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Abstract

For undiscounted reinforcement learning we consider the total regret of a learning algorithm
in respect to an optimal policy. We present a reinforcement learning algorithm with total regret

O(DS\/ AT) after T' steps for any unknown Markov decision process (MDP) with S states,

A actions per state, and diameter D. The diameter of an MDP is at most D if for any pair
of states s1,s2 there is a policy which moves from s; to sy in at most D steps (on average).
Our upper bound holds with high probability and it can be converted into a logarithmic regret
bound, if a fixed difference between the average reward of the optimal policy and the second
optimal policy is assumed.

We also present a corresponding lower bound €2 (\/ DSAT ) on the worst case total regret of

any learning algorithm.
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1 Introduction

In a Markov decision process (MDP) M with finite state space S and finite action space A, a learner
in state s € S needs to choose an action a € A. When executing action a in state s, he receives a
random reward r according to a distribution ¢(r|s,a) on [0, 1]. Further, according to the transition
probabilities p (s'|s, a), he will observe a random transition to a state s’ € S.

Reinforcement learning of MDPs is considered as a standard model for learning with delayed
feedback. In contrast to most work on reinforcement learning — where the performance of the
learned policy is considered [12, 7| — we are interested in the performance of the learning algorithm
during learning. For that, we compare the rewards collected by the algorithm during learning with
the rewards of an optimal policy.

In this paper we will consider undiscounted rewards. The accumulated reward of an algorithm
A after T steps in an MDP M is defined as

T
R(M,2A,s,T) := Z T,
t=1

where s is the initial state and r; are the rewards received during the execution of algorithm 2. The
average reward

1
p(M, 2, s) == lim TE[R(M,Q[,S,T)]

T—o00

can be maximized by an appropriate stationary policy m : S — A which defines an optimal action
for each state [9].

We will consider only MDPs with finite diameter D, where D is the minimal average time to
move from any state s; to any other state s, using appropriate policies. Let T'(so|M, 7, s1) be the
first (random) time, that state s is reached when policy 7 is executed on MDP M with initial state
s1. Then the diameter is given by

M) = in IB[T(so| M :
D)= s i, I (2 Mo o)

A finite diameter seems necessary for interesting regret bounds, since otherwise some parts of the
MDP might not be reachable.!
For MDPs with finite diameter the optimal average reward p* does not depend on the initial
state (cf. |9]), and we set
p (M) :=p*(M,s) := m;rixp(M,ﬂ, s).

The optimal average reward is the natural benchmark for a learning algorithm 2(, and we define the
total regret after time T as

A(M, A, s,T) :=Tp" (M) — R(M,2,s,T).

(It can be shown that maxy E[R(M,%,s,T)] = Tp*(M) + O(D(M)) and maxy R(M,,s,T) =
Tp*(M) + O(VT) with high probability.)

! Alternatively, one can achieve regret bounds when starting in one of the strongly connected components of the
MDP, induced by the relation s; — sz iff min; T'(s2| M, 7, s1) < 0.



1.1 Results

We summarize the results achieved for our new reinforcement learning algorithm UcRrL2 (described
in Section 2) and also state the corresponding lower bound. In the following we assume a given
MDP M to be learned, with finite diameter D := D(M), a number of states S := |S|, and A := | A]

actions. We omit explicit references to M and UCRL2 when they are clear from the context.

Theorem 1. For any initial state s € S and any T > 1, with probability 1 — 6/T the regret of

UCRIL2 is
A(M, UCRL2, 5, T) = O(DS\/ATlog (AT/(S)) .

Theorem 2. For any initial state s € S, any T > 1 and any € > 0, with probability 1 — 6, the regret
of UCRL2 is

D2S%Alog(AT/$
A(M,UcrL2, s, T) = O( ;g( / )> +eT.
Corollary 3. Let g := p*(M) — max, {p(M,7,s) : p(M,m,s) < p*(M)} be the gap in average
reward between best and second best policy in M. Then for any initial state s € S and any T > 1,

with probability 1 — 0, the regret of UCRL2 is

2Q2
A(M,UcrL2,s,T) = O<D S Alog(AT/é))
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Theorem 4. For any algorithm A and any natural numbers T, S and A > 1 there is an MDP M
with S states, A actions, a diameter D, and a suitable initial state s € S such that the expected
regret after T steps is

E[A(M,%,5,T)] = Q (VDSAT) .

The new bounds given here are improvements over the bounds that have been achieved in [1] (for
a slightly different version of the algorithm presented here) in various respects: the exponents of the
relevant parameters have been decreased considerably, the parameter D we use here is substantially
smaller than the corresponding mixing time in [1], and finally, the ergodicity assumption is replaced
by the much weaker and more natural assumption that the MDP has finite diameter.

The fact that the diameter D appears in the bounds can be explained as follows. In the process
of learning the MDP, the learner will also explore suboptimal actions. Such a suboptimal action
may take the learner into a “bad part” of the MDP from which it may take D steps to reach again
a “good part” of the MDP. Thus, the learner may suffer regret D for such exploration.

1.2 Relation to Previous Work

We first compare our results to the well-known PAC bounds for the algorithms E3 of Kearns, Singh
[8] and R-Max of Brafman, Tennenholtz [3]. These algorithms achieve e-optimal average rewards
with probability 1 — § after time polynomial in %, %, S, A, and the mixing time T/ (see below).
As this polynomial dependence on ¢ is of order 1/e3, the PAC bounds translate into T2/3 regret
bounds at the best. Both algorithms need the e-return mizing time T™X of an optimal policy 7*



as input parameter?. T/ is the number of steps until the average reward of 7* over these T/

steps is e-close to the optimal average reward p*. It is easy to construct MDPs of diameter D
with T™* ~ D/e. This additional dependency on e further increases the regret bounds for E3
and R-max. Moreover, the exponents of the parameters S, A, and 7™ in the PAC bounds are
substantially larger than in our bounds.

An important precursor of our paper is the work by Burnetas and Katehakis [4]. They prove
regret bounds that are asymptotically logarithmic in T for their index policies. The bounds of
Burnetas and Katehakis have recently been generalized by Tewari and Bartlett [13]. Both papers
assume that the MDP is ergodic, such that any policy will reach every state after a sufficient number
of steps. The asymptotic bounds also hide an additive term which is proportional to the number of
policies, A%,

While the index policies of Burnetas and Katehakis choose actions optimistically by using confi-
dence bounds only for the estimates in the current state, the MBIE algorithm of Strehl and Littman
[10, 11] — similarly to our approach — applies confidence bounds for the whole MDP to compute
an optimistic policy. However, Strehl and Littman consider only a discounted reward setting, which
seems to be less natural when dealing with regret. Their definition of regret measures the difference
between the rewards® of an optimal policy and the rewards of the learning algorithm along the tra-
jectory taken by the learning algorithm. In contrast, we are interested in the regret of the learning
algorithm in respect to the rewards received along the trajectory of an optimal policy*.

2 The UcCRL2 Algorithm

Our algorithm UcRL2 (Figure 1) proceeds in episodes and computes a new policy at the beginning
of each episode. The lengths of the episodes are not fixed a priori, but depend on the observations
made. Episode k ends (see Step 8), when in the next step a state-action pair (s, a) would be observed
in episode k equally often as before episode k. The count vg(s,a) keeps track of the visits to (s, a)
in episode k.

In Steps 3-5 UCRL2 computes estimates pg (s'|s,a) of the transition probabilities from the
transitions observed before episode k. Here Nk (s,a) counts the state-action pairs observed before
episode k, such that Ng(s,a) = Zf;ll vi(s,a). In Step 6, a set My, of plausible MPDs is defined
through confidence regions around the estimated transition probabilities py (s'|s, a). This guarantees
that with high probability the true MDP M € Mj. An optimistic policy 7% is calculated in Step 7
(details about policy 7x and its bias are given below in Section 2.1) and executed in Step 8.

To keep the exposition simple, we are making the following assumption:

2The knowledge of this parameter could be eliminated by guessing 7™ to be 1,2,..., so that sooner or later
the correct T™™ will be reached (cf. [8, 3]). However, since there is no condition on when to stop increasing T,
the assumed mixing time might grow exponentially large, such that the PAC bounds become exponential in the true
"™ (cf. [3]).

3 Actually, the state values.

4Indeed, one can construct MDPs for which these two notions of regret differ significantly. E.g., set the discount
factor v = 0. Then any policy which maximizes immediate rewards achieves 0 regret in the notion of Strehl and
Littman. But such a policy may not move to states where the optimal reward is obtained.

3Since the policy 7 is fixed for episode k, vi(s,a) # 0 only for a = 7,(s). Nevertheless, we find it convenient to
use a notation which explicitly includes the action a in vi(s,a).



Input: A constant § € (0, 1].
Initialization: Set ¢t := 1, and observe the initial state si.
For episodes k=1,2,... do
Initialize episode k:
1. Set the start time of episode k, ty :=t.
2. For all s, a initialize the state-action counts for episode k, vg(s,a) := 0.
3. For all s,a set the state-action counts prior to episode k,

Ni(s,a) == N(s,a;tg) ==#{1 <tp:sr =s,a; =a}.
4. For all s,a, s’ set the transition counts prior to episode k,
Py (s,a,8") := P(s,a,8;ty) == # {7 <tr:8:=8,ar =a,8;,41 =5}
5. Compute estimates py (8'|s,a) := p (§'|s,a; tg) := P(s,a, s';tx)/ max{1, N(s,a;tx)}.
Compute policy 7:
6. Let My := M(tx) be the set of all MDPs with states, actions and rewards as in M,
and with transition probabilities p (+|s,a) close to p (+|s, a; tx),

. . 125 log (2Aty /o
Hp ("8’&) —P ('|S’a;tk) Hl = \/max{lc,)g]\;(s,ilk;{fk))} '

7. Choose optimistically an MDP ]\ka € My and a policy 7 with state independent
maximal average reward pp = p(My, 7). If such an optimal pair (My, 7)) is not
unique, then choose an optimal pair with minimal ||;\k]\oo, where Ay, solves the Poisson
equation (1) (see Section 2.1).

Execute policy 7:

8. While vy (s¢, i (s¢)) < max{1, Ni(s¢, Tr(s¢))} do
(a) Choose action a; := 7 (s¢), obtain reward r;, and observe next state s;41.

(b) Update vg(s¢, ar) := vg(sg,ar) + 1
(c) Set t:=t+1.

Figure 1: The UcCRL2 algorithm.

Assumption 5. For the unknown MDP M, the mean rewards
7(s,a) :=E[rls,d]
are known for each state-action pair (s,a).

This assumption can be easily removed by extending the algorithm to also keep estimates and
confidence intervals for the mean rewards 7(s,a). The analysis of the algorithm can be extended
to this case, since dealing with uncertain transition probabilities is much harder than dealing with
uncertain rewards. The regret bounds are not affected by removing this assumption, except for a
small change of the constants.



2.1 The optimistic policy 7, and its bias

A central tool in our analysis is the Poisson equation, a result from MDP theory (see e.g. [9]). For
a policy 7 it gives the relation between the bias vector A, the average reward p, the mean reward
vector r = (7(s,m(s)))s, and the transition matrix P = (p(s'|s,m(s)))ss. The bias A(s) can be
understood as the expected advantage in total reward, for 7' — oo, of starting (with policy 7) in
state s, over starting in the stationary distribution of 7. Starting with the stationary distribution
the expected reward in each step equals p. With this interpretation of the bias the Poisson equation

A=r—pl+ P

is quite intuitive (1 is the vector of all 1’s): the advantage A(s) of state s is the im-
mediate reward r(s,7(s)) minus p plus the expected advantage of the subsequent state s,
S (s]s,7(s)) A(s’). As main fact in our analysis we use that the Poisson equation for the chosen
policy 7 in Mk, B o

A =71 — prl + Pr)g, (1)

has a small solution A, where vy = (7(s,Tx(s)))s and P = Bk (5|5, 7k(5)))s,sr, With Py the
transition probabilities in M.

Lemma 6. If M € My, then for policy 71, in MDP Mk, as chosen by algorithm UCRL2, there is a
vector Ay satisfying the Poisson equation (1) with

1Akl < D(M)/2.

Proof idea. Since the Poisson equation holds for any A’ = X + cl if it holds for X, we only need to
show that (1) has a solution A, with d := max, A (s) — ming A (s) < D := D(M).

Assume that for policy 7 in Mg, d > D. Let s; = argming M\g(s) and sy = arg max, A(s).
There is a policy mo which quickly moves from s; to s in M, i.e. E [T (so|M, 7o, s1)] < D. Modifying
policy 7y, (and Mj,) by using 7o to move quickly from s1 to so, would improve Agx(s1) to Ap(so) — D,
which contradicts the choice of 7. Details are given in the appendix. O

3 Analysis of UCRL2

3.1 Bounding UCRL2’s regret
3.1.1 Basic properties of UCRL2

We start with some simple observations about algorithm UCRL2. By the stopping criterion for
episode k we have (except for the episode where vg(s,a) =1 and Ni(s,a) = 0)

ka(s,a) < ZNk(s,a) =t — 1. (2)

Let m be the number of episodes started by algorithm UcCRL2 up to step T, and let N(s,a) :=
N(s,a;T) be the total number of observations of the state-action pair (s,a) up to step 7. In each
episode k < m there are s, a with vi(s,a) = Ni(s,a) (or vi(s,a) =1, Nig(s,a) =0). Let K(s,a) be



the number of episodes with vy(s,a) = Ni(s,a) and Ng(s,a) > 0. Then for N(s,a) > 0 we have
m .
Z ) > 1+ Z Ni(s,a) > 1+ Z 2=l — 9K(s.a)
k=1 k:vg (s,a)=Ng(s,a) i=1

because vg(s,a) = Ng(s,a), Ni(s,a) > 0 implies Ni11(s,a) = 2Ng(s,a). Thus

T = ZNsa >22Ksa > (SA)2m/(SH-1

since m < (SA) + 325, K(s,a). Thus the number of episodes is bounded by

2T
m < (SA)logy SA (3)

Let r; be the reward received at time ¢ when executing UCRL2. For given N(s,a), s € S, a € A,
the r; are independent random variables, such that by Chernoff bounds

{Zrt<ZNs a)r(s,a +1/2Tlogr§|N(s,a),sES,a€A} <

Hence for any initial state s; we have with probability 1 — /7 that

A(s1,T) =Tp* —Zrt < Tp* —ZNS a)r(s, (:L)+\/2T10g5 = ZAk+\/2Tlog5, (4)

t=1

N

where

A=Y vils,0)[p" — (s, )]

s,a

since Y ;L vk(s,a) = N(s,a) and >3, , N(s,a) =T.

3.1.2 Dealing with failing confidence regions

We consider the regret of episodes when M ¢ M. By (2) and since p* < 1 we have

m m T m T
Y Alirgn, <Y teliga, = Dt Y Dy mga, < Y g
k=1 k=1 t=1 k=1 t=1
LT1/4J T T
< Z argme) + Z argme) < VT + Z 2 SYEIVIOL
t=1 t=|TY4|+1 t=|T1/4)+1

where M(t) is the set of plausible MDPs using the estimates available at time ¢ as defined in
algorithm UcrL2. Using the following Lemma 7, we find that P{3t : TV/* <t <T: M ¢ M(t)} <
d/T. Thus,

]P{iAk]lMng>ﬁ}§;. (5)
k=1



Lemma 7. Using the notation of algorithm UcRL2, P {M & M(t)} < 6/t°.

Proof. The result follows from Chernoff bounds or an improved bound by Weissman et al. [14].
Details are given in the appendix. O

3.1.3 Bounding the regret of an episode with M € M,

Let 73, be the optimistic policy chosen for episode k and let M, be the corresponding plausible
MDP. When 7* is an optimal policy for M and M € My, then

pr = p(My, ) > p(M, %) = p*.

Since vi(s,a) = 0 if a # 7x(s), we simplify notation and define as := 7x(s), row vector vy :=
(vk(s as))s, column vector ry := (7(s,as))s, and the transition matrices Py := (P (5'|s,as))s,s';

= (p(s'|s,as))s,s- Applying the Poisson equation (1) for policy 73 with bias vector A in M,
we get

Ap = D uls,a)lp” — (s, a)] < ) vi(s, a) ok — Ti(s, a)]

= ’l)k(ﬁkl —’I’k) = ’l)k(Pk — I)S\k = ’Uk(pk - Pk +Pk —I)S\k
< ve(Pr = Pr)l1l[Aklloo + ve (P — I) Ak

D ~ -
< EHUk(Pk—Pk)Hl+’Ul~c(Pk—I))\k (6)

The last inequality follows from Lemma 6 since M € Mj. Since M, € M., too,

125 log(2 At /0)
max{1, Nj(s,a)}

[vk(Pr — Pi)lln <Y vk(s, as) 1Bk (s, as) —p (1s,as) |1 < 22%(87@)\/ (7)

3.1.4 Bounding vy (P — I)S\k

It remains to bound the second term in (6). We derive a bound for the sum over all episodes k
with M € My. Let s1,a1, S2,...,ar, s7+1 be the sequence of states and actions, and let k(t) be the
episode which contains step . Denote the standard basis vectors by e;, where each e; has 1 for its
i-th component and 0 for every other component. Let X; = (p (:|s¢, at) — €, ) S\k(t)]lMeMkm for

t=1,...,T. Since {Xt‘sl,al, ey st,at} =0, X; is a sequence of martingale differences.

Lemma 8 (Azuma-Hoeffding inequality, see [2] or [6]). Let X1, Xa,... be a martingale difference
sequence with bounded components |X;| < c. Then for alle >0 and n > 0,

n —82
P X; > < — .
(s e (5

By Lemma 6, [Axllc < D/2 if M € My, so that [Xe| < [Ip (st ar) = esiy 1l Anlloo <
(Ilp (-|ses @) [[1 + [|es,sqi ll1)D/2 < D. The Azuma-Hoeffding inequality gives

P {z{zlxt > D./leogfg} <3

8



For any episode k with M € M), we have

tp41—1 ~ tp41—1 tg+1—1 ~
V(P — I\, = Z (p (-[st,ar) — es,) A, = Z p(-[st,ar) — Z es, | Ak =

t=ty, t=tp t=ty

tg+1—1 tet1—1 ~ tpt1—1 ~ ~
Z P lst,at Z eStH + 63tk+1 GStk )\k = Z Xt + )\k(stk—i-l) — )\k(Stk).

t=ty t=tg t=ty

Summing over all episodes with M € M}, yields

m T
Z Pk— AkﬂMength_'_Dm-
k=1 t=1

Hence, with probability 1 —6/T,

Z'vk(PkI)j\k]lMengD(\/QTlogg+m>. (8)
k=1

3.1.5 Putting things together: Proof of Theorem 1

Combining inequalities (3)—(8) we get

VR N S SWNCE e T2 3) S L N

k=1 s,a
4D (m+ SAlog, (gg)) 9)

with probability 1 —33/7.
Since vy (s, a) = Ni11(s,a) — Ni(s,a), vi(s,a) < Ni(s,a), and 35y ¢ , vk(s,a) =T, we have

vi (s, a)
kzlzc; Vmax{1, Ni(s,a)} < VBTSA (10)

(a derivation is given in the Appendix), which gives the theorem.

3.2 The logarithmic upper bound

An episode k is said to be e-bad if its average regret is more than e, where the average regret of an
episode of length ¢} is % with Ay as defined in Section 3.1.3. Our aim is to show an upper bound
on the number of steps L. taken in e-bad episodes that holds with high probability. We define the
random sets K, and J; that contain the indices of the e-bad episodes and the corresponding time
steps t taken in these episodes, respectively.

Similar to Section 3.1.2, we have

keK.

]P{Z Ak]lMng>1}§6. (11)



For the regret term of Y,y vi(Py — DT asepm, (cf. Section 3.1.4) we need to consider a
slightly modified martingale difference sequence Xy = (p (+|s¢,ar) — €s,,,) ety Lvrem,p, Lees. for
t=1,...,T. The following bound is a consequence of Bernstein’s inequality for martingales [5].

Lemma 9. Let X1, Xo, ... be a martingale difference sequence. Then

2

n n K
P X; > X2 < < —_ .
(em St o) < oo (5)

Application of Lemma 9 with x = 2D+/2L1og(T /) and v = D?L yields that if L > log(7/§)/D?

we have

T(L) =min{t : #{r < t, 7€ J.} = L}} < % (12)
t=1

T(L)
IP{ > Xy >2Dy/2Llog &

On the other hand, if L < log(T/8)/D?, for T(L) = min{t : #{7 <t,7 € J.} = L we have

)
X; < DL =DVLVL < VL/log% <2D\/2Llog £.

Then a union bound over all L gives together with a similar argument as in Section 3.1.4 that
with probability 1 —§/T

3 or(Pr — DArlyesm, < D (SAlog2 (SLA) +2y/2L.log L ) . (13)

keK.

T(L

t=1

The final regret term of ) ¢ vk (Pr — Pr)|l1]| Ak]loe can be upper bounded just as (7) to be

S ok(Pr — Po)lifAelloe = O(DS\/L-Alog(2AT/5)). (14)
keK.

Combining (11), (13), and (14) with an analogon of (4) yields that with probability 1 — 6 — §/T

L. < A(s,T) < O(DS\/LEAlog(QAT/5)> +0(DsAlog, (%)),

where A’(s,T) is the regret in e-bad episodes. This implies

(D252Alog(AT/5)>

Le = O >

with probability 1 — ¢ — §/T, proving Theorem 2.

4 Proof Sketch for the Lower Bound

We consider an MDP with two states, S = {0,1}, and A actions. For all a € A, let r(0,a) =
0, r(l,a) = 1, and p(0|1,a) = 6. For all but a single action a* € A let p(1]0,a) = § whereas

10



p(1]0,a*) = 6 + &, € < . Such an MDP is depicted in Figure 2, where the single action a* with

Figure 2: An MDP.

higher transition probability from state 0 to state 1 is shown as dashed line. The diameter of this
MDP is D = 1/4. The average reward of a policy which chooses action a* in state 0 is 2551557 while

the average reward of any other policy is % Thus the regret of an suboptimal policy in 7' steps
is Q(eT/9).

To detect the better action a* reliably, any action in state 0 needs to be probed Q(5/€2) times.
If we consider k := [S/2] copies of this MDP, where only one copy has such a better action a*, then
all actions in all O-states need to be probed (5/e?) times. Setting e = \/6kA/T this takes Q(T)
time and yields Q(\/SAT/é) = Q(\/ DSAT) regret.

Finally, connecting the O-states of the S copies by A + 1 additional deterministic actions per
state, gives an MDP with diameter D + 2log, S (e.g. by using an A-ary tree). Since any MDP
with A actions and S states has diameter 2(log 4 S), the theorem follows.

5 Outlook

Concerning the gap between the upper and the lower bound, we conjecture that the lower bound
gives the right exponents for the parameters S and D. However, taking a look at the proof of the
upper bound it seems to be hard to get rid of the additional factors v/S and v/D.
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A Proof of Lemma 6.

Lemma 6. If M € My, then for policy 7y in MDP M, as chosen by algorithm UCRL2, there is a
vector Ay satisfying the Poisson equation (1) with

IXelloe < D(M) /2.

Proof. We first show that 7y is also average reward optimal in the following modified MDP M ,j in
which D(M,") < D(M), if M € M. In order to obtain M, we take M and add for each action a €
A an action o/ with rewards 7(s, a’) := 7(s,a) and transition probabilities p; (s'|s,a’) := P (s']s, a)
Clearly, D(M,") < D(M), and since M € My, 7, is also average reward optimal and minimizes
the max-norm of the bias in M,j The average reward and bias of 7y in M,j are pg and Xk, as
in M. Since the Poisson equation (1) is solved by X + 1 if it is solved by A, it is sufficient to
show that there exists an average reward optimal policy 7+ for MDP M,: with bias AT such that
d := max; AT (s) — ming At (s) < D(M) := D.

Existence of 71: Let 7* be any average reward optimal policy in M,", p* and A* be the average
reward and bias of 7*. Let sop = argmax,cs{A"(s)} be a state with maximal bias. Assume that
there is a state s € S with A*(sg) — A*(s) > D, for otherwise we use 77 = 7*. We show how to
construct a policy 77 for M," with bias AT such that maxs AT (s) — ming AT(s) < D. Let T7 be
the expected time to reach state s’ from state s in M,j under policy m. We write my for the policy
moving as fast as possible from every state to sg in M ,j and thus realizing®

$,80 5,50

T :argmin{T7r }

Now we identify a set of states S’ with small bias under 7* and define the policy 7+ and a vector z
as follows:

S = {5 A (s0) = N*(s) > TI9, },
Hs) = m*(s) ifs¢S,
mo(s) ifsed,
o(s) = { A*(s) — A*(s0) ifs¢ S,
’ -T7, ifseds.

Note that this guarantees that for all s

z(s) = =155, (15)
and
z(s) + A*(s0) = A*(s). (16)

We claim that r(s, 7 (s)) — p* + p(-|s, 77 (s)) 2 > 2(s) for all s. Indeed, if s ¢ S’ we have by

5Such a policy can be computed by constructing an MDP such that an average reward optimal policy for it has
that property.

13



(16) and the Poisson equation (1)

(.74 ()) = " +p (s, 7 () 2 = 1(5.7°() = p* £ (s, 7" (5)) (2 + A*(s0)1) = X*(s0)
> (s, 7 (5)) — "+ (5,77 () X = A%(s0) = A*(s) = X (s0) = 2(s).
On the other hand, if s € &’ we get by (15) and since p*,r(s, 77 (s)) € [0, 1]
r(s, 7 (s)) = p" 4 p (ls, 7t () 2 > =1 = 3 p (s, mo(s)) - TI0, = ~T7%, = 2(s).
s'eS

Thus there is a vector  with no negative entry such that
z=—xz+r" —p1+ Pz, (17)

where P' and rT are the transition matrix and the reward vector of policy 7% in M;". Let R*
denote the set of recurrent states in M, ,j under 7. Since the transition probability from states in
RT to any state not in R is zero under 7+ the restriction of (17) to R" holds. So we have

ZR+ = —TRp+ + 7°7JE+ - p*1R+ + P7J%+ZR+7 (18)

where R in the subscript means that only the rows (and for a matrix also columns) corresponding
to a state in R are considered. Bias A’ and average reward” p’ of an MDP with transition matrix
P and rewards x satisfy the equation

AR+ = TRt — Pr+ + Pry N+ (19)
Adding (18) and (19) we get
Zp+ + A%{+ = T%+ — p;w + p*1R+ + P7—;+ (ZR+ + A;y-)- (20)

Case A: There is a state s € RT with x(s) > 0:

Then we have ply > p'1g+ for some p’ > 0. Since the Poisson equation (1) and thus (20) uniquely
determines the average reward of R under 7", this result immediately implies that there is a
policy with unichain transition matrix and average reward p’ + p* > p*, which contradicts average
reward optimality of 7* in M ,j .

Case B: For the recurrent states we have xp+ = O:

We first show that RT™ NS’ = (). Note that S’ is not empty, and assume that R™ NS’ is not empty
as well. Further note that R™ \ &' # 0: If R™ C &’ then the policy was changed to 7 in all states
of RT and, since sg ¢ S’ by definition, R™ is not recurrent under 7+. Thus consider any state
sy € RT\ & where the policy is left unchanged. >From the Poisson equation for 7* we have

P (5u)) = 7+ 300 (513077 (520)) (A7(5) = X7(s0)) = M) = N(s0)- (21)

seS

/
"The average reward p’ may depend on the recurrence class for reward vector .
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Since s, is in the recurrent component R™*, we have

Z P <s|su,ﬂ'*(su)> =0.

seS\RT

By definition we have X*(s,) — A*(s0) = z(su), so that (21) and (18) give

P(sus ™ () = "+ 2 b (sl () ) (A(5) = X7 (50)) = A" () = A"(s0)

sERT

= 2(su) = r(sum (1) ="+ 2 p (slsum (5u)) 2(s).

SERT

Hence, because of 7*(s,) = 7 (s4),

S b (slsum(5)) (V(8) = X(s0)) = 32 0 (sl () 2(5), (22)

seRt+ seRt

and subtracting

S o (sl 60)) V() = A (s0) = S b (slsunm(50)) 2(5) (23)

SERHT\S/ SERT\S/

from both sides gives

S o (sl (5) (N(5) = X (s0) = D2 p (sl (50) 2(5):

sERTNS’ sERTNS’

Now since z(s) > A*(s) — A*(sg) for all s € Rt NS, it follows that p(s|sy,7*(sy)) = 0 for all
s € Rt NS’. Because this holds for any s, € R\ S’ there is no transition from RT\ S’ to R* NS,
which contradicts our assumption that R™ is a recurrent component. This completes the proof of
RTNS =0.

Since the policy in all states in R is left unchanged and the bias of the recurrent states does
not depend on the transient states, the bias of all states in R is the same under policies 7* and
7+, Further, due to the definition of &', AT > X*(sg) — D for all s ¢ S'.

Because of xr+ = 0 we have p’ = 0 and AN, = 0, and thus 7" is average reward optimal
due to (20). It is easy to see that the bias of any state s ¢ RT under policy 77 is AT (s) =
z(s) + XN(s) + A*(s0). Since £+ = 0 implies X'(s) > 0 for all states s, this shows due to (15) that
AT(s) > X*(sg) — D. On the other hand, if for some state s ¢ R™ we have AT (s) > A*(so) we
get by a further iteration of our argument—modifying 7™ once more—a contradiction as in case A.
Thus we get d = max,{A"(s)} — ming{A"(s)} < D and the claim of the lemma follows.

O

B Proof of Lemma 7

Lemma 7. Using the notation of algorithm UcRL2, P{M ¢ M(t)} < 6/t°.

Proof. The L1 deviation of the empirical distribution over m distinct events from n samples is

15



bounded by (cf. Weissman et al. [14])

Py

p() —p(')Hl > 5} < [2"™ —2]exp (—”752) )

Setting

e \/ 2 Jog (255 At55) < \/ 125 1 0s (241/6)
n n

we get for every state-action pair

p {Hms,a) — i (s, a)

128 g S oAb 0
> — < N
= \/ - log (2At/5)} 2 exp< log (2 SAt /5)) oA
Summing up over all n from 1 to ¢ and over all state-action pairs proves the lemma. O

C Proof of (10)

For every state-action pair denote k(s,a) the episode where action a is used for the first time in
state s. Then we have

vi(s,a " Npya(s,a) — Ni(s,a)
ZZ\/max{l Nksa}_z(1+k kz Ni(s,a) )

k=1 s,a (s,a)+1

Using 2N, (s,a) > Nppt1(s,a) and 2Ng(s,a) > Nii1(s,a) for the first and Ny, (s,a) < Nppt1(s, a)
for the second inequality, we find for every state-action pair

1+ i Nk—i—l(sva)_Nk’(S)a) _
k=k(s,a)+1 Ni(s, a)
Nm+1(5>a)+ mz_:l lNkH(S,a)_ Ni+1(s,a) ] . MNi(s,a)

va(S,a) k=Fk(s,a)+1 \/Nk(57a> \/Nk+l(37a)
\/§Nm+l(sva) + mz_:l Nk’-‘,—l(s a)\/§ NkJrl(S’a) _\/ﬁk(&a)

= 1+

1+ , 1
2N,.(s,a) bk (o)1 /2N (s,a)\/Ni11(s,a)
m—1
< \2Nri(s,0) + 2 VNenls,0) = NiGs.a) |

k=k(s,a)+1

- \/2Nm+1(s,a) + \/2Nm(s,a) -V2< \/m-

Since Vo € R™ : [|z[l1 < v/nllz|2 and 3o, , Nimt1(s,a) = T we get

ZZ \/ma;{klsj\i)(g a) - \/ézm < V8VSA-VT.

=1 s,a
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