CONVERGENCE OF MARKOV CHAINS IN INFORMATION
DIVERGENCE

P. HARREMOES AND K. K. HOLST

ABSTRACT. Information theoretic methods are used to prove convergence in
information divergence of reversible Markov chains. Also some ergodic theor-
ems for information divergence are proved.

1. INTRODUCTION AND PRELIMINARIES

Relating results from probability theory and information theory is not a new
idea. Some convergence theorems in probability theory can be reformulated as ”
the entropy converges to its maximum”. A. Rényi [Rén61] used information diver-
gence to prove convergence of Markov chains to equilibrium on a finite state space.
Later I. Csiszdr [Csi63] and Kendall [Ken64] extended Reényi’s method to provide
convergence on countable state spaces. Their proofs uses basically that information
divergence is an Csiszar f-divergence. Later Fritz [Fri73] used information theoretic
arguments to establish convergence of reversible Markov chains in total variation.
Recently Barron [Bar00] improved Fritz’ method and proved convergence in inform-
ation. Other limit theorems has been proved using information theoretic methods.
The Central Limit Theorem was treated by Linnik and A. Barron [Bar86], the Local
Central Limit Theorem was treated by S. Takano [Tak87] and Poisson’s law was
treated by P. Harremoégs [Har01]. There has also been work strengthening weak or
strong convergence to convergence in information divergence. All the above men-
tioned papers have results of this kind, but also work by A. Barron [Bar00] should
be mentioned. Some work has also been done where the limit of a sequence is
identified as a information projection. The most important paper in this direction
is due to I. Csiszar [Csi84].

Here we shall establish convergence in information divergence for a large class of
Markov chains. The result will include the results of Rényi, Csiszdr, Kendall and
Fritz. The case where no convergence takes place will be studied from the point of
view of ergodic theory, and some of the classical results of Birkhoff will be derived.
The basic result is that information divergence is continuous under the formation
of the intersection of a decreasing sequence o-algebras. The same technique can
be used to obtain a classical result of Pinsker [Pin60] about continuity under an
increasing sequence of o-algebras.
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Let P and @ be probability measures. Then the information divergence from P
to @ is defined by

[log gf’ dP if P < Q,
00 otherwise.

D(r1Q) - {

This quantity is also called the Kullback-Leibler discrimination or relative entropy.
Information divergence does not define a metric, but is related to total variation
via Pinsker’s inequality % ||P — Q|”> < D (P | Q) proved by L. Csiszér [Csi67] and
others. If (P,), .y is a sequence of probability distributions, we say that (P,),cy
converges to @ in information if D (P, || @) — 0 for n — co. Pinsker’s inequality
shows that convergence in information is a stronger condition than convergence
in total variation. See [Har07] for details about topologies related to information
divergence.

The following proposition was first formulated by F. Topsge in 1967 [Top74] and
has a purely computational proof.

Proposition 1. Let P, Py, -, P, be distributions and let (p1,p2,- - ,pn) be a
probability vector. Then

SopD (P Q) =D (X Pl Q) + X p (Pl Yopi).-
The function P — D (P || Q) is strict convex in the first variable.

Corollary 1. Let Py, Py, -+, P, be distributions and let (p1,p2,--+ ,Pn) be a prob-
ability vector. Then

D (Zpipi | Q) > piD (P || Q) — H (p1,p2,- -+ spn)

and

D(P | Q) < D(Xpili || Q)+ H(p1,1—p1)
- Y41

Proof. We have to prove that > p;D (P; || Y. p:P;) < H (p1,p2, - ,pn). Writing
H (p1,p2,- -+ ,pn) =D p;ilog (p%) we see that this follows since

D (P Y piP:) < log (;) .

O

For a set of probability measures C put D (C||Q) = inf pec D (C||Q) . A sequence
(Pu)pen € C s said to be asymptotically optimal if D (P,||Q) — D (C|Q) for
n — 00. The next theorem was formulated and proved by I. Csiszar [Csi75] and F.
Topsge [Top79].

Theorem 1. Let C be a convex set of probability measures and let () be a probability
measure such that D (C || Q) < co. Then there exists a unique distribution Ilo. g
such that P, — llc.q in information for any asymptotically optimal sequence
(Pn)pen - Furthermore, for every P € C, we have

(Pythagorean Inequality) D(P|Q)>D(P|Ic—q)+D(C]| Q).
The probability measure IIc._g is called the generalized information projection

of @ onto C' and is illustrated on Figure 1. The notation for the generalized in-
formation projection is taken from [CMO3].
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Q

Ficure 1. The Pythagorean inequality.

2. INCREASING AND DECREASING INFORMATION

In general information divergence is lower semi-continuous, but it is continu-
ous under special conditions. Increasing and decreasing o-algebras are important
examples where continuity holds.

Let A be a set with a o-algebra G. The set of probability measures on (4, G) is
denoted M} (A, G) or sometimes M} (A) for short. Let F be any sub-algebra of G.
Let Cr be the set

{Re M} (AG)|R(B)=P(B) forall BEF}.

For all R € Cr we have Rjp = P where | F denotes the restriction of a measure to
a subalgebra. Then

D (R|Q) =D (RillQF) + D (R|Q | F)
> D (Pr||Qr)

with equality if and only if D (R||@Q | F) = 0. This is the so-called data reduction
inequality. Therefore

D (PglQp) = D (C[Q) -
We also observe that
dllc.—q _ dP\F
dQ  dQy
Here we shall see how the divergence D (C'||@) and the projection II¢. g changes
when the set C' is changed.

Lemma 1. Let Cy be a subset of Cy. Then
D (C1]|Q) = D (g, —[Hep—) + D (C2[|Q) -

Proof. Then, obviously D (C1]|Q) > D (C2||Q) . Assume that D (C1]|Q) < oo. Let
P,, be an asymptotically optimal sequence in Cy. Then

D (Po|Q) = D (Pu||lc,—q) + D (Coll@) -
By lower semi continuity
D(G1]|Q) = D (llg, —q|[Mey—q) + D (C2]Q) -

e L' (ATF,Q).
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O

Lemma 2. Let (Cr), o

(D (Cx|Q)) zenr s uniformly bounded. Let Cu denote the intersection ﬂ Cr .
well

be a decreasing net of convex I-closed sets such that

Then D (Cwo||Q) is finite and
D (Cr]|Q) = D (Ceo||Q) -
Then Ilc, —q converge to Ilc__ g and
D (I, —llQ) = D (Mo —qllQ)
and D (Co||Q) = D (e, —o||Q) -
Proof. If Cr, C C,Lemma 1 implies that
D (Cr|IQ) > D (g, —qlle,, —q) + D (Cr, Q).

Then D (Il¢,, —qllllc,, —q) converges to 0 because the net D (Cr||Q) is uniformly
bounded. Hence Ilg, . g is a Cauchy net in total variation and converges to a
distribution Q). The set Cj is closed and therefore Q. € C, and Q is also an
element in the intersection Co, and in particular D (C||@) < D (Q|@). By
lower semi continuity we have

D (Qu||Q) < liminf D (T¢, —l|Q)
= liminf D (C;||Q)
<D(Cx|Q)-

Lemma 3. Let (Cr), . be an increasing net of convexr sets and assume
D (Cr]|Q) < o0
for all m. Let Co denote the union | J, cr; Cr. Then
D (g, —qlMe. —q) — 0.
Proof. We have C; C C'y, and according to Lemma 1
D (Cr Q) =2 D (o, —qlMe, —q) + D (Co|1Q) -

Now, let P, be asymptotically optimal in Cs. Then there exist Cj, such that
P, € C;, and

D (Cr, Q) £ D (Pa]|lQ) — D (Cos]|Q) for n — oo
Therefore D (Ilc, . g||Q) — D (Cwo||Q) and D (I, | c..—q) — 0. 0

Theorems related to increasing sequences of o-algebras have been proved in
[Dob59], [Dob60], [Pin60] and [Bar00]. The proof presented here is new.

Theorem 2. Let F; C Fy C ... be an increasing sequence of sub-o-algebras on a

o0
measurable set A. Let Fo, denote the o-agebra generated by the union UIFn Let
n=1

P and @Q be probability measures on A. Then
D (Pr, Q) /" D (Pr.Q.) forn— co.
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Proof. The sequence D (P, ||Qr, ) is increasing. Put
Do = lim D (Ppg, Q) -
The inequality

Deo < D (P, [|1Qr.)

follows from the data reduction inequality. If D, = oo then the convergence is
obvious. Assume that D, < co.

Now, Cp, is decreasing in n and the intersection equals Fo,. Further the sets
CF,, are convex and closed, and therefore Lemma 2 applies:

D (Pg, Q) = D (Cr,1Q)
= D (Cs..[Q) = D (Pr.. [Qp..)

for n — oo. O

The following theorem is due to Barron [Bar00]. He used so-called absolute
divergence in the proof. Here only the usual information divergence and lower semi
continuity is used.

Theorem 3. Let F; D Fy D ... be an decreasing sequence of sub-o-algebras of

oo
a measurable space A. Let Fo, denote the intersection nFn Let P and Q be
n=1

probability measures on A. If there exists m such that D (P\Fm ||Q|1Fm) < 00, then
D (P, 1QF,) \ D (Pr.[|QE.) forn— oo.

Proof. The sequence D (an ||Q|}'n) is decreasing. Without loss of generality we
may assume that D (P[|Q) < 0.
We have to show that

D (Crn||Q) — D (CreoQ) -

For any P € Cx, we have
D (P||Q) = D (P|U¢y,—q) + D (Creo Q)
implying that
D (CpnlQ) = D (¢, —|lQ)

= D (Ig,,—qlMe. —) + D (Croo|1Q) -
Therefore it is sufficient to prove that

D (Uey,—qlMe, —q) — 0

for n — oo.
The sequence Cf, is increasing. Define Coy = UC]Fn and

_ d (HCIFn HQ)
Pn = aQ
and
_ dlo.—q)
Poc = aQ .
Now

D (Mg, —olMe.—q) =0
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and by Pinsker’s inequality
/|pn - pOO| dQ = HHC]F”‘*Q - HCOCHQH -0

for n — oo. Thus p, — poo in L' (2, Q). For m < n we have p, € L' (,F,,,Q)
and therefore po, € L' (Q,F,,,Q) implying that p,, € L' (Q,Fs,Q). For B €
Foo we also have Il¢ g (B) = lim, .o e, @ (B) = P(B). That implies that
HCOCHQ = HCFOO —Q-

According to the previous theorem

D (HCan%Q”HCFOOHQ) — 0 for n — o0,
and we just have to remark that

D (g, —le, —q) = D (e, —olMe:—q) -

3. MARKOV CHAINS

Let ®, be a Markov kernel A — M} (B). Then ® shall denote the Markov
operator M} (A) — M1 (B) given by

® (P) (G):/A<1>z (G) dPz .

For a Markov operator ® : M} (A) — M1 (B) and a distribution P € M} (A) we
get a distribution P on A X B given by

P(GxH):/ ®, (H) dPx.
G

Then P is the marginal distribution of P on A. If X is the projection A x B — B
then

D(P|Q) =D (@ (P)|®(Q)+D (PIQ] X).
Using the positivity of conditional divergence we get

(3.1) D(®(P)|®(Q) <D(P|Q).
This inequality is the noisy data processing inequality, and the Markov kernel is
considered as a noisy data processing. The data processing inequality holds with
equality if and only if D (]5||Q | X) =0, ie. Q(-|X =) almost surely with
respect to @ (P). If A and B are discrete this means that

@4 (2)- Pla) _ %0 (@) Q(a)

®(P) () ®(Q) (z)
If all ®, (z) > 0 then this is equivalent to
Pla) _ ®(P)()

Qa)  2(Q)(z)
and % is independent of a. Therefore % is constant and this constant must be
land P=Q.
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Let (2, F, Q) be a probability space and let (X7, Xs, - ) be a Markov chain with
state space A. Let G,, be the o-algebra generated by X1, X, ..., X,, and let G, be

the o-algebra generated by the union U G,,. The Markov property is that

n=1
Q (Xn € B | G’m) = Q (Xn € B | X’m)

for all n > m > 1 and all B € B. The probability distribution Qg, is the initial
distribution.

There is a close connection between the divergence of probability distributions on
the state space of a Markov chain and the divergence of the corresponding Markov
chains. Let P be a probability distribution on (£, B) and assume that (X7, Xa,- )
is also a Markov chain with respect to P and with the same Markov kernel ®. Then

D (Pg.. | Qg..) =supD (Pg, || Q,)

n—1

=sup Y D (Pg,, || Qe | X1, X2+, X))
=0

n—1

= SBLPD (ID\G1 || Q|G1) + ZD (P\Gi+1 H Q|Gi+1 | X15X27' v 7X1',)

=1

=D (Pg, | Qe,) -

4. CONVERGENCE OF MARKOV CHAINS

Let X4, Xo, ... be a homogeneous Markov chain with Markov operator @, and let
o0
F,, be the o-algebra generated by X,,, X,+1, Xp+t2, ... The intersection Fo, = ﬂ F,
n=1
is the tail o-algebra. A probability measure P is said to be invariant if ®P = P.

Theorem 4. Let ® be a transition operator on a state space A with an invariant
probability measure Q. If D (P || Q) < oo then there exists a probability measure P*
such that D (®"P || ®"P*) — 0 and D (®"P* || Q) is constant. The density %
converges to 1 pointwise almost surely, i.e. the probability with respect to P* that
dd™ P
ddn P+

for an infinite sample path (X1, X2, X3...) is 1.

(X,) — 1 forn — oo

Proof. According to Theorem 3
D(®"P | Q) =D (P, |l QF,)
N D (P“Fx I QIFOO) for n — oo.

Let E be the conditional expectation from the tail-o-algebra F., to F; equipped
with the measure generated by Q. Let P* be the probability measure on F; given

dpP* _ AP,
by W = dQIFoo . Then

Dr (P|Q)=D (P [ Q).
We also see that
D(@"P"[|Q)=D (P | Q),
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and

D(@"P || @"P") =D (Ppg, || Pk, )

\D (P | P2)
=0.

In order to prove almost sure pointwise convergence we note that ddfnfai (X,)
is a nonnegative martingale with respect to the probability measure on sequences

induced by P*. According to results from [Har(05] it implies that
dod" P
E ——(X,)| | <D (@"P| oV P*
v( [,f;%dcpnp*( )D <D(@"P| )
and

do"P
i < N N p*
! <E [nlgv ddn P+ (X")D sD@TP]etr)

where v (t) =t —1—log(t), t > 0. In particular we see that

dod" P
Pl 2 ] o
and
. do" P
Lf?fv d%" P~ (X")] O for N oo,
Therefore
dod" P ) dod" P
and this implies pointwise convergence almost surely. [l

Theorem 4 was used in [Har06] to prove that convolutions of identical probability
measures on a compact group converges to the Haar probability measure.

Theorem 5. Let ® be a transition operator on a countable state space A with an
invariant probability measure Q. Assume that there exists an n such that ®7 (b) > 0
foralla,be A. If D(P || Q) < oo then D (®"P || Q) — 0.

Proof. According to Theorem 4 there exists a probability measure P* such that
D (®"P || ®"P*) — 0 and D (®"P* || Q) is constant. In particular

D (P || Q) = D(®P" [ Q).
Now @7 (b) > 0 for all a,b € A and therefore P* = Q. Thus
D(@"P || Q) N\ D (P || Q) =0.

Let ® denote the transition operator with the Markov kernel x — ®,..

Definition 1. Let @ be a probability measure on (A,F). Then ® is Q-reversible if

(4.1) /F<I>z(F2)dQ(w):/ O, (F)d®Q(z), Fy,F,ecF.

I
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Remark that (4.1) is equivalent with

//d)mydfb ) dQ(z //d)xyd@d@@()

if ¢ is the indicator function of F} x F5. Therefore it also holds for any measurable
function on the product space. For an interpretation of the concept of reversibility
consider the Markov chain (Xy,), oy, with probability distribution being the unique
invariant probability distribution P, and which is P-reversible. Then

Po((X1,X2) € Fy x Fy) :/F D, (Fy) dQ(z),

Po((X2, X)) € Fy xFQ):/F @m(Fl)d@Q(x):/F D, (F1)dQ(x).

Therefore (X1, X2) has the same distribution as (X2, X7).

Remark 1. A reversible Markov chain need not be positive recurrent. The simplest
example is a Markov chain on a set with 2 elements where the Markov ® kernel
acts by permutation of the elements. Then ®3" is the identity and all probability
vectors are invariant, but only (1/2,1/2) is invariant under ®.

In [Fri73] Fritz implicitely proved the following result as part of his Theorem 1.

Theorem 6. Assume that ® is a Q-reversible transition operator, and Q) is invari-
ant and let P a probability measure on A such that D (P || Q) < co. Then

(4.2) D(P[®*P)<D(P| Q) -D(®P| Q).

Using this result it is easy to prove the following theorem which gives convergence
in information where Fritz [Fri73] only got convergence in total variation.

Theorem 7. If ® is Q-reversible and P is absolutely continuous with respect to Q
where P is a probability measure such that D (®"P || ®"Q) < oo eventually then
there exists probability measures Peyen and P,qq such that

(4.3) lim D (®*"P || Pepen) =0
(4.4) lim D (®*™*'P || Ppaq) = 0.

The probability measures Peyen and P,qq satisfy ®PPeyen = Pogq and ®Poqq = Peyen-

Proof. Assume that @ is invariant. Theorem 4 implies that there exists a probab-
ility measure P* such that D (®"P || ®"P*) — 0 and D (®"P* || Q) is constant.
According to inequality (4.2)

D (P | ®*P*) < D(P" || Q) ~ D(®P" | Q)

=0.
Thus P* = ®2P*. Put Pyyep, = P* and P,gq = ®P*.
If @ is not invariant one can replace @ by 1/2-Q + 1/2 - Q. O

The methods developed here also have applications to Markov chains with con-
tinuous time ¢ € [0;00[. If P and @ are probability measures with D (P||Q) < oo
and (®'), (g, then Theorem 3 implies that ¢t ~ D (®'P||®'Q) is continuous from
the left and Theorem 2 implies that ¢ ~ D (®'P||®*Q) is continuous from the right.
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Example 1. Let X be a random variable with mean zero and variance 1, and let
Z be an independent normal random variable with mean zero and variance 1. Let
X; be the random variable e X + (1 — e’Zt)1/2 Z fort € [0;00][, and put X =
Z. The map of (t,X) into the distribution of X; can be considered as and action
of an Ornstein-Uhlenbeck semigroup. Let D (X) denote the divergence from the
distribution of X to the distribution of Z. Then our results implies that t ~ D (X)
is continuous on [0;00]. This result is needed in the proof of the formula

D(X)z/owﬂxt) d,

where J (Xy) is the normalized Fisher information of X [Bar86], [BE85], [ABBNO04].

5. ERGODICITY

Let ® be a Markov operator with invariant measure Q. If D (®"P||Q) is finite
and constant one may ask what the relation is between the sequence ®" (P) and
the invariant measure (). Ergodic theory tell us to what extend the average value
of ® (P),i = 1,...,n converges to Q. Now this question will be explored using
information divergence to measure how much one probability measure deviates
from another one.

Lemma 4. Let (Q,TF, P) be a probability space, and let ® be a Markov operator.
If Q is invariant and K is an invariant convex set of distributions on (2, B) with
D (K || Q) < o0, then Ilg. ¢ is invariant.

Proof. Let P, € K be a sequence such that D (P, || @) — D (K || Q). Then The-
orem 1 implies that P, — Ilx. g in information and, by continuity, ®P, —
Ollg. g for n — oo. Since Q is invariant D (®P, || Q) = D (PP, || 2(Q)) <
D (P, || Q) and thus ®P,, — Ilx. ¢ in information for n — oco. The set of prob-
ability measures is a Hausdorff space with the information topology [Har07] and
therefore the limit points of the sequence (®F,), .y are equal, i.e. @lg. g =
Orgeq- O

Theorem 8. Let (Q,F, P) be a probability space, and let ® be a Markov operator.
Define P, = * ZZL:_OI ®% (P) . Then the following 2 conditions are equivalent:

(1) The sequence P, converges strongly in information. -
(2) There exists a ®-invariant distribution Q and a k > 0 such that D (P || Q)
is finite.

Let K be the set conv {<I>i (P)} , and L be the set of invariant distributions. If the
conditions holds then the limit P* is invariant and equals the I-projection k. g
and equals the reversed I-projection of P on L. Finally the sequence nD (Pn I P*)
1s sub-additive.

Proof. 1 =2 -
First observe that D (P, || P*) is finite if and only if D (P || P*) is finite.
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To see that P* is invariant observe that D (®P, || ®P*) < D (P, || P*) — 0 for
n — 00. According to Corollary 1
1 -1
P+’

n n

D(P, || P*) =D ( OP,y | p*)

1 -1 — 1 n-1
>-D(P| P*)+nTD (P || PF) —H<,” )

nn
This inequalities implies that

lim sup D (@Pn,l I P*) <lim sup D (Pn [ P*) =0.
Therefore ® P, converges to both P* and ®P* and we have P* = ®P*.

2=1:
First observe that D (P, || Q) is finite if and only if D (P || Q) is finite. Further

K is invariant.
According to Theorem 1

D (P, Q) > D (P, || lkeq) + D (K || Q),

and we just have to show that D (P, || Q) — D (K || Q) for n — oc.
Using the convexity stated in Proposition 1 we get

(0 +0) D (P Q) = (ot ) D (TP B am ) Q)
<mD (P, || Q) +nD (9™, | Q)

<mD (Pn || Q) +nD (P, || Q)

so the sequence nD (P, || Q) is sub-additive, and by D (P, || Q) < co we have that
D (P, || Q) converges.

Let R = Z?:_OI s;-®'P be an element in K, where s; >0, Y.s;=11fm>n—1
we have

1 m—1 1 m—1 n—1
— N @ip==—5 ¢ (Z 5 <I>1P>
m m < :
7=0 7=0 =0
m—1n—1
1
= — Z Si ¢Z+JP
m 7=0 =0

=td" P, 1 +(1-1)8
for t = m*T"H and some S € K. Therefore

D (R || Q) > D (tq)n_lpmfwrl + (1 - t) S ” Q)
> 1D (8" Pryir | Q) + (1= ) D (S| Q) — H (.1~ 1),

and hence

D(R H Q) > lim sup D ((Dn_lpm—n-i-l [ Q)

n— oo
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and D (K || Q) = inf; ; D (®'P; || Q) . Further we have

D(P]Q) =D (P " lgip, | Q>
n n

n—1

1 _ -
<-D (P Q)+ D (®'P, | Q) ,
and therefore liminf,, .o D (P, || Q) < liminf; .o D (®'P; || Q) . This shows that
DK | Q) =inf D (P, [ Q) .

The inequality

D(P[Q)=D(P[k—q)+D(K | Q)

holds for all Q € L. By Lemma 4 we have IIx. g € L which shows that Ilx. ¢ is
the reversed I-projection of P. O

Corollary 2. Let (Q,F, P) be a probability space, and let ® be a Markov operator.
Assume that ®"P — P* for n — oo. Then P* is invariant and equals the I-
projection Il g, where K is the set conv {‘b’ (P)} , for any invariant distribution

Q.

Corollary 3. Let (0, F, Q) be a probability space, and let ® be a Markov operator,
where @ is the only invariant measure under ®. For any probability measure P
define P, = %Z?:_Ol ®'P. If D(P || Q) < oo then P, converges strongly to Q in
information.

The requirement D (P || Q) < oo in Corollary 3 is rather strong. It implies
that P is absolutely continuous with respect to (). On a topological space it even
implies that supp (P) C supp(Q). By invariance of @ the Markov kernel ® has
a restriction to supp (Q), and ®° (P) is fully determined by this restriction, and
in this case no generality is lost by assuming that supp (Q) = Q. In this case the
Markov chain is ergodic. Let us see how some well-known results from ergodicity
theory are corollaries to Theorem 8.

Corollary 4. A measurable transformation is ergodic if and only if, for all A and
B in B,
n—1
1 _k
h;PEZQ(AmT B)=Q(A)Q(B) .
k=0
Proof. To prove ergodicity of T', assume that A is invariant, and put B = A. Then
ANT *B = B and therefore Q (B) = Q (B)?, i.e. Q(A) =0 or 1.
Conversely, let T be ergodic. If @ (A) = 0 then the theorem is trivial. Otherwise
apply Theorem 8 to the distribution P = Q (- | A) and we

B 1 n—1

P.(B)=—% Q(T"B|4)

k=0

1 Q(ANnT*B)
> Q (4)

k=0

— Q(B) forn — 0.
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Corollary 5. Let (Q,F,Q) be a probability space with an ergodic transformation
T. Then for all sets A € F we have

E %ZIA(Ti(w))—Q(A) — 0 forn — .

Proof. First assume that @ (A) = 0. Then for all i € N we have
Q{weQ|T (w)e A} =0,

and therefore Q {w € Q| Ji < n:T?(w) € A} =0, and the theorem follows.
Assume that @ (A) > 0. The transformation is measure preserving and therefore
Q (T7"A) = Q(A) is constant. Define P = Q (- | A). Then

THP) =T Q| 4) = Q (| TA).
Furthermore

D (P || Q) = —log(Q(4)) <0

and we can use Theorem 8. We have

n—1
S IaERY)
=0

and ~
dpn( ) 121 0 1A( (W))
dQ Q(4) '
Using Pinsker’s inequality we have ||]5n — QH — 0 for n — oo, but
5 _ dpn
|17, - @l = £ %5 -1

1 1 .
,WE E;M(T (W) —Q(A)

6. DISCUSSION

In this paper convergence of Markov chains in information has been discussed.
A crucial condition turned out to be that D (®™P||Q) is finite eventually. This
excludes many examples. In order to cover more examples one could use Jensen-
Shannon divergence

15D(P.Q) = 50 (PIT52) + 30 (@752

in stead of information divergence. The Jensen-Shannon divergence satisfies the
inequalities

log 2

1P =Ql,

and in particular the Jensen-Shannon divergence is automatlcally bounded. Thus
JSD (P,,Q) — 0 for n — oo implies that P, — @ in total variation. Formulation
of results involving Jensen-Shannon divergence becomes less elegant, but by this
method one can cover all cases of convergence treated by A. Rényi [Rén61], I
Csiszér [Csi63] and Kendall [Ken64].

SIP - QI < JSD(P,Q) <
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Several of the results in this paper can easily be extended to a non-commutative
setup. Then (£2,F) is replaced by a Von Neumann algebra A, ® is replaced by a
completely positive map, and P, ) are replaced by normal states on A. See Ohya and
Petz [OP93] for definition and discussion of relative entropy in operator algebras.

Acknowledgement The authors want to thank Andrew Barron for useful dis-
cussions.
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