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ABSTRACT vectorial summation of two basic movement elements. The
summed trajectory was then smoothness as can be articu-
lated by a cost function [5]. Studies have shown that the

into basic simple components-primitives. Representich ea fro%ind the rat_s Icomplex _I'mb fmovzrrllen]:[s ma%/ lljde genﬁr-
trajectory segment as vectors of directions, we model the2ted Dy a vectoria summation of modular force fields in the

movement trajectory as a large Markov process where eacf?rf)'nal Cgr? [3. 14] These fmdmgts) Tﬂ’] Ieald to_the nc(;tlcr)]n
state is related with an average trajectory pattern. Inéxé n that modular primitives are part of both the planning and the

step, in order to find the movements primitives, we cluster execution of multi-joint limb movements. Another study

the Markov states according to their probabilistic sinifjar showed tgat one year old ch|]!dren N movzment can be de-h
We present an information theoretic co-clustering algonit ~ COMPOsed into a sequence of stereotyped movements eac

which can be interpreted as a block-matrix approximation resembling simple basic movgmer,lt_s .O.f adults [9, 10, 1J. It
of the Markov transition matrix. The performance of the was also found that stroke patients’ initial movementsdoul

: be easily decomposed and showed invariant velocity pro-
suggested approach is demonstrated on real recorded data,
99 PP files [11]. Recently, Flash and Hochner [6] have published

a review, describing motor primitives and compositioryalit
1. INTRODUCTION They defined motor and movement primitives, discussed the
nature of these primitives, their internal representatioml
the rules governing the generation of a large repertoire of
movements from a limited set of elements.

In this study we analyze monkeys’ hand movement; our
strategy is compositional, division of complex movement

The idea of complex constructs that can be divided into
small units, and then subdivided into subunits (and so forth
can be referred to as a compositionality. Compositional- , _
ity, as a way of thinking, may give us tools to better un- Here we analyze monkeys’ hand movement; our strat-
derstand, and maybe predict these constructs’ future form.£9Y €xploits the principle of compositionality, divisior o
Our research deals with movement trajectories and the way<$0ompléx movement into basic simple components - primi-
in which they can be viewed as a compositional constructs.tives. We search for primitives by the following strategy;
Stated differently, we aim to find the basic rules that shapef'rSt’ we divide the drawing movements to many small strokes.
the movement trajectories. We then group these strokes according to the set of direc-
Past research observed subjects moving their hand belions they take. Then we compute the transition probabil-
tween pairs of targets and found that they tend to generatdly P&tween groups - thus treating the drawing as a Markov
straight hand paths with single-peaked, bell-shaped veloc Process and the group as statgs of this process. These states
ity profiles. These, so called stereotyped movements, are"@y be regarded as “phones” in speech; we then try to com-
invariant even after changing the size, rotation, traitat ~ Pine several phones by grouping the Markov states (the clus-

and temporal scaling [7]. Present studies regard these bal€rs of states may be regarded as “phonemes” of speech).
sic movements as “primitives”. Many studies claim that These clusters of states (phonemes) may be treated as the

complex movements are composed of basic building blocksPrimitives from which the more complex drawing is com-
thus adding more support to the notion of primitives. These Poséd. Combining states into clusters is based on the idea
building blocks can be executed sequentially or conculyent that such combination is useful as long as there is not much
(through parameterized superposition), to create a laoyem loss of information in the Markovian transition matrix.

ment repertoire [12] . The debate over the existence of prim-  The paper proceeds as follows. In Sections 2 and 3
itives was quite fertile over the years. One of the first find- we formally present the Markov clustering problem and
ings was that it only takes a dozen primitives to encode apropose an efficiently computed algorithm. Related work
frog’s entire motor repertoire [2]. It was found that if the is discussed in Section 4. Section 5 describes the pre-
movement target was shifted during movement, the arm tra-processing that was applied on the hand-movement data fol-
jectory would become curved in such a way that involved a lowing by experimental results of the clustering algorithm



2. NOTATION AND MODEL

Before proceeding to the clustering algorithm we want
to clarify a theoretical point. Note that giventhere is

The process of forming primitives of hand movements, via yet another stochastic process that can be constructed. We

combining groups of similar-strokes into clusters acongdi

can utilize 7w to define a Hidden-Markov Model (HMM)

to their behavior along the time axis, is translated in our 7 = #(X) = {n(x¢),n(x1),7(z2),....}. Although the

approach into the mathematical pr.oblem of clustering the joint distributions of(yo, 1) and(zo, z1) are the same, gen-
states of a Markov process. In this study we propose anerally the distributions ofyo, y1,2) and (zo, 21, 20) are

efficient information-theoretic clustering algorithm fivis
clustering task.

Let X = {z;} be ann-valued stationary first order
ergodic Markov process defined by thex n transition
matrix A where 4;; = p(z1 = jlzo = 4). A function
m:{1,..,n} — {1,...,m} defines a partition of the state-
space inton subsetsw = {ws, ..., w,, } such thatw, =
7 Yk), k =1,..,m. Utilizing = we can define a new
m-state lumped Markov proce¥5= {y;} in the following
way. Define(yo,y1) = (m(xo),7(21)), i.e. the joint dis-
tribution of yo andy, is defined via the following Markov
chain relation:

T A T
Yo <— To —> 21 — Y1

More explicitly, the joint distribution of)y andy; is:

plyo =k =0 = > > pleo=i,z1 =)

€W JEW;

different and”Z is even not necessarily Markovian. To clar-
ify the relations between the proces¥eandZ we need the
following definition.

Definition: A Markov processX is weakly-lumped with
respect to a partitionv if I(w(z1);xo|lm(z0)) = 0, i.e.
for each two subsetsy,w; € w the probabilityp(z, €
wy|xg = 4) is constant over all € wy,.

It can be verified thaK is weakly-lumped with respect
to the partitionw if-and-only-if Z = =(X) is a Markovian
process. In this casg coincides with the process de-
fined in the previous paragraph. The transition matrix of a
weakly-lumped Markov process has a natural block-matrix
structure that is imposed by the partitian In our setup
we are concentrating il which is always Markovian by
definition.

3. THE CLUSTERING ALGORITHM

Sincez is a stationary process, it can be easily verified that There is no closed-form solution for the optimization prob-

the marginal distributions of, andy, are the same. Let

lem posed in Section 2. Several standard optimization al-

Y be the stationaryn-state Markov process defined by the gorithms can be utilized to find the best clustering. We can

stochastic matrix(y1|yo)-
We want to cluster the states of the proc&sto form a

use agglomerative algorithm which is based on bottom-up
merging procedure. We can use a K-means clustering algo-

new reduced Markov process that best preserves the strucrithms where the Bregman distance is the Kullback-Leibler

ture of the original procesX . Intuitively, states andj are
viewed as similar if both the future conditional distritarts
p(z1|xo=1) andp(x1|zo =j) and the past conditional dis-
tributionsp(xo|x; = i) andp(zo|zy = j) are similar. The

Information-Bottleneck (IB) principle [17] can be used to

formalize this intuition. The IB principle for this case t&a
that the best clustering function of the n states intom

divergence. Alternatively we can apply a greedy sequen-
tial algorithm that can be viewed as a sequential version
of the K-means algorithm. In this study we apply the se-
quential greedy algorithm which was found to perform well

in terms of both clustering quality and computational com-
plexity. The sequential clustering algorithm starts with a
random clustering of the states intoclusters. We go over

clusters is the one that maximizes the mutual information then original states in a circular manner and for each state

I(m(zo);m(x1)) = I(yo;y1) over all the partitions of the

state-space intm subsets. Utilizing standard information-
theory manipulation we can derive several equivalent forms

for the cost function we want to minimize.

(m) = I(zo; 21) — 1 (yo; Y1) (1)
= D(p(z1|zo)[lp(z1lyo)) + D(p(yolz1)l[p(Yoly1))
= D(p(wo, 71)|Ip(y0, y1)p(wolyo)p(z1ly1))

= H(yo,y1) + H(zolyo) + H(z1|y1) — H(xo, x1)

Q

whereyy = (x0), y1 = 7(x1), D is the Kullback-Leibler
divergence andd is the entropy function. The optimal

state-clustering is the one that minimizes the information

loss functionC'(r).

we check if moving it from one cluster to another can in-
crease the cost functiaf{yo; y1).

The basic step in each of the mentioned algorithms
is composed of computing the distance function between
two clusters. It can be verified that in our case the
information-bottleneck principle implies that this distz is
the information-loss caused by merging the two clusters int
a single one, i.e. the difference between mutual-inforomati
of the reduced markov processes before and after the two
clusters are merged. We derive next an explicit and effi-
ciently computed expression for this distance between clus
ters.

Assume we are given a partition of the Markov states
w = {wy, ..., w, } and we want to compute the information



loss caused by merging the clusters and wy to obtain
a new reduced partition» = {wy Uws, ws, ..., wy, } into
m — 1 groups. Letyy andy; be the Markov chain variables

Input: A Markov transition matrix: x n.
Output: A partition of the Markov states into (at most)

defined byw and lety; andy; be the Markov chain vari- m clusters.
ables defined by. The information-loss can be efficiently Algorithm:
computed in the following way. gonthm:
1. Choose a random partition of the Markov state
d(wi, w2) = I(yo;y1) — I(yp; v1) = 2) into m clusters.
I(yos y1) = I(yo; y1) + L(yos v1) — I (Y3 91) = 2. Loop until there is no change
> p(wi)D(p(yolyr = wi)llp(yolyr € wi2)) +
ieTo e fors=1,...,n

p(wi) Doy lyo = wi)|lp(yi|yo € wia)) = - Rempve state from its currer.1t cluster,
i=1,2 — If s is the only member of its cluste
p(wr2) (TS (prjo(lwr), pajo -hw2)) + 3) delete the cluster.

— Merges into the clustenw; that mini-
JS . . — I ) .
(pou( |w1),p0‘1( |w2))) — po1(wiz, wi2)l12 mizes the distancé({s}, wy).

=

wherews = {w1, w2} andpo1, p1jo, P10 are the joint
and conditional distributions of the reduced-Markov rameo
variablesy, andy;. JS is the Jensen-Shannon divergence.
iz = I(yo; y1|yo, y1 € wi2) is the mutual-information of

Table 1. The Markov-states clustering algorithm

the following joint-distribution matrix: 4. RELATED WORK
1 por(wi,w1)  po1(wi,ws) Information-theoretic approaches have been intensiasyu
(4) for clustering and co-clustering methods [17, 4]. Unlike

por(wnz, wiz) po1(w2,w1)  po1(we, ws) previous works, in our setup the same clustering function

) ) m is simultaneously applied to the two random variahlgs
Hence, the distance measutieu:, wy), takes into ac-  anq.,. Ge et al. [8] considered the Markov-state cluster-
count both the future and past conditional distributiortse T ing problem as a parameter estimation problem of a HMM.
possible overlap between these two distance components ispey viewed the reduced-state model as a constraint HMM.
subtracted from the sum. The sequential clustering algo-The original Markov-process is viewed as the observed part
rithm requires the computation of the change in the COst of the HMM and the constraint s that each observed symbol
function when moving a state from one cluster to another can appear only in one hidden-state. The relation between
which can be efficiently done using expression (3). this approach and ours is related to the analogy between
One drawback of the sequential algorithm (in contrast g\ and 1B described in [15]. Note that in our derivation
to agglomerative approaches) is that the number of clustergypike similar approaches [8]) there is no need to recom-
should be given as an input to the algorithm. We can slightly yte the entire score (whose computational complexity is
modify the algorithm is such a way that we should just pro- 5 (,,2)) for each sequential update. The distance measure
vide a rough estimation (upper bound) on the number of d(wy,ws) is only based on a small part of the transition
desired clusters. Consider the case of a cluster that conyyatrix related to the states in, U wy and it can be com-
tajns a single opjeci. The iterative-sequential aIgorithm puted inO(n) operations. Meila and Shi [13] showed the
will not merges into any other cluster because obviously connection between spectral clustering and clustering the
this can not increase the cost functidfyo; y1). The al-  states of a Markov transition matrix of a random-walk pro-
gorithm will always prefer to leave as a single member  egs defined by the pairwise-distance matrix. In their ap-
of cluster. In the modified version we enforce a singleton roach a cluster of states in characterized as follows. Once

cluster to be merged into another cluster. This step reducegpe process is in one of the members of the cluster in tends
the number of clusters by one. Utilizing this scheme, the i remain in the cluster.

number of output clusters can be adapted to the data. Note
that in this method each of the output clusters should con-
tain at least two members. The algorithm is summarized in
Table 1. Since there is no guarantee that the algorithm finds5
the global optimum, we can apply the algorithm on several
random partitions and choose the best local optimum. Hand movement analysis is our research main goal; our
tools provide us ways to examine monkeys’ hand move-

5. EXPERIMENTS

1. Data Pre-Processing



Using the speed profile, we segmented the trajectory so
that each segment’s initial velocity would correspond to a
local minimum or maximum velocity along the entire trajec-
tory. Naturally, every segment’s final velocity correspsnd
to the next local maximum or minimum velocity along the
entire trajectory. Note that the beginning and the ending
points of the movement along the velocity profile, were re-
garded as local minimum and local maximum even though
mathematically it has not been quite so. We used the local
extrema in the tangential velocity as it was found that these
points may be the points at which the movement speed pa-
rameters may abruptly change [18]. The hand movement’s
tangential velocity as a function of time is demonstrated in
Fig. 1. A print of the trajectory of hand-location as a func- Figure 2.
tion of time. The red dots are the real samples.

mm

Next we extracted features from each segment. Moti-
vated by methods that were successfully applied to on-line
hand-writing recognition systems (see e.g. [16]), we mod-
eled the segments using angles of equidistant (in their time
duration or length) sub-vectors. Note that angle parame-
ter is invariant to both size and translation of the input seg
ment. We divided each segment into ten equal fractions.
As aresult we obtained ten tangents, and more importantly,
ten angles (made by the tangents and the horizon) as a re-
producible description of the segment. Thus, each segment
was represented as a single point in a 10-dimensional fea-
i ) ture space.

We utilized the Mixture of Gaussians model (MoG) to
cluster segments into groups based on the angle-vectersrep
resentation. For simplicity (and to avoid over fitting), we
assumed that (within a group) every one of the 10 angles
in each segment was sampled independently from the rest,
even though it is clear that smooth hand movement does
rely on some dependency among adjacent angles. This as-
sumption is translated into a diagonal structure that is im-

ment. A monkey was trained to move his hand freely in posed on the covariance matrix of each Gaussian compo-
a continuous two dimensional motion. Throughout the en- nent. The EM algorithm was utilized to find the maximum-
tire session the monkey held a manipulandrum, which mon_Iikelihoo_d model parameters. While glustering thg feature
itored the hand exact location at all times on the workspace.Vectors into clusters we had to consider the cyclic nature
The workspace was divided into a grid of 19 invisible hexago®f angles. Hence, angles such as 1 degree and 359 degrees
One of the hexagons was randomly selected to be the resShould be considered as close to one another. While com-
warded hexagon so that once the monkey moved the madputing the Gaus_sian density of a segment we have always
nipulandrum’s cursor into that hexagon, it received a juice cOmMputed the distance between the mean angle and the ob-
reward. After receiving the reward, the rewarded hexagon Served angle along the direction that yields a smaller dis-
was replaced by another hexagon until the next reward. Thistance. SmceT all the variances were found to be much smaller
process repeated itself several times. During the experi-than 360, this approximation makes sense.

ment, the manipulandrum angular position was transformed  As a result of the EM learning step, we obtained a MoG
into X-Y coordinate and was recorded at a rate of 100Hz. model composed of a large number of components. Given
We defined the movement period as a period of continuousthe MoG model, we labeled each of the segments to one
motion with a speed exceeding a threshold of 2 cm/sec. Theof the Gaussian component based on maximum-posterior
cursor’s position was monitored and traced so that the out-probability. The labels were used to estimate a Markov tran-
come looked like scribbled circles drawn one on top of the sition matrix. Note that alternatively we can utilize a Hid-
other. Figure 1 shows a typical example of a print of the den Markov Model (HMM) to estimate simultaneously both
trajectory of hand-location as a function of time. the Gaussian emission distributions of the segments and
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Fig. 2. Hand movement's tangential velocity as a function
of time. The green dots represent the time at which re-
ward was given. This graph depicts 23 seconds taken from
a much longer session.



the hidden Markovian structure. However, since the multi-
Gaussian emission distribution is much more dominant than
the Markovian transition probabilities, using HMM was re-
sulted with very similar parameter set. The pre-processing
step, therefore, transforms the hand-movement segments
into a large Markov transition matrix.
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Fig. 4. One of the clusters of markov-state, based on equal-
Fig. 3. The mutual-information (MI) score of the clustered time division. The hand-movements segments in each state

Markov process as a function of the number of clusters. The(Plotted in a box) were aligned according to the average
black circles indicate MI values based on equal-time divi- (center-of-mass) points. (a) The original data segmehys. (
sion features. The red circles indicate MI values as a func-A 'econstruction of the segment from the 10 angles.

tion of equal-distance division features.

such as position and size. These two properties were not
included as features throughout the process of grouping the
segments into states. As a result these two traits could dis-

Our next step is grouping the states of the Markovian pro- tinguish between different segments in a given cluster. A
cess into clusters. The clustering algorithm, described in small segment and a large segment may share one state; the
Section 3 was utilized for that task. Figure 3 presents the question is not the segment size, but rather, is there a resem
mutual-information (MI) clustering-quality scor&(yo; 1), blance between their sequences of features (angles).
as a function of the number of clusters. As can be seen, An empirical validation for our new defined clusters is
we obtained a “knee” typed curves that is, range of valuesthe kinship between the segments the belong to the same
at which a significant decrease in the Ml took place. We cluster. To observe the resemblance between a clustanghar
implemented the clustering algorithm upon those segmentssegments as opposed to the difference between none clus-
that were assigned to specific state based on equal time diter related segments, we computed the histograms of the
vision or based on equal length duration. As can be seen indistances. Figure 5a shows a histogram of the square dif-
Figure 3, the knee value, approximately 7, remained consis-ferences between all the segments from the same cluster,
tent over the two feature extraction methods. and Figure 5b shows a histogram of square differences be-
After observing a set of segments which were assignedtween segments from different clusters. The results confirm
to states and gathered into clusters, one can easily noticeur hypothesis; movement can be segmented into meaning-
the resemblance and the difference between them; Figure 4ul clusters of movement segments. This segmentation is
presents a single cluster (one of the seven clusters) @utain based on the segments’ formal features, on one hand, and
as aresults of clustering algorithm. Every sub plot, degdct  on probabilistic considerations on the other. Note that the
state derived from the MoG model. The segments are not allstate-clustering was based on just the markovian relation
alike though most of them have the same structure as can béetween states without any explicit information about the
expected when dealing with a Gaussian distribution. How- trajectory model associated with each state. In spite df tha
ever, there are some prominent differences between themas can be observed from both Figure 4 and Figure 5, the

5.2. Clustering Results



movement-trajectories related to states within a cluster a [2]
similar.

3
6. CONCLUSION ]

In this study we analyzed hand-movements. We have first [4]
utilized a parametric representation for each data-fragme
which was then used to group the segments according to the
shape. Next we applied the proposed clustering method to
form clusters of trajectories. This last step can be viewed
as a shift from a “phone” based representation towards a [6
more high-level “phoneme” based representation. The en-
tire model provides a generative description of the mon- [7]
key recorded drawings. On going work is focused on the
guestion whether these drawing primitives correspond to
different states of brain activity. The current results en- [8]
courage us to implement this fragmentation process over
the corresponding brain activity. A successful match be-
tween basic movement fragments and basic brain activity [9]
fragments may support the notion that each basic movement
fragment has its own corresponding brain activity fragment |1
Apart from the application discussed in this work, approxi-
mations of Markov-chains with large number of states arise
frequently in important applications such as text and speec
analysis. [11]

(5]

(12]

(13]

@ (b) o4

Fig. 5. (a) A squared differences histogram between seg-
ments within one cluster of Markov states (b) A squared dif-
ferences histogram between segments from different clus-
ters of states.

(15]

(17]
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