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1. INTRODUCTION

Evolutionary learning provides us population of solutions.
Why not making ensemble of them given it’s (almost) free?

2. RELATED WORKS

Ensemble methods [2, 12], Boosting [4], diversity in ensem-
ble creation [1, 11, 16], evolutionary ensemble learning [13,
8, 9], learning classifier systems [5, 7].

3. METHODS PROPOSED

Two methods for of ensembles creation in evolutionary learn-
ing are proposed in this paper. The first one, dubbed Post-
Mortem FEwvolutionary Ensemble Learning (EEL-PM), con-
sists in building an ensemble from the population of the evo-
lution’s last generation. The second approach, called Fvo-
lutionary Ensemble Learning with an Online Archive (EEL-
OA), consists in having a archive of individuals that is modi-
fied in the course of the evolution, the content of the archive
of the last generation being used as the final ensemble of
classifiers.
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Both methods have been designed with the same three basic
design principles: 1) special fitness measures for enhancing
diversity in the classification of data by the ensembles, 2)
majority voting decision method for the ensembles classi-
fication decision, and 3) a greedy forward ensemble gener-
ation from candidate individuals. The differences between
the methods being the moment at which the ensemble is
build.

3.1 Diversity of the Classifications

The first design principle lies in the use specific fitness mea-
sure which made a varied credit assignment for each data
used as fitness case. The credit assignment is inversely pro-
portional to the good classification of the data in the ensem-
ble or population evolved. This fitness measure corresponds
to a measure of diversity in the ensemble learning sense [1,
11], that is a measure of diversity in the space of the train-
ing data. This allow the generation of diverse classifiers
with varied performances over the training data, which is
recognized as a fundamental issue of ensemble learning.

Let says that P = {hi,ha,...,hy} is a population of evolved
classifiers to evaluate the fitness and Q = {hj,h5,...,h} is
a reference ensemble of classifiers. Suppose now the follow-
ing decision function:

1 Ifa=5b
0 otherwise

D(a,b) = { (1)
Then, function F(h, Q, ) is used to compute the fitness of
classifier h using the reference ensemble Q, the associated
data credit assignment function C(Q, x,y), and the data set

E={(x1,51), (%2,42), - -+, (Xn, yn) }:

C(@xy) = 1= 3 D(H(x).0).
P(h.Q.8) = (i > (D(h(xo,yi>c<Q,Xi,yi>>a> @

Parameter o adjusts the importance of different amplitude
values of the weights given by function C(Q, x,y). Typical
values that can be used are « = 1 and a = 2.



3.2 Majority Voting

Simple majority voting is used as classification rule from the
generated ensembles. Thus, a given data is assigned to the
most frequently occurring classification label given by the
ensemble constituents, ties being broken arbitrary. This is a
simple, widely used approach which do not impose any spe-
cific restriction on the type of output (e.g. Boolean values,
real numbers, probabilities) of the component classifiers by
using directly the final classification label. It also is a non-
linear combination of classifiers, which is needed when mak-
ing ensemble of classifiers — a linear combination of linear
classifiers can be simplified to a single linear classifier.

Formally, let says that £ = {l1,l2,...,l,;} are all the dif-
ferent possible labels for the k-classes problem at hand and
function L(¢) = I; returning the ith label of £. Then, our
decision function H(Q, x) for classify data x with ensemble
of classifiers Q is the following

i=1

H(Q,x) = L <arg1TnaXZD(hJ{(x)7L(i))>. (3)

j=1

3.3 Ensemble Creation

The final design principle is to use heuristics for generating
ensembles from the individuals. Both methods use an incre-
mental greedy algorithm to build an ensemble by adding at
each iteration the individual that maximizes a given com-
bination criteria. To start the ensemble creation, the best
performing classifier (individual) on the training set is se-
lected as member of the ensemble and removed from the
candidate solutions. Then, the ensemble is build iteratively
by selecting the individual in the remaining candidates that
maximize the combination criteria. This incremental pro-
cess continues while there are remaining individuals with an
error rate on the subset of data incorrectly classified by the
actual ensemble that is better than a random classification
(i.e. error rate less than 1 — (1/r) for a r-classes classifica-
tion).

This approach is similar to a simple greedy sequential for-
ward features subset selection, but applied to the generation
of an ensemble of classifiers. In many ways, the problem of
features selection and ensemble creation are similar. Indeed,
an ensemble of classifiers can be seen as a meta-classifier
where the output of each composing classifier is a feature
of the ensemble decision taking element. In other words,
we have a pool of candidate classifiers (the features) and
a ensemble fusing module (the classification rule) and the
problem of ensemble creation is to select of subset of candi-
date classifiers (subset of features) that would maximize the
ensemble performances. So using classical features selection
methods for ensemble creation makes a lot of sense.

In order to select the optimal ensemble of the greedy algo-
rithm, the original training data set has been split in two
subsets: the fitness evaluation subset and the validation sub-
set. The fitness evaluation subset is used to compute the
fitness of the individuals and to evaluate the value of com-
bination criteria, while the validation subset is used to eval-
uate the generalization capabilities of the ensemble built.
Indeed, at each iterations of the ensemble construction, the
error rate on the validation is computed. Once the algo-
rithm terminated, backtracking is done by returning to the

intermediary ensemble achieving the lowest error rate on the
validation set, the smallest ensemble begin selected in case
of ties. The use of such methodology allows avoiding some
overfitting in the construction of the ensemble of classifiers.

The combination criteria actually used for the ensemble cre-
ation is the voting margin between the classifiers. This mar-
gin corresponds to the minimum wvoting difference of the
tested ensemble over all the data used. The voting differ-
ence for a given data corresponds to the number of votes
given to the most occurring label and the second most oc-
curring label of the ensemble classification. If the data is
correctly classified, this difference value is positive, while it
is negative otherwise. This approach is in line with modern
learning techniques based on margin maximization. In the
actual case, links can be made with an methods such the
SIMBA algorithm for features selection of Gilab-Bachrach
et al. [6].

Formally, let function Vi (Q, x) returning the index of the
most occurring label, and functions V1(Q, x) and V2(Q, x)
returning the number of votes given to respectively the most
occurring label and second most occurring label obtained by
ensemble classification:

i=1

Vm(Q,X) = argﬁlaXZD(hJ{(X)aL(i))a (4)
Vi@ = YPMGOLVA(@x), ()

max ZD(hg(x),L(i)). (6)

i=1l...r
i#Vm(Q,x) J=1

VQ(Q, X)

From these votes counting functions, the voting margin M. (Q, &)

is computed as the minimum voting difference Mq4(Q, x, y)
on data set &,

[ Vi=Vy i L(Vi(Q,%)) =y
Ma(Q,x,y) = { Vo — V) otherwise (1)

n
MV(Q?E) = argmin Md(QaXi7yi)' (8)
i=1
As voting margin ties between several candidate classifiers
are likely when building ensembles, as secondary criteria is
added in order to break ties, the voting margin residue:

VT(Q’S) = {(Xivyi)€g|Md(Q7xi7yi):MV(Q’g)}a
M (9Q,&) = card(Vr(Q,¢)). 9)

This measure M. (Q, ) computes the number of data that
have a voting difference equal to the global voting margin,
which can be useful to discriminate candidate classifiers of
identical voting margin value. From this criteria, the indi-
vidual h* in a population P to be added to an ensemble
Q which maximize the voting margin (minimize the voting
margin residue in case of ties) is selected by the following:

Pr = {h€P|MV(Q+{h},5):h_g)éMv(QwL{hi},g)}7
h* = P*(aiiréljnMr(Q—i—{h},é‘)). (10)

3.4 Post-Mortem Ensemble Creation



Figure 1: High-level presentation of the EEL-PM
algorithm.

1. Initialize population P; and generation counter g = 1;

2. Evaluate fitness of individuals in P, using population
as reference ensemble;

3. If the evolution termination criterion is reached, jump
to step 6;

4. Apply variations and selection operations to P, for
generating new population Pyy1;

5. Increment generation counter, g = g + 1, and jump to
step 2;

6. Construct final ensemble from final population Py us-
ing algorithm of Figure 2, and return it.

The EEL-PM method for evolutionary ensemble learning
constructs the ensemble of classifiers at the end of a run,
drawing candidate individuals from the last generation’s pop-
ulation. The evolution process consists in a classical evolu-

tion of single independent classifiers, that is to say a Pittsburgh-

style evolution using the LCS terminology. It should be
stressed that the precise type of classifiers evolved are not
limited in any ways, they can be linear discriminants, rules
systems, neural networks, genetically-evolved programs or
anything else. Only a fitness measure ensuring diversity in
the classification results of evolved classifiers is necessary, as
well as an evolutionary algorithm that generate as final re-
sults a pool of varied classifiers of a reasonable size. Figure
1 is an high-level presentation of the EEL-PM algorithm.

In the following experiments, the fitness measure of Equa-
tion 2 is used, having as reference ensemble the whole pop-
ulation of actual generation (i.e. @ = P). Diversity is thus
ensured in the evolving population, giving more credits to
the correct classification of “difficult” data according to the
global classification of the data in the population. In the
experiments of this paper presented in next section, a pa-
rameter value of « = 1 is used. This corresponds to a fixed
credit assignment to each data, which credit is divided be-
tween the individuals of the population that are correctly
classifying the data. Indeed, the fitness measure of a given
individual corresponds to a normalized sum of the credits
acquired by the evaluated classifier over all data it correctly
classify in the tested set.

The algorithm of Figure 2 details the general ensemble cre-
ation method of the EEL-PM and EEL-OA approaches. In
this algorithm, a simple greedy selection of classifiers to add
to the ensemble is made based on the margin voting and
voting margin residue criteria. The algorithm is called us-
ing the last generation’s population as pool of candidates S
and returns the ensemble from it. It should be noted that
in our implementation, this population is filtered out before
being given as pool of candidates to the ensemble creation

in order to remove duplicate individuals, that is multiple
identical copies of individuals in the population, as well as
poorly-performing individuals with an error rate less than
random classification on the complete fitness evaluation sub-
set. The algorithm constructs the ensemble by iterating on
the population until there are no individual available with
an error rate better than chance. This criteria is to ensure
that candidate classifiers are at least weak learners [15, 3],
so that under some independence hypothesis of the output
generated by the weak learners, the continued aggregation of
weak learners would allow an asymptotic diminution of the
ensemble classifiers’ error rate. Once the iterative construc-
tion of the ensemble is finished, some backtracking is done
by evaluation the classification error rate of the ensemble of
classifiers generated at each iteration on the validation data
set, returning as final result the ensemble with the smallest
validation error rate.

3.5 Ensemble Creation with an Online Archive
The EEL-PM method previously presented allows a creation
of an ensemble from the resulting last generation’s popula-
tion of an evolution. If the diversity-based fitness measure
is not taken into account, the ensemble creation method
of EEL-PM is out of the evolutionary loop. For the sec-
ond method, EEL-OA, a different approach is taken with
an online approach where the ensemble construction is in-
side the evolutionary loop. This is done by an ensemble
creation from the population at each generation and the use
of this reference ensemble for the fitness evaluation. The
ensemble created at each generation is kept into an archive
independent of the evolving population. At each generation,
the combination of the actual population and the ensemble
archive is used to construct the new ensemble, which new
ensemble replace the archive. Figure 3 presents a high-level
view of the EEL-OA algorithms.

As with the EEL-PM method, the fitness measure used in
EEL-OA is based on Equation 2, using as reference ensem-
ble the actual ensemble archive of the evolution, Q = Q;.
During some preliminary experiments, it was observed that
an a-value of 1 generates populations with little diversity in
the classification of the data. It was thus decided to increase
this parameter to a = 2, in order to give more credit to “dif-
ficult” data (data relatively misclassified by classifiers of the
population). Indeed, with this a-value, credit given is no
more uniformly distributed between the data, but is rather
modulated by the number of classifiers in the reference en-
semble misclassifying the data. This change of the a-value
appeared to increase sensibly the diversity in the classifiers’
output. This reduction of diversity is easily explainable by
the fact that the archive ensemble is rebuild at each genera-
tion and is build of a limited set of classifiers that provides
a good global ensemble performance. This is very different
from using the population as the reference ensemble as it is
done with the EEL-PM method.

As mentioned in the previous paragraph, loss of diversity
was observed as the reference ensemble is now a well-performing
ensemble of limited size, instead of a population of diverse
individuals, as with EEL-PM method. This particularities
as the impact in the construction of the ensemble, with fre-
quent ties observed between candidate classifiers when us-
ing the voting margin and voting margin residue criteria



Figure 2: Algorithm for ensemble creation with EEL-PM and EEL-OA methods. For EEL-PM, the initial
pool of candidates is the last generation’s population, S = P. For the EEL-OA method, the pool of candidates
is the actual population with the previous generation’s ensemble archive, S = Pyq1 + Q.

Let S be the candidate pool of classifiers, £ be the fitness evaluation data set, and &£, be the validation data set.

1. Initialize ensemble with the classifier of the candidate pool that has the smallest error rate, Q1 = {h*}, and remove it
from the pool of candidates, S; = S\{h*};

2. Set t = 2 and loop while set S;_; is not empty:

(a) Let pool S{_; be made of candidate classifiers in S;—1 with an error rate better than random classification (i.e.
1 —(1/r), where r is the number of classes) on fitness evaluation data of £; misclassified by Q;_1:

RED) = 1= > DBG).Y) (11)
(x,y)€E

Em = {(xi,9:) € Ep[H(Qe—1,%:) # yi}, (12)

Sio1 = {hi €S a|R(Em, ) < (1—(1/r)}; (13)

(b) If S;_, is an empty set then break loop by jumping to step 3;
(c) Select the individual he—1* in S;_1 according to the selection criteria of the method, i.e. Equation 10 for EEL-PM
and Equation 18 for EEL-OA.

(d) Add selected individual to ensemble, Q; = Q;_1 + {h¢—1}, remove it from pool of candidates, Sy = S;—1\{hs—1},
and increment iteration counter, t =t + 1.

3. Backtrack by selecting the ensemble of classifiers with the smallest error rate on the validation data set, selecting the
ensemble with the least number of classifiers in case of ties:

1

RQ(€7 Q) = 1- card(g) Z D(H(Q,X),y)7 (14)
(x,y)€€
Q = Qu, u:arg;nian(Eu,Qi); (15)
i=1

4. Return the ensemble of classifiers Q as result of the algorithm.




Figure 3: High-level presentation of the EEL-OA
algorithm.

1. Initialize population P; and generation counter g = 1;
2. Construct ensemble archive Q) from population P1;

3. Evaluate fitness of individuals in P, using ensemble
archive Q; as reference ensemble;

4. If the evolution termination criteria is reached, jump
to step 8§;

5. Apply variations and selection operations to Py for
generating new population Pyy1;

6. Construct new ensemble archive Qj ; from population
and previous ensemble archive, {Py41 + Q;}, using
algorithm of Figure 2;

7. Increment counter, g = g + 1, and jump to step 3;

8. Return as final ensemble the actual ensemble archive

/
Qg;

alone. To circumvent this, a finer criteria has been used by
comparing further the maximum voting difference (i.e. vot-
ing margin) and the associated residue, by using the second
maximum voting margin and residue in case of ties, and so
on until it can be possible to discriminate two solutions.

Formally, this can be stated by first giving a more general
formulation of the voting margin given by Equations 8 and

U,(9,€,1) = {1,...,n},
Us(Q,€E,k) = {1,...,n}\
{M(9,€,1),...,M,(9,&,k—1)},

M (Q,&,k) =  argmin Ma(Q,xi,¥:), (16)
1€UL(Q,E,k)

U7'(Q7gvk) = {(Xivyi) eglMd(vai’yi) :MV(Q7571€)}?

M:(Q, €&, k) card(U-(Q, £, k)). 17)

So functions My (Q, &, k) and M, (Q, &, k) with k = 1 return
the usual voting margin and voting margin residue, while
calling them with higher value of k return higher voting
differences and voting difference residues, and this in the as-
cending order. For selecting the best candidate classifier to
be added to an ensemble, this functions are used in conjunc-

tion of a lexicographical lesser operator, defined as function
lex

lex
{xl,xg,...} < {y1,y2,...} Ciff 3 o < y; and Vj<i ;= Yj,

G(Q76) = {(MV(97570)7_MY(97570))7
Mv(9,€,1), -M,(Q,&,1)),...},
b = heSVheS\{h},

GO+ {1}, &) 'C GO + (m},€). (18)

This method for getting the best candidates for addition to
the ensemble extend the previous one by allowing a fine cri-
teria for selecting classifiers in the greedy forward ensemble
creation algorithm.

The ensemble creation algorithm described in Figure 2 is this
time applied in EEL-OA at every generation of the evolu-
tion. The algorithm is called with a pool of candidates that
consists in the actual generation’s population, Py, merged
with the previous generation ensemble archive, Q’g,l (an
empty set at first generation). As with EEL-PM, this pool
of candidates is filtered in order to remove duplicate and
poorly-performing (poorer than random classification) indi-
viduals. The final ensemble of classifiers resulting from the
EEL-OA method is the ensemble archive obtained at the
last generation.

4. EVALUATION OF THE METHODS

The methods proposed for evolutionary ensemble learning
are tested in a context of simple Linear Discriminant (LD)
functions evolved by a real-valued Genetic Algorithm (GA).
This has been selected as it is a really simple and well-
known classification setup that should allow a good char-
acterization of the ensemble learning techniques proposed.
Indeed, LD classifiers have limited capabilities that disallow
them discriminating some arrangements of data (e.g. XOR
problem), while having several simple learning algorithms
with well-understood convergence properties [3]. Of course,
the evolutionary ensemble learning techniques proposed can
be used in conjunction of non-linear classifiers such Sup-
port Vector Machines (SVM) or neural networks. But these
method have been consciously discarded for the moment as
their inherent complex nature can interfere the results ob-
tained by the proposed approaches.

The proposed EEL-PM and EEL-OA methods are compared
with single LDs classifiers trained by Least-Mean Square
(LMS) [3], and ensemble technique of AdaBoost [4] with LDs
trained by LMS as base classifiers. These are classical meth-
ods for respectively classical (single) classifier and ensemble
learning from which good performances are expected. The
ensemble learning methods are also compared to a classical
evolution of single LDs classifier with the same real-valued
GA algorithm.

Experiments are conducted on the six UCI data sets [14]
presented in Table 1. These data sets have been split into
ten stratified folds of equal size for a 10-folds cross-validation
performance evaluation.

Four two-classes and two three-classes data sets are used.
As LDs are limited to discriminate two-classes, three-classes
problems have been encoded into two two-classes problems,
where final decision is taken with a simple encoding of the
two classifiers output into one of the three class labels. Sup-
pose that {0, 1,2} are the three possible labels of our three-
classes problem. This problem is divided into two simpler
two-classes problems, says that classification sub-problem A
is to discriminate data of classes {0,1} from data of class
{2} and classification sub-problem B is to discriminate data
of class {0} from data of classes {1,2}. An LD is trained for
each of these sub-problem, and final classification is given
by the following encoding.



Table 1: UCI data sets used for the experimentations.

Data # of # of

set Size features classes Application domain

bcw 683 9 2 Wisconcin’s breast cancer, 65 % benign and 35 % malignant.

bld 345 6 2 BUPA liver disorders, 58 % with disorders and 42 % without disorder.

bos 508 13 3 Boston housing, 34 % with median value v < 18.77 K$, 33 % with v €]18.77,23.74], and
33 % with v > 23.74.

cmc 1473 9 3 Contraceptive method choice, 43 % not using contraception, 35 % using short-term con-
traception, and 23 % using long-term contraception.

pid 768 8 2 Pima indians diabetes, 65 % tested negative and 35 % tested positive for diabetes.

spa 4601 57 2 Junk e-mail classification, 61 % tested non-junk and 39 % tested junk.

Figure 4: Least-mean square training algorithm.

1. Initialize w = 0 and b = 0O;
2. For epochs t = 1...tmas:

(a) For each data (x;,y;) € £, in random order:

a; = WXiT — b,
Ai = 2V(t, Z)(a1 - yi),
w = w+ Aix,,

b = b— Ai;

(b) If  the
(\/lzizluﬁ(ai—yi)Q) since last epoch is

variation in the RMS error

n

less than 6, then stop the algorithm.

Case LD-A LD-B Class
1 - - 0
2 - + 1
3 + - X
4 + + 2
For three classification cases, label to assign to the data is
logically deduced, but for one these cases (in this example,
case 3), the label to assign is ambiguous, as there is no
logical class that can decided. In these case, it can be either
decided to reject the classification of the data, or to assign
the data to an arbitrary label. The last solution is used here,

which correspond to a very simple case of Error-Correcting
Output Codes (ECOC) [10].

4.1 Least-Mean Square and Boosting

The first standard benchmark setup used to is to train LDs
with a least-mean square rule given in Figure 4. For the
training of simple LDs, the training rate is given by v(t,4) =
1/n/t, thus decreasing over the training epochs. The max-
imum number of epochs allowed is tmq, = 10000, and the
training is stopped when the variation of the RMS error is
less than @ = 10~7. Data are normalized for all dimensions
before training such that x; € [-1,1], V;.

The classical AdaBoost algorithm [4] is also tested as stan-
dard benchmark for ensemble learning, using the LMS algo-

rithm to train each composing LDs. Algorithm described in
Figure 4, with the differences that maximum of ¢,,,, = 1000
epochs is allowed and the training rate is given by function
v(t,i) = Wi(i)/v/t, where Wy (i) if the AdaBoost weight
given to the ith data. The maximum number of boosted
LDs for each AdaBoost iterations is limited to 100. The
description given in [3, p. 478] was used to implement the
algorithm. For the three-classes problems with both LMS
and AdaBoost, the simple ECOC encoding described at the
end of the previous section is used, with a training/boosting
on each sub-problem before making final decision according
to the encoding.

4.2 Evolution of Linear Discriminants

4.3 Evolutionary Ensemble Learning with Lin-
ear Discriminants

4.4 Experimental Results

5. CONCLUSION
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Table 2: Results on the Ug£ data sets.

LMS Boosting EEL-PM EEL-OL
bcw
Train error 3.9% (0.2%)  3.6% (0 3%) 1.8% (0.2%) 1.5% (0.5%) 1.6% (0.9%)
Validation error - - 2.9% (1.0%)  2.0% (0.9%)
Test error 4.0% (1.6%) 4. 0% (2.4%)  32% (1.7%)  3.7% (1.9%)  3.6% (1.7%)
Ensemble size - 4 (2.9) — 16.7 (24.9) 9.7 (16.0)
bld

Train error
Validation error
Test error
Ensemble size

29.8% (0.9%)

30.4% (6.6%)

29.4% (0.9%) 25.4% (1.2%)

30.0% (5.9%) 32.7% (6.6%)
1.8 (1.3) -

20.0% (4.0%)

27.3% (3.4%)

31.3% (7.4%)
23.2 (19.3)

18.3% (8.0%)

22.8% (3.4%)

31.5% (8.4%)
47.0 (71.1)

bos

Train error
Validation error
Test error
Ensemble size

32.2% (1.3%)

34.0% (6.7%)

315% (14%) 23.4% (4.1%)

35.7% (5.4%) 30.7% (7.5%)
6.7 (4.9) -

16.2% (2.7%)
22.9% (3.7%)
25.1% (5.9%)
105.4 (68.5)

20.8% (3.0%)

19.3% (3.1%)

25.9% (6.6%)
53.4 (61.1)

cmc

Train error
Validation error
Test error
Ensemble size

51.6% (0.4%)

51.8% (2.5%)

50.0% (0.4%) 45.7% (1.4%)
51.2% (2.7%)

50.4% (3.9%)
9.8 (12.4) -

41.2% (1.8%)

45.2% (2.2%)

47.2% (4.2%)
44.4 (21.6)

44.4% (2.2%)

44.1% (1.9%)

49.1% (3.9%)
75.9 (79.2)

pid

Train error
Validation error
Test error

22.0% (0.6%)

22.8% (3.5%)

21.9% (0.6%) 20.2% (0.7%)

23.1% (3.6%) 24.2% (3.9%)

19.4% (1.7%)

23.1% (2.6%)

25.4% (4.3%)
(7.

21.8% (1.9%)
20.7% (2.1%)
25.5% (4.5%)

Ensemble size 3.1 (2.2) 11.8 (7.6) 26.0 (38.9)
spa

Train error — 111% (04%)  1L4% (04%)  7.0% (05%)  6.9% (05%)  7.1% (0.6%)

Validation error - - 7.8% (0.7%)  7.5% (0.6%)

Test error 11.3% (1.2%) 11.6% (1.3%) 9.0% (1.3%)  8.1% (1.3%)  8.4% (1.6%)

Ensemble size - 8.3 (18.6) - 10.5 (5.4) 41.1 (87.4)




Figure 5: One-way analysis of variance (ANOVA) box plots of the best-of-run solutions test set error rates.
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