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Abstract— This paper compares the power divergence statistics
of orders o > 1 with the information divergence statistic in
the problem of testing the uniformity of a distribution. In this
problem the information divergence statistic is equivalent to the
entropy statistic. Extending some previously established results
about information diagrams, it is proved that in this problem the
information divergence statistic is more efficient in the Bahadur
sense than any power divergence statistic of order a > 1. This
means that the entropy provides in a certain sense the most
efficient way of characterizing the uniformity of a distribution.

I. POWER DIVERGENCE STATISTICS

Let M (k) denote the set of all discrete probability distri-
butions of the form P = (p1,...,pr) and M (k|n) the subset
of possible types. One of the fundamental problems of mathe-
matical statistics can be described as follows. Consider n balls
distributed into boxes 1, ...,k independently according to an
unknown probability law P,, € M (k), which possibly depends
on the number of balls n. This results in frequency counts
Xty Xnk the vector of which X,, = (X,1,..., Xpk) €
{0,1,...}* is multinomially distributed with parameters k, n
and P,,. The problem is to decide on the basis of observations
X ,, whether the unknown law P, is equal to a given @) =
(¢1,---yqx) € M (k) or not.

The observations X, are represented by the empirical
distribution

Pn = (ﬁnl é an/nv () ﬁnk é Xnk/”) < M(k|n) (1)

and procedure 7 on accepting or rejecting a hypothesis based
on P, is called a test. The test uses a statistic Tn(pn, @) which
characterizes the goodness-of-fit between the distributions P,
and @. The test 7 rejects the hypothesis P, = Q if T =
Tn(fjn, Q) exceeds a certain level r,, € R.

The goodness-of-fit statistic is usually one of the power
divergence statistics

T =Ton =2nDo(P,,Q), acR. ()

where D, (P, Q) denotes the so-called a-divergence (power
divergence of order «) of distributions P,Q € M (k) defined

by

k
Da(P7Q):ZQj¢a <Zj>7 OéGR, (3)
j=1 J
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for the power function ¢, of order & € R given on the domain
t > 0 by the formula

t*—at—1)-1
ala—1)

and by the corresponding limits

(bo(t) =—Int+t—-1,

da(t) = when a(a—1)#0 (4)

o1(t) =tlnt—t+1. (5

For details about definition (3) and the properties of power
divergences, see [1] and [2]. Important examples of statistics
based on power divergences are the Pearson statistic (a = 2),

the Neyman statistic (o« = —1), the log-likelihood ratio (a =
1), the reversed log-likelihood ratio (o = 0) and the Freeman-
Tukey statistic (¢« = 1/2). In what follows we focus on the
statistic DQ(Pn7 (@) rather than the one-one related T, = T}, .

In this paper we deal with the question of which of the
power divergence statistics Ty, « € R is preferable for testing
the hypothesis that the true distribution is uniform, i.e. the
hypothesis M : P, = U £ (1/k, ..., 1/k) € M(k|n). Then

X, ~ Multinomialy(n,U) under H. (6)

The alternative to the hypothesis H is denoted by 4,,. Thus

X, ~ Multinomialg(n, P,) under A, 7

for P, € M (k).

Example 1: Let p1, v be probability measures on the Borel
line (R, B) with absolutely continuous distribution functions
F, G and Y7,...,Y, an iid. sample from the probability
space (R, B, ). Consider a statistician who knows neither
the probability measure p governing the random sample

(Y1,...,Y,) nor this sample itself. Nevertheless, he observes
the frequencies X, = (Xp1,...,Xnk) of the samples
Y1,...,Y, in an interval partition P,, = {A,1,..., Anr} of

R chosen by him. Using X, he has to decide about the
hypothesis H that the unknown probability measure on (R, B)
is the given v. Thus for a partition P,, = {Ap1,..., Ank}
under his control he obtains the observations generated by
P, = (u(An1),...,u(Ang)) and his task is to test the
hypothesis H : 1 = v. Knowing v, he can use the quantile
function G~! of v or, more precisely, the quantiles G=1(j/k)
of the orders j/k for 1 < j < k cutting R into a special
system of intervals P,, = {An1,..., Anx} with the property



v(Ay;) =1/k for 1 < j < k. Hence for this special partition
we get
P,=U=(1/k,..,1/k) € M(k|n) under H (8)
and
Po = (u(Anr), - i Ani)) € M(R)

We see from (8) and (9) that the partitions P,, generated by
quantiles lead exactly to the situation assumed in (6) - (7).

under A4,. (9)

The formulas for divergences D, (P, G) simplify when @ =
U,eg.,

Di(P,U)=Ink—H(P) for PeM(k)  (10)

where H(P) denotes the Shannon entropy

k
H(P)=- ij Inp;.
j=1

Similarly, (3) and (4) imply for all @ > 1 and P € M (k)

k110, (P) — 1
ale—1)

Da(Pa U) = (11)

Here

k
IC.(P) =Y _p§ for P e M(k)

Jj=1

(12)

is the index of coincidence of P of order av > 1 introduced
by [3], taking on values between k'~ and 1.

From (10) we see that the information divergence statistic
Ty, =2nD, (Pn ,U) is one-one related to the entropy statistic
2nH (P,), and from (11) we see that for each o > 1 the power
divergence statistic Ty, , = QnDa(Pn, U) is one-one related
to the corresponding IC-statistic 2n1C,(P,). The entropy
H(P,) as well as the indices of coincidence ICy (P,), v > 1
characterize the uniformity of the distribution P,. We are
interested in the characterization, that is most efficient from
the statistical point of view.

The rest of this paper is organized as follows. In Section II
we introduce the concept of Bahadur efficiency that shall be
used the compare different statistics. In Section III conditions
under which the different statistics are consistent are charac-
terized. In Section IV contains a sketch of the steps leading
to the main result that is stated in Section V together with a
short discussion. Many technical details have been omitted in
this paper and the interested reader should consult [4] for a

more detailed presentation.

II. BAHADUR EFFICIENCY

In this short report we focus on the typical situation where
k = k,, satisfies a condition of the type

(13)

This condition implies that (T, — k)/v/2k is asymptotically
Gaussian under the hypothesis H [5] so that it is easy to

calculate for which values of the statistic T,, the hypothesis
should be accepted or rejected at a specified asymptotic
significance level.

We are interested in the relative asymptotic efficiencies of
the power divergence statistics 7,, and T,, for 1 < ag <
ag < oo . The condition (13) implies that the Pitman asymp-
totic relative efficiencies of all statistics T,,, o € R coincide
(see [2]). In this situation preferences between these statistics
must be based on the Bahadur efficiencies BE(T,, | Ta,). We
use the general definition of the Bahadur efficiency presented
by Quine and Robinson [6] who extended the original concept
of [7] (see also [8]). Quine and Robinson demonstrated that
BE(Ty | Tz) = oo so that the log-likelihood ratio statistic 7}
is more Bahadur efficient than the Pearson statistic 7. Using
the results from [9], this first achievement was extended by
[10] who proved that the Bahadur efficiencies of the reversed
log-likelihood ratio statistic 7 and the Neyman statistic 7
coincide and these statistics are less Bahadur efficient than
Pearson’s 15.

A problem left open in the previous literature is to evaluate
the Bahadur efficiencies of the remaining statistics T,,, a € R,
in particular to confirm or reject the conjecture that the log-
likelihood ratio statistic is most Bahadur efficient in the class
of all power divergence statistics T, o € R. In this paper we
present the solution of this problem for o« > 1. Our solution
is based on the results on indices of coincidence derived in
[3]. Before defining the Bahadur efficiency, we introduce some
important auxiliary concepts.

Definition 2: For o € R we say that

1) the model satisfies the Bahadur condition if there exists
A, > 0 such that under the alternatives A,

lim Dy (P, U) = Aq .

n—oo

(14

2) the statistic Do (P,,U) is consistent if the Bahadur
condition holds and for n — oo

ED(X(IE’,L7 U) — 0 under H
while Do (P,,U) 2~ A, under A,.

15)

The Bahadur condition (14) means that in term of the
statistic Da(pn, U), the alternatives .4,, are neither too near to
nor too far from the hypothesis . It can be deduced from [11]
that the Bahadur condition holds for the model of Example
1. The consistency of D, (P,,U) introduced in Definition
2 means that the DQ(P,L,U)-based test of the hypothesis
‘H : U against the alternative A,, : P, of any fixed asymptotic
significance level has a power tending to 1. Indeed, under
H we have D, (P,,U) - 0 so that the rejection level of
the D, (P,, U)-based test of any asymptotic significance level
s €]0;1] tends to O for n — oo while under A, we have
Do(Pn,U) 25 A, > 0.

The above considered Bahadur efficiency BE(T,, | Ta,)
is defined under Ehe condition that for « = a7 and o = a9
the statistic D, (P, U) is consistent and admits the so-called



Bahadur function. In the sequel P(B,,) shall denote the prob-
ability of events B,, depending on the random observations
X ,, (see (6) and (7)) and E the corresponding expectation.

Definition 3: For a € R we say that the Bahadur function
for the statistic T,, = 2nD,(P,,U) exists if there exists a

sequence ¢, ,, > 0 and a continuous function g, : ]0;00[ —
]0; 0o[ such that under H
lim — &% 10 P(Dy (P, U) > A) = ga(A).  (16)
n—oo n

Next follows the basic definition of the present paper where
A,,, Ay, are the limits from the Bahadur condition and g, ,
Jas and Cqy n, Ca, n are the functions and sequences from the
definition of the Bahadur function.

Definition 4: Assume that the statistics Do, (P,,U) and
D,, (Pn, U) are consistent and that the corresponding Bahadur
functions ¢o, and g, exist. Then the Bahadur efficiency
BE(T,, | T,,) of the corresponding power divergence T,,
with respect to T, is defined by

Cay,n

A
BE(T,, | Ty,) = J2:(8as) i

Yas (Aoéz) n—=00 Cay,n

(17)

provided the limit exists in [0, co].

Assume that the statistics Dy, (P, U) are consistent for i €
{1, 2} and there exist Bahadur functions g, satisfying (16) for
some sequences C,,,, > 0. Then the definition of consistency
implies that both the T, -tests of the uniformity hypothesis
‘H : U will achieve identical powers

™= P(Dai(I:’n, U)>ry;) for me€]0,1] and i=1,2

under A,, if and only if ,, ; | A,, fori € {1,2} as n — oo.
The convergence r,, ; | Ay, leads to the approximate T, -test
significance levels

$ni 2 P(Day (P, U) > Ag,) % P(Dy, (Poy U) > 1)

for i =1,2 under H where s, ; — 0asn — oo fori=1,2
under ‘H. By (16), the T,,-tests need different sample sizes

Cay,n 1 .
gai(Aai)ln e i1€{1,2} (18)
to achieve the same approximate test significance levels s, =
Sn,1 = Sp,2 when n is here playing the role of a formal
parameter that increases to oo.

n; =

ITI. CONSISTENCY
The following theorem presents consistency conditions for
all statistics D, (P,,U), a > 1.

Theorem 5: Let for all o > 1 the Bahadur condition (14)
hold. Then D, (P,,U) is consistent if

€[1;2] and lim — =0, (19)

n—oo M,

or pa1
a>2 and lim —0. (20)

n—oo N

Proof: Under H we have D, (P,,U) = D,(U,U) =
Hence it suffices to prove that under both H and A,

lim E

n—oo

Do(Pn,U) — Do(P,,U)| =0 forall a>1.
Put for brevity Dy, = Do(P,,U) and A, ,, = DQ(I:’,L, U) -
DOL(P'VL7 U)'

For every a > 1 we have

o1 k
Aan: p _p
) _ J J
a 1 le
which implies
k -1
apl b — pil+ >
< ] —2 /A 2
;( 1) p ™ (85 — )
) 1/2 . 1/2
ka /2 o— A~ 2
(7 /) > 057 (B~ py)
j=1 j=1
kafl k
o— ~ 2
+ ij *(Bj —1y)
j=1
Thus
Lot . 1/2 . ) 1/2
o a—21)
il < X (S| (o
j=1 j=1
a—1 k D
a—21]
T > 7 i
j=1
1/2
a—1 k o o k a— 1/2
_ (k Zj:lpj) k IZJ 1Py '
- a—1 n

Now we use that k%~ 123 10§ =a(@—=1)Dap +1 and
that for 1 < o < 2 the function (t) = t*~! is concave and
get

N 1/2
_ 1/2 [ pa—1p (1)*1
<o (k1
’ a—1 n
kailk 1 a—1

()
an

_ [a(a—1) Da,n+1}1/2 (%)1/2 k

o a—1 an '

which proves (19) because the sequence D, , is bounded.
Proofs of the case « = 1 and « > 2 follow similar steps as
above. ]



IV. BAHADUR FUNCTIONS

In this section we present an alternative to the formula (16)
for the Bahadur functions g,, @ € R which is based on
the inequality (23). These formulas are given in terms of the
Shannon entropy H (P) maximized on the sets

Aga(k)={P e M(k): Do(P,U) > A} (1)

and

Aan(kn) = Ag.a(k) N M(kn) (22)

or, equivalently (see (10)), in terms of the information diver-
gence Dy (P, U) minimized on these sets.

As observed in [9, Lemma 1], for every subset A C M (k)
intersecting M (k | n) the divergence D;(P,U) satisfies the
inequality

1 - kl 1
DuUPUY + L P, € a)| < Knn D)
n n
) (23)
Approximation of —==*1InP(P, € A) appearing in (16) by
means of c, , times the infimum from (23) is possible under
the restriction

inf
PeANM (k|n)

klnn

lim ¢4 p =0 (24)
on the sequence k = k,. This observation leads to the
following lemma.

Lemma 6: Assume that for some « € R and £ = &k,

there exist co, > O satisfying (24) such that the sequence
of functions

Gan(kln) =can ( D, (P, U)) , A>0 (25

inf
PGAQYAUC‘TL)
converges to a positive limit

ga(A) = lim Gaa(kln), A>0. (26)

Then g, is the Bahadur function for the power divergence
statistic T,.
In the following assertion we consider for arbitrary o € R,

k =k, and ¢, , > 0 the sequence of functions

inf
PeAq a(k)

Ga,A(k) = Ca,n ( Dl(Pa U)) , A>0. (27

Obviously, Ga.a (k) < Ga,a(k|n).

Lemma 7: Let for some o € R the Bahadur condition hold
and c, ., > 0 satisfy (24). If the corresponding sequences of
functions (25) and (27) asymptotically coincide in the sense

lim [Goa(kln) — Gaa(k)) =0 (28)
and at the same time G a (k) converges to a positive limit
go(A) = lim Gy a(k), A>0. (29)

Then g, is the Bahadur function for the power divergence
statistic T,.

According to Lemma 7 the problem of determining the
Bahadur efficiency is essentially equivalent to minimizing
D (P,U) under the condition P € A, a(k) or equivalently
maximizing the Shannon entropy for a fixed value of the
index of coincidence. In [3] it was proved that for every = €
[k'=2,1] and for the Dirac distribution 1 = (1,0,...,0) €

M (k), the equation
IC(s1+(1-95)U) == (30)

has a unique solution s € [0; 1] and that this solution satisfies
the relation

sup H(P)=H(s1+(1-s)U).
IC.(P)>a

€2))

This leads to the following lemma using the weight sequences

ar=1/k and by =1-—ay (32)
and the sequence of functions
Yr(s) =ap(ks+1—5)*+b(1 —9)%, se€0,1. (33)
The equation
Yr(s) =1+ala-1)A (34)

has a unique solution s = s, € [0,1] when @ > 1, k = k,
and

1 S |
—_ <AL — 35
ala—1)k ~ala—1 (35)
This solution satisfies the relation
lim s =0 (36)

and the equality
D1(P,U) = a (ks + 1 — s) In(ksg + 1 — si)
(37)

inf
PEAa,A(k)
+ b (1 — ) In(1 — sg).

Using the explicit result (37) one can prove that for every
a>1land A >0,

inf Dy(P,U)=
PGAQ,A(]C)
/oy 1/«
([a(a 1) AV 4 0(1)) % as n — oo.
If we define 1
(38)

Can = kl/alp kl/a
for « > 1 and k = k,, satisfying (13), we can give explicit
formulas for the Bahadur functions of the statistics T,,, o > 1.

Theorem 8: Assume that k = k,, increases so slowly that
(13) holds. Then (17) holds for the sequence c, , given by
(38) and for the function

9a(A) = (o — 1) ATV, (39)

i.e., (39) is the Bahadur function of the statistic 7,,. For « = 1
we have g (A) = A for the sequence ¢, = 1.

A>0



Proof: Let o > 1 be arbitrary and fixed. If ¢, ,, is given
by (38) then (13) as well as (24) hold. Hence it follows from
Lemma 7 that (16) holds for the ¢, ,, under consideration and
for g, given by (39). We find that (29) reduces to (39) and
the last part follows directly from (23) and (24). ]

V. MAIN RESULTS

The functions g, as well as the normalizing sequences
ca,n have been explicitly evaluated in Theorem 8 for all
a > 1. Therefore (17) provides explicit Bahadur efficiencies
BE(T,, | T,,) on the whole domain «y,as > 1. These
efficiencies are given in the following main result of this paper.

Theorem 9: If k = k,, increases so slowly that

for some 8 > 2 then the Bahadur efficiency of the statistic
T,, with respect to Ty, satisfies the relation

BE(Ty, | Ta,) = (40)

forall 1 <oy <as < g+ 1.

Proof: If 1 < a1 < ag < B+ 1 then, with the condition
on the growth rate of k = k,,, conditions (19) or (20) hold. By
Theorem 8, the sequences cq,,, and cq,.n given by (38) lead
to the corresponding Bahadur functions ¢, and g,, given by
(39) and to the limit

/o1 p pl/oea

C
2. im ———————
n—00 kl/f"Z In kl/o@

lim —— =

n—00 Cq nn
Relation (40) thus follows from (17) in Definition 3. If the
assumptions hold for 1 = a1 < as < oo then instead of
the above considered general Bahadur function g¢,, given by
(16) we have the particular function g,,(A) = A given by
Theorem 9, and instead of o, , = kn/ krli % n kY we have
Cay,n = 1. Therefore the limit

= Q.

(41)

ozt Jim fn

lim n—oo ]{371/&2 In k}L/QZ

n—00 Cq, m
remains to be infinite as in (41). ]

In [10] it was proved that the log-likelihood ratio statistic
Ty is most Bahadur efficient in the class of power divergence
statistics {11 70,71, T2}. The last theorem shows that T3 is
most Bahadur efficient also in the class {7, : « > 1}. Hence,
by (10), the entropy H (If’n) defines the statistic that is most
Bahadur efficient in the class of all statistics {7}, : o > —1},
with the possible exception of the subset {T,, : & € |—1;0[U
]0; 1[}. For this subset the Bahadur efficiency is not known.

Obviously only the uniform distribution can be charac-
terized as having maximal entropy, but one may ask the
same question for more restricted classes of distributions.
For instance the binomial distribution with parameters k£ and
1/2 has maximal entropy among distributions of sums of k
independent Bernoulli random variables. To answer such a
question one would need results like the ones obtained in [3],
but such results have not been derived yet.

The main motivation for studying the characterization of
the uniform distribution was Example 1, where the sample
space R was quantized in bins each with the same probability
under the null hypothesis. If the sample space is more general
than the real line or if a distortion measure is given, it is
often natural to consider other quantizations than a uniform
quantization with respect to the null hypothesis. It is natural
to ask which test is most efficient if the quantization is allowed
to depend on both the null hypothesis and the sample, but this
is much harder even to state this problem precisely. If the
sample space is a compact group the rate distortion function
is maximal at the uniform distribution so for a compact group
one may ask to what extend the rate distortion function of the
sample evaluated in a point would serve as an efficient statistic
for testing uniformity.
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