
Penalized Partial Least Squares with Appli
ations to B-SplinesTransformations and Fun
tional DataNi
ole Krämer∗ Anne-Laure Boulesteix †‡ Gerhard Tutz§Abstra
tWe propose a novel framework that 
ombines penalization with Partial Least Squares(PLS). Starting with a generalized additive model, we expand ea
h additive 
omponent interms of a generous amount of B-Splines basis fun
tions. In order to prevent over�tting,we estimate the model by applying a penalized version of PLS. This new method 
an be
omputed virtually as fast as PLS. Furthermore, we prove a 
lose 
onne
tion of penalizedPLS to pre
onditioned linear systems. The proposed approa
h is very general and 
an beapplied to other problems. In parti
ular, we show its bene�t for noisy fun
tional data.Keywords: generalized additive model, dimension redu
tion, nonlinear regression, 
onjugategradient, Krylov spa
esAMS 
lassi�
ation: 62J02 62G05 65F101 Introdu
tionThe problem of high dimensionality in statisti
al data analysis has been be ta
kled in manyways. Two generi
 strategies are (a) the redu
tion of the dimension of the data by sele
tingvariables or derived 
omponents and (b) the regularization of the estimation pro
ess by imposingpenalty terms that in
orporate additional knowledge about the data. In this paper, we proposea 
ombination of the dimension redu
tion te
hnique Partial Least Squares with a penalizationframework. Our motivation stems from two important appli
ations, namely the estimation ofgeneralized additive models and the regularization of fun
tional data.Nonlinear regression e�e
ts may be modeled via additive models of the form
Y = β0 + f1(X1) + · · · + fp(Xp) + ε . (1)where the fun
tions f1, . . . , fp have unspe
i�ed fun
tional form. An approa
h whi
h allows�exible representation of the fun
tions f1, . . . , fp is the expansion in basis fun
tions (Hastie andTibshirani, 1990). To prevent over�tting, there are two general approa
hes. In the �rst approa
h,ea
h fun
tion fj is the sum of only a small set of basis fun
tions,

fj(x) =

Kj∑

k=1

βkjBkj(x) . (2)The basis fun
tions Bkj are 
hosen adaptively by a sele
tion pro
edure. The se
ond approa
h(that is outlined in Se
tion 3) 
ir
umvents the problem of basis fun
tion sele
tion. Instead, we
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allow a generous amount Kj ≫ 1 of basis fun
tions in the expansion (2). As this usually leads tohigh-dimensional and highly 
orrelated data, we penalize the 
oe�
ients βjk in the estimationpro
ess (Eilers and Marx, 1996).Quite generally, a di�erent approa
h to deal with high dimensionality is to use dimension re-du
tion te
hniques su
h as Partial Least Squares (PLS) (Wold, 1975; Wold et al., 1984). Themain idea is to build a few 
omponents from the predi
tor variables and to regress y onto these
omponents. A short overview on PLS 
an be found in Se
tion 2. As a linear approa
h, PLSprobably fails to yield high predi
tion a

ura
y in the 
ase of nonlinear relationships betweenpredi
tors and responses as in (1). In order to in
orporate nonlinear stru
tures, it might beadvisable to transform the original predi
tors preliminarily to a PLS regression. This approa
hhas been proposed in two di�erent variants. The �rst method (Durand and Sabatier, 1997) isbased on a variant of PLS that is 
omputed via an iterative algorithm. This approa
h in
orpo-rates splines transformations of the predi
tors within ea
h iteration of the iterative algorithm.In 
ontrast, the method proposed by Durand (2001) is global. The predi
tors are �rst trans-formed using splines basis fun
tions as a preliminary step, then PLS regression is performedon the transformed data matrix. The 
hoi
e of the degree of the polynomial pie
es and of thenumber of knots is performed by an either as
ending or des
ending sear
h pro
edure that is notautomati
.For large numbers of variables, this sear
h pro
edure is 
omputationally infeasible and mightover�t the data. In the present arti
le, we suggest an alternative approa
h based on the penaltystrategy of Eilers and Marx (1996). As des
ribed in Se
tion 3, we transform the initial data ma-trix nonlinearly using B-splines basis fun
tions. Our new method, whi
h we 
all penalized PLS,is based on the following prin
iple. The equivalent of penalizing the (higher order) di�eren
es ofadja
ent B-splines 
oe�
ients is, in the framework of dimension redu
tion, the penalization of(higher order) di�eren
es of adja
ent weights.In Se
tion 4, we introdu
e an adaptation of the prin
iple of penalization to PLS. Although themotivation stems from its use for B-splines transformed data, the proposed approa
h is verygeneral and 
an be adapted to other penalty terms or to other dimension redu
tion te
hniquessu
h as Prin
ipal Components Analysis. It turns out that the new method shares a lot of prop-erties of PLS and that its 
omputation requires virtually no extra 
osts. We highlight the 
lose
onne
tion between penalized PLS and pre
onditioned linear systems. It is already known thatPLS is equivalent to the 
onjugate gradient method (Hestenes and Stiefel, 1952) applied to theset of normal equations asso
iated to a linear regression problem. We prove that penalized PLS
orresponds to a 
onjugate gradient method for a pre
onditioned set of normal equations, wherethe pre
onditioner depends on the penalty term. Furthermore, we show that this new te
hniqueis 
losely related to the so-
alled kernel tri
k. We prove that penalized PLS is equivalent to or-dinary PLS using a generalized inner produ
t that is de�ned by the penalty term. In Se
tion 5,we 
ondu
t a simulation study to establish an e�
ient model sele
tion strategy, and we 
omparePLS with the method proposed by Durand (2001).Next, we address regression problems for fun
tional data (Ramsay and Silverman, 1997). Wespeak of fun
tional data if the variables that we observe are (dis
rete observations of) 
urves. Inthis setting, it is often bene�
ial to regularize the estimation pro
ess by imposing smoothness
onditions, e.g. by penalizing the 
urvature of the fun
tions. In Se
tion 6, we apply penalizedPartial Least Squares to fun
tional data that is derived from near infrared spe
tros
opy. Inparti
ular, we illustrate that in the 
ase of noisy observations, penalized PLS leads to a lowerpredi
tion error 
ompared to PLS.In the rest of the paper, we restri
t ourselves to a univariate response. In Se
tion 7, we stressthat the extension of our method to a multivariate response is straightforward.
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2 Partial Least Squares RegressionLet us 
onsider the general linear regression problem. We want to predi
t a univariate responsevariable Y using p predi
tor variables X1, . . . ,Xp based on a �nite set
{(yi,xi) = (yi, xi1, . . . , xip) , i = 1, . . . , n}of observations. We set X = (x1, . . . ,xn)T ∈ R

n×p and y = (yi, . . . , yn) ∈ R
n. For simpli
ity ofnotation we require that both X and y are 
entered. If we assume that the relationship betweenpredi
tors and response is linear, this relationship 
an be represented in 
ompa
t form by

y = Xβ + ǫ . (3)Here, β is the p-dimensional ve
tor of regression 
oe�
ients and ǫ is the ve
tor of residuals.When n < p, the usual regression tools su
h as ordinary least squares (OLS) regression 
annotbe applied to estimate β sin
e the p× p 
ovarian
e matrix (1/n)XT X (whi
h has rank at most
n− 1) is singular. From a te
hni
al point of view, this may be solved by repla
ing the inverse ofthe 
ovarian
e matrix by a generalized inverse. However, for n < p, OLS usually �ts the trainingdata perfe
tly and one 
annot expe
t the method to perform well on a new data set. PartialLeast Squares (PLS) (Wold, 1975; Wold et al., 1984) is an alternative regression tool whi
h ismore appropriate in the 
ase of highly 
orrelated predi
tors and high-dimensional data. PLS isa standard tool for analyzing 
hemi
al data (Martens and Naes, 1989), and in re
ent years, thesu

ess of PLS has lead to appli
ations in other s
ienti�
 �elds su
h as physiology (Rosipal et al.,2003) or bioinformati
s (Boulesteix and Strimmer, 2007).The main idea of PLS is to build orthogonal 
omponents t1, . . . , tm from the original data Xand to use them as predi
tors in a least squares regression. There are di�erent PLS te
hniquesto extra
t these 
omponents, and ea
h of them gives rise to a di�erent variant of PLS. It is notour aim to explain all variants and we fo
us on two of them. An overview on di�erent forms ofPLS 
an be found in Rosipal and Krämer (2006). A 
omponent is a linear 
ombination of theoriginal predi
tors that hopefully re�e
ts the relevant stru
ture of the data. PLS is similar toPrin
ipal Components Regression (PCR). The di�eren
e is that PCR extra
ts 
omponents thatexplain the varian
e in the predi
tor variables whereas PLS extra
ts 
omponents that have a large
ovarian
e with y. We now formalize this 
on
ept. A latent 
omponent t is a linear 
ombination
t = Xw of the predi
tor variables. The ve
tor w is usually 
alled the weight ve
tor. We wantto �nd a 
omponent with maximal 
ovarian
e to y, that is, for the �rst 
omponent t1 = Xw1we maximize the empiri
al squared 
ovarian
e

w1 = argmax
w


ov2 (Xw,y)

wTw
= argmax

w

wTXT yyT Xw

wT w
. (4)The solution of (4) is unique up to a s
alar and equals w1 = XT y. The normalization of theweight ve
tors wi is not essential for the PLS algorithm and PLS algorithms di�er in the waythey s
ale the weight ve
tors and 
omponents. In this paper, we present all algorithms withoutthe s
aling of the ve
tors, in order to keep the notation as simple as possible.Subsequent 
omponents t2, t3, . . . are 
hosen su
h that they maximize (4) and that all 
om-ponents ti are mutually orthogonal. In PLS, there are di�erent te
hniques to extra
t subsequent
omponents, and ea
h te
hnique gives rise to a variant of PLS. We brie�y introdu
e two of them.In the method 
alled SIMPLS (de Jong, 1993), one 
omputes for the ith 
omponent,arg max

Xw⊥tj ,j<i

wTXT yyT Xw

wTw
.Alternatively, one 
an de�ate the original predi
tor variables X. That is, we only 
onsider thepart of X that is orthogonal onto all 
omponents tj, j < i. For any matrix V , let us denote by3



PV the orthogonal proje
tion onto the spa
e that is spanned by the 
olumns of V . In matrixnotation, we have PV = V
(
V T V

)+
V T . The de�ation of X with respe
t to the 
omponents

t1, . . . , ti−1 is de�ned as
Xi = X − Pt1,...,ti−1

X = Xi−1 − Pti−1
Xi−1 . (5)For the 
omputation of the ith 
omponent, X is repla
ed by Xi in (4). This method is 
alled theNIPALS algorithm (Wold, 1975). The two methods are equivalent if y is univariate in the sensethat we end up with the same 
omponents ti (de Jong, 1993). In this paper, we use the NIPALSalgorithm, that is summarized in algorithm 1. With T = (t1, . . . , tm) denoting the 
olle
tion ofAlgorithm 1 NIPALS algorithmInput: X1 = X, y, mfor i=1,. . . ,m do

wi = XT
i y (weight ve
tor)

ti = Xiwi (
omponent)
Xi+1 = Xi − Pti

Xi (de�ation)end for
omponents, the �tted response is given by
ŷm = T (T TT )−1T T y = PTy . (6)In order to obtain the response for new observations, we have to determine the ve
tor of regression
oe�
ients ŷm = Xβ̂m . This 
an be done e�
iently by exploiting the bidiagonality of the matrix

T TX (w1, . . . ,wm) (Manne, 1987). In Se
tion 4, we extend this result to penalized PLS andpresent an algorithm for the derivation of the regression 
oe�
ients of penalized PLS.3 Penalized Regression SplinesIn this se
tion, we motivate the utilization of penalization te
hniques in the 
ontext of nonlinearregression problems. In Se
tion 6, we dis
uss a related approa
h for fun
tional data.The �tting of generalized additive models by use of penalized regression splines has be
ome awidely used tool in statisti
s. Starting with the seminal paper by Eilers and Marx (1996), theapproa
h has been extended and applied in various publi
ations (Ruppert, 2002; Wood, 2000,2006). The basi
 
on
ept is to expand the additive 
omponent of ea
h variable Xj in basisfun
tions as in (2) and to estimate the 
oe�
ients by penalization te
hniques. As suggested inEilers and Marx (1996), B-splines are used as basis fun
tions yielding so-
alled P-splines (forpenalized B-splines). Splines are one-dimensional pie
ewise polynomial fun
tions. The points atwhi
h the pie
es are 
onne
ted are 
alled knots or breakpoints. We say that a spline is of order dif all polynomials are of degree ≤ d and if the spline is (d−1) times 
ontinuously di�erentiable atthe breakpoints. A parti
ular e�
ient set of basis fun
tions are B-splines (de Boor, 1978). Thenumber of basis fun
tions depends on the order of the splines and the number of breakpoints. Fora given variable Xj , we 
onsider a set of 
orresponding B-splines basis fun
tions B1j, . . . , BKj.These basis fun
tions de�ne a nonlinear map Φj(x) = (B1j(x), . . . , BKj(x))T . By performingsu
h a transformation on ea
h of the variables X1, . . . ,Xp, the observation ve
tor xi turns intoa ve
tor
zi = (B11(xi1), . . . , Bm1(xi1), . . . , B1p(xip), . . . , Bmp(xip))

T = Φ(xi) (7)of length pK. Here Φ is the fun
tion de�ned by the B-splines. The resulting data matrix obtainedby the transformation of X is denoted by Z in the rest of the paper. Cubi
 splines (i.e. d = 3)are the most widely used splines. 4



The estimation of (1) is transformed into the estimation of the pK-dimensional ve
tor that
onsists of the 
oe�
ients βjk:
βT = (β11, . . . , βK1, . . . β12, . . . , βKp) =

(
βT

(1), . . . ,β
T
(p)

)
.As explained above, the ve
tor β determines a nonlinear, additive fun
tion

f(x) = β0 +

p∑

j=1

fj(xj) = β0 +

p∑

j=1

K∑

k=1

βkjBkj(xj) = β0 + Φ(x)T β = β0 + zT β .As Z is usually high-dimensional, the estimation of β by minimizing the squared error usuallyleads to over�tting. Following Eilers and Marx (1996), we use for ea
h variable many basisfun
tions, say Kj ≈ 20, and estimate by penalization. The idea is to penalize the se
ondderivative of the fun
tion f . Eilers and Marx (1996) show that the following di�eren
e penaltyterm is a good approximation of the penalty on the se
ond derivative of f ,
P (β) =

p∑

j=1

m∑

k=3

λj(∆
2βkj)

2 .These are also 
alled the se
ond-order di�eren
es of adja
ent parameters. The di�eren
e operator
∆2βkj has the form

∆2βkj = (βkj − βk−1,j) − (βk−1,j − βk−2,j) = βkj − 2βk−1,j + βk−2,j.The 
oe�
ients λj ≥ 0 
ontrol the amount of penalization. This penalty term 
an be expressedin terms of a penalty matrix P . We denote by DK the (K − 1) × K matrix
DK =




1 −1 . . .
. 1 −1 . .
. . . . .
. . . 1 −1


 (8)that de�nes the �rst order di�eren
e operator. Setting K2 = (DK−1DK)T DK−1DK , we 
on-
lude that the penalty term equals

P (β) =

p∑

j=1

λjβ
T
(j)K2β(j) = βT (∆λ ⊗ K2)β = βT P β . (9)Here ∆λ is the p × p diagonal matrix 
ontaining λ1, . . . , λp on its diagonal and ⊗ isthe Krone
ker produ
t. The generalization of this method to higher-order di�eren
es ofthe 
oe�
ients of adja
ent B-splines is straightforward. We simply repla
e K2 by Kq =

(DK−q+1 . . . DK)T (DK−q+1 . . . DK) . Note furthermore that P is a symmetri
 matrix that ispositive semide�nite.4 Penalized Partial Least Squares RegressionWe now introdu
e a general framework to 
ombine PLS with penalization terms. We remarkthat this is not limited to spline transformed variables or to the spe
ial shape of the penaltymatrix P that is de�ned in (9). For this reason, we present the new method in terms of theoriginal data matrix X and only demand that P is a symmetri
 positive semide�nite matrix.5



4.1 The AlgorithmWe modify the optimization 
riterion (4) of PLS in the following way. The �rst 
omponent
t1 = Xw1 is de�ned by the solution of the problemargmax

w

wTXT yyT Xw

wTw + wTP w
. (10)We obtain w1 = MXT y with M = (Ip + P )−1 . Subsequent weight ve
tors and 
omponentsare 
omputed by de�ating X as des
ribed in (5) and then maximizing (10) with X repla
edby Xi. In parti
ular, we 
an 
ompute the weight ve
tors and 
omponents of penalized PLS bysimply repla
ing wi = XT

i y by wi = MXT
i y in algorithm 1. Below, we derive an e�
ientalgorithm for the 
omputation of the regression 
oe�
ients of penalized PLS. Alternatively. we
an adapt the SIMPLS algorithm by maximizing (10) under the orthogonality 
onstraints onthe 
omponents tj. We explain at the end of the next subse
tion that these two methods areequivalent.In Figure 1, we give a geometri
 intuition of penalized PLS. We 
onsider a linear regressionmodel (3) with two 
orrelated predi
tors. This is a
hieved by drawing 60 observations xi froma multivariate normal distribution

X = (X1,X2)
T ∼ N

((
0
0

)
,

(
1 −0.8

−0.8 1

))
.

PCA

Penalized PLS

PLS

Figure 1: Comparison of the �rst latent 
omponents of PCA (dotted line), PLS (straight line)and penalized PLS (dashed line).The true regression ve
tor is β = (1, 0.5)T and the varian
e of the noise term is set to 0.5.The observations x1, . . . ,x60 are plotted in Figure 1. The �rst PCA 
omponent (dotted line)
orresponds to the subspa
e of maximal varian
e in X. As the PLS 
omponent (straight line)maximizes the 
ovarian
e between X and y, it shifts the PCA 
omponents to dire
tions thatalso explain the response y. Now suppose that we want to penalize the di�eren
e β1 − β2 of the
oe�
ients of the regression ve
tor. This 
orresponds to the penalty matrix
P =

(
1 −1

−1 1

)
.As the penalty term βtP β is zero for β1 = β2, the �rst penalized PLS 
omponent (dashed line)shifts the PLS 
omponent to the dire
tion de�ned by β1 = β2. The higher the value of λ in the6



penalty term λβtP β, the 
loser is the penalized PLS 
omponent to this line.We now present results on penalized PLS that allow us to 
ompute its regression ve
tors e�-
iently. Note that all results on penalized PLS also hold for ordinary PLS if we 
hoose P = 0.Let
T = (t1, . . . , tm) and W = (w1, . . . ,wm)denote the matri
es of 
omponents and weight ve
tors respe
tively.Proposition 1. The matrix

(Rm =)R = T T X Wis upper bidiagonal, that is rij = tT
i Xwj = 0 if i < j or i + 1 > j. The matrix R is invertible.Furthermore, setting D̃ = diag(1/‖t1‖, . . . , 1/‖tm‖), we have
XW =

(
T D̃

)(
D̃R

)
. (11)In parti
ular, the 
olumns of T and the 
olumns of XW span the same spa
e.This is an extension of a result for ordinary PLS that 
an be found e.g. in Manne (1987).Note that (11) is in fa
t the QR-de
omposition of XW .Corollary 2. The Penalized PLS regression ve
tor obtained after m steps is

β̂m = WR−1T Ty .Proof. We dedu
e from (11) that T D̃ = (XW ) R−1D̃−1 . Using the orthormality of the 
olumnsof T D̃, we have
ŷm = P

T eDy =
(
T D̃

)(
T D̃

)T

y = XW
(
D̃R

)−1
D̃T T Ty = XWR−1T Tywhi
h 
on
ludes the proof.This result is bene�
ial for two reasons. First, the inverse of R 
an be 
omputed very fastas the matrix is bidiagonal. Se
ond, for all PLS 
omponents i ≤ m the inverse of Ri is simplythe submatrix of the inverse of Rm that 
onstitutes of the �rst i rows and 
olumns. Combiningthis result with the PLS algorithm 1, we obtain the penalized PLS algorithm 2.Algorithm 2 Penalized PLS algorithmInput: X1 = X, y, m, P

M = (Ip + P )−1for i=1,. . . ,m do
wi = MXT

i y (weight ve
tor)
ti = Xiwi (
omponent)
Xi+1 = Xi − Pti

Xi (de�ation)end for
L =

(
T TXW

)−1 (inverse of Rm)for i=1,. . . ,m do
Li (�rst i rows and 
olumns of L)
β̂i = (w1, . . . ,wi) Li (t1, . . . , ti)

T
y (regression ve
tor)end forWe now illustrate the in�uen
e of the penalty term and the number of 
omponents on a smallexample with only one predi
tor. The BOD (bio
hemi
al oxygen demand) data set (Marske,1967) 
onsists of six measurements. The predi
tor value is the time of measurement, the re-sponse variable is the bio
hemi
al oxygen demand. This data set is part of the R software (R7



Development Core Team, 2005). We �x the number of knots to 25 and 
hoose 
ubi
 splines,i.e. d = 3. More information on the 
hoi
e of these parameters 
an be found in Se
tion 5.In Figure 2 we plot the �tted fun
tions obtained from penalized PLS for di�erent number of
omponents (from left to right: 1, 2, 3) and di�erent values of the smoothing parameter λ (fromtop to bottom: λ = 2000; 20; 0). If we 
ompare the results for di�erent values of λ (i.e. from
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Figure 2: Penalized PLS for di�erent numbers of 
omponents (from left to right: 1; 2; 3) anddi�erent values of the smoothing parameter λ (from top to bottom: 2000; 20; 0).top to bottom) we see that the penalty term indeed 
ontrols the the 
urvature of the fun
tions.Moreover, the number of PLS 
omponents also 
ontrols the smoothness of the estimated fun
-tions. For small values of m, the obtained fun
tions are very smooth. For higher values of m,they adapt themselves more and more to the data, whi
h leads to over�tting. To summarize, thetwo model parameters in�uen
e the shape of the fun
tions in opposite dire
tions. High values of
λ and low values of m lead to smooth fun
tions.4.2 Partial Least Squares and Krylov Subspa
esIt is well-known that PLS is 
losely 
onne
ted to Krylov subspa
es and 
onjugate gradientmethods. Quite generally, linear regression problems 
an be transformed into algebrai
 problemsin the following way. The OLS estimator is the solution of the minimization problem

min
β

‖y − Xβ‖2 . (12)This is equivalent to �nding the solution of the asso
iated normal equation
Aβ = b (13)with b = XT y and A = XT X . If the matrix A is invertible, the solution of the normal equationsis the OLS estimator β̂ = A−1b. If A is singular, the solution of (13) with minimal Eu
lideannorm is A+b. We already mentioned in Se
tion 2 that in the 
ase of high dimensional data, thematrix A is often (almost) singular and that the OLS estimator performs poorly on new data sets.A popular strategy is to regularize the least squares 
riterion (12) in the hope of improving the8



performan
e of the estimator. This often 
orresponds to �nding approximate solutions of (13).For example, Ridge Regression 
orresponds to the solution of the modi�ed normal equations
(A + λIp) β = b . Here λ > 0 is the Ridge parameter. Prin
ipal Components Regression usesthe eigen de
omposition of A and approximates A+ and b via the �rst m eigenve
tors of A.It 
an be shown that the PLS estimators are equal to the approximate solutions of the
onjugate gradient method (Hestenes and Stiefel, 1952). This is a pro
edure that iteratively
omputes approximate solutions of (13) by minimizing the quadrati
 fun
tion

φ(β) =
1

2
βT Aβ − βT b =

1

2
〈β,Aβ〉 − 〈β, b〉 (14)along dire
tions that are A-orthogonal. The approximate solution obtained after m steps isequal to the PLS estimator obtained after m iterations. The 
onjugate gradient algorithm is inturn 
losely related to Krylov subspa
es and the Lan
zos algorithm (Lan
zos, 1950). The latteris a method for approximating eigenvalues. The 
onne
tion between PLS and these methods iswell-elaborated in Phatak and de Hoog (2003).We now establish a similar 
onne
tion between penalized PLS and the above mentionedmethods. Set AM = MA and bM = Mb . Re
all that M is a symmetri
 and positive de�nitematrix that is determined by the penalty term P . We now illustrate that penalized PLS �ndsapproximate solutions of the pre
onditioned normal equation

AMβ = bM . (15)Let us denote the spa
e spanned by the sequen
e bM,AMbM , . . . ,Am−1
M

bM as the Krylov spa
e
Km of AM and bM .Lemma 3. The spa
e spanned by the weight ve
tors w1, . . . ,wm of penalized PLS equals Km.This is the generalization of a result for ordinary PLS. Note that it follows from lemma 3 andthe fa
t that T and XW span the same spa
e that the penalized PLS estimator is the solutionof the optimization problem (12) with the 
onstraint β ∈ Km.We now present the 
onjugate gradient method for the equation

AMβ = bM . (16)The Conjugate gradient method is normally applied if the involved matrix is symmetri
. Notethat in general, the matrix AM is not symmetri
 with respe
t to the 
anoni
al inner produ
t,but with respe
t to the inner produ
t 〈x, x̃〉M−1 = xT M−1x̃ de�ned by M−1. We 
an rewritethe quadrati
 fun
tion φ de�ned in (14) as
φ(β) =

1

2
〈β,AMβ〉

M−1 − 〈β, bM〉
M−1 .We repla
e the 
anoni
al inner produ
t by the inner produ
t de�ned by M−1 and minimize thisfun
tion iteratively along dire
tions that are AM-orthogonal.We start with an initial guess β0 = 0 and de�ne d0 = r0 = bM − AMβ0 = bM. Thequantity dm is the sear
h dire
tion and rm is the residual. For a given dire
tion dm, we have todetermine the optimal step size, that is we have to �nd

am = argmin
a

φ (βm + adm) .It is straightforward to 
he
k that
am =

〈dm, rm〉
M−1

〈dm,AMdm〉
M−1

.9



The new approximate solution is then
βm+1 = βm + amdm . (17)After updating the residuals via
rm+1 = bM − AMβm+1,we de�ne a new sear
h dire
tion dm+1 that is AM -orthogonal to the previous sear
h dire
tions.This is ensured by proje
ting the residual rm onto the spa
e that is AM-orthogonal to d0, . . . ,dm.We obtain

dm+1 = rm+1 −
m∑

i=0

〈rm+1,AMdi〉M−1

〈di,AMdi〉M−1

di .Theorem 4. The penalized PLS algorithm is equal to the 
onjugate gradient algorithm for thepre
onditioned system (15), that is βm de�ned in (refeq:
gbeta) equals the penalized PLS estimator
β̂m.The presentation of the 
onjugate gradient method above and the proof of its equivalen
e topenalized PLS are an extension of the 
orresponding results for PLS that is given in Phatak andde Hoog (2003).We 
on
lude this subse
tion by �rst remarking that the 
orresponden
e between penalizedPLS and approximate solutions of the pre
onditioned equations (16) implies that after at most
p iterations, the penalized PLS estimator equals A+

M
bM. We 
on
lude that if the matrix A isof full rank, the penalized PLS estimator equals the OLS estimator after at most p iterations.Furthermore, it is straightforward to show (via indu
tion) that the 
omponents that arede�ned by the penalized SIMPLS algorithm span XKm = span {t1, . . . , tm}. The last equalityfollows from proposition 1 and lemma 3. Hen
e we 
on
lude that that also the penalized versionsof NIPALS and SIMPLS are equivalent.4.3 Kernel Penalized Partial Least SquaresThe 
omputation of the penalized PLS estimator as presented in algorithm 2 involves matri
esand ve
tors of dimension p × p and p respe
tively. If the number of predi
tors p is very large,this leads to high 
omputational 
osts. In this subse
tion, we show that we 
an represent thisalgorithm in terms of a so-
alled kernel matrix (of dimension n × n) and y.To illustrate the 
on
ept of kernel based methods, let us 
onsider the 
ase of ordinary PLSon B-Splines transformed variables. Re
all that in (7), we transform the original data X using anonlinear fun
tion Φ de�ned by the B-Splines. The key observation (Rännar et al., 1994; Rosipaland Trejo, 2001) is that the PLS algorithm 
an be represented in su
h a way that it only relies oninner produ
ts between observations and not on the observations themselves. This implies thatwe do not need to map the data points expli
itly using the fun
tion Φ. It su�
es to 
omputethe fun
tion k(x, x̃) = 〈Φ(x),Φ(x̃)〉 .The fun
tion k is 
alled a kernel, and the repla
ement of the usual inner produ
t by a kernelis known as the kernel tri
k. Instead of de�ning a nonlinear map Φ, we de�ne a valid kernelfun
tion k(x, z). E.g., nonlinear relationships 
an be modeled via Gaussian kernels

kd(x, x̃) = e−
‖x−ex‖2

σ2 , σ > 0 .Literature on the kernel tri
k and its appli
ations is abundant. A detailed treatise of the subje
t
an be found in S
hölkopf and Smola (2002). A nonlinear version of PLS using the kernel tri
kis presented in Rosipal and Trejo (2001).Let us return to penalized Partial Least Squares. We de�ne the n × n matrix KM =
(〈xi,xj〉M) = XMXT . The key is to �nd a representation β̂m = MXT α̂m of the regressionve
tor in terms of kernel 
oe�
ients α̂m. 10



We start with the remark that wi = MXT ui with ui = y − ŷi de�ned as the residuals inea
h step. Furthermore, it follows from the bidiagonality of R that
ti = Xiwi =

(
In − Pti−1

)
Xwi =

(
In − Pti−1

)
KMui .Finally, we have R = T TXW = T TKMU with U = (u1, . . . ,um). We 
an now derivealgorithm 3 for the kernel 
oe�
ients.Algorithm 3 Kernel Penalized PLS algorithmInput: X1 = X, y, m, P

M = (Ip + P )−1, KM = XMXT , ŷ0 = t0 = 0for i=1,. . . ,m do
ui = y − ŷi−1 (residuals)
ti =

(
In − Pti−1

)
KMui (
omponent)

ŷi = ŷi−1 + Pti
y (�tted values)end for

L =
(
T TKMU

)−1 (inverse of Rm)for i=1,. . . ,m do
Li = �rst i rows and 
olumns of Lm

α̂i = (u1, . . . ,ui) Li (t1, . . . , ti)
T

y (kernel 
oe�
ients)end forThe kernel algorithm reveals that penalized PLS itself is 
losely 
onne
ted to the kernel tri
kas well. More pre
isely, penalized PLS equals ordinary PLS with the 
anoni
al inner produ
trepla
ed by the inner produ
t 〈x,z〉M = xT Mz . This fun
tion is 
alled a linear kernel. Whyis this a sensible inner produ
t? Let us 
onsider the eigen de
omposition of the penalty matrix,
P = SΘST . We prefer dire
tion s su
h that sT P s is small, that is we prefer dire
tions thatare de�ned by eigenve
tors si of P with a small 
orresponding eigenvalue θi. If we represent theve
tors x = Sx̃ and z = Sz̃ in terms of the eigenve
tors of P , we 
on
lude that

〈x,z〉M = x̃T (Ip + Θ)−1
z̃ =

p∑

i=1

1

1 + θi

x̃iz̃i .This implies that dire
tions si with a small eigenvalue θi re
eive a higher weighting than dire
tionswith a large eigenvalue.5 Model Sele
tion and Performan
eOur proposed method depends on several model parameters that have to be sele
ted. If we
onsider the most general setting, there are three parameters for ea
h variable (number of knots,degree of the splines and the smoothness penalty) and one global parameter (the number of PLS
omponents). This yields 3p + 1 model parameters. Optimizing this huge amount of parameterswithout any restri
tion is not only 
omputationally infeasible, it for sure leads to over�tting. Forthis reason, we �rst redu
e the 
omplexity by imposing that the number of knots, the degreeof smoothness and the smoothness parameters are the same for ea
h variable. Still, this leavesus with four parameters to tune. In this se
tion, we 
ondu
t simulation studies to explore thebehavior of the di�erent parameters. It turns out that it is su�
ient to �x the degree of thesplines and the numbers of knots and only optimize with respe
t to the number of 
omponentsand the global penalty term.The setting of the simulation study is as follows. The number of variables is p = 20, thenumber of training examples is n = 50. The input data X is drawn from a multivariate uniform11



distribution, i.e. Xi ∼ U [−1, 1]. We 
onsider the regression model
Y =

5∑

j=1

fj(Xj)

︸ ︷︷ ︸
=F (X)

+ǫ,where ǫ ∼ N (0, σ2) is an error whi
h is independent of X1, . . . ,Xp and fj(x) = ajx + sin(6bjx) .For every simulation round, we draw aj and bj from a uniform distribution aj, bj ∼ U [−1, 1].Note that the remaining 20 − 5 = 15 variables X6, . . . ,X20 are irrelevant for predi
tion. Theamount of noise is determined by setting the signal-to-noise ratio to var(F (X))/σ2 = 162 . Wenow explore the behavior of penalized PLS if 
ertain model parameters are �xed. We generatetraining data and 
ompute the optimal penalized PLS model (i.e. the optimal 
ombination of λand m) using 10fold 
ross-validation. The performan
e of the 
hosen model is then assessed ona test set of size 200. This pro
edure is repeated 30 times.We �rst �x the degrees of the splines to d = 3, whi
h leads to the widely used 
ubi
 splines. We
ompare the performan
e of penalized PLS for di�erent numbers of knots 10, 15, 20, 25, 30, 35, 40 .The boxplot of the test errors are displayed in Figure 3. The test error is slightly higher if onlya few knots are in
luded in the model. For large number of knots, the 
urve of median testerrors stays �at. In parti
ular, allowing a generous amount of knots does not lead to over�tting.This behavior might be explained by the fa
t that the smoothness penalty λ 
ompensates forthe irregularity of the fun
tions fj that is introdu
ed by the number of knots.Taking into a

ount these results, we now �x the number of knots to 25 and and vary thedegree of the splines by 
onsidering d = 1, 2, 3, 4, 5, 6 . The boxplot of the test errors is displayedin Figure 3. Again, the test errors is slightly higher for low values of the model parameter and
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Figure 3: Test error of penalized PLS for di�erent parameter settings. Left: Test error fordi�erent number of knots. Right: Test error for di�erent degrees of the splines.does not in
rease for higher values.The experiments on the simulated data indi
ates that it is not ne
essary to vary all 4 modelparameters. For this reason, we suggest to �x the number of knots to a high value, say 25 and�x the degrees of the splines to the default value of d = 3.As indi
ated in the introdu
tion, the approa
h by Durand (2001) also applies Partial LeastSquares to B-splines transformed data. But instead or regularizing the PLS solution via penal-ization te
hniques, Durand (2001) vary the degrees of the splines and the numbers of knots. Asthere is no hint to a model sele
tion strategy (and optimizing all of these parameters simultane-ously is not feasible), we again impose that the degree and the number of knots is equal for allvariables. This yields 3 model parameters, degree of the splines, number of knots and number ofPLS 
omponents. 12



We now 
ompare this approa
h to penalized PLS on the simulated data that is des
ribedabove. The mean test errors and their standard deviations are 1.900 ± 0.614 for penalized PLS
2.152 ± 0.722 for Durand's approa
h. Furthermore, we 
ondu
t a Wil
oxon rank sum test withthe alternative hypothesis that the test error of penalized PLS is lower. The 
orresponding
p-value is 0.083.We remark that � apart from its lower test error in the simulation study � penalized PLSis also more e�
ient in terms of model sele
tion. In Durand's approa
h, the transformation (7)has to be 
omputed for all possible values of d and K separately, whereas for penalized PLS, thetransformation is only performed on
e.6 Appli
ation to Fun
tional DataIn this se
tion, we extend the framework of penalized PLS to fun
tional data (Ramsay andSilverman, 1997). In a nutshell, we speak of fun
tional data if the variables that we observe aredis
rete observations of 
urves. Although a more general setting is possible, we fo
us on the 
asethat only the predi
tor variables X1, . . . ,Xp are measurements of 
urves x : T → R at di�erentpoints t1 < . . . < tp in the interval T . This implies that the observations xi are of the form

xi = (xi(t1), . . . , xi(tp))
T . (18)The 
orresponding linear regression model for fun
tional data is given by

Yi = β0 +

∫

T

β(t)xi(t)dt + εiwith β : T → R. We 
an transform this into a multivariate regression problem by estimating β(t)at the dis
rete points t1, . . . , tp, i.e. we estimate β = (β(t1), . . . , β(tp))
T . As this leads to a high-dimensional regression problem, the least squares 
riterion is regularized by imposing a roughnesspenalty on β(t). Typi
ally, the 
urvature of the fun
tion β is penalized. This penalty term 
anbe approximated in terms of β by 
omputing the se
ond order di�eren
es of the 
oe�
ients. Forequidistant points t1, . . . , tp, we yield

P (β) ≈ βT (Dp−2Dp−1)
T (Dp−2Dp−1)β = βT P β .The matrix DK is de�ned in (8). The extension to non-equidistant measurements or to di�er-en
es of higher orders is straightforward. This penalization strategy is parti
ularly bene�
ial ifthe observations (18) of the 
urves are noisy or if the dis
rete observations are not measured atequidistant points.We now dis
uss the appli
ation of penalized PLS to fun
tional data. In fa
t, a 
ombination ofPLS with penalty terms was �rst proposed in Goutis and Fearn (1996) for data derived fromnear infrared (NIR) spe
tros
opy. More pre
isely, they suggest to in
orporate an additive penalty

wTXT yyT Xw−wTP w . Here, P penalizes the 
urvature of w. The solution is the �rst eigen-ve
tor of the matrix XT yyT X − P . Compared to our approa
h, this is 
omputationally lesse�
ient, moreover, it is � to our knowledge � not possible to apply the kernel tri
k. Goutis andFearn (1996) report that in experiments, the in
orporation of a penalty term does not in
reasethe performan
e of PLS on spe
tral data. We 
onje
ture that this originates from the fa
t thatNIR data is typi
ally measured at equidistant points and that the measurements are typi
allysmooth. In this se
tion, we illustrate that if these 
onditions do not hold, penalized PLS leadsto 
onsiderably better predi
tions than PLS.The following example is taken from Osborne et al. (1994). The data 
an be downloaded fromhttp://www.stat.tamu.edu/~mvannu

i/webpages/
odes.html. The data 
onsists of a train-ing set of size 39 and a test set of size 31. The task is to predi
t with high a

ura
y the amount offat in bis
uit dough. As the dire
t measurement of fat is 
ostly and time-
onsuming, NIR (near13



infra red) spe
tros
opy is used instead. For ea
h of the n = 39 + 31 = 70 observations of bis
uitdough, the amount of fat and the re�e
tan
e of NIR light for di�erent wavelengths is measured.In this example, p = 700 equidistant wavelengths in the range from 1100 to 2398 nanometersare used. For ea
h example, we obtain a fun
tion of the re�e
tan
e, whi
h is 
alled a spe
trum.The task is to predi
t the amount of fat of a new sample after observing its spe
trum. Instead of
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Figure 4: NIR spe
trum of bis
uit dough and its derivatives. Left: Original spe
trum. Center:First derivative. Right: Se
ond derivative.predi
ting the amount of fat based on the spe
trum itself, it is also 
ommon to 
onsider (dis
reteapproximations of the) derivatives of the spe
trum. In Figure 4, we plot the spe
trum and its�rst and se
ond derivative for one of the 70 observations. While the spe
trum itself is smooth,the approximate derivatives are not. We now show that in the 
ase of non-smooth spe
tra,penalized PLS outperforms PLS.First, we derive two data sets from the original data X by 
omputing the dis
retized �rst andse
ond derivative using the di�eren
e operator (8), i.e. we transform X via X ′ =
(
D700X

T
)Tand X ′′ =

(
D699(X

′)T
)T respe
tively. We then 
ompare PLS and penalized PLS on these threedata sets. We randomly split the whole data set into a training set of size 39 and a test set of size

31. On the training set, we derive the optimal model parameters for PLS and penalized PLS via10fold 
ross-validation. We then measure the performan
e of the two methods on the test set.This pro
edure is repeated 30 times. Table 1 displays the mean test error and their standarddeviations. Again, we 
ondu
t a Wil
oxon rank sum test to test the alternative hypothesis thatthe test error of penalized PLS is lower than the test error of PLS. The p-values 
an also befound in Table 1. Table 1: Test error for the bis
uit dough data set.original data 1st derivative 2nd derivativePLS 0.181 ± 0.073 0.349 ± 0.103 3.319 ± 0.803penalized PLS 0.208 ± 0.126 0.161 ± 0.041 0.243 ± 0.077p-value 0.5484 3.685e-09 7.254e-12The lowest test error is a
hieved on the �rst derivative of the data, i.e. in this example, thelinear transformation X → X ′ indeed improves the performan
e. More importantly, penalizedPLS leads to a signi�
antly lower test set 
ompared to PLS on the two data sets X ′ and X ′′that 
orrespond to non smooth spe
tra.
14



7 Con
luding RemarksIn this work, we proposed an extension of Partial Least Squares Regression using penalizationte
hniques. Apart from its 
omputational e�
ien
y (it is virtually as fast as PLS), it also shares alot of mathemati
al properties of PLS. Furthermore, a representation in terms of kernel matri
esprovides an intuitive geometri
 interpretation of the penalty term. Experiments on simulateddata and real world data show that e�
ient model sele
tion in possible and that penalized PLSis parti
ularly su

essful for non smooth and noisy observations.The introdu
tion of a penalty term 
an easily be adapted to other dimension redu
tionte
hniques. For example for Prin
ipal Components Analysis, the penalized optimization 
riterionis
max

w

var(Xw)

wTw + wTP w
.PLS 
an handle multivariate responses Y . The natural extension of 
riterion (4) is

max
w

‖
ov(Xw,Y )‖2

wTw
= max

w

wTXT Y Y T Xw

wTw
.The solution is the eigenve
tor of the matrix XT Y Y T X that 
orresponds to its largest eigen-value. If we want to apply penalized PLS for multivariate responses, we 
ompute

max
w

wTXT Y Y T Xw

wTw + wTP w
.The solution ful�lls

XT Y Y T Xw = γ (Ip + P )w, γ ∈ R .This is 
alled a generalized eigenvalue problem or a matrix pen
il. Note that for multivariate
Y , the equivalen
e of SIMPLS and NIPALS does not hold, so we expe
t the penalized versionsof these methods to be di�erent as well. There are kernel versions for PLS with multivariate Y(Rännar et al., 1994; Rosipal and Trejo, 2001), hen
e we 
an also represent multivariate penalizedPLS in terms of kernel matri
es.A
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all that for k < i

Xi =

i−1∏

j=k

(
In − Ptj

)
Xk =

(
In − Ptk,...,ti−1

)
Xk (19)The last equality follows from the fa
t that the 
omponents ti are mutually orthogonal. Inparti
ular, we obtain

Xi =
(
In − Pt1,...,ti−1

)
X . (20)We �rst proof a weaker version of proposition 1.Lemma 5. The matrix R de�ned in proposition 1 is upper triangular and invertible. Further-more, the 
olumns of T and the 
olumns of XW span the same spa
e.Proof. First note that (20) is equivalent to X = Xj + Pt1,...,tj−1

X . It follows that
Xwj = Xjwj + Pt1,...,tj−1

X wj = tj +

j−1∑

i=1

tT
i Xwj

tT
i ti

ti . (21)As all 
omponents ti are mutually orthogonal, tT
i Xwj = 0 for i > j and tT

i Xwi = tT
i ti 6= 0.We 
on
lude that R is an upper triangular matrix with all diagonal elements 6= 0. Furthermore,it follows from (21) that all ve
tors Xwj are linear 
ombinations of the 
omponents t1, . . . , tj .This implies that the 
olumns of XW and the 
olumns of T span the same spa
e.Now note that the 
ondition i > j implies Xiwj = Xjwj − Pt1,...,ti−1

Xjwj = tj − tj = 0 .From this we 
an 
on
lude dire
tly that the weight ve
tors of penalized PLS are mutually M−1-orthogonal. This follows as for i > j

〈wi,wj〉M−1 =
〈
MXT

i y,wj

〉
M−1

= yT XiMM−1wj = yT Xiwj = yT
0 = 0 . (22)Proof of lemma 3. We use indu
tion. For m = 1, w1 = bM . For a �xed m > 1, we 
on
ludefrom the indu
tion hypothesis and lemma 5 that every ve
tor s ∈ span {t1, . . . , tm} is of the form

s = Xv with v ∈ Km. We 
on
lude that
wm+1 = MXT

m+1y = MXT y − MXTPt1,...,tmy = bM − MXT Xs = bM − AMs ∈ Km .
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Proof of proposition 1. It follows from lemma 3 and the fa
t that T and XW span the samespa
e that ti ∈ XKm. We 
an 
on
lude that
MXtti ∈ MXtXKi = AMKi ⊂ Ki+1 = span {w1, . . . ,wi+1} .In parti
ular,

MXtti =
i+1∑

k=1

αkwk . (23)Now re
all (22). We 
on
lude that for j > i + 1

tt
iXwj = 〈MXtti,wj〉M−1

(23)
= 〈

i+1∑

k=1

αkwk,wj〉M−1

(22)
=

i+1∑

k=1

αk0 = 0Finally, (11) is equivalent to (21).Proof of theorem 4. First note that it 
an be shown via indu
tion that span {d0, . . . ,dm−1} =
Km . Next, we have

βm =

m−1∑

i=0

〈di, bM〉
M−1

〈di,AMdi〉M−1

di . (24)This 
orresponds to the iterative de�nition of βm. We only have to show that 〈di, ri〉M−1 =
〈di, bM〉

M−1 . Note that
ri = bM −

i−1∑

j=0

ajAMdj .As di is AM-orthogonal onto all dire
tions dj , j < i, (24) holds. Now, as T and XW span thesame spa
e, we havê
ym = PXWy = XW

(
W T XT XW

)−1
W T XT y = Xβ̂m .Finally, as the sear
h dire
tions di span the Krylov spa
e Km, we 
an repla
e the matrix W inthis equation by D = (d0, . . . ,dm−1). As the sear
h dire
tions are AM-orthogonal, we have

β̂m = D
(
DT AD

)−1
DT b = D

(
DT M−1AMD

)−1
DT M−1bM =

m−1∑

i=0

〈di, bM〉
M−1

〈di,AMdi〉M−1

diand this equals (24).
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