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Abstract

Bayesian model averaging, model selection and their ajipedions such as BIC
are generally statistically consistent, but sometimeseaehslower rates of con-
vergence than other methods such as AIC and leave-oneassg-galidation. On
the other hand, these other methods can be inconsistendaisfy thecatch-up
phenomenoms a novel explanation for the slow convergence of Bayesietin-m
ods. Based on this analysis we de ne the switch-distribyteomodi cation of the
Bayesian marginal distribution. We prove that in many gitres model selection
and prediction based on the switch-distribution is bothsigtent and achieves op-
timal convergence rates, thereby resolving the AIC-Bl@mina. The method is
practical; we give an ef cient implementation.

1 Introduction

We consider inference based on a countable set of modetfgaobability distributions), focusing
on two tasks: model selection and model averaging. In maaletson tasks, the goal is to select
the model that best explains the given data. In model avegaghe goal is to nd the weighted
combination of models that leads to the best prediction tfreudata from the same source.

An attractive property of some criteria for model selectisrthat they are consistent under weak
conditions, i.e. if the true distributioR is in one of the models, then the -probability that this
model is selected goes to one as the sample size increase$148) Bayes factor model selection
[8], Minimum Description Length (MDL) model selection [3hd prequential model validation [5]
are examples of widely used model selection criteria thatumually consistent. However, other
model selection criteria such as AIC [1] and leave-one-oos&-validation (LOO) [16], while of-
ten inconsistent, do typically yield better predictionshisTis especially the case in nonparametric
settings, wher® can be arbitrarily well-approximated by a sequence of itistions in the (para-
metric) models under consideration, but is not itself corgd in any of these. In many such cases,
the predictive distribution converges to the true disttidm at the optimal rate for AIC and LOO
[15, 9], whereas in general BIC, the Bayes factor method aeduential validation only achieve
the optimal rate to within a®(log n) factor [13, 20, 6]. In this paper we reconcile these seemngingl
con icting approaches [19] by improving the rate of convenge achieved in Bayesian model se-
lection without losing its convergence properties. Firstpvovide an example to show why Bayes
sometimes converges too slowly.

Given priors on models and parameters therein, Bayesiareinte is based on the posterior distribu-
tion that is obtained by conditioning on observed outcormemodel selection the preferred model



is the one with maximum a posteriori probability. In pre@atthe marginal distributiongy; p2; :::
(de ned as in (1) below) are weighted according to the pastea process called Bayesian Model
Averaging (BMA). We denote the resulting distributipgia.

typically decreases exponentially fastrin It is therefore common to considerlogp(x"), which

we call thecodelengttof x" achieved byp. This name refers to the correspondence between code-
length functions and probability distributions based om raft inequality, but one may also think

of the codelength as the accumulated log loss that is indufnee sequentially predict the; by
conditioning on the past, i.e. usipg j x' 1) [3, 6, 5, 11]. From here on all logarithms are taken to
base2, allowing us to measure codelengthhits.

Prediction usingyma has the advantage that the codelength it achieves'ds close to the code-

length ofpg, whereK is the index of best of the margingts;2; : : : Namely, given a priow on
model indices, the difference betweerlog ppma(x") =  log(" | pc(X")w(k)) and logpg(x")

must be in the rangf0; logw(K)], whatever datx" are observed. Thus, using BMA for pre-
diction is sensible if we are satis ed with doing essengiak well as the best model under con-
sideration. However, it is often possible to combimepy;::: into a distribution that achieves

smaller codelength thapy! This is possible if the indeX of the best distributiorthanges with
the sample size in a predictable wakhis is common in model selection, for example with nested
models, sayM 1 M . In this casep; typically predicts better at small sample sizes (roughly,
becauseM , has more parameters that need to be learned arn, while p, predicts better
eventually. Figure 1 illustrates this phenomenon. It shtvesaccumulated codelength difference
logp2(x") ( logpi(x™)) on “The Picture of Dorian Gray” by Oscar Wilde, whewe andp,
are the Bayesian marginal distributions for the rst-oréed second-order Markov chains, respec-
tively, and each character in the book is an outcome. Notdhileaxample models! ; andM , are
very crude; for this particular application much better ralsdare available. In more complicated,
more realistic model selection scenarios, the models nithpstwrong, but it may not be known
how to improve them. Thud/ ; andM , serve as a simple illustration only. We used uniform priors
on the model parameters, but for other common priors sinbédraviour can be expected. Clearly
p; is better for about the rs00 000outcomes, gaining a head start of approximatE\000bits.
Ideally we should predict the initidl00 000outcomes using; and the rest using,. However,ppma
only starts to behave likg, when itcatches upvith p; at a sample size of abo810 00Q when the
codelength of, drops below that op;. Thus, in the shaded ar@gm, behaves likey; while p, is
making better predictions of those outcomes: sinag at100 000, p, is 40 000bits behind, and at
n = 310000, it has caught up, in between it must have outperformebly 40 000bits!
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to mimic p, almost immediatelyfter p, Figure 1: The Catch-Up Phenomenon

starts making better predictions; it essen-

tially does thisno matter what sequence' is actually observedps,, differs from pyma in that it

is based on a prior distribution asequences of modelather than simply a prior distribution on
models. This allows us to avoid the implicit assumption tin@re is one model which is best at
all sample sizes. After conditioning on past observatidhs, posterior we obtain gives a better
indication of which model performs beat the current sample sizéhereby achieving a faster rate
of convergence. Indeed, the switch-distribution is reldteearlier algorithms fotracking the best
expertdeveloped in the universal prediction literature [7, 18, 10]; however, the applications we
have in mind and the theorems we prove are completely differtn Sections 3 and 4 we show
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that model selection based on the switch-distribution rssesient (Theorem 1), but unlike standard
Bayes factor model selection achieves optimal rates of eg@nce (Theorem 2). Proofs of the
theorems are in Appendix A. In Section 5 we give a practiogbathm that computes the switch-
distribution forK (rather than2) predictors in ( n K) time. In the full paper, we give further

details of the proof of Theorem 1 and a more detailed disonssi Theorem 2 and the implications
of both theorems.

2 The Switch-Distribution for Model Selection and Prediction

Preliminaries SupposeX! = (X1, X», :::) is a sequence of random variables that take values
in sample spac¥ RYforsomed2 Z* = f1;2;:::9. Forn 2 N = f0;1;2;:::g, letx" = (X1,

, Xn) denote the rstn outcomes oX ! |, such tha" takes v@ues in the product spaxé =
X1 X . (We letx° denote the empty sequence.) bet= . _j X". Form>n, we write
XMW for (Xn+1, 105, Xm), wherem = 1 s allowed and we omit the subscript wher 0.

Any distribution P (X ) may be de ned by a sequentigkediction strategyp that predicts the
next outcome at any time 2 N. To be precise: Given the previous outcomx@sat timen, this
prediction strategy should issue a conditional dengi¥,+1 jx") with corresponding distribution
P (X n+1 jx™) for the next outcom& 11 . Such sequential prediction strategies are sometimesdcall
prequential forecasting systerfi§. An instance is given in Example 1 below. We assume that th
densityp(Xn+1 jx") is taken relative to either the usual Lebesgue measur¥ (§ continuous)
or the counting measure (X is countable). In the latter cagéX ,+1 jX") is a probability mass
function. It is natural to de ne the joint density(x™jx") = p(Xn+1jX")  p(Xmjx™ 1) and let
P(X},;jx") be the unique distribution such that for edl > n, p(X [, jx") is the density of its
marginal distribution foiX 1., . To ensure tha® (X },, jx") is well-de ned even ifX is continuous,
we impose the natural requirement that for dn Z* and any xed eventAy.; X g+1 the
probabilityP (Ax+1 jx¥) is a measurable function &, which holds automatically X is countable.

Model Selection and Prediction The goal inmodel selections to choose an explanation for
observed datx" from a potentially in nite list of candidate modeM 1, M 5, ::: We consider
parametric modelswhich are setép : 2 g of prediction strategiep that are indexed by ele-
ments of RY, for some smallest possibte2 N, the number of degrees of freedom. Examples
of model selection are regression based on a set of basiidnasuch as polynomialgl (s the
number of coef cients of the polynomial), the variable sgien problem in regression [15, 9, 20]
(d is the number of variables), and histogram density estondtl3] (d is the number of bins). A
model selection criteriois a function : X ! Z* that, given any data sequence2 X , selects
the modeM ¢ with indexk = (x").

We associate each moddl ¢ with a single prediction strateqy.. The bar emphasizes that is a
meta-strategy based on the prediction strategi®4 in In many approaches to model selection, for
example AIC and LOOp is de ned using some estimatdg for each modeM , which maps a
sequencea” of previous observations to an estimated parameter vahtedpresents a “best guess”
of the true/best distribution in the model. Prediction isrtthased on this estimatopi (X n+1 |
x") = p/\k(xn)(Xn+1 j x™), which also de nes a joint densitgi (X") = pc(X1)  pc(Xnjx" 1).
The Bayesian approach to model selection or model averagiag the other way around. We start
out with a priorw on , and de ne the B%yesian marginal density

Pc(x") = , p (x"w( )d: @)

Whenpg (x") is non-zero this joint density induces a unique conditiaesitypy (X h+1 | X") =

Pk (Xn+1 5 X")= (X™), wigich is equal to the mixture b 2 M  according to the posterior,
w( jx") = p xX")w( )= p (x")w( ) d, based orx". Thus the Bayesian approach also de-
nes a prediction strategyy (X n+1 jx"), whose corresponding distribution may be thought of as
an estimator. From now on we sometimes call the distribstiaduced byp;; py;::: “estimators”,
even if they are Bayesian. This uni ed view is known@equentialor predictive MDL[11, 5].

Example 1. SupposeX = f0;1g. Then a prediction strategy may be based on the Bernoulli
modelM = fp j 2 [0;1]gthatregardX ! as a sequence of independent, identically distributed
Bernoulli random variables witR (X417 =1) = . We may predigb(nﬂ using the maximum

likelihood (ML) estimator based on the past, i.e. usnﬁg y=nt iz1 Xi. The prediction for



X1 is then gnde ned. If we use a smoothed ML estimator such as émpéace estimator\9(x") =
(n+2) ¥ {“:1 Xj + 1), then all predictions are well-de ned. Perhaps surprisinthe predictor

p?de ned by pAX h+1 j X") = pAo(xn)(Xn+1) equals the Bayesian predictive distribution based on
a uniform prior. Thus in this case a Bayesian predictor andstimation-based predictor coincide!

The Switch-Distribution  Supposeps, p, : : : is a list of prediction strategies fo¢* . (Although
here the list is in nitely long, the developments below caithAittle modi cation be adjusted to the
case where the list is nite.) We rst de ne a famil = fgs : s 2 Sg of combinator prediction
strategies that switch between the original predictioatsgies. Here the parameter sp&es
de ned as

S=f(ty; K (tmikm) 2 (N Z9)Y"jm2ZY 0=t <:::<t ng )
The parametes 2 S speci es the identities ofn constituent prediction strategies and the sample
sizes, calledwitch-pointsat which to switch between them. For ((t9;k?);:::; (%0 kC0)), we
de neti(s) = t% ki(s) = k®>andm(s) = m° We omit the argument when the paramedés clear
from context, e.g. we writés for tg(sg. For eacls 2 Sthe correspondings 2 Q is de ned as:

Pk, (Xn+1 jx") ifn<t,,
P, (Xn+1Jx") iftz n<ts,
% (Xna1 Jx") = : : €)
Pk o Knajx") iftm 1 N<tp,
P, Kns1 jx") iftm N
Switching to the same predictor multiple times is allowecheTextra switch-point; is included

to simplify notation; we always taki = 0. Now the switch-distribution is de ned as a Bayesian
mixture of the elements @ according to a prior onS:

De nition 1 (Switch-Distribution) Let be a probability mass function o8 Then the switch-
distribution Pg,, with prior is the distribution forX * such that, for any 2 Z*, the density of its
marginal distribution forX " is given by

Psu(X") = G(X")  (9): (4)

s2S

Although the switch-distribution provides a general wayctombine prediction strategies, in this
paper it will only be applied to combine prediction stratep,, p., : :: that correspond to models.
In this case we may de ne a corresponding model selectiderain ,. To this end, leK 41 :
S! Z* be arandom variable that denotes the strategy/model theseid to predicX ,,+1 given
past observationg". Formally, Kn+1 (s) = ki(s) iff tj(s) nandi = m(s)_n <t (9).
Algorithm 1, given in Section 5, ef ciently cgmputes the pexsor distribution orK ;41 givenx":

fsiKnq+1 ()= kg S qS(Xn) . (5)
Pow(X") ’

which is de ned wheneveps,(x") is non-zero. We turn this into a model selection criterion
sw(X") =argmaxy, (Kn+1 = kjx") that selects the model with maximum posterior probability.

(Kns1 = kjx") =

3 Consistency

If one of the models, say with index , is actually true, then it is natural to ask whethgy; is
consistentin the sense that it asymptotically selektswith probability 1. Theorem 1 below states
that this is the case under certain conditions which are sligitly stronger than those required for
standard Bayes factor model selection consistency.

Bayes factor model selection is consistent if forkgk® 6 k, P (X! ) andPyo(X * ) are mutually
singular, that is, if there exists a measurablefseiX ! such thaPy(A) =1 andPyo(A) =0 [3].

For example, this can usually be shown to hold if the modesasted and for eadh) g is a subset

of k+1 Of w41 -measurd[6]. For consistency ofy,, we need to strengthen this to the requirement
that, for allk’® 8 k and allx™ 2 X , the distributionsPy (X },; j x") andPyo(X },; j x") are
mutually singular. For example, X 1; X»;::: are i.i.d. according to eadh in all models, but also



if X is countable angy (Xn+1 j Xn) > Ofor all k, all x"*1 2 X "*1  then this conditional mutual
singularity is automatically implied by ordinary mutuahgularity of P, (X 1 ) andPyo(X ).

the set of all possible extensionsofo more switch-points. Laby, p2, ::: be Bayesian prediction
strategies with respective parameter spaces », :::and priorswy, wo, :::, and let be the prior
of the corresponding switch-distribution.

Theorem 1 (Consistency of the Switch-DistributionSuppose is positive everywhere ofs 2

S j m(s) = 1g and is such that there exists a positive constasuch that, for everg 2 S,

c (s (Es). Suppose further tha (X },; j x") andPyo(X },; j x") are mutually singular

forallk;k%2 Z* , k6 k% x" 2X .Then,forallk 2 Z*,forall 2 | exceptfora subset of
k ofwy -measure), the posterior distribution o 1 satis es

(Knsz =k jX™M™M 1 withP -probability 1. (6)

The requirement that  (s) (Es) is automatically satis ed if is of the form:

y
(S): M(m) K(kl) T(tijti >t 1) K(ki); (7)
i=2
where ,,, and ; are priors orZ* with full support, and ,, is geometric: ,(m)= ™ 1 )
for some0 < l. Inthiscase= =(1 ).

4 Optimal Risk Convergence Rates

SupposeX 1; X »; 1 1@ are distributed according ® . We de ne therisk at sample siza 1 of the
estimatorP relative toP as

Ra(P ;P)= Exn 1 p [D(P (Xa= jX" HkP(Xn = jX" H);
whereD ( k) is the Kullback-Leibler (KL) divergence [4]. This is the stiard de nition of risk
relative to KL divergence. The risk is always well-de neddbequal td iff P(X 41 j X ™) is equal
toP (Xn+1 j X™M). The following identity connects information-theoretixpected redundancy
and accumulated statistical risk (see [4] or [6, Chapte}:15]P admits a densitp , then for all
prediction strategiep,

X
Ex» p [ logp(X")+log p (X")]=  Ri(P ;P): 8)
s i=1
For a union of parametric moded = |, ; M, we de ne theinformation closurenhMi =
fP jinfpow D(P kP) = 0g, i.e. the set of distributions foX ! that can be arbitrarily well
approximated by elements bf . Theorem 2 below shows that, for a very large clasB o2 hMi ,
the switch-distribution de ned relative to estimatd®s; P,;: : : achieves the same risk as any other
model selection criterion de ned with respect to the samtaredors, up to lower order terms; in
other words, model averaging based on the switch-distdbuchieves at least the same rate of
convergence as model selection based on any model selettierion whatsoever (the issue of
averaging vs selection will be discussed at length in thiepiaher). The theorem requires that the
prior in (4) is of the form (7), and satis es

log w(m)= O(m) ; log (k)= O(logk) ; log (t)= O(logt): 9)
Thus, , the prior on the total number of switch points, is allowediezrease either polynomially

or exponentially (as required for Theorem 1);and , must decrease polynomially. For example,
we could set (t) = (t) = 1=(t(t + 1)), or we could take the universal prior on the integers [12].

LetM  hMi be some subset of interest of the information closure of hisldeM may consist

of just a single, arbitrary distributioR in hMinM —in that case Theorem 2 shows that the switch-
distribution converges as fast as any other model selectitarion on any distribution imMi that
cannot be expressed parametrically relativétto— or it may be a large, nonparametric family. In
that case, Theorem 2 shows that the switch-distributiofesek the minimax convergence rate. For
example, if the modelM | are k-bin histograms [13], thelnMi contains every distribution on
[0; 1] with bounded continuous densities, and we may, for exantpl@eM to be the set of all
distributions on[0; 1] which have a differentiable density such thatp (x) and(d=dx)p (x) are
bounded from below and above by some positive constants.



We restrict ourselves to model selection criteria whictsatple sizen, never select a moddf
with k > n for some arbitrarily large but xed > 0; note that this condition will be met for most
practical model selection criteria. Lbt: Z* | R* denote the minimax optimal achievable risk as
a function of the sample size, i.e.

h(n) X nf I:IIj];fZ;:::; dn egp Szliﬂp nsou?] RnO(P ’ P )’ (10)
where the in mum is over all model selection criteria resteid to sample siza, andd e denotes
rounding up to the nearest integep is the prediction strategy satisfying, for aiP  n, all

0 0 . 0 . 0 . . . . .
X" 2 XM, p (Xnosy jX") = p xny(Xnosy ] X™), i.e. at sample size it predictsxy+1 using
px forthek = (X ") chosen by, and it keeps predicting future,o+1 by thisk. We callh(n)
the minimax optimal rate of convergence for model selectaative to data fronM , model list
M 1;M ,;:::, and estimator®;; Po;::: The de nition is slightly nonstandard, in that we require a
second supremum ovaf  n. This is needed because, as will be discussed in the fullrpiagan
sometimes happen that, for some, somek, somen®>n, R, o(P ;Px) >R, (P ;Px) (see also
[4, Section 7.1]). In cases where this cannot happen, suggeassion with standgsd ML estimators,
and in cases where, uniformly for &l sup,o , Rno(P ;Px) Rn(P ;Px) = o( [, h(i)), (in
the full paper we show that this holds for, for example, tgséon density estimation), our Theorem 2
also implies minimax convergence in terms of the standarditeen, without the sup,. ,. We
expect that theup,. , can be safely ignored for most “reasonable” models and astirs.

Theorem 2. De ne Pg,, for some model clas®l = [ 1M i as in(4), where the prior sat-
ises (9). LetM be a subset ofiMi with minimax rateh such thatnh(n) is increasing, and
nh(n)=(logn)2!'1 . Then

P n

imsup SUPP 2w p =1 Ri(P iPsw) ). (11)

n!l i=1 h(')
The requirement thanh(n)=(logn)? ! 1  will typically be satis ed wheneveM n M is
nonempty. TheM containd® that are “nonparametric” relative to the chosen sequenoeadkls
M 1;M »,;::: Thus, the problem should not be “too simple”: we do not knovetkiler the theorem
holds in the parametric setting whelPe 2 M | for somek on the list. Theorem 2 expresses that
the accumulated rislof the switch-distribution, ag increases, is not signi cantly larger than the
accumulated rislof any other procedure. This “convergence in sum” has beasidered before by,
for example, [13, 4], and is compared to ordinary convergendhe full paper, where we will also
give example applications of the theorem and further dis¢ii8). The proof works by bounding the
expected redundancy of the switch-distribution, which(®) is identical to the accumulated risk.
It is not clear whether similar techniques can be used to tdh individual risk.

5 Computing the Switch-Distribution

Algorithm 1 sequentially computes the posterior prob&pdn predictorgs; p2;:: . It requires that

is a prior of the form in (7), and,, is geometric, as is also required for Theorem 1 and permitted
in Theorem 2. The algorithm resemblesxED-SHARE [7], but whereas KED-SHARE implicitly
imposes a geometric distribution fog, we allow general priors by varying the shared weight with
n. We do require slightly more space to cope with

Algorithm 1 SwiTcH(xN)
. K is the number of experts;is as in the de nition of .
for k=1;:::;K doinitialise w§ (Kiwl o (1) (k) od

for k=1;::5;K dowd w2 @ (Xajx" 1);wP WP pe(xnjx" 1) od (loss update)
pool (Z=njzZ n) K W (share update)
for k=1;:::;K do

wg wi (Z6njzZ n) + pool (k)

we oWy + (1 ) pool (k)
od

P
Report posterior (Kp+q jX")=(Wg _+Wwg )= ,(W2+wp) (aK-sized array)
od



This algorithm can be used to obtain fast convergence in énsesof Theorem 2, which can be
extended to cope with a restriction to only the #stexperts. Theorem 1 can be extended to show
consistency in this case aswell. f(Z = njZ n)and (k) can be computed in constant time,
then the running time i N K, which is of the same order as that of fast model selectidardi

like AIC and BIC. We will explain this algorithm in more dek#i a forthcoming publication.
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A Proofs

Proof of Theorem 1. LetU, = fs2 Sj Kn+1 (S) 8 k gdenote the set of "bad' parameterthat
select an incorrect modﬁj. It is suf cient to show that

jim pszts S &XT)

n'l o2s S qs(X n)
To see this, suppose the theorem is false. Then there exists a x  with wy, () > 0 such that
(6) does not hold forany 2 . But then by de nition ofPx we have a contradiction with (12).
Now letA = fs2 S: kn(S) 6 k gdenote the set of parameters that are bad for suf cientlydar
We observe that for eacii2 U, there exists at least one elemer& A that uses the same sequence
of switch-points and predictors on the rst+ 1 outcomes (this implies thag;(s) = K;(s9) for
i =1;:::;n+ 1) and has no switch-points beyondi.e.t, (S) n). Consequently, eithes” = s
ors?2 ES.XTherefore

X X
(s9keo(x") ((+ (ENaX") @Q+9 (a(x"):  (13)

0 with Py -probability 1. (12)

s2 U, = s2A s2A
De ning the mixturer (x") =, (S)G(X"), we will show that
r(xm

nI!llm (s :F§0;k ) pe (XM 0 with Py -probability 1. (14)
Using (13) and the fact that _, o (S)gs(X") (s=(0;k)) px (x"), this implies (12). For
alls 2 A andx'n(® 2 Xt (s) by de nition Qs(X{ .5 jx'™) equalsPy,, (XE 45 jx'™), which is
mutually singular withPy (X! ., jx'™) by assumption. IX is a separable metric space, which
holds becaus¥ R for somed 2 Z*, it can be shown that this conditional mutual singularity
implies mutual singularity oQs(X* ) andP, (X! ). To see this for countabl¢, letB,:» be any
event such tha®s(Byim jx'™) =1 andPy (Byim jx'™)=0. Then,forB = fy* 2X?* jyt ;2
By:m 0, Wwe have thaQs(B) = 1 andPy (B) = 0. In the uncountable case, howevgrmay not be
measurable. We omit the full proof, which was shown to us bydPremds. Any countable mixture
of distributions that are mutually singular wit? , in particularR, is mutually singular wittPy .
This implies (14) by Lemma 3.1 of [2], which says that for amptmutually singular distributions
R andP, the density ratiag (X ")=p(X ") goestd0asn ! 1  with P-probability 1. O

Proof of Theorem 2. We will show that for every > 1,

x X _ X _
sup Ri(P ;Psw) h(i)+ h(i); (15)
P2M o i=1 i=1
where ., n 0, and . 1; . 2;::: are xed constants that only depend on but not on the

chosen subsé¥ of hMi . Theorem 2 is a consequence of (15), which we will proceeddoep

is minimax optimal, i.e. it achieves the in mum in (10). Ifcdwa , does not exist, we take &
that is almost minimax optimal in the sense that it achiebesim mum to within h(n)=n. For
] 1, lett; = dJ e 1. Fix an arbitraryn > 0 and letm be the unique integer such that
tm <N tm+1 . We will rst show that for arbitraryx”, psw achieves redundancy not much worse

thisgs is small enough for (15) to hold. Thus, to achieve this reduny, it is suf cient to take only



a logarithmic numbem 1 of switch-pointsm 1< log (n + 1). Formally, we have, for some
¢ > 0, uniformly foralln, x" 2 X ",

X X
logpsu(x") = log  ge(x") (s)  loggs(x") log (m) log +(t;) «(kj)
s02 S j=1
loggs(x™) + clog(n +1)+ cm( +1)logn= logg(x")+ O((log n)?): (16)
Here the second inequality follows because of (9), and thed eguality follows becausm

log (n+1)+1. Now xany P 2 hMi . SinceP 2 hMi , it must have some densify. Thus,
applying (8), and then (16), and then (8) again, we nd that

Ri(P ;Psw) = Ex» p [ logpsy(X")+log p (X")]

i=1

Exn p [ loggs(X")+log p (X™)]+ O((log n)?)

X0 min ny +1:Ng

= Ri(P ;Qs)+ O((log n)?) = Ri(P ;P )+ O((log n)): (17)

i=1 j=1 i=t+l
For i appearing in the second sum, withi < i tj+1, we haveR;(P ;P )
SUpo ¢, Rio(P ; Pk ) =supjo t Rio(P ;P (xi)) h(tj +1);sothat

]

Ri(P Py ) (t +1)h(t +1)

1 . . tj+]_ . iy,
— g1 MO gEh® RO

where the middle inequlgllity fBIonvs becausk(n) is increasillgg (condition (b) of the theorem).
Summing over, wg get [, im:":JfJf’l*l "IRi(P ;Py,) ", h(i). Combining this with
(17), it follows that i”:l Ri(P ;Psw) i”:l h(i) + O((log n)?): Because this holds for arbi-

traryP 2 M (with the constant in th® notation not depending dd ), (15) now follows by the
requirement of Theorem 2 thah(n)=(logn)?!1 . O
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