > K respectively and is omitted. O

Let us now turn to the proofs of Lemmas 2.3 and 2.4. Let ¢ be the Fourier transform
of the indicator function of [—1/2,1/2]: ¢(x) = fi{%e%”tdt = sin(mx)/(7wx). Note that
there exists C' > 0 such that

lo(u)| <1forueR, |p(u)| < % for |u| > 1/4. (4.1)

Let us introduce the auxiliary notation

T k6 T
g, = ) (l - 7) ) bry = 5( — k). (4.2)
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Proof of Lemma 2.3. Using the L?-convergence of the Fourier series, one easily checks
that for any f in L?[0, 1] with Fourier coefficients {c} and any 7 € ©F,

[ amsema =136 (5 (2 1))
t/7)f(t/0)dt = a.
-T/2 = T

Thus, with notation (4.2),

=T ),

k|<K

, (4.3)

E akl

l

2

=T Y ||akoe0 (%A<k9/7)>+ > ad(a)] |- (4.4)

Ik|<K 1A Ik6 /7]

Let us expand the square in (4.4). The first term equals the main term in (2.12). The
crossed term is upper bounded by, using (4.1),
Z Czﬁg (ak)

2T ) eyl |6 ( (k0/7)>
1#]k0 /7

k|<K
C
<2 Z |cjko,+(] Z ’Cl’Tk‘

k<K I#]k0 /7] ‘9 T

<20 Y 'qw#WQP

|K|<K, 1£]k6/7[ 57

On the other hand the last term coming from the square in (4.4) is upper bounded by

2 2
~ 1 @]
PN Y b < 52| Y
k|<K |1#£]k0/7] [kKI<K |i#]k6/7[ 10 7
We conclude using Lemma 4.2. O]

Proof of Lemma 2./. We start the proof by noting that there exists a sequence Arp
tending to 400 such that Ay < inf(K,~vrA/B) and vrArer — 0, for instance we can
take A equal to the minimum of 1/,/yrér, K and ypA/B. We use this sequence to cut
the sum defining G(7) in two pieces.

2 2

+ T > |C]ke/7[\2‘€5(%ﬁ(k9/7)>

AT<|]€‘§K

Gr)= T Y |k ‘¢< ke/T))

|k|<AT

= G1<T> + GQ(T).

First let us note that

Go(r) < T (1 + g) S el

Ap<l|k|<K
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This term is a o(T') uniformly over F*, since 3= o n lekl* < 3o ap {2 1]l S A,
Now let us study G(7).

Assume that 7 is not in a ball B(j#/p,er) with p < vp and j > 1. Then for any

integer p such that 1 <p < vy,

ko ‘
— — Pp| > per.
T

Since in the sum defining Gy, |k| < Ar,

kB ATB
< —<
oo/l = < =X

If k6/7[> 0 then since ArB < Ayp, the preceding lines imply that

T T€T

If |k6/7[= 0, then note that
‘%A(k@/f)

> |k|T/7.

In all cases, since Ter — +00,

()~ P < 7 (14 L) P (5 + )

T2

Assume that 7 is in a ball B(j0/p,er) with p < ~r and ged(p, j) = 1. Then there are two
cases for the integer k in the sum defining G1(7).

e There exists an integer ¢ such that k = ¢j. Then
|k0/7 — pq| < pger < yrArer/j < yrArer.
Since ypArer = o(1) as T — +o0 it holds for T large enough that |k0/7[=

e The integer k is not a multiple of j. Then k = qj + r with r < j. Note that

T

ko r Are
——(pq+—?)‘<pqu+p—<Cpqu < oL

J J J
Since ged(p, j) = 1, kO/7 is at a distance to the integers larger than 1/2j, that is

1
A(kO/T) > 5

Since 7 must lie in ©F, we have that j/p < 2B. Thus j~! > 0/(2pB). Therefore

We have assumed that vpT~! — 0 as T — +oo, thus

’& (%A(k@/ﬂ) : <C (7;B> .

31




Finally we obtain that if 7 is in a ball B(j6/p,er),

B
Gi(r)<T Z |cpq|2+T(%% ) <1+g) CIfIP.

lg|l<AT

Equation (2.16) follows from the definition of the function G. O

4.4 Processes in the period estimation case

The process ( is Gaussian and its covariance structure is very much related to the deter-
ministic part I' as is established in the next lemma.

Lemma 4.3. For any 7 € ©F, as T tends to +oo,
E(((r)?) = 4T(7) + 7| f|*O(log K). (4.5)

The process W is apparently more complicated than its counterpart 7, in the transla-
tion case but it can still by written as (infinite) weighted sum of squares of independent
standard Gaussian variables. For any real s and any 7 € ©F, let us define the kernel
K7(s) as the function s — T7' 37, - ex{s/7}.

Lemma 4.4. For any 7 € ©OF = [A, B], there exist a sequence of real numbers {3(7)}i>1
and a sequence of independent standard normal random variables oy(T) such that

7) =Y Bi(r)ai(r). (4.6)

The Bi(1)'s are the eigenvalues of the operator on L*([—T/2,T/2]) defined by
T/2
g—qt— KL(t —u)g(u)du p .
~T/2

Szmzlar results hold for the derivatives W'P) of the process U, with corresponding eigenval-
ues ﬁl ( ). If Var denotes the variance, it holds

+00 T/2
B0 ()] = > ") = [ K P ()t (4.7)
=1 —T/2
+oo T/2 pT/2 9
Var[t?(7)] = 23 gP(r)? =2 / / K204 — | dtdu, (48
=1 T/2J-T/2

The following lemma gives precise control on the preceding quantities for p = 0, 1.

Lemma 4.5. The process ¥ has mean 2K, the process V' is centered. Moreover, as T
tends to +oo , for any T € OF,

E({U(r) - 2K}?) = 4K+(’)< ;Z) (4.9)
E(V(7)?) = Tr*{1+o(1)} > (27k)*/3. (4.10)
[k|<K
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Proof of Lemma 4.3 Let us denote v, = >, clng(ak,l), with ay; = % (l - k—e).

T

T/2 R ?
E(¢(r)*) = 4T/ Z {ch¢(ak,z)}€k(tT/T) dt

T2 k< Ul

= AT P+ D> wmo (M)

|k|<K K], |p| <K k#p

In the first term of the sum we recognize 4I'(7) (see Lemma 2.3). To see that the second
term is negligible use Cauchy-Schwarz inequality as follows

2
S mcﬁ(—(k 7 )5 > |'7f'p| Slog kD

|k|,|p| <K, k#p |K],|p| <K k#p

Proof of Lemma /./. The statement follows from the fact that the considered operator is
selfadjoint and compact, see [2] for details.

Proof of Lemma /.5. From the definition of ¥ it follows

2

T/2 [T/2
Var(V(7)) = / ek{ t—u)/T} dtdu
~1/2J=T/2 | (ke
/2
= 2 Z / ek—p(Tt/T) dt/ ep—k(Tu/T)du
[kl [pI<K 1/2
(k—p)T\> 72 1
=2 > (1kp+¢(f Ligp | =4K+0 | > e
|kl lp| <K |%l,|p|<K k#p

Thanks to (4.8),

T/2 T2
E(V'(1)%) = 8rx°T%*r~ Z kp/ / exp(2im(t — u)(k — p)/7)(t — u)*dtdu

k], |p| <K T/2J-T/2

The term k = p in the preceding sum equals T%7* 3, (27k)?/3. It remains to see
that the term k # p is negligible.

T/2  [T/2
Z kp/ / exp(2im(t — u)(k — p)/7)(t — u)?dtdu

s T/2 -T2

1/2

= T2ka{/ . €k—p(tT/T)dt/ ex—p(—uT/T)du

1/2 —-1/2

1/2 1/2
—2/ tskp(tT/T)dt/ ueg—p(—ul/T)du

1/2 —-1/2

1/2 1/2
+ /_ er_p(tT/7)dt / u25kp(—uT/T)du}:O(T2/T2)Z

1/2 -1/2 k#p

kp

(k—p)?|
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This yields the result noting that the double sum in the preceding display is a O(K?). [
Proof of Lemma 2.5 With the tools provided by Lemmas 4.3,4.4 and 4.5, together with

the application of Lemma 4.1, the proof is similar to the ones of Lemmas 2.1 and 2.2 and
is omitted. O

Proof of Lemmas 2.7 and 2.8 Since K < A7!, [kf/7[= k and Lemma 2.3 yields

D(r)~TO) =T Y |exl? ()Qg(k:/\T)‘Q - 1) +O(ly).

k<K

The first lemma is proved noting that
2272 f 2 2272 1
(1= k2T gy erirs < [SRAT)| < (1= CREAT) L yanars + 5 aar <o

To prove Lemma 2.8, with the notation (g4 (-/7), W’) fT,ﬁng /T)dW (1),

o -c0) = 23 e (e (2-1)) - 1] utermm

+2 ) onlen(t/T) — ex(t/0), W)

k<K

+gzzq[ (_{@_z}) (enlt/7), W) — &( {k—z}) <ak<t/9>,W’>]

k|<K £k
= Cl(T) + CQ(T) + gg(T).
Note that
BGY) = 4T 3 el {1- 001}
k| <K

bY aaldea) - D) - 076 (Te-0).

—K<p#q<K

The second term can be bounded by the sum of |c,¢,|/|p — ¢| and thus also by O(log K).
This implies that
VN K)+ O(log K) <E(G(1)%) < CV(\K) + O(log K).

We also have

E(G(1)?) = 4 Z e *(ex(t/T) — ex(t/0),ex(t/T) — ex(t/0))

[k|<K

4D aegle(t/T) —ep(t/6),4(t/T) — e (1/6)).

—K<p#q<K

The first term is upper bounded by CT 7, _x |cx)? {1 - gﬁ(/{:/\T)} The second term is
upper bounded by O(log K) as above.
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Finally, the terms appearing in the variance of (3 are of the form

5 T (5 )o(Go)

and thus are upper bounded in modulus by

1 1 ler]| ¢4 KlogK
_ < .
LT Tl <

o —llp—q| ~

Since K = o(T?), (2.21) is established. Finally, to prove (2.22), use Lemmas 4.4 and 4.1
as in the proof of Lemma 2.1. n

Acknowledgments. The authors would like to thank the Statistics department of the
Université Paris-Sud for offering them the possibility to work together on this subject. The
first author would like to thank Professor Aad van der Vaart for stimulating discussions.

References

[1]

[10]

Peter J. Bickel, Chris A. J. Klaassen, Ya’acov Ritov, and Jon A. Wellner. Efficient
and adaptive estimation for semiparametric models. Johns Hopkins Series in the
Mathematical Sciences. Johns Hopkins University Press, Baltimore, MD, 1993.

I. Castillo. Penalized profile likelihood methods and second order properties in semi-
parametrics. PhD Thesis, Université Paris-Sud, 2006.

I. Castillo. Semi-parametric second-order efficient estimation of the period of a signal.
Bernoulli, 13(4):910-932, 2007.

A. Dalalyan, G. Golubev, and A. Tsybakov. Penalized maximum likelihood and
semiparametric second order efficiency. Ann. Statist., 34(1):169-201, 2006.

A. S. Dalalyan. Stein shrinkage and second-order efficiency for semiparametric esti-
mation of the shift. Math. Methods Statist., 16(1):42-62, 2007.

G. K. Golubev. Estimating the period of a signal of unknown shape corrupted by
white noise. Problems of Information Transmission, 24(4):288-299, 1988.

I. A. Tbragimov and R. Z. Has’minskii. Statistical estimation: asymptotic theory.
Springer, New York e.a., 1981.

Marc Lavielle and Céline Lévy-Leduc. Semiparametric estimation of the frequency
of unknown periodic functions and its application to laser vibrometry signals. I[EEFE
Trans. Signal Process., 53(7):2306-2314, 2005.

Catherine Matias. Semiparametric deconvolution with unknown noise variance.
ESAIM Probab. Statist., 6:271-292 (electronic), 2002. New directions in time se-
ries analysis (Luminy, 2001).

M. Talagrand. Sharper bounds for Gaussian and empirical processes. Ann. Probab.,
22(1):28-76, 1994.

35



[11] A. W. van der Vaart. Asymptotic statistics. Cambridge Series in Statistical and
Probabilistic Mathematics. Cambridge University Press. Cambridge, 1998.

[12] Aad W. van der Vaart and Jon A. Wellner. Weak convergence and empirical processes.
Springer Series in Statistics. Springer-Verlag, New York, 1996. With applications to
statistics.

[13] Grace Wahba. Spline models for observational data, volume 59 of CBMS-NSF Re-
gional Conference Series in Applied Mathematics. Society for Industrial and Applied
Mathematics (STAM), Philadelphia, PA, 1990.

36



	Introduction and main results
	Gaussian white noise models
	The parametric case
	Semiparametric rates for sieve maximum likelihood estimators
	Estimation of the center of symmetry
	Estimation of the period

	Lower bounds
	Discussion and perspectives

	Proofs : upper bounds
	Semi-parametric case: center of symmetry
	Control of processes
	Proof of Theorem 1.2
	Proof of Theorem 1.3
	Parametric case : Proof of Theorem 1.1

	Semi-parametric case: estimation of the period
	Profile likelihood, global behavior
	Sieve-MLE : consistency when K=o(T)
	Profile likelihood, local behavior
	Proof of Theorem 1.4


	Proofs: Lower bound results
	Proof of Theorem 1.7
	Proof of Theorem 1.6

	Appendix : technical lemmas
	A general lemma
	The center of symmetry case
	The period case, deterministic part
	Processes in the period estimation case


