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Abstract
Thek-nearestneighbour(kNN) rule is a simpleandeffec-

tive methodfor multi-wayclassi�cation that is much usedin
ComputerVision. However, its performancedependsheav-
ily on thedistancemetricbeingemployed.Therecentlypro-
posedlargemargin nearestneighbour(LMNN) classi�er [21]
learnsa distancemetric for kNN classi�cation and thereby
improvesits accuracy. Learninginvolvesoptimizinga con-
vex problemusingsemide�niteprogramming(SDP).

We extend the LMNN framework to incorporate knowl-
edge about invarianceof the data. Themain contributions
of our work are three fold: (i) Invariancesto multivariate
polynomialtransformationsare incorporatedwithoutexplic-
itly addingmore training data during learning - thesecan
approximatecommontransformationssuch asrotationsand
af�nities; (ii) the incorporation of different regularizers on
theparametersbeinglearnt; and(iii) for all thesevariations,
weshowthatthedistancemetriccanstill beobtainedbysolv-
ing a convex SDP problem.We call theresultingformulation
invariant LMNN (ILMNN) classi�er.

We test our approach to learn a metric for matching (i)
feature vectors fromthestandard Iris dataset;and(ii) faces
obtainedfrom TV video (an episodeof `Buffy the Vampire
Slayer'). We compare our methodwith the stateof the art
classi�ersanddemonstrateimprovements.

1. Intr oduction
Many problemsin ComputerVision canbe posedin the

multi-way classi�cation framework. For example, object
recognition[16] (or objectcategory recognition[8]) wherea
givenimageneedsto beclassi�edasbelongingto aparticular
object(or objectcategory), imageretrieval [1] whereimages
in a datasetareclassi�edassatisfyinga queryor not, andto
someextent poseestimation[18] where,given a setof 3-D
modelsin variousposes,an imageor silhouetteis classi�ed
asbeinggeneratedfrom oneof the3-D models.

Thek-nearestneighbour(kNN) rule [6] is oneof theold-
estandmostaccuratemethodsto obtainnonlineardecision
boundariesin a multi-way classi�cation problem. Given a
training dataset,the kNN classi�er labelsan unlabelledtest
exampleby themajoritylabelamongits knearestneighbours.
Therearetwo main issueswhenusingthekNN classi�er: (i)
Whichdistancemetricshouldbeused?;and(ii) How canthe
nearestneighboursbe found ef�ciently? Many algorithms

have beenproposedin the literaturewhich addressthe lat-
ter issueof ef�ciency, e.g. [4, 8, 18]. However, mostkNN

basedmethodsuseEuclideandistance(denotedby kNN-E for
short). In otherwords,they treatall elementsof the feature
vectorequallyandfail to capitalizeonany statisticalregular-
ities in thedata.

To overcomethis de�ciency, somemethodshave com-
binedothermulti-way classi�erswith kNN-E [23]. Alterna-
tively, it hasbeenproposedto learna distancemetric from a
setof labelledexamples.To this end,severalmethodshave
beenreportedwhichlearnagloballinearmappingof features
to encourageaccurateclassi�cationby minimizingsomecost
function[2, 10, 12, 22]. However, thesemethodsrely ongra-
dient descentwhich is slow andproneto local minima and
thus,arelimited in their usefulness.

Recently, the problem of learning the linear mapping
has been reformulatedas a convex semide�nite program
(SDP) [9, 21]. This implies that the globally optimal lin-
ear mappingcan be ef�ciently estimatedfrom the training
data(i.e. in timewhich is polynomialin thesizeof thetrain-
ing data). The resultingframework, calledthe large margin
nearestneighbour(LMNN) classi�er, effectively learnsaMa-
halanobisdistancemetric for kNN classi�cation. However,
LMNN doesnot incorporateinvarianceof the datato known
transformationswhich hasbeenshown to improve theaccu-
racy of a classi�er [11, 19].

A standardway to incorporateinvariancewhen learning
a classi�er is to augmentthe trainingdatawith transformed
versionsof eachfeaturevector. However, this increasesthe
amountof training data therebymaking the methodmore
computationallyexpensive. Further, it approximatesthe in-
�nite pointslying on the trajectory(manifold),describedby
the transformedversionsof the featurevector, usinga �nite
numberof samples. Due to thesedisadvantages,previous
researchhasfocusedon incorporatinginvarianceusing the
trajectoriesdirectly [11, 19].

For kNN classi�ers,Simardetal. [19] approximatethedis-
tancebetweentwo trajectories(de�ned by the transformed
versionsof two featurevectors)usingthe distancebetween
their tangentvectors.However, thisapproximationis inaccu-
ratewhenthe trajectorieshave high curvatureswhich limits
its applicationto a restrictedsetof transformations.For bi-
naryclassi�cation,GraepelandHerbrich[11] learna maxi-
mummargin separatinghyperplanewhenthetrainingexam-
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plesarepolynomialtrajectoriesinsteadof singlepoints.This
allows them to integrateinvarianceto polynomial transfor-
mationswithin the supportvectormachine(SVM) formula-
tion. However, extendingtheir methodto multiple classesis
non-trivial. Further, their framework only allows for invari-
anceto univariatepolynomialtransformations(i.e. transfor-
mationsoveronevariableonly, suchasrotationor translation
alongonedirection).

In thispaper, weshow how to extendthemulti-wayLMNN

framework to incorporateinvarianceto multivariatepolyno-
mial transformations.Many commontransformationssuch
as rotation, scaling and shearingcan be approximatedas
polynomialsusingTaylor's expansion.Further, multivariate
polynomialsallow usto handletransformationsde�ned over
multiple variables(e.g. the 2-D Euclideantransformation).
The resultingframework, which we call the invariant large
margin nearestneighbour(ILMNN) classi�er, canbe formu-
latedasa convex SDP. This allows us to learnthe distance
metric in polynomial time. Further, to addressthe issueof
over�tting, we proposedifferentregularizersfor theparame-
tersof thedistancemetricwhich canbe includedwithin the
convex SDP formulation.
Preliminaries: SDP is a strict generalizationof commonly
usedconvex optimizationframeworks, e.g. linear program-
ming and second-ordercone programming. Its ability to
modelmorecomplex costfunctionshasleadto new andaccu-
rateapproachesfor severalapplications[9, 13, 17, 21]. For-
mally, anSDP is a linearprogramontheelementsof matrices
M i (i = 1; � � � ; s) with theadditionalconstraintthatM i are
positivesemide�nite(denotedby M i � 0), i.e.

min
P

i C i � M i

s.t.
P

i A ij � M i � bj ; M i � 0; 8i; j; (1)

wherethe operator(� ) is the Frobeniusinner product. The
matricesC i de�ne theobjective functionwhile A ij specify
theconstraints.Notethatpositive scalarvariablescanbein-
cludedin SDP by using1 � 1 matricesM i .
Outline: We begin by brie�y describingtheLMNN formu-
lationpresentedin [21]. We thenproposedifferentregulariz-
ersfor theparametersof thedistancemetric. Section3 out-
linestheclassof transformationswhich areof interestto us.
In section4,wedescribetheILMNN classi�erwhichincorpo-
ratesinvarianceto this classof transformations.We testour
approachon two problems: (i) recognizingpreviously un-
seendatafrom the Iris dataset;and(ii) recognizingfacesin
TV videowhereit is importantto addresstheissueof invari-
anceto multiple transformationsin orderto handlevariations
in pose. Resultsof our methodanda comparisonwith the
stateof theart classi�ersis presentedin section5.

2. The LMNN Classi�er
Given a setof featurevectorsx i 2 < D (i = 1; � � � ; n)

along with their labelsyi and their target (correct)neigh-

bours,LMNN learnsa Mahalanobisdistancemetric param-
eterizedby L, i.e.

D (x i ; x j ) = kL (x i � x j )k2 = (x i � x j )> L > L (x i � x j ) (2)

which encouragesaccuratekNN classi�cation. Speci�cally,
the parameterL shouldminimize the distancebetweenthe
mappingsof a vectorandits k targetneighbours.Let � ij 2
f 0; 1g indicatewhetherx j is a targetneighbourof x i . Thus,
L shouldbechosento minimize

 1(L ) =
X

ij

� ij kL (x i � x j )k2 : (3)

Further, thedistanceof x i from atargetneighbourx j should
be lessthanits distancefrom an impostor(incorrect)neigh-
bourx l . To thisend,Weinbergeretal. [21] suggestminimiz-
ing the sumof the standardhingelossover triplets of input
vectors,i.e.

 2(L ) =
X

ij l

� ij l [1 + kL (x i � x j )k2 � kL (x i � x l )k
2 ]+ ; (4)

where� ij l = � ij � (yi 6= yl ) (� (�) is 1 if andonly if theargu-
mentis true)andthefunction[z]+ = maxf z; 0g. Thehinge
loss will be zero only when D(x i ; x l ) � 1 + D(x i ; x j ),
i.e. when thereis a margin of width 1 betweentarget and
impostor neighbours. The total cost function is given by
 (L ) =  1(L ) + � h  2(L ) where� h � 0 is someconstant.

SinceM = L > L � 0, theminimizationof thecostfunc-
tion  (L ) canbeformulatedasaconvex SDP [21], i.e.

min
P

ij � ij dij + � h
P

ij l � ij l � ij l ;

s.t. (x i � x j )> M (x i � x j ) = dij ;

(x i � x l )> M (x i � x l ) � dij � 1 � � ij l ;

M � 0; � ij l � 0; 8i; j; l : (5)

Thevariablesdij and� ij l representthedistancebetweenx i

andx j andthe hingelossrespectively. Note that the above
problemis convex with respectto thevariableM but not L.
Hence,the methodsdescribedin [2, 10, 12, 22] (which op-
timize over L) areproneto local minima. Fig. 1 shows an
exampleof theLMNN classi�er learntusing2-D points.

The LMNN classi�er sometimesover�ts to the training
datawhich resultsin high generalizationerror. It is well-
known thatsuchproblemscanbeavoidedby regularization.
To this end,we proposethefollowing threevariationsof the
LMNN classi�er.

L 2-LMNN: Oneof themostcommonlyusedregularizeris
to minimize the L 2 (or Frobenius)norm of the parameters.
In the caseof LMNN, jjL jj 2 =

P D
a=1 M (a; a), sinceM =

L > L . Thus, the minimizationof the L 2 norm of L canbe
includedwithin theSDP formulationasfollows:

min
P

ij � ij dij + � h
P

ij l � ij l � ij l + � r
P

a M (a; a); (6)

where� r � 0 is someconstantandthevariablesdij , � ij l and
M areasde�ned in theoptimizationproblem(5).



(a) (b)
Figure1. (a) Points belongingto two classesare shown(class1:
red squares, class2: greentriangles). Thesolid circle is centred
around a point in class1 with radius equal to the distancefrom
its target neighbour(shownwith a black border). Thesurrounding
dashedcircleshowsthedesiredmargin. A testpoint(greendiamond
in class2) which is misclassi®edwhenusingkNN-E is alsoshown.
Thearrow points to the nearest neighbourof the testpoint in the
training dataset. (b) MappedpointsusingparameterL (obtained
by solvingthe optimizationproblem(5) with k = 1). Unlike (a),
all pointsin class2 lie onor outsidethemargin. Further, thegreen
diamondis nowassignedthecorrectlabel.

D-LMNN: In addition to the L 2 regularization,the form
of the parameterL (and henceM) can also be restricted
to a diagonalmatrix. In this casethe convex optimization
problemis a muchsimplerlinearprograminsteadof an SDP

sincetheconstraintM � 0 is replacedby M (a; a) � 0 and
M (a; b) = 0 for all a 6= b.
DD-LMNN: We canalsousea softer regularizationterm
whichfavoursM to bediagonallydominant(in contrastto the
hardconstraintin D-LMNN). This regularizationtermmini-
mizestheL 1 normof theoff-diagonalelementsof M andcan
beincludedwithin theSDP formulationasfollows:

min
P

ij � ij dij + � h
P

ij l � ij l � ij l + � r
P

a M (a; a) +

� d
P

a6= b tab;

s.t. tab � M (a; b); tab � � M (a; b); 8a; b; (7)

where� d � 0. Again, thevariablesdij , � ij l andM aregiven
in theoptimizationproblem(5).

The globally optimal M (andhenceL) canbe estimated
in polynomialtimeby solvingtheconvex problemsdescribed
above. However, sincetheworst-casecomplexity for obtain-
ing the parameterL is still cubic in the sizeof the training
data,it becomescomputationallyinfeasibleto build invari-
anceby augmentingthe training datawith transformedver-
sionsof thefeaturevectors.

It is desirable,therefore,to incorporateknown invariances
into theLMNN frameworkwithoutaddingmoretrainingdata.
Further, the resultingproblemshouldretain the propertyof
convexity. The next sectiondescribesthe classof useful
transformationsanda resultby Lasserre[15] which enable
usto achievethis.

3. Polynomial Transformations
Building invarianceto ageneraltransformationwithin the

LMNN framework resultsin a complex anddif�cult-to-solve

problem.In this paper, we considerthecasewherethetrans-
formationscanbe approximatedusingmultivariatepolyno-
mials.As will beseenin thenext section,theresultingprob-
lemretainsthedesirablepropertyof convexity.

A multivariatepolynomial transformationmapsa point
x 2 < D to anotherpoint x0 2 < D suchthat the mapping
canberepresentedusingpolynomials.For example,consider
the af�ne transformationof a point (x1; x2). Its mapping
(� 1x1 + � 2x2 + � 3; � 4x1 + � 5x2 + � 6) canbeexpressedasa
degree1 multivariatepolynomialtransformationasfollows:

�
x0

1
x0

2

�
=

�
0 x1 x2 1 0 0 0
0 0 0 0 x1 x2 1

�
� ; (8)

where� = (1; � 1; � 2; � � � ; � 6)> . In general,adegreer multi-
variatepolynomialtransformationT(� ; �) mapsx to

x0 = T(� ; x) = X > � ; (9)

where� = (1; � 1; � 2; � � � ; � m ; � 2
1 ; � 1� 2; � � � ; � r

m )> andX 2
< R� D is amatrixwhoseelementsarecompletelydetermined
by x. Theabove equationprovidesthe trajectory(manifold)
whichcontainsthetransformedversionof thevectorx.

An importantspecialcaseof the above classof transfor-
mationsis univariatepolynomials,wherethenumberof vari-
ablesm = 1. Univariatepolynomialscontainmany useful
transformationswhicharede�ned overonevariable,e.g.the
rotationof a point (x1; x2) by an angle� , whosemapping
(x1 cos� � x2 sin � ; x1 sin � + x2 cos� ) canbeapproximated
to third orderusingTaylor'sexpansionas

�
x0

1

x0
2

�
=

�
x1(1 � � 2=2) � x2(� � � 3=6)
x1(� � � 3=6) + x2(1 � � 2=2)

�

=

�
x1 � x2 � x1=2 x2=6
x2 x1 � x2=2 � x1=6

�
� ; (10)

where � = (1; � ; � 2; � 3)> . Nesterov [17] showed that,
for every non-negative univariatepolynomial T (� ; x) (i.e.
T (� ; x) � 0; 8� 2 < ), there exists a matrix P � 0
suchthat T(� ; x) � � > P� . In otherwords,non-negative
univariate polynomialsare semide�nite-representable(SD-
representable).Notethat this wastheresultusedto incorpo-
rateinvarianceto a transformationwith onevariablein [11].

Unfortunately, theaboveresultby Nesterov doesnothold
true for all multivariatepolynomials. In otherwords, there
exist somemultivariatepolynomialswhich arenon-negative
everywhereon the real axes but are not SD-representable.
However, it has been shown that multivariate polynomi-
als which aresumof squaresof otherpolynomialsare SD-
representable[15].

We canfurther extendthis resultby showing that for an
SD-representablemultivariatepolynomialT (� ; x), the con-
dition T(� ; x) � 0; 8� i 2 [� � i ; � i ] is alsoSD-representable.
Note that this is a generalizationof corollary 1 in [11] and



canbeprovedby replacing� i with � i (� 2
i � 1)=(� 2

i + 1) (de-
tailedproof in technicalreport[14]). As anillustrativeexam-
ple,considerthecaseof a univariatepolynomialtransforma-
tion which approximatesrotationasshown in equation(10).
The non-negativity of this polynomial can be restrictedto
the range� � � � � � by constructingthe following SD-
representablepolynomial:

�
x1 � x2 � x1=2 x2=6
x1 x2 � x1=2 � x2=6

�
0

@
(� 2 + 1)3

� (� 2 + 1)2 (� 2 � 1)
� 2(� 2 + 1)( � 2 � 1)2

� 3 (� 2 � 1)3

1

A

=

�
c1 0 c2 0 c3 0 c4

c5 0 c6 0 c7 0 c8

�
� (11)

where� = (1; � ; � 2; � � � ; � 6)> , for appropriatevaluesof ci

(i = 1; � � � ; 8).
Next, weshow how invarianceto multivariatepolynomial

transformationscanbebuilt into theLMNN framework using
theSD-representabilityresults.

4. The ILMNN Classi�er
In thissectionwedescribetheinvariantlargemarginnear-

estneighbour(ILMNN) classi�er. Thishasthedesirableprop-
ertiesof: (i) incorporatinginvarianceof featurevectorsto
known multivariatepolynomial transformationswithout in-
creasingthe size of the training dataset;and (ii) providing
thedistancemetricin polynomialtime.

Under a known polynomial transformationT(� ; �), the
goal of the ILMNN classi�er is to learna Mahalanobisdis-
tancemetricD(x i ; x j ) = kL (x i � x j )k2 which encourages
accuratekNN classi�cation. Recall that the mappingL is
theparameterizationof thedistancemetric. Speci�cally, the
learntdistancemetricshouldsatisfythefollowing criteria:

1. Minimize the maximumdistancebetweenthe trajectoriesof
x i and its target neighbourx j , i.e. the target trajectories
T (� 1 ; x i ) andT (� 2 ; x j ), 8� 1 ; � 2 . This would encourageac-
curateclassi®cationin the worst casewhen the training and
testdatasetdiffer signi®cantlydueto transformationsT (� ; �).

2. Maximize the minimum distancebetweenthe trajectoriesof
x i andits impostorneighbourx l , i.e. theimpostortrajectories
T (� 1 ; x i ) andT (� 2 ; x l ), 8� 1 ; � 2 .

As will be seen,the secondcriterion results in a convex
SDP formulation. However, exceptfor thecaseof univariate
polynomials,the �rst criteriondoesnot (asexplainedlater).
Hence,to satisfythis criterion,we obtainan approximation
of themaximumdistancebetweenthemappedtarget trajec-
tories. To this end,we computethe ratio of the maximum
distancebetweentheoriginal target trajectoriesandthecor-
respondinginput vectors,i.e.

� ij = max
� 1 ;� 2

kT(� 1; x i ) � T (� 2; x j )k
kx i � x j k

: (12)

Giventhetrainingdata,theratio� ij canbeestimatedfor each
pair of featurevectorsx i andx j usingthe above equation.

Wethenapproximatethemaximumdistancebetweenthetar-
get trajectoriesundera mappingL by � ij kL (x i � x j )k2.
Note that for somecases(e.g.whenall pointsarecollinear
andT(� ; �) de�nesscaling)� ij remainsunchangedunderany
mappingL. In suchcases,ourapproximationis exact.

Underthisapproximation,theobjectivefunctionof LMNN

de�ned in equations(3) and(4) canbegeneralizedto satisfy
thecriteria(1) and(2) asfollows:

 (L ) =
P

ij � ij � ij dij + (13)

� h
P

ij l � ij l [1 + � ij dij � kL (X >
i � 1 � X >

l � 2)k2]+ ;

where dij = jjL (x i � x j )jj2. Recall that binary num-
bers� ij indicatewhetherx i is a targetneighbourof x j and
� ij l = � ij � (yi 6= yl ). The �rst termof theabove costfunc-
tion minimizesthemaximumdistancebetweenthe trajecto-
riesof targetneighbours.Thesecondtermde�nes thehinge
lossbetweenthemaximumdistanceof thetargettrajectories
andtheminimumdistanceof theimpostortrajectories.

ThematricesX i aredeterminedcompletelyby thefeature
vectorsprovidedandhence,theonlyvariablein equation(13)
is L. SinceM = L > L � 0, minimizing the cost function
 (L ) de�ned in equation(13)canbewrittenas

min
P

ij � ij � ij dij + � h
P

ij l � ij l � ij l ; (14)

s.t. (x i � x j )> M (x i � x j ) = dij ; (15)

(X >
i � 1 � X >

l � 2)> M (X >
i � 1 � X >

l � 2) � � ij dij �

1 � � ij l ; (16)

M � 0; � ij l � 0; 8� 1 ; � 2 ; 8i; j; l ; (17)

wheredij and� ij l aretheslackvariableswhichrepresentthe
distancebetweenx i andx j andthe hingelossrespectively.
Notethatequation(16) representsanin�nite numberof con-
straints.However, wenow show how it canbeconvertedinto
asinglesemide�niteconstraint.

We observe that the multivariate polynomial in equa-
tion (16) is a sumof squaresof otherpolynomials.1 Thus,
thein�nite constraintsspeci�edby equation(16) (whichcor-
respondto criterion (2)) can be replacedby a semide�nite
constraintwhich doesnot dependon � 1 and� 2. However,
notethatwhencriterion(1) is expressedsimilarly asa setof
in�nite constraintswe obtain a differenceof squaredpoly-
nomialswhich is not SD-representable(unlessT(� ; �) is uni-
variate). Hence,criterion (1) is approximatedusing � ij as
describedabove.

In order to obtain the semide�nite constraint,we refor-
mulateequation(16) as � 0>P ij l �

0 � 0; 8� 0, where � 0 =
(� 1; � 2)> and

P ij l =
�

X i MX >
i � X i MX >

l
� X l MX >

i X l MX >
l

�
� (� ij dij + 1 � � ij l )E : (18)

HereE is asquarematrix of appropriatedimensionswith all
elementsequalto zeroexceptthe (1; 1)th elementwhich is

1(X >
i � 1 � X >

l � 2)> M (X >
i � 1 � X >

l � 2) = kL (X >
i � 1 � X >

l � 2 )k2 .



(a) (b)
Figure2. (a) Trajectoriesde®nedby rotating the points shownin
Fig. 1 byanangle� 5o � � � 5o . Thetestpoint (i.e. thegreendia-
mond)is alsoshown.Thesolidcircle is centredaroundanendpoint
of thetrajectoryde®nedbya point in class1. Theradiusis themax-
imumdistancebetweenthe trajectoriesof the point and its target
neighbour(shownwith a black border). Thesurroundingdashed
circle showsthedesiredmargin. (b) Mappedtrajectoriesusingpa-
rameterL (obtainedby solvingtheoptimizationproblem(19) with
k = 1). Unlike (a), all impostortrajectorieslie on or outsidethe
margin. Further, thetestpoint is nowclassi®edcorrectly.

1. As equation(16) is SD-representable,it is equivalent to
the constraintP ij l � 0. Thus, the above problemcan be
formulatedasthefollowing convex SDP:

M � = argmin
P

ij � ij � ij dij + � h
P

ij l � ij l � ij l ;

(x i � x j )> M (x i � x j ) = dij ;

M � 0; P ij l � 0; � ij l � 0; 8i; j; l : (19)

Thenumberof variablesandconstraintspresentin theabove
SDP is the sameas the numberof variablesandconstraints
requiredto train the LMNN classi�er. This is dueto the fact
thatthematrix P ij l is completelydeterminedby M , dij and
� ij l . Note that unlike [11], whereapproximationusing � ij

is not applicable,the ILMNN framework allows us to handle
invarianceto multivariatepolynomialtransformations.
Invariance on Segments: For many applicationsit may
not be desirableto enforcecorrectclassi�cation on the en-
tire trajectory. In such cases,we make use of the SD-
representabilityof non-negative polynomialsin the interval
� i 2 [� � i ; � i ] (seesection3). The ILMNN framework can
thenbeeasilyextendedto incorporateinvarianceovera seg-
mentof thetrajectory. Fig.2 showsanexampleof theILMNN

classi�er learntby restrictingtheinvarianceto asegmentand
solvingtheoptimizationproblem(19).
Regularizers: As in the LMNN framework, theproblemof
over�tting is avoidedby usingtheregularizersde�ned in sec-
tion 2 whichcanbeincludedwithin theconvex SDP formula-
tion. This resultsin threevariationsof the ILMNN classi�er:
L 2-ILMNN, D-ILMNN andDD-ILMNN. It is worthnotingthat
unlike D-LMNN, the D-ILMNN classi�er doesnot result in a
linearprogramdueto thesemide�niteconstraintsP ij l � 0.

5. Experiments
We now presentthe resultsof our approachusing two

datasets:(i) thestandardIris dataset2 whichwasusedin [21];

2Availableat http://www.ics.uci.edu/˜mlearn/MLRepository.html

and(ii) facesobtainedfrom TV video.
5.1. The Iris Dataset

For the �rst setof experiments,the goal is to determine
whetherlearningamappingusingtrajectoriesof featurevec-
tors(insteadof usingonly thefeaturevectors)resultsin better
classi�cationof previously unseendata.Below, we describe
theexperimentalsetupandtheresultsobtainedin detail.
Dataset: We usedthestandardIris datasetwhich contains
50 featurevectorsfor eachfor the 3 classes.Eachfeature
vectoris of size4 andspeci�es the following attributes: (i)
sepallength;(ii) sepalwidth; (iii) petallength;and(iv) petal
width (all measuredin centimeters).Using this dataset,we
perform20 experiments.In eachexperiment,we randomly
chooseroughly 75% of the datasetfor training and the re-
maining25%for testing.
Incorporating Invariance: For the ILMNN classi�er, we
include invariance to slight changesin the scale of the
sepal/petallengthandwidth. Thesetransformations(i.e. the
scaling)aremodelledusinga multivariatepolynomial(with
four variables,onefor eachdimension)of degree1. Recall
that the ILMNN classi�er learnsa mappingL usingthe tra-
jectoriesde�ned by thesepolynomials. This effectively in-
creasesthe numberof examplesusedto learn the mapping
without changingthesizeof the training dataset.Using the
methoddescribedin section4, we restrict the invarianceto
segment[ 1

� ij
; � ij ] for the i th dimensionand the j th class.

For eachdimensioni andclassj , the term � ij is chosenas
theaveragescalevariationobservedin thetrainingdata.
Training the Classi®ers: Following the work of Wein-
berger et al. [21], in the absenceof prior knowledge,the k
target neighboursof eachinput vectorare found usingEu-
clideandistance.All input vectorsx l suchthat yl 6= yi are
consideredimpostorneighboursof x i .

The LMNN classi�er is trainedusingthepublically avail-
able code3 for solving the optimizationproblem(5). The
ILMNN classi�er is trainedby solvingtheoptimizationprob-
lem (19)usingtheSDPLR software[5]. As notedin [21], the
time requiredto train the classi�ers is signi�cantly reduced
by using the alternative projection theorem[3] sincemost
slackvariables� ij l = 0. For both the classi�ers, no regu-
larizationis usedin theseexperiments.Wesetk = 1 for both
theclassi�ersto encourageef�cient training.Note,however,
thatour framework is valid for any valueof k.
Results: During testing, the entire training data and the
given test vectorare mappedusing the learntparameterL.
The test vector is then classi�ed using the kNN rule with
k = 1. We comparethe ILMNN classi�er with the LMNN

andthestandardmulti-way SVM (M-SVM) classi�er. Table1
shows theaverageaccuraciesobtained.By incorporatingin-
varianceto scaling, the ILMNN classi�er provides the best
results.We alsotrainedtheLMNN andM-SVM classi�ersus-
ing a largerdataset.This datasetconsistsof 10 synthetically

3Availableathttp://seas.upenn.edu/˜killanw/Downloads/LMNN.html



scaledversionsof eachfeaturevector in the original train-
ing dataset.Notethatby usingthelargerdataset,LMNN and
M-SVM provide comparableresultsto ILMNN at the costof
morecomputation.

Method Tr. Size Acc (%)
ILMNN 112 97.37
LMNN 112 92.11

M-SVM 112 93.42
LMNN 1120 97.37

M-SVM 1120 96.71

Table1. Thesecondcolumnprovidesthe numberof points in the
training dataset.Thesizeof the testdatasetwas®xedto 38 in all
experiments.Notethat for LMNN andM-SVM (in rows4 and5), ad-
ditional training datawascreatedbyscalingeach dimensionof the
featurevectorspresentin theoriginal trainingdataset.Theaverage
accuracyobtainedis shownin thethird column.

5.2. The FaceDataset
Recognizingfacesobtainedfrom TV video is a challeng-

ing taskdueto thepresenceof largevariationsin pose.We
testthe ILMNN classi�er usingonesuchdatasetandprovide
acomparisonwith thestateof theart classi�ers.
Dataset: Weusedapublicallyavailabledataset4 consisting
of a total of 24; 244 faces(with groundtruth) spreadover
11 characterspresentin an episodeof `Buffy the Vampire
Slayer'. For eachface,thirteenfacial featuresweredetected
using the methoddescribedin [7]. The detectedfeatures
(alongwith their numbering)for threefacesof `Buffy' are
shown in Fig. 3. Using the location of the thesefeatures,
facesaremappedontoacommoncanonicalframe.Eachface

Figure3. Examplesof `Buffy'. Thewhitesquaresindicatetheposi-
tionsof thirteenfacial featuresdetected.Notethevariation in pose
of thefaceswhich is typicalof TV video.

is thenrepresentedusingthelocalappearancearoundthede-
tectedfacial features(similar to [7]). For this work, we use
avectorof normalizedgrayscalevaluesin thecircularregion
with radius4 aroundeachfeature.Thedescriptorfor theface
is obtainedby simply concatenatingthesevectors(resulting
in a 637dimensionalrepresentationfor eachface).

We usetwo differentsplits of the dataset:(i) In the �rst
experiment,the datasetis randomlysplit into a training set
(30% of the original dataset),a validationset (30%) anda
testset(40%).Notethatin thissetupseveraltestexampleslie
verycloseto sometrainingexamplein theEuclideandistance
sense(sincethey areextractedfrom nearbyframeswhereap-
pearancedoesnot changemuch);and(ii) In the secondex-
periment,facesdetectedin the �rst 30% of the episodeare
usedasthe trainingset,thenext 30%of theepisodede�nes

4Availableat http://www.robots.ox.ac.uk/˜vgg/research/nface/

Figure4. Zoomed-inversionsof theexamplesin Fig. 3 showingthe
right eye. White squares showthe location of the detectedfacial
features correspondingto the corners of the eye. The greendots
showthecorrect locationof thesefeatures.

thevalidationsetandtheremaining40%of theepisodeis the
testset. This is a muchmoredemandingsetupthanthe�rst
experimentdueto substantialchangesin the appearanceof
facesoveranepisode.

For bothexperiments,theparametersof theclassi�ersare
learntusingthetrainingandvalidationsets.During thetest-
ing stage,thefacesin thetestsetareidenti�ed asbelonging
to oneof the11characters.

Incorporating Invariance: Due to large variationsin the
poseof the faces,the facial featuresarenot found reliably.
In otherwords,evenaftermappingthefacesontoa common
canonicalframework, thereremainsaresidualtransformation
(e.g. translationandrotation)betweenthe featuresdetected
in different images(asshown in Fig. 4). To overcomethis
problem,we incorporateinvarianceof the datato multiple
transformationswithin the ILMNN framework. For thiswork,
we considera 2-D Euclideantransformation.Recall that a
Euclideantransformationis speci�ed by threevariables: �
(i.e. rotation), tx (i.e. translationin the x direction),andty

(i.e. translationin the y direction). However, note that the
ILMNN framework allows for morecomplex transformations
(e.g.af�ne) at thecostof moretrainingtime.

The Euclideantransformationof a faceis approximated
using a multivariatepolynomial (with threevariables,one
eachfor � , tx andty ) of degree2 usingTaylor's expansion.
Imagesare smoothedby a Gaussianwith standarddevia-
tion � = 0:3 pixels. In order to computethe derivative of
the subimagecorrespondingto a facial featurewith respect
to a variable(which is requiredfor Taylor's expansion),a
small transformationis appliedto the subimage(e.g. in the
caseof � , it is rotatedby a small angle). The derivative
is thenapproximatedasthe differencebetweenthe original
subimageandits transformedversion.Thesecondderivative
is computedsimilarly. Using the methoddescribedin sec-
tion 4, we restricttheinvarianceto segments� 5o � � � 5o,
� 3 � tx � 3 and� 3 � ty � 3 pixels.

Training the Classi®ers: We cluster the training set us-
ing k-medoidclustering(wherek is chosenasapproximately
10%of sizeof thetrainingset).Both the LMNN and ILMNN

classi�ersarethentrainedusingtheclustercentres.Thead-
vantageof this is two fold: (i) sincethetargetneighbourslie
far from eachother, theclassi�ersdonot learnthetrivial pa-
rameterL = I (i.e. theidentitymatrix); and(ii) it reducesthe
computationalcomplexity.

The LMNN classi�er is trainedusingthepublically avail-
ablecode(with suitablemodi�cationsto incorporatethereg-



ularizersdescribedin section2). The ILMNN classi�er is
trainedusing the SDPLR software [5] togetherwith the al-
ternative projectiontheorem[3]. We usek = 1 for both the
classi�ers.Thevaluesof all regularizationconstants(� h , � r

and� d) arefoundby cross-validation.Table2 shows theav-
eragetrainingtimerequiredfor LMNN andILMNN. Notethat
the useof the genericSDPLR software (insteadof the spe-
cializedsoftwareusedfor LMNN) increasesthetrainingtime
for the ILMNN classi�er. However, thealternatingprojection
theoremensuresthattrainingisstill computationallyfeasible.
Testing the Classi®ers: The incorporationof regulariz-
ers encouragesa sparsemappingparameterL to be learnt.
Hence,during testing,the mappedpoints lie in a lower di-
mensionalspace.Sincethecomputationalcomplexity of kNN

classi�cationis proportionalto thedimensionalityof thedata,
thissigni�cantly reducesthetestingtime (seetable2).
Results: Table2 shows theaccuraciesobtainedusingvar-
ious classi�ers. Below, we describetheseresultsin detail.

Method Tr. Te. Acc-1 (%) Acc-2 (%)
kNN-E - 62.2s 83.6 26.7

L 2 -LMNN 4h 62.2s 61.2 22.6
D-LMNN 1h 53.2s 85.6 24.3

DD-LMNN 2h 50.5s 84.4 24.5
L 2 -ILMNN 24h 62.2s 65.9 24.0
D-ILMNN 8h 48.2s 87.2 32.0

DD-ILMNN 24h 51.9s 86.6 29.8
M-SVM 300s 446.6s 62.3 30.0

SVM-KNN - 2114.2s 75.5 28.1

Table 2. The secondcolumnshowsthe average training time re-
quired for each classi®er. Notethat, unlike LMNN and ILMNN, M-
SVM wastrainedusingtheentire trainingdataset.Theaverage test-
ing timesare shownin columnthree. Thefourth and®fth columns
showtheaccuracyof theclassi®ers for thetwoexperiments.

(a) The LMNN Classi�er: Fig. 5 shows the precision-
recallcurvesobtainedusingthe LMNN classi�er for the two
differentsplits of our dataset.Recall indicatesthe percent-
ageof testexampleswhosenearestneighbourslie at a dis-
tanceless than a threshold� , while precisioncorresponds
to the percentageof correctlyclassi�ed examples. For our
dataset,the bestresultsareobtainedusingD-LMNN (which
learnsa diagonalparameterL) andDD-LMNN (which learns
a diagonallydominantparameter).The L 2-LMNN classi�er
over�ts to thetrainingdatadespitea regularizationtermand
henceresultsin highgeneralizationerror. For the�rst exper-
iment, both D-LMNN and DD-LMNN provide slightly better
resultsthankNN-E classi�cation(i.e. kNN classi�cationwith
Euclideandistance).For thesecondexperiment,their classi-
�cation accuracy is slightly worsethankNN-E (possiblybe-
causethetrainingdatais not representative of the testdata).

(b) The ILMNN Classi�er: Fig. 6 shows the precision-
recallcurvesobtainedusingthe ILMNN classi�er for thetwo
experiments. Similar to the caseof LMNN, D-ILMNN pro-
vides the bestresults. The L 2-ILMNN classi�er over�ts to
the training data,while DD-ILMNN learnsa nearlydiagonal

(a) (b)
Figure5. Precision-recall curvesfor theLMNN classi®ers. (a) First
experiment. (b) Secondexperiment. The curvesare obtainedby
varyingthethreshold� (seetext).

(a) (b)
Figure6. Precision-recallcurvesfor the ILMNN classi®ers. (a) First
experiment.(b) Secondexperiment.ILMNN incorporatesinvariance
to Euclideantransformationandhence, providesbetterresults.

parameterandprovidescomparableresultsto D-ILMNN. By
incorporatinginvarianceto Euclideantransformation,ILMNN

outperformsboththekNN-E andthe LMNN classi�er. Fig. 7
shows examplesof true positivesfor eachof the 11 charac-
tersobtainedusingthe ILMNN classi�er. Most of theerrors
in recognitionoccurdueto thesmallsizeor inaccuratelocal-
izationof theface.

Figure7. Examplesof truepositivesfor the11characters presentin
theepisodeobtainedusingILMNN-2.

The D-ILMNN classi�er was also trained under further
constraintsthat all dimensionsof the featurevector corre-
spondingto thesamefacial featuresharea commonweight.
Although this is sub-optimal,it indicateswhich facial fea-
turesweremostusefulfor thetaskof classi�cation. For this
purpose,we used10 differenttrainingdatasetsby randomly
selecting60%of the facesin theoriginal dataset.Theaver-
ageweightslearntfor eachfeaturevector, togetherwith their
standarddeviations,areshown in table3. The two features
with the lowestweightsarethe inner eye corner(feature3)



1 2 3 4 5 6 7 8 9 10 11 12 13
Weight 1.19 0.71 0.49 1.32 0.87 1.25 1.04 1.14 1.15 0.67 1.51 1.18 0.48

Std.Dev. 0.14 0.11 0.11 0.12 0.10 0.09 0.14 0.10 0.14 0.13 0.13 0.12 0.18

Table3. Theaverage weightsandthestandard deviation obtainedusingD-ILMNN whenall dimensionscorrespondingto a facial feature
share thesameweight.Thetop row lists thefeature numbers which correspondto thoseshownin Fig. 3.

(a) (b)
Figure 8. Comparisonof precision-recall curves for the LMNN,
ILMNN, M-SVM andSVM-KNN classi®ers. (a) Firstexperiment.(b)
Secondexperiment.The ILMNN classi®eroutperformsthe stateof
theart classi®ers on our dataset.

which is often occludedby the nose,andthe mouthcorner
(feature13) whoseappearancevariesdueto differentfacial
expressions.Thelocationof theeyecentre(feature2) is com-
putedastheaverageof positionsof theeye corners(features
1 and3). Hence,its low weightmayberelatedto theprob-
lemswith feature3.

(c) Comparison:Wecomparedtheperformanceof ILMNN

with two otherstateof theartclassi�ers,namelyM-SVM and
SVM-KNN [23]. The M-SVM classi�er wastrainedusingthe
entire training set insteadof just the cluster centres. The
valueof k for the SVM-KNN classi�er is chosenusingcross-
validation(with a lower boundof k = 5 to prevent it from
reducingto thekNN-E classi�er). Fig. 8 providesa compari-
sonof theprecision-recallcurvesobtainedusingour method
andthe above mentionedclassi�ers. Sincethe �rst experi-
mentis moresuitablefor kNN classi�cation,M-SVM hasthe
worstaccuracy. For thesecondexperiment,it providesbet-
ter resultsthankNN-E, D-LMNN and SVM-KNN. However,
notethatby incorporatinginvariance,D-ILMNN outperforms
all theclassi�ersin bothexperiments.

6. Discussion
The LMNN and ILMNN formulationspresentedin this pa-

perarequitegenericandcanpossiblyimprovedistancemet-
rics for otherstandardfeaturessuchasSIFT [16]. Thisneeds
further investigation.The LMNN framework canbe usedto
learnamappingin nonlinearspaceusingthekerneltrick [9].
For a large andusefulclassof polynomial transformations,
thekerneltrick canalsobeappliedwithin the ILMNN frame-
work. BoththeLMNN andtheILMNN formulationscanbeex-
tendedto handlemissingor noisydata(similar to themethod
describedin [20]). Further, theD-LMNN classi�ercanbeeas-
ily modi�ed to learnadiagonalparameterL whichoptimizes
� 2 distance(insteadof the Euclideandistancepresentedin
this paper). However, the practicalbene�ts of theseexten-
sionshave not beenevaluated. An interestingdirection for
futureresearchis to learnmany localmappingsinsteadof the
globalmappinglearntby LMNN andILMNN.
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