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Abstract

We present a generative model based approach to deal
with spatially coherent outliers. The model assumes that
image pixels are generated by either one of two distinct
processes: an inlier process which is responsible for the
generation of the majority of the data, and an outlier pro-
cess which generates pixels not adhering to the inlier model.
The partitioning into inlier and outlier regions is made ex-
plicit by the introduction of a hidden binary map. To ac-
count for the coherent nature of outliers this map is mod-
elled as a Markov Random Field, and inference is made
tractable by a mean field EM-algorithm. We make a con-
nection with classical robust estimation theory, and derive
the analytic expressions of the equivalent M-estimator for
two limiting cases of our model. The effectiveness of the
proposed method is demonstrated with two examples. First,
in a synthetic linear regression problem, we compare our
approach with different M-estimators. Next, in a 2D-face
recognition experiment, we try to identify people from par-
tially occluded facial images.

1. Introduction

For many problems in computer vision, a generative
imaging model can be formulated. In such a model, images
are assumed to be generated by an underlying parametric
model and an additive noise process. The problem then is
how to invert the model,i.e. how to compute the most prob-
able parameters, given the input data. Typically, the addi-
tive noise is assumed to be normally distributed, rendering
parameter estimation a least squares problem.

Unfortunately, image data is rarely drawn from a single
statistical distribution [14]. First of all, the modellingas-
sumptions may be overly simplistic. For example, a com-
mon assumption when computing image motion or depth-
from-stereo is the constant brightness assumption, which
states that scene points, when viewed at different times or
from different points-of-view, have the same image inten-
sity. However, this assumption is often violated. Secondly,
multiple substructures may be present in the image. Two

Figure 1. Left: input images for N-view stereo, contaminated by
moving objects. Right: input images for face recognition.

typical examples are shown in Fig. 1. The first example
shows the input for an N-view stereo algorithm. A genera-
tive model (GM) may be formulated by assuming that all in-
put images are generated from a single (unknown) ideal im-
age by a coordinate transformation parametrised by the un-
known depth [15]. However, in its basic form, such a model
can only explain the static part of the scene, and cannot ac-
commodate for the presence of independently moving ob-
jects like the pedestrians shown in the images. The second
example shows two facial images occluded by sunglasses.
When trying to recognise these faces, a possible approach
would be to fit a model,e.g. a probabilistic PCA [16] or
active appearance model [6], to the images. Obviously, un-
less the model accounts for the existence of the occlusions
present in the example, parameter estimation is deemed to
produce unreliable outcomes.

The additive noise of a GM should be interpreted most
and for all as a provision against small model deviations,
rather than as a model for sensor induced noise. Yet the
aforementioned examples illustrate that often model devi-
ations can be arbitrarily large. Parameter estimation in
the presence of such gross errors or outliers is the topic
of robust estimation. The most popular robust estima-
tion techniques in computer vision are voting algorithms
like the Hough transform [9], and random sampling tech-
niques like RANSAC [3] and Least Median of Squares
(LMedS) [13]. Furthermore, so-called M-estimators have
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found widespread use in various regression problems like
the estimation of the F-matrix [17] and robust estimation of
optical flow [2]. We will touch upon these methods in sec-
tion 4. A detailed account of existing techniques, however,
is beyond the scope of this paper and we refer the reader to
two recent reviews on this topic [12, 14].

An important observation, illustrated by the examples in
Fig. 1, is the fact that outliers often form spatially connected
regions in the image. In this paper, we present a genera-
tive modelling framework adept at dealing with this. Im-
age pixels are supposed to be generated by either one of
two processes: aninlier process, which is responsible for
the generation of the majority of the data (the ‘visible pix-
els’), and anoutlier process which generates pixels not ad-
hering to the inlier model. The partitioning into inlier and
outlier regions is made explicit by a latent binary Markov
Random Field (MRF), the so-calledvisibility map. MRFs,
introduced in the vision community by seminal work of Ge-
man and Geman [7] and Besag [1], have found widespread
use as a tool for modelling spatial coherence. We use an au-
tologistic model , which extends the traditional Ising model
to allow non-equal abundances of inlier and outlier pixels.
Inference is made tractable by a mean field EM-algorithm
[20, 4], which alternates between estimation of visibility
and optimisation of parameters. It will be shown that, for
a limiting case of the approach, the EM-algorithm is equiv-
alent to robust M-estimation. More specifically, different
M-estimators can be derived, corresponding to different as-
sumptions about the inlier distribution.

The remainder of this paper is organised as follows.
First, we lay out the probabilistic framework and present
an EM-algorithm for parameter estimation. Next, a connec-
tion with robust estimation theory is made and two partic-
ular M-estimators, the ‘Robust L1’ and ‘Robust L2’ esti-
mators, are derived. This, in turn, allows us to formulate a
novel MSAC-procedure [18], which takes the spatial coher-
ence of outliers into account. The effectiveness of the ap-
proach is illustrated with a linear regression experiment,in
which these estimators are compared with three commonly
used M-estimators. Finally, we apply the methodology to
the problem of face recognition, where we try to identify
people from partially occluded facial images. We end the
paper with conclusions and a discussion of future work.

2. Generative Imaging Model

Suppose we are given an imagey = {yi} which con-
sists of a set of pixel valuesyi on a rectangular lattice.
This image is thought to be generated by a modelM(θ),
parametrised byθ. For example, the model could be an
active facial appearance model, parametrised by its lin-
ear shape and texture parameters. The generative imaging
model is given byy = M(θ)+ǫ, whereǫ is additive iid
random noise. This noise is assumed to be distributed ac-

cording to a normal or laplacian density with zero mean and
standard deviationσ, and its PDF is denoted asf(.; 0, σ). If
we write ŷ={ŷi} for a particular model realisationM(θ),
then the probability of observing image pixelsyi is given
by p(yi)=f(yi; ŷi, σ). This constitutes the inlier model.

Next, assume certain image valuesyi are not visible. For
example, wheny is a facial image, the regions of the eyes
could be covered by sunglasses. Therefore, we introduce a
set ofunobservablevisibility mapsx = {xi} which signal
whether pixel valueyi was generated by the inlier process
or not. Every element ofxi is a binary RV which is either1
or−1, corresponding to visibility or occlusion, respectively.
To take into account the spatial coherence of occluded re-
gions,x is modelled as a binary MRFs with an associated
Gibbs-prior distribution. LetPf be the prior probability of
visibility ( i.e. the fraction of pixels thought to be generated
by the inlier process) and letPg =1− Pf be the prior prob-
ability of occlusion. Thenp(x) is specified as follows:

p(x) ∝ exp
(−Uc(x)

T

) ∏

i

P
xi+1

2

f P
1−xi

2
g , (1)

whereUc (x) is the coherence energy ofx, T is a tem-
perature constant, and the product

∏
i ranges over all lo-

cations of the random field. The energy is designed to
be low for spatially coherent maps. LetN(i) denote a4-
neighbourhood ofith node , then the energy is defined to be
Uc(x)=−∑

i

∑
j∈N(i)xixj . Eq.(1) can be rewritten as:

p(x) ∝ exp
( 1

T

∑

i

∑

j∈N(i)

xixj +
1

2

∑

i

xi log
Pf

Pg

)
. (2)

From this result, we see that the prior onx takes the
form of an Ising-model with a uniform external ‘field’
0.5 log(Pf/Pg). Notice that this field term is not preceded
by 1/T , so whenT→∞ the prior probability ofx is fully
determined by the ratioPf/Pg. We can now fully spec-
ify the generative imaging model by conditioning the pixel
likelihoods on the state of the latent variablesxi:

p(yi|xi,θ) =

{
f(yi; ŷi, σ) if xi = 1
g(yi) if xi = −1

p(x) ∝ exp
(
−U(x)

)
.

(3)

Here,U(x) is the energy defined in Eq. (2) andg(.) is the
outlier PDF. For the latter, we can consider several choices.
First of all, if we have no information about the outlier pro-
cess,g(.) can be set to a uniform distribution over the im-
age range,i.e. g(.) = 1/256. Alternatively, the outlier dis-
tribution can be modelled,e.g. as a normalised histogram,
by parameterising it with the unknown histogram entries
h = [h0, h1, . . . , h255]. Finally, if we do have information
of the occluding process,g(.) can be set to a known prior
distribution. An example of this will be shown in section 5,
where we try to segment glasses from facial images.
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3. MAP-estimation and EM-algorithm

We now wish to invert the model,i.e. given input data
y compute the most likely parametersθ. This parameter
vector now also includes the unknown scaleσ and, when
the outlier process is modelled as a histogram, the unknown
histogram entriesh. The maximum-a-posteriori (MAP) es-
timate of the parameters is given by:

θ̂MAP = arg max
θ

{
log p(y|θ) + log p(θ)

}

= arg max
θ

{
log

∑
x
p(y,x|θ) + log p(θ)

}
.

(4)

Assuming the visibility map is independent from the un-
knownsθ, the complete data likelihoodp(y,x|θ) can be
further specified to be:

p(y,x|θ) = p(y|x,θ) p(x)

=
[∏

i

f(yi; ŷi, σ)
xi+1

2 g(yi)
1−xi

2

]
p(x) . (5)

From this result we also see that, conditioned on image data
y, the posteriorp(x|y,θ) takes the form of an Ising-model,
but now with a non-uniform external field:

p(x|y,θ) ∝ exp
( 1

T

∑

i,j

xixj+
1

2

∑

i

xi log
f(yi; ŷi, σ)Pf

g(yi)Pg

)
.

(6)
The strength of this field depends on the local values of
f(yi; ŷi, σ) andg(yi). If at a particular nodei, the likeli-
hood ratiof(yi; ŷi, σ)Pf/g(yi)Pg is larger than one,i.e.
the pixel is more likely to have been generated by the inlier
process, a visibility valuexi =1 is energetically favourable
and vice versa. Simultaneously, the first term of the energy
favours spatially coherent maps. The relative importance of
both terms is determined by the parameterT .

Notice that the sum
∑

x
in Eq. (4) ranges over all

possible configurations of the hidden variablesx. Even
for modest size images this is a huge number, hence direct
optimisation of the right-hand of Eq. (4) is infeasible. The
Expectation-Maximisation algorithm [5] offers a solution
to this problem. It produces a sequence of estimates
{θ̂(t), t=0, 1, ...} by alternating the following two steps:

E-step On the(t+1)th iteration, the conditional ex-
pectation of the complete log-likelihood w.r.t. the posterior
p(x|y,θ) is computed. We follow amean fieldstrategy
[20, 4], in which this posterior is approximated by the clos-
est factorisable distribution

∏
i h(xi|yi,θ). In this approxi-

mation,h(xi|yi,θ) is a Bernoulli distribution over{−1, 1},
which assigns probabilitybi to xi being1, and probability
(1 − bi) to xi being−1. Minimising the KL-divergence
w.r.t. bi gives the mean field update equations:

bi = σ

( 2

T

∑

j∈N(i)

(
2bj−1

)
+ log

f(yi; ŷi, σ)Pf

g(yi)Pg

)
, (7)

whereσ(x) = 1/
(
1 + exp(−x)

)
is the sigmoid function.

This is a set of coupled, non-linear equations, which re-
late the probability of a pixel being inlier to the local field
strength and the inlier probabilitiesbj of the neighbours.
The equations can be solved by iterative re-substitution,
which converges quickly. Notice that whenT → ∞, i.e.
when the coherence term drops from the priorp(x), these
equations reduce to the closed form expression:

bi =
f(yi; ŷi, σ)Pf

f(yi; ŷi, σ)Pf + g(yi)Pg

, (8)

which is the Bayes’ estimate ofbi when visibilities are not
correlated. The expectation of the complete log-likelihood,
the so-called Q-function, is (up to a constant) given by :

Q(θ | θ̂(t))=
∑

i

bi log f(yi; ŷi, σ)+(1−bi) log g(yi) . (9)

M-step In the case of MAP estimation, the parameters are
optimised according to:

θ̂(t+1) = arg max
θ

{
Q(θ | θ̂(t)) + log p(θ)

}
. (10)

Let us first consider maximisation ofQ(θ | θ̂(t)) w.r.t. the
scale (standard deviation)σ. The updates in case of lapla-
cian and gaussian noise are, in respective order, given by:

σ ←
∑

i bi|yi − ŷi|∑
i bi

, σ2 ←
∑

i bi(yi − ŷi)
2

∑
i bi

. (11)

When the outlier distribution is modelled as a histogram, we
also need to optimise the Q-function w.r.t. the histogram en-
triesh, under the constraint that all entries sum to one. It is
easy to show that the optimum is achieved wheng(.) is set
to the histogram ofy, where all pixel valuesyi are weighted
by (1− bi). The optimisation w.r.t. the other model param-
eters depends on the nature of the model and the assumed
noise model.

4. Connection to Robust Estimation

Two commonly used robust techniques in computer vi-
sion are RANSAC [3] and Least Median of Squares [13].
Whereas RANSAC tries to identify the solution with max-
imal support,i.e. maximal cardinality of the consensus set,
LMedS looks for the solution which minimises the median
of the squared residuals. These criteria are not differen-
tiable, so both techniques rely on a quasi-exhaustive search
on all possible parameter values to find the global minimum.
In practise, one often settles for a certain probability of find-
ing the global optimum, and the required number of itera-
tions depends on the expected fraction of outliers and the
number of parameters to be estimated. Both methods dis-
play a rather drastic behaviour w.r.t. outliers, in the sense
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that these are completely ignored. In RANSAC, the con-
sensus set contains all datapoints within a certain distance
from the solution hypothesis. This distance is usually de-
fined to be a multiple of a robust scale-estimate, such as the
Median of Absolute Deviations (MAD). At the end of the
procedure, only the points in the consensus set of the most
promising hypothesis are used to refine the model fit. In
LMedS, the estimator effectively trims half of the observa-
tions, and uses the maximal residual value in the remaining
set as the criterion to be minimised.

In M-estimation, the influence of outliers on the param-
eter estimate is reduced by down-weighting, rather than ig-
noring them. Let{(ti, yi)}, i=1...N , represent a set of data
points, and let̂yi = M(ti; θ) denote the model prediction
for theith datum. The standard Least Squares (LS) method
minimises the sum of squared residuals

∑
i r

2
i , ri = yi− ŷi,

which is unstable if there are outliers in the data. In M-
estimation, the influence of outliers is diminished by replac-
ing the quadratic function by a more robustρ-function:

θ̂ = min
θ

∑

i

ρ(ri) . (12)

The ρ-function is a positive, symmetric function with a
unique minimum at zero, which is chosen to be less increas-
ing than the square function. To quantify the effect of an
infinitesimal change of a datum on the parameter estimate,
we consider its derivativeψ(r) = ∂ρ(r)/∂r, which is pro-
portional to theinfluence function[8]. The value|ψ(r)| in-
creases with increasing values of|r|, and for a certain class
of M-estimators, the so-calledredescendingM-estimators,
the influence function descends again when|r| reaches a
critical value. Examples are the truncated quadratic [18],
the robust Lorentzian and Tukey’s biweight estimator. Their
ρ and ψ -functions are listed in Table 1. These estima-
tors have found widespread use and weree.g. employed by
Black et al. [2] for the robust estimation of optical flow.
Typically, M-estimation operates on scaled residuals,i.e.
r is replaced byr/S, whereS is an auxiliary scale esti-
mate. Parameter optimisation is interleaved with scale re-
estimation and a common choice forS is 1.4826×MAD1.

In Torr et al. [18], a method combining RANSAC and
M-estimation was formulated. Based on the observation
that RANSAC effectively minimises a cost, which has
zero contribution from inliers and a constant contribution
from outliers, the authors propose to replace this cost by
C=

∑
iρ(ri), whereρ is the robusttruncated quadraticM-

estimator. The resulting MSAC-method performs a proba-
bilistic search by randomly sampling points and formulat-
ing parameter hypotheses, after which the lowest cost hy-
pothesis is further refined by robust M-estimation. Alterna-
tively, in the so-called MLESAC-method [18], a cost corre-

1The factor1.4826 is introduced because the MAD of the normal dis-
tributionN (0, σ2) is σ/1.4826

domain ρ(r) ψ(r)

Tukey’s |r| ≤ 1 c
2

6

“

1−
`

1−( r

c
)2

´3
”

r
`

1−( r

c
)2

´2

biweight |r| > 1 1
6

0

Lorentzian R
c
2

2
log

`

1+( r

c
)2

´

r

1+( r

c
)2

Truncated |r| ≤ T r2 r

quadratic |r| > T T 2 0

Table 1. Theρ andψ -functions, operating on scaled residuals, for
Tukey’s biweight, the Lorentzian and the truncated quadratic M-
estimator. The tuning constantc is set toc=4.6851 (Tukey’s) and
c= 2.3849 (Lorentzian) to achieve95% efficiency on the normal
distribution.T is set to1.96, corresponding to a5% rejection level
on the normal distribution.

sponding to the negative log-likelihood of the data under a
mixture model is minimised.

In the next section, we show that for a limiting case of
our approach, different M-estimators can be derived, cor-
responding to different assumptions about the inlier dis-
tribution. This, in turn, allows us to formulate a MSAC-
procedure which aims at minimising the negative log-
likelihood of the data under a mixture model, thereby show-
ing that when the correct M-estimator is used the distinction
between MSAC and MLESAC vanishes. Furthermore, the
analysis results in the formulation of a MSAC-procedure
which takes the spatial coherence of outliers into account.

4.1. Equivalent M-estimators

WhenT →∞, i.e. the coherence of outliers is not ac-
counted for, and the outlier distributiong is assumed to be
constant over the range of the data, the M-step of the EM
procedure reduces to the following minimisation problem:

θ̂ = min
θ

∑

i

−bi log f(yi; ŷi, σ) . (13)

Here, bi is the posterior belief thatyi was generated by
the inlier process,̂yi is the model prediction, andσ is the
scale of the inlier distribution. When outliers are not corre-
lated,bi is given by Eq. (8). We now consider two possible
choices for the inlier model: the normal distribution and the
double exponential or laplacian distribution.

When the inlier distribution is gaussian, Eq.(13) turns
into the following weighted least squares problem:

θ̂ = min
θ

1

2σ2

∑

i

bi r
2
i . (14)

An equivalent M-estimator can be found by equating the
derivatives of the right-hand sides of Eqs.(14) and (12)
w.r.t. θ. This results in the following expression for theψ-
function:

ψ(r) =
∂ρ(r)

∂r
=

r

σ2

f(r; 0, σ2)Pf

f(r; 0, σ2)Pf + CPg

, (15)
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Figure 2. Theρ andψ -functions of the Robust L2-estimator (top
row) and the Robust L1-estimator (bottom row).

whereC denotes the constant value of the outlier distribu-
tion. By definition,ρ(r)=

∫
ψ(r)dr, and it is easy to verify

that the equivalent robustρ-function is given:

ρ(r) =
( r
σ

)2

+ 2 log
( f(r; 0, σ2)Pf

f(r; 0, σ2)Pf + CPg

)
. (16)

It is interesting to take a closer look at this equation. Sup-
posePf = Pg = 0.5, i.e. an equal amount of outliers and
inliers was assumed. When|r| ≪ σ, the value of the inlier
density function becomes much larger thanC and the right-
hand term of Eq.(16) vanishes. In other words, for small
values of the residual, the estimator behaves like an ordi-
nary L2-norm. Alternatively, for|r| ≫ σ, theρ-function
becomes constant:

lim
|r|→∞

ρ(r) = log
( Pf

CPg2πσ2

)
. (17)

This corresponds to the desirable redescending behaviour
of the M-estimator. In what follows, we will refer to this
M-estimator as therobust L2-estimator. Theρ and ψ -
functions of the estimator are shown in Fig. 2.

When the inlier distribution is laplacian, a similar pro-
cedure can be followed. Equating the derivatives of the
right-hand sides of Eqs.(13) and (12) w.r.t.θ, leads to the
following expression for theψ-function:

ψ(r) =

√
2

σ
sign(r)

f(r; 0, σ)Pf

f(r; 0, σ)Pf + CPg

, (18)

and integrating this result finally gives:

ρ(r) =
|r|
σ

+
1√
2

log
( f(r; 0, σ)Pf

f(r; 0, σ)Pf + CPg

)
. (19)

This estimator displays a similar behaviour as the Robust
L2-estimator. For small values of|r|, it acts as the ordi-
nary L1-norm, whereas for large residualsρ(r) becomes
constant and the influence function redescends. For these
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Figure 3. Examples of data corrupted by laplacian noise withσ=1
(left) andσ=10 (right).

reasons we will refer to it as theRobust L1-estimator2. The
ρ andψ -functions of the estimator are shown in Fig. 2.

The final MSAC-procedure proceeds as follows. A min-
imal set of points are repeatedly sampled, and parameter
solutions hypotheses are formed. The support of each hy-
pothesis is the robust cost estimated according to Eqs. (16)
or (19), depending on the assumed inlier model. Finally, the
lowest cost hypothesis is further refined by EM-iterations,
which interleaves parameter updates (including ML-scale
updates) with inlier probability updates. If outliers are spa-
tially coherent, these probabilities are updated according to
the mean field Eqs. (7), otherwise the closed form solution
in Eq.(8) is used. Note that in the sampling stage, outlier
coherence is ignored, because iterating the mean field equa-
tions for each hypothesis would be very costly. The main
purpose of the sampling stage is merely to bring us close
enough to the global optimum, from which point on the
EM-procedure can converge to a sensible solution.

4.2. Robust Linear Regression Experiment

In this section, different MSAC-procedures are com-
pared in a synthetic linear regression experiment. We exper-
iment with the truncated quadratic, Lorentzian and Tukey’s
biweight M-estimators and compare their performance with
the Robust L1 and L2 estimators. Furthermore, we wish to
study the effect of the spatial coherence model on param-
eter estimates when outliers are spatially correlated. The
linear regression experiment goes as follows. Forty data
points (ti, yi) are sampled from the liney = a t + b at
regular locationsti = i, i ∈ {1, . . . , 20, 31, . . . , 50}. The
points(tj , yj), j ∈ {21, . . . , 30} are designated as outliers
and their respectiveY -values are set to0. Next, noise with
a standard deviation in the range[1, 10] is added to all data.
We perform two experiments, one with normally distributed
and one with laplacian noise. Some examplar datasets are
shown in Fig. 3. The purpose of the experiment is to es-
timate the linear parametersθ = [a b], whose groundtruth
values area=1 andb=0.

For all methods, an initial scale estimate needs to be pro-
vided. To this end we start off by computing the LMedS-
solution, where we perform an exhaustive search over all

2Sometimes, the ordinary L1-norm is also called robust because it in-
creases less fast than the L2-norm. However, this is overly optimistic, as
severe outliers can wreak havoc on parameter estimates.
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50×49/2 parameter hypotheses. The MAD of the optimal
solution is computed and scale is set toS=1.4826×MAD.
In the MSAC-procedures, hypotheses are formed by select-
ing 2 points and computing a closed form solution forθ.
Thirty-two point pairs are randomly selected, which cor-
responds to a99.99% probability of selecting two inliers,
conservatively assuming that the fraction of inliers is50%.
The support for each hypothesis is the cost of the associ-
ated M-estimator, and the lowest cost solution is taken as
the initialisation of the final optimisation. Parameter up-
dates are interleaved with scale re-estimation, where we use
1.4826×MAD for the classical M-estimators and the ML-
updates in Eq.(11) for the Robust L1 and L2-estimators.

For the Robust L1 and L2-estimators, we experimented
with both the non-correlated and the correlated outlier mod-
els. For the latter, we used25 EM-iterations andT was
gradually decreased fromTinit = 10.0 to Tfinal = 0.1 ac-
cording toT ← Tfinal +0.75 (T−Tfinal). Initially, when
T is high, the probability of a particular datum being inlier
is largely determined by its local posterior probability, and
configurations which are spatially incoherent remain pos-
sible. AsT drops, spatially coherent Markov chains3 be-
come relatively more likely. When the Robust L1 estimator
is employed, a closed form solution forθ does not exist,
and the simplex optimisation method was used to solve the
weighted median regression problem posed in Eq.(13). In
all experiments, an equal amount of outliers and inliers was
assumed, andC was set to(max(yi)−min(yi))

−1≈1/50.
Every experiment is repeated1000 times and the aver-

age RMSE regression error is reported for each method.
The results for the case of normally distributed noise are
shown in Fig. 4. From the RMSE plots, we can appreci-
ate the following. For low noise levels, all methods per-
form roughly equally well. An exception is the Lorentzian
estimator, whose performance degrades quickly. From the
classical M-estimators, particularly Tukey’s biweight scores
well, and forσ ≤ 5 it scores better than the uncorrelated
Robust L2-estimator. For high noise levels, however, this
trend is reversed. The results for the truncated quadratic and
the uncorrelated Robust L2 estimators are nearly indistin-
guishable, which can be explained by the similarity of their
ρ-functions. Noticeably, from all methods, the correlated
Robust L2-estimator performs best, and displays a grace-
ful degradation in function of increasing noise levels. This
underlines the importance of the spatial correlation model,
when outliers are spatially coherent.

The results for the case of laplacian distributed noise are
shown in Fig. 5. The global trends are similar to the previ-
ous case. The uncorrelated Robust L1-estimator scores very
well, and the incorporation of the correlation model further
improves the results.

3In this 1-dimensional example, the MRF becomes a Markov chain,
and we use a 2-neighbourhood in the Mean Field updates equations.
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Figure 4. Results for gaussian noise withσ in range [1, 10]:
RMSE-error for Lorentz, Tukey’s and trunc. quadr. M-estimator,
and the uncorrelated and correlated Robust L2 estimator.
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Figure 5. Results for laplacian noise withσ in range [1, 10]:
RMSE-error for Lorentz, Tukey’s and trunc. quadr. M-estimator,
and the uncorrelated and correlated Robust L1 estimator.

5. Face Recognition under Partial Occlusion

5.1. Probabilistic Model and EM-algorithm

The objective is to perform frontal face recognition from
a single input image, in which certain unspecified but spa-
tially coherent regions of the face are covered by an oc-
cluder. In the domain of FR, occlusion reasoning is of-
ten performed on pre-defined facial regions [11] and spe-
cific solutions have been developed to deal with typical oc-
cluders like glasses. An interesting approach, which also
considers the coherent nature of occlusions, is presented
in [19]. To apply the EM-algorithm to this problem, we
need to specify the inlier and outlier process.

The inlier process is a probabilistic image formation
model, which is able to produce facial images similar in
nature to the unoccluded input image. Here, we use anor-
thogonal factor modelwhich is trained from a set of train-
ing images. LetI be ap-vector, derived from imagey by
lexicographic ordering of pixel values. This vector is con-
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sidered to be a random vector with meanµ and covariance
matrixΣ. It is generated according to:

I = µ + Lθ + ǫ , (20)

whereL is a(p×m) factor loading matrix,θ is am-vector
of common factors, andǫ is a p-vector of specific factors
or errors. Furthermore, it is assumed that the unobservable
vectorsθ and ǫ are independent,θ ∼ N (0,1), andǫ ∼
N (0,Ψ) with Ψ=diag(ψ1,. . . ,ψp). This model implies
that the observation vectorI is also normally distributed and
that its covariance matrix is given byΣ=LLT + Ψ. The
outlier process describes the likelihood of occluded pixels.
We consider several possible choices: a uniform distribu-
tion, a distribution which is learnt progressively from the
evolving visibility estimates, and a prior-distribution of the
particular occluder. The impact of this choice will be quan-
tified when we present face recognition results.

Face recognition is performed by computing feature
vectors from both the enrollment data (the ‘gallery’ images)
and the facial image whose identity is to be determined (the
‘probe’ image). Next, the unknown identity is assigned
the identity of the gallery image whose feature vector is
closest to that of the probe image. In this application, the
feature vector consists of the factorsθ, and we use a simple
L2-norm for comparison. When dealing with partially
occluded images, the problem then is to derive the factors
θ from a particular input image, in such a way that image
parts due to occlusion are ignored. The EM-algorithm
proceeds by alternating the following steps:

E-step In the E-step, the expected values of visibility,
bi, are computed by iterating the mean field Eqs.(7). This
requires the specification of the inlier and outlier probabil-
ity of each pixel. LetR=µ+Lθ̂(t) be the current image
reconstruction, and letIi andRi be theith entry from the
image vector and reconstruction vector, respectively. The
probability of this pixel under the inlier process is given
by the value of the normal density functionf(Ii;Ri, ψi),
whereas the outlier probability is given by the histogram
valueg(Ii). Theθ-dependent part of the Q-function is:

Q(θ|θ̂(t)) = −1

2
(I−µ−Lθ)TWΨ−1(I−µ−Lθ) , (21)

whereW is a (p×p)-diagonal matrix whose elements are
given by lexicographic ordering of the estimatesbi.

M-step In the M-step, the MAP-estimate ofθ is up-
dated according to:

θ̂(t+1) = arg max
θ

{
Q(θ|θ̂(t)) + λ‖θ‖2

}
(22)

= (LT WΨ−1L + λ1)−1LT WΨ−1(I− µ) .

Here,1 is the identity matrix andλ is a factor which bal-
ances the data likelihood and prior term. Whenλ is set to
zero, the estimate turns into a ML-estimate.

5.2. Experiments

The algorithm was validated by a face recognition ex-
periment on a subset of the AR Face Database [10], which
contains pictures of subjects under varying lighting, expres-
sion and occlusion conditions. The pictures in the database
were taken in two sessions two weeks apart. In our experi-
ment, the gallery corresponds to AR-set1 (neutral, session
1) and for evaluation purposes, we use AR-set14 (neutral,
session2) and AR-set21 (neutral, sunglasses, session2).
The first probe determines the baseline of the method, and
the second probe is used to evaluate the relative degrada-
tion of performance under occlusion. The factor model was
trained from the gallery images. Recognition performance
is reported as the percentage of correct identifications on a
total of117 subjects. In all experiments, the inlier probabil-
ities bi are initialised to0.5, T is gradually decreased from
10.0 to 0.1, the prior probabilityPf is set to0.5, and con-
vergence is declared when the maximal relative change of
the factorsθ falls below1.0e−06.

The results are shown in the table below. We experi-
mented with several values forλ and the three aforemen-
tioned choices for the outlier PDF: a uniform, an a-priori
known and an online estimated histogram. For comparison,
we also included results when no visibility computations
are performed (‘none’). The a-priori known histogram was
computed from manually segmented sunglasses from AR-
set 7 (neutral, sunglasses, session 1).

unoccluded sunglasses
(AR-set 14) (AR-set 21)

none none uniform known estimated
λ=0 81.4 23.7 65.3 72.0 71.1
λ=25 82.2 27.1 74.6 78.8 77.1
λ=50 82.2 26.3 79.7 80.5 80.5
λ=75 80.5 26.3 74.6 77.1 76.2

From these figures, we can conclude the following. The
ML-estimates (λ= 0) never gives the best recognition per-
formance, rather the best choice is an intermediate value,
e.g. λ= 50. Recognition performance drops sharply under
occlusion when no visibility computations are performed.
This is to be expected, as the model will try to explain
the occluded regions by adapting its parameters. How-
ever, when occlusions are taken into account, the recogni-
tion rates improve dramatically. The method using an a-
priori known outlier PDF performs best, closely followed
by the estimation method. The uniform PDF method per-
forms consistently worst. Some examples of visibility esti-
mates and face reconstructions are shown in Fig. 6.
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Figure 6. Results on partially occluded faces. Left to right: gallery
image, probe image, visibility estimation and reconstruction (λ=
50). The outlier histogram was re-estimated at each M-step.

6. Conclusion

We presented a generative model based approach to deal
with spatially coherent outliers. Image pixels are assumed
to be generated by an inlier or outlier process, and the parti-
tioning in inlier and outlier regions relies on a hidden MRF.
The random field is modelled as an autologistic Ising model,
which provides a principled way to incorporate prior be-
lieves about the relative amount of outliers. The connec-
tion with robust M-estimation was made, and it was shown
that the M-step of the EM algorithm corresponds to ro-
bust parameter estimation followed by scale re-estimation,
whereas the E-step amounts to a spatial correlation of re-
gression weights. Two equivalent M-estimators were de-
rived, corresponding to laplacian and gaussian assumptions
about the inlier distribution. This allowed us to formulate
a MSAC-procedure which aims at minimising the negative
log-likelihood of the data under a mixture model, and which
takes the spatial coherence of outliers into account. Both es-
timators performed well in a linear regression experiment,
and, for the example shown, significant improvements were
obtained by incorporating the correlation model. Next, in a
2D-face recognition experiment, we demonstrated that the
algorithm is able to segment sunglasses from facial images
in an unsupervised manner. Noticeably, for the correct set-
ting of the prior parameter, the baseline recognition perfor-
mance was almost completely restored. In future work, we
wish to investigate the potential of alternative methods like
belief propagation for computing the MRF-posterior proba-
bilities.
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