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Abstract

Thek-neaestneighbour(knN) rule is a simpleand effec-
tive methodfor multi-wayclassi cationthatis mud usedin
ComputerVision. However, its performancedependsheav-
ily onthedistancemetricbeingemployed.Therecentlypro-
posedarge mamin neaestneighbour(LMNN) classi er [21]
learnsa distancemetric for kNN classi cation and thereby
improvesits accutacy. Learninginvolvesoptimizinga con-
vex problemusingsemide niteprogramming(sbp).

We extendthe LMNN framewvork to incorporate knowl-
edge aboutinvarianceof the data. The main contributions
of our work are threefold: (i) Invariancesto multivariate
polynomialtransformationsire incorporatedwithoutexplic-
itly adding more training data during learning - thesecan
appmoximatecommortransformationsud asrotationsand
afnities; (ii) the incorporation of different regularizers on
theparametesbeinglearnt; and(iii) for all thesevariations,
weshowthatthedistancemetriccanstill beobtainedby solv-
ing a convex sDP problem.We call theresultingformulation
invariantLMNN (ILMNN) classi er.

We testour appmoac to learn a metric for matding (i)
featuie vectos fromthe standad Iris dataset;and (ii) faces
obtainedfrom Tv video (an episodeof “Buffy the Vampire
Slayer"). We compake our methodwith the stateof the art
classi ers anddemonstateimprovements.

1. Intr oduction

Many problemsin ComputerVision canbe posedin the
multi-way classi cation framewvork. For example, object
recognition[16] (or objectcateyory recognition[8]) wherea
givenimageneeddo beclassi edasbelongingto aparticular
object(or objectcatayory),imageretrieval [1] whereimages
in a datasetireclassi ed assatisfyinga queryor not, andto
someextent poseestimation[18] where,givena setof 3-D
modelsin variousposesanimageor silhouetteis classi ed
asbeinggeneratedrom oneof the 3-D models.

The k-nearesneighbour(knN) rule [6] is oneof the old-
estand mostaccuratemethodsto obtainnonlineardecision
boundariesn a multi-way classi cation problem. Given a
training datasetthe KNN classi er labelsan unlabelledtest

exampleby themajoritylabelamongts k nearesheighbours.

Therearetwo mainissuesvhenusingthe kNN classi er: (i)
Which distancemetricshouldbe used?and(ii) How canthe
nearestieighboursbe found ef ciently? Many algorithms

have beenproposedn the literaturewhich addresshe lat-
ter issueof efciency, e.g.[4, 8, 18. However, mostkNN
basednethodaiseEuclideardistancgdenotedy kKNN-E for
short). In otherwords, they treatall elementf the feature
vectorequallyandfail to capitalizeon ary statisticalregular
itiesin thedata.

To overcomethis de ciency, somemethodshave com-
binedothermulti-way classi erswith kNN-E [23]. Alterna-
tively, it hasbeenproposedo learna distancemetricfrom a
setof labelledexamples.To this end, several methodshave
beenreportedwvhichlearnagloballinearmappingof features
to encouragaccuratelassi cationby minimizing somecost
function[2, 10, 12, 22]. However, thesemethodsely ongra-
dientdescentwvhich is slow and proneto local minima and
thus,arelimited in their usefulness.

Recently the problem of learning the linear mapping
has beenreformulatedas a corvex semide nite program
(sbP) [9, 21]. This implies that the globally optimal lin-
ear mappingcan be efciently estimatedfrom the training
data(i.e. in time whichis polynomialin the sizeof thetrain-
ing data). The resultingframework, calledthe large mamgin
nearesheighbour(LMNN) classi e, effectively learnsa Ma-
halanobisdistancemetric for KNN classi cation. However,
LMNN doesnot incorporateinvarianceof the datato known
transformationsvhich hasbeenshaown to improve the accu-
ragy of aclassi er[11, 19).

A standardway to incorporateinvariancewhenlearning
aclassi er is to augmenthe training datawith transformed
versionsof eachfeaturevector However, this increaseshe
amountof training data therebymaking the methodmore
computationallyexpensve. Further it approximateghe in-

nite pointslying on thetrajectory(manifold), describedy
the transformedversionsof the featurevector, usinga nite

numberof samples. Due to thesedisadwantages previous
researchhasfocusedon incorporatinginvarianceusing the
trajectoriedirectly[11, 19].

ForkNN classi ers,Simardetal. [19] approximatehedis-
tancebetweentwo trajectories(de ned by the transformed
versionsof two featurevectors)using the distancebetween
theirtangentvectors.However, this approximatioris inaccu-
ratewhenthe trajectorieshave high curvatureswhich limits
its applicationto a restrictedsetof transformations For bi-
nary classi cation, GraepelandHerbrich[11] learna maxi-
mum mamin separatindiyperplanevhenthe training exam-



plesarepolynomialtrajectoriesnsteadof singlepoints. This

allows themto integrateinvarianceto polynomial transfor

mationswithin the supportvector machine(svm) formula-
tion. However, extendingtheir methodto multiple classess

non-trivial. Further their framework only allows for invari-

anceto univariatepolynomialtransformationgi.e. transfor

mationsover onevariableonly, suchasrotationor translation
alongonedirection).

In this paperwe shav how to extendthe multi-way LMNN
frameawork to incorporatenvarianceto multivariatepolyno-
mial transformations.Many commontransformationsuch
as rotation, scaling and shearingcan be approximatedas
polynomialsusing Taylor's expansion.Further multivariate
polynomialsallow usto handletransformationsie ned over

multiple variables(e.g. the 2-D Euclideantransformation).

The resultingframawvork, which we call the invariant large
maigin nearesneighbour(ILMNN) classi er, canbe formu-
latedasa corvex sbp. This allows usto learnthe distance
metricin polynomialtime. Further to addresghe issueof
over tting, we proposdalifferentregularizersfor theparame-
tersof the distancemetric which canbe includedwithin the
corvex sbp formulation.

Preliminaries: sDP is a strict generalizatiorof commonly
usedcorvex optimizationframeworks, e.g. linear program-
ming and second-ordeicone programming. Its ability to
modelmorecomple costfunctionshasleadto new andaccu-
rateapproachefor severalapplicationq9, 13, 17, 21]. For-
mally, ansDP is alinearprogramon theelementof matrices

Mi (i = 1, ;s)with theadditionalconstrainthatM ; are
positive semide nite(denotecoy M;  0), i.e.
) P
min P iCi M
S.t. i Aij M q;Mi 0; 8i;j; (1)

wherethe operator( ) is the Frobeniusinner product. The
matricesC; de ne the objective functionwhile Aj; specify
the constraints Note that positive scalarvariablescanbein-

cludedin sbp by usingl 1 matricesM ;.

Outline: We begin by brie y describingthe LMNN formu-
lation presentedhn [21]. We thenproposdifferentregulariz-
ersfor the parametersf the distancemetric. Section3 out-
linesthe classof transformationsvhich areof interestto us.
In sectiord, we describehelLMNN classi erwhichincorpo-
ratesinvarianceto this classof transformationsWe testour
approachon two problems: (i) recognizingpreviously un-
seendatafrom the Iris datasetand (ii) recognizingfacesin

TV videowhereit is importantto addressheissueof invari-

anceto multiple transformation@ orderto handlevariations
in pose. Resultsof our methodand a comparisorwith the
stateof theart classi ersis presentedn section5.

2. The LMNN Classi er

Given a setof featurevectorsx; 2 <P (i = 1, ;n)
along with their labelsy; and their target (correct) neigh-

bours,LMNN learnsa Mahalanobisdistancemetric param-
eterizedby L, i.e.

D(xi;xj)=kL(xi x))k*=(xi x;)’L L(xi x;) (2
which encouragesccuratekNN classi cation. Speci cally,
the parametelL should minimize the distancebetweenthe
mappingsof a vectorandits k targetneighbours.Let j; 2
f 0; 1g indicatewhetherx; is atargetneighbourof x;. Thus,

L shouldbechoserto m)i(nimize

(L) = i KL(xi xj)k™: ®3)
i

Further thedistanceof x; from atargetneighbourx; should

be lessthanits distancefrom animpostor(incorrect)neigh-

bourx,. To thisend,Weinbegeretal. [21] suggesminimiz-

ing the sumof the standarchingelossover triplets of input

vectors,.e.

2(L) =
il

L+ kLG XK kL x)Ke; (4)

where 1 = § (yi 6 y1) ( () islif andonlyif theargu-
mentis true) andthefunction[z]. = maxf z;0g. Thehinge
losswill be zeroonly when D (X;; x|) 1+ D(Xi;Xj),
i.e. whenthereis a mamin of width 1 betweentarget and
impostor neighbours. The total cost function is given by

(L)Y= 1(L)+ 1 2(L)where  0Oissomeconstant.
SinceM = L L 0, theminimizationof the costfunc-
tion (L) canbeformulatedasacorvex spp[21], i.e.
) P
min ioidi oy i
s.t. (Xi X )” M (X Xj) = dj;
xXi x)>M(x;i xi) dj 1 G

M O; ij | 0; 8i; j; |: (5)

Thevariablesd; and | representhe distancebetweerx;
andx; andthe hingelossrespectiely. Note thatthe aboe
problemis corvex with respecto the variableM but notL.
Hence,the methodsdescribedn [2, 10, 12, 22] (which op-
timize over L) are proneto local minima. Fig. 1 shovs an
exampleof theLMNN classi er learntusing2-D points.

The LMNN classi er sometimesover ts to the training
datawhich resultsin high generalizatiorerror. It is well-
known thatsuchproblemscanbe avoidedby regularization.
To this end,we proposethe following threevariationsof the
LMNN classi er.

L2-LMNN: Oneof themostcommonlyusedregularizeris
to minimize the L2 (or Frobeniys)norm of the parameters.
P - D i . _
In the caseof LMNN, jiLjj = .., M (a;a), sinceM =
L> L. Thus,the minimizationof the L? normof L canbe
includedwithin the sbp formulationasfollows:

P P
min oy ogdi v o gy gt o gM(aa); (6)

where ;  Ois someconstantndthevariablesd; , ;| and
M areasde ned in theoptimizationproblem(5).



a,

Figurel. (a) P(gi%ts belongingto two classesare shown(class1:
red squaes, class2: greentriangles). Thesolid circle is cented
around a point in class1 with radius equalto the distancefrom
its target neighbour(shownwith a bladk border). Thesurrounding
dashectircle showghedesiedmanmin. Atestpoint(greendiamond
in class2) which is misclassi®edvhenusingkNN-E is also shown.
The arrow pointsto the neaest neighbourof the testpoint in the
training dataset. (b) Mappedpoints using parameterL (obtained
by solvingthe optimizationproblem(5) with k = 1). Unlike (a),
all pointsin class2 lie on or outsidethe mamgin. Further, thegreen
diamondis nowassigneahe correctlabel.

D-LMNN: In additionto the L? regularization,the form

of the parameterL (and henceM) can also be restricted
to a diagonalmatrix. In this casethe corvex optimization
problemis a muchsimplerlinear programinsteadof an sbp

sincetheconstraintM  Oisreplacecby M (a;a) Oand
M (a;b) = Oforalla6 b.

DD-LMNN: We canalsousea softerregularizationterm
whichfavoursM to bediagonallydominant(in contrasto the
hardconstraintin D-LMNN). This regularizationterm mini-

mizestheL ! normof theoff-diagonalelement®f M andcan
beincludedwithin the sbp formulationasfollows:

P P
min i i di T on MIRTRE 2M(a;a) +
d  asplab;
s.t. taa M(ajb);tas  M(a;b);8a;b; (7)
where ¢ 0. Again,thevariablesdj , | andM aregiven

in the optimizationproblem(5).

The globally optimalM (andhencel ) canbe estimated
in polynomialtime by solvingthecorvex problemsdescribed
above. However, sincetheworst-caseompleity for obtain-
ing the parameteL is still cubicin the size of the training
data,it becomesomputationallyinfeasibleto build invari-
anceby augmentinghe training datawith transformedver-
sionsof thefeaturevectors.

It is desirablethereforeto incorporateknown invariances
into theLMNN framavork withoutaddingmoretrainingdata.
Further the resultingproblemshouldretainthe propertyof
corvexity. The next sectiondescribesthe classof useful
transformationsanda resultby Lasserrg15] which enable
usto achievethis.

3. Polynomial Transformations

Building invarianceto ageneratransformatiorwithin the
LMNN framework resultsin a complex anddif cult-to-solve

problem.In this paperwe considerthe casewherethetrans-
formationscan be approximatedusing multivariatepolyno-
mials. As will beseenin thenext section theresultingprob-
lemretainsthe desirablepropertyof corvexity.

A multivariate polynomial transformationmapsa point
x 2 <P to anotherpoint x® 2 <P suchthatthe mapping
canberepresentedsingpolynomials.For example,consider
the af ne transformationof a point (x1;X2). Its mapping
(1X1+ 2X2+ 3; 4X1+ s5X2+ ) canbeexpressedsa
degreel multivariatepolynomialtransformatiorasfollows:

0 0

0 X1 .
X2 1 !

0 0

Xo 1 0
0 O X1

X3
" (8)
where = (1; 1; 2; ; 6)”.Ingeneraladegreer multi-
variatepolynomialtransformationT ( ; ) mapsx to
x0= T( ;x)= X~ ; (9)

where = (1; 1 2; i mi §i 120 3 h)7 andX 2

<R D jsamatrixwhoseelementsrecompletelydetermined
by x. The above equationprovidesthe trajectory(manifold)
which containghe transformedrersionof thevectorx.

An importantspecialcaseof the above classof transfor
mationsis univariatepolynomials wherethe numberof vari-
ablesm = 1. Univariatepolynomialscontainmary useful
transformationsvhich arede ned over onevariable,e.g.the
rotation of a point (x1;X2) by anangle , whosemapping
(xpcos  Xxzsin ;Xpsin + Xz cos ) canbeapproximated
to third orderusingTaylor's expansionas

x? x1(l  2=2)  xaf 3=6)
x3 T xy( 3=6) + x2(1  2=2)
_ X1 X2 X1=2 X2=6 )
B X2 X1 Xp=2 X1=6 ! (10)
where = (1; ; 2; 3)”. Nestero [17] shawved that,

for every non-ngyative univariate polynomial T( ;x) (i.e.
T( ;%) 0;8 2 <), there exists a matrix P 0
suchthat T( ;x) ”P . In otherwords, non-ngative
univariate polynomials are semide nite-epresentable(sp-
representableNote thatthis wastheresultusedto incorpo-
rateinvarianceto atransformatiorwith onevariablein [11].

Unfortunatelythe above resultby Nestere doesnothold
true for all multivariatepolynomials. In otherwords, there
exist somemultivariatepolynomialswhich are non-neyative
everywhereon the real axes but are not sb-representable.
However, it has beenshavn that multivariate polynomi-
als which are sum of squaref other polynomialsare sb-
representablfl5].

We canfurther extendthis resultby shawving thatfor an
sb-representablenultivariatepolynomial T( ; x), the con-
ditionT( ;x) 0;8; 2 [ i; i]isalsosb-representable.
Note that this is a generalizatiorof corollary 1 in [11] and



canbeprovedby replacing ; with i( 2 1)=( 2+ 1) (de-
tailedproofin technicalkeport[14]). As anillustrative exam-

ple, considerthe caseof a univariatepolynomialtransforma-
tion which approximatesotationasshavn in equation(10).

The non-ngatiity of this polynomial can be restrictedto

the range by constructingthe following sb-

representablpolynomial;

0 (e 1
X1 X2 X1=2 X2=6 (2+1)2(2 1
X1 Xz X1=2  X2=6 2(2+1(2 12
3 2 1)3
_ cc 0 cc 0 &3 0 &
T s 0 ¢ 0 ¢ 0 e (11)
where = (1; ; 2; ; ©)>, for appropriatevaluesof ¢;
i=1 8.

Next, we shav how invarianceto multivariatepolynomial
transformationganbebuilt into the LMNN framework using
the sb-representabilityesults.

4. The ILMNN Classi er

In this sectiorwe describeheinvariantlargemamin near
estneighbour(ILMNN) classi er. Thishasthedesirablgrop-
ertiesof: (i) incorporatinginvarianceof featurevectorsto
known multivariate polynomial transformationswithout in-
creasingthe size of the training dataset;and (i) providing
thedistancemetricin polynomialtime.

Under a known polynomial transformationT ( ; ), the
goal of the ILMNN classi er is to learna Mahalanobidis-
tancemetricD (xi;x;) = kL(x;  Xx;j)k? which encourages
accuratekNN classi cation. Recall that the mappingL is
the parameterizationf the distancemetric. Speci cally, the
learntdistancemetric shouldsatisfythefollowing criteria:

1. Minimize the maximumdistancebetweenthe trajectoriesof
Xi and its target neighbourx;, i.e. the target trajectories
T( 1;%i)andT( 2;%j),8 1; 2. Thiswouldencouragec-
curateclassi®cationin the worst casewhenthe training and
testdatasediffer signi®cantlydueto transformationg ( ; ).

. Maximize the minimum distancebetweenthe trajectoriesof
xi anditsimpostoreighbouix|, i.e.theimpostortrajectories
T( u;xi)andT( 2;X1),8 1; 2.

As will be seen,the secondcriterion resultsin a corvex

spbp formulation. However, exceptfor the caseof univariate

polynomials,the rst criteriondoesnot (asexplainedlater).

Hence,to satisfythis criterion, we obtainan approximation

of the maximumdistancebetweernthe mappedargettrajec-

tories. To this end, we computethe ratio of the maximum
distancebetweerthe original target trajectoriesandthe cor
respondingnput vectors,.e.

« KT( 15xi)  T( 2:%5)k,
kXi Xjk '

ij = ma

1, 2

(12)

Giventhetrainingdatatheratio j canbeestimatedor each
pair of featurevectorsx; andx; usingthe abose equation.

We thenapproximatehe maximumdistancebetweerthetar
get trajectoriesundera mappingL by j KL(Xi  xj)k?.
Note that for somecaseqe.g.whenall pointsare collinear
andT( ; ) de nesscaling) j remainsunchangednderary
mappingL . In suchcasespur approximatioris exact.

Underthisapproximationtheobjectivefunctionof LMNN
de nedin equationg3) and(4) canbegeneralizedo satisfy
thecriteria(1) and(2) asfollows:

P
(L)y= 4 4 §dj +
jr[d+ 5 di  KL(X? 1

(13)

hoi X|> 2)k2]+;

where dj iL(xi  x;)ji?. Recall that binary num-
bers j indicatewhetherx; is a tamget neighbourof x; and
it = i (yi 8 yi). The rst termof the above costfunc-
tion minimizesthe maximumdistancebetweenthe trajecto-
ries of tamgetneighbours.The secondermde nesthehinge
losshetweerthe maximumdistanceof thetargettrajectories
andthe minimumdistanceof theimpostortrajectories.
ThematricesX; aredetermineccompletelyby thefeature

vectorgprovidedandhencetheonly variablein equation(13)

isL.SinceM = L>L 0, minimizing the costfunction
(L) de nedin equation(13) canbewrittenas
min i i i di ton P TR (14)
S.t. (i Xj )> M (X; Xj) = dij ; (15)
(X7 1 X7 2)’M(X7 1 X7 2) i dy
1 G (16)
M 0 41 0,8 1; 2;8ij I; (17)

whered; and ;| aretheslackvariablesvhichrepresenthe
distancebetweerx; andx; andthe hingelossrespectiely.
Notethatequation(16) representsnin nite numberof con-
straints.However, we now shav how it canbe corvertedinto
asinglesemide niteconstraint.

We obsenre that the multivariate polynomial in equa-
tion (16) is a sumof squaresof other polynomials! Thus,
thein nite constraintspeci edby equation(16) (which cor-
respondto criterion (2)) canbe replacedby a semide nite
constraintwhich doesnot dependon ; and ,. However,
notethatwhencriterion (1) is expresseaimilarly asa setof
in nite constraintswe obtain a differenceof squaredooly-
nomialswhich is not sb-representabléunlessT ( ; ) is uni-
variate). Hence,criterion (1) is approximatecusing j as
describedabove.

In orderto obtainthe semide nite constraint,we refor-
mulateequation(16) as P °  0;8 ° where ° =

( 1; 2)” and
XiMX 7 XiMX ~ .
Pij = XI|MXIi> X|;\/IX I>' (jdj +1 5 )E: (18)

HereE is asquarematrix of appropriatedimensionawith all
elementsequalto zeroexceptthe (1; 1) elementwhich is

X7 1 X7 2”M(X7 1 X7 2)= KL(X7 1 X7 2)k2
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Figure 2. (a) Tr(aj)ectoriesde®nedby rotating th(e)points shownin
Fig. Lbyanangle 5° 5°. Thetestpoint (i.e. thegreendia-

mond)is alsoshown.Thesolid circle is cented aroundan endpoint
ofthetrajectoryde®nedby a pointin classl. Theradiusis the max-
imum distancebetweerthe trajectoriesof the point and its target

neighbour(shownwith a bladk border). The surroundingdashed
circle showsthe desied mamgin. (b) Mappedtrajectoriesusingpa-

rameterL (obtainedby solvingthe optimizationproblem(19) with

k = 1). Unlike (a), all impostortrajectorieslie on or outsidethe

maigin. Further, thetestpointis nowclassi®edcorrectly.

1. As equation(16) is sb-representablei is equivalentto
the constraintP; | 0. Thus,the above problemcanbe
formulatedasthefollowing corvex sDP:

) P
M =argmin 5 dj + n oy i
(X Xj )> M (X; Xj) = dij ;
M 0Py 0 1 080 I (19)

Thenumberof variablesandconstraintgpresenin theabove
SDP is the sameasthe numberof variablesand constraints
requiredto train the LMNN classi er. Thisis dueto thefact
thatthematrix Pj | is completelydeterminedoy M , dj and
ij 1. Note that unlike [11], whereapproximationusing j;
is notapplicable the ILMNN framework allows usto handle
invarianceto multivariatepolynomialtransformations.
Invariance on Segments: For mary applicationsit may
not be desirableto enforcecorrectclassi cation on the en-
tire trajectory In such cases,we make use of the sb-
representabilityof non-n@ative polynomialsin the interval
i 2 [ i; i] (seesection3). The ILMNN frameawvork can
thenbe easilyextendedto incorporateinvarianceover a seg-
mentof thetrajectory Fig. 2 shovsanexampleof thelLMNN
classi erlearntby restrictingtheinvarianceto a sggmentand
solvingthe optimizationproblem(19).
Regularizers: Asin theLMNN framework, the problemof
over tting is avoidedby usingtheregularizersde nedin sec-
tion 2 which canbeincludedwithin the corvex sbp formula-
tion. Thisresultsin threevariationsof the ILMNN classi er:
L2-ILMNN, D-ILMNN andDbD-ILMNN. It is worth notingthat
unlike D-LMNN, the D-ILMNN classi er doesnot resultin a
linearprogramdueto the semide niteconstraint®;;; 0.

5. Experiments

We now presentthe resultsof our approachusing two
datasets(i) thestandardris dataset whichwasusedin [21];

2Availableat http://wwwics.uci.edu/"mlearn/MLR®story.html

and(ii) facesobtainedfrom Tv video.
5.1 The Iris Dataset

For the rst setof experimentsthe goal is to determine
whetherlearningamappingusingtrajectorief featurevec-
tors(insteaddf usingonly thefeaturevectorsyesultsin better
classi cationof previously unseerdata. Below, we describe
theexperimentaketupandtheresultsobtainedn detail.
Dataset: We usedthe standardris datasewhich contains
50 featurevectorsfor eachfor the 3 classes.Eachfeature
vectoris of size4 andspeci esthe following attributes: (i)
sepallength;(ii) sepalwidth; (iii) petallength;and(iv) petal
width (all measuredn centimeters).Using this datasetwe
perform 20 experiments.In eachexperiment,we randomly
chooseroughly 75% of the dataseffor training andthe re-
maining25%for testing.

Incorporating Invariance: For the ILMNN classi er, we
include invarianceto slight changesin the scale of the
sepal/petalengthandwidth. Thesetransformationgi.e. the
scaling)aremodelledusinga multivariatepolynomial (with
four variables,onefor eachdimension)of degreel. Recall
thatthe ILMNN classi er learnsa mappingL usingthetra-
jectoriesde ned by thesepolynomials. This effectively in-
creaseghe numberof examplesusedto learnthe mapping
without changingthe size of the training dataset.Using the
methoddescribedn section4, we restrictthe invarianceto
segment[i—lj; j ] for the i dimensionandthe j™ class.
For eachdimensioni andclassj, theterm j is chosenas
theaveragescalevariationobsenedin thetrainingdata.
Training the Classi®ers: Following the work of Wein-
bemeret al. [21], in the absenceof prior knowledge,the k
target neighboursof eachinput vectorare found using Eu-
clideandistance.All input vectorsx, suchthaty, 6 y; are
consideredmpostorneighboursof x; .

The LMNN classi er is trainedusingthe publically avail-
able cod€ for solving the optimization problem(5). The
ILMNN classi eris trainedby solvingthe optimizationprob-
lem (19) usingthe SDPLR software[5]. As notedin [21], the
time requiredto train the classi ersis signi cantly reduced
by using the alternatve projectiontheorem[3] since most
slackvariables jj; = 0. For both the classi ers, no regu-
larizationis usedin theseexperimentsWe setk = 1 for both
theclassi ersto encouragef cient training. Note,however,
thatour framework is valid for any valueof k.

Results: During testing, the entire training data and the
given testvector are mappedusing the learnt parametelL.
The test vector is then classi ed using the KNN rule with
k = 1. We comparethe ILMNN classi er with the LMNN
andthe standardnulti-way svm (M-svM) classi er. Tablel
shaws the averageaccuraciesbtained.By incorporatingn-
varianceto scaling,the ILMNN classi er providesthe best
results.We alsotrainedtheLMNN andM-svM classi ersus-
ing a largerdataset.This datasetonsistsof 10 synthetically

SAvailableat http://seas.upenn.edu/Teitw/DownloadsL MNN. html



scaledversionsof eachfeaturevectorin the original train-
ing datasetNote thatby usingthelargerdataset. MNN and
M-SvM provide comparableesultsto ILMNN at the costof
morecomputation.

Method
ILMNN
LMNN
M-SVM
LMNN 1120 97.37
M-SVM 1120 96.71

Table 1. The secondcolumn providesthe numberof pointsin the
training dataset. The sizeof the testdatasetwas®xedto 38 in all
experimentsNotethatfor LMNN andM-svM (in rows4 and5), ad-
ditional training datawascreatedby scalingead dimensiorof the
feature vectos presentin theoriginal training dataset.Theaveiage
accumcy obtainedis shownin thethird column.
5.2 The FaceDataset

Recognizingfacesobtainedfrom Tv videois a challeng-
ing taskdueto the presencef large variationsin pose. We
testthe ILMNN classi er usingone suchdatasetandprovide
acomparisorwith the stateof theart classi ers.
Dataset: We usedapublically availabledataset consisting
of a total of 24; 244 faces(with groundtruth) spreadover
11 charactergpresentin an episodeof "Buffy the Vampire
Slayer'. For eachface thirteenfacial featuresvere detected
using the methoddescribedin [7]. The detectedfeatures
(alongwith their numbering)for threefacesof "Buffy' are
shawvn in Fig. 3. Using the location of the thesefeatures,
facesaremappedntoacommoncanonicaframe.Eachface

Tr. Size
112
112
112

Acc (%)
97.37
92.11
93.42

Figure3. Examplesf "Buffy’. Thewhite squaesindicatethe posi-
tions of thirteenfacial featuesdetected Notethe variation in pose
of thefaceswhich is typical of Tv video.

is thenrepresentedsingthelocal appearancaroundthe de-
tectedfacial featureq(similar to [7]). For this work, we use
avectorof normalizedgrayscalesaluesin the circularregion
with radius4 aroundeachfeature.The descriptoffor theface
is obtainedby simply concatenatinghesevectors(resulting
in a637dimensionatepresentatiofor eachface).

We usetwo differentsplits of the dataset:(i) In the rst
experiment,the dataseis randomlysplit into a training set
(30% of the original dataset)a validation set(30%) and a
testset(40%). Notethatin this setupsereraltestexampledie
very closeto sometrainingexamplein theEuclideardistance
sensdsincethey areextractedfrom nearbyframeswhereap-
pearancealoesnot changemuch); and (ii) In the secondex-
periment,facesdetectedn the rst 30% of the episodeare
usedasthetraining set,the next 30% of the episodede nes

4Availableat http://wwwrobots.ox.ac.uk/"vgg/resehinface/

Figure4. Zoomed-irnversionsof the examplesn Fig. 3 showingthe
right eye  White squaes showthe location of the detectedfacial
featules correspondingto the corners of the eye  The greendots
showthe correctlocationof thesefeatues.
thevalidationsetandtheremainingd0%of theepisodds the
testset. Thisis a muchmoredemandingsetupthanthe rst
experimentdue to substantiathangesn the appearancef
facesoveranepisode.

For bothexperimentsthe parametersf theclassi ersare
learntusingthetrainingandvalidationsets.During the test-
ing stage thefacesin thetestsetareidenti ed asbelonging
to oneof thell characters.

Incorporating Invariance: Due to large variationsin the
poseof the faces,the facial featuresare not found reliably.
In otherwords,evenaftermappingthefacesontoa common
canonicaframework, thereremainsaresiduakransformation
(e.g.translationand rotation) betweenthe featuresdetected
in differentimages(asshown in Fig. 4). To overcomethis
problem,we incorporateinvarianceof the datato multiple
transformationsvithin theiLMNN frameawork. For thiswork,
we considera 2-D Euclideantransformation. Recallthat a
Euclideantransformationis speci ed by threevariables:
(i.e. rotation),t, (i.e. translationin the x direction),andty
(i.e. translationin the y direction). However, note that the
ILMNN framework allows for morecomplec transformations
(e.g.afne) atthecostof moretrainingtime.

The Euclideantransformationof a faceis approximated
using a multivariate polynomial (with three variables,one
eachfor , t, andty) of degree2 using Taylor's expansion.
Imagesare smoothedby a Gaussianwith standarddevia-
tion = 0:3 pixels. In orderto computethe derivative of
the subimagecorrespondingo a facial featurewith respect
to a variable (which is requiredfor Taylor's expansion),a
small transformationis appliedto the subimagege.g.in the
caseof , it is rotatedby a small angle). The derivative
is thenapproximatedasthe differencebetweenthe original
subimagendits transformedrersion.The secondlerivative
is computedsimilarly. Using the methoddescribedn sec-
tion 4, we restricttheinvarianceto sgments 5° 59,

3 ty 3and 3 t, 3pixels.

Training the Classi®ers: We clusterthe training set us-
ing k-medoidclustering(wherek is choserasapproximately
10% of sizeof thetraining set). Boththe LMNN andILMNN
classi ersarethentrainedusingthe clustercentres.The ad-
vantageof thisis two fold: (i) sincethetargetneighbourdie
far from eachother, the classi ersdo not learnthetrivial pa-
rameter. =1 (i.e.theidentity matrix); and(ii) it reduceghe
computationatomplexity.

The LMNN classi er is trainedusingthe publically avail-
ablecode(with suitablemodi cationsto incorporatehereg-



ularizersdescribedin section2). The ILMNN classi er is
trainedusing the sDPLR software [5] togetherwith the al-
ternatve projectiontheorem[3]. We usek = 1 for boththe
classi ers. Thevaluesof all regularizationconstant§ ,
and ¢) arefoundby cross-walidation. Table2 showvs the av-
eragerainingtime requiredfor LMNN andiLMNN. Notethat
the useof the genericsbpLR software (insteadof the spe-
cializedsoftwareusedfor LMNN) increaseshetrainingtime
for thelLMNN classi er. However, the alternatingprojection
theorenmensuresghattrainingis still computationallyfeasible.
Testing the Classi®ers: The incorporationof regulariz-
ersencourages sparsemappingparametel to be learnt.
Hence,during testing,the mappedpointslie in a lower di-
mensionaspace Sincethecomputationatomplexity of KNN
classi cationis proportionato thedimensionalityof thedata,
this signi cantly reduceghetestingtime (seetable2).
Results: Table2 shaws the accuracie®btainedusingvar-
ious classi ers. Below, we describetheseresultsin detail.

Method Tr. Te. Acc-1(%) | Acc-2 (%)
KNN-E - 62.2s 83.6 26.7
L 2-LMNN 4h 62.2s 61.2 22,6
D-LMNN 1h 53.2s 85.6 24.3
DD-LMNN 2h 50.5s 84.4 245
L2-LMNN | 24h 62.2s 65.9 24.0
D-ILMNN 8h 48.2s 87.2 32.0
DD-ILMNN 24h 51.9s 86.6 29.8
M-SVM 300s | 446.6s 62.3 30.0
SVM-KNN - 2114.2s 75.5 28.1

Table 2. The secondcolumnshowsthe average training time re-
quiredfor eadh classi®er Notethat, unlike LMNN and ILMNN, M-
SvM wastrainedusingtheentire training dataset.Theavemage test-
ing timesare shownin columnthree Thefourth and ®fth columns
showtheaccuiacy of the classi®es for thetwo experiments.

(@) The LMNN Classi er: Fig. 5 shaws the precision-
recall curvesobtainedusingthe LMNN classi er for the two
differentsplits of our dataset.Recallindicatesthe percent-
ageof testexampleswhosenearesneighbourdie at a dis-
tancelessthan a threshold , while precisioncorresponds
to the percentagef correctly classi ed examples. For our
datasetthe bestresultsare obtainedusingd-LMNN (which
learnsa diagonalparametet.) andDD-LMNN (which learns
a diagonallydominantparameter).The L >-LMNN classi er
over ts to thetraining datadespitea regularizationtermand
henceresultsin high generalizatiorerror. For the rst exper
iment, both D-LMNN and DD-LMNN provide slightly better
resultsthankNN-E classi cation(i.e. KNN classi cationwith
Euclideandistance) For the secondexperimenttheir classi-
cation accuray is slightly worsethankNN-E (possiblybe-
causethetraining datais not representatie of the testdata).

(b) The ILMNN Classi er: Fig. 6 shavs the precision-
recallcurvesobtainedusingthe ILMNN classi er for thetwo
experiments. Similar to the caseof LMNN, D-ILMNN pro-
videsthe bestresults. The L2-ILMNN classi er over ts to
the training data,while bD-ILMNN learnsa nearlydiagonal
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Figure5. Precision-ecall curvesfor the LMNN classi®es. (a) First

experiment. (b) Secondexperiment. The curvesare obtainedby
varvinathethreshold (seetext).
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Figure6. Precision-ecall curvesfor thelLMNN classi®es. (a) Fir st

experiment(b) Secondxperiment.ILMNN incorporatesinvariance
to Euclideantransformatiorand hence providesbetterresults.

parameteandprovidescomparableesultsto D-ILMNN. By
incorporatingnvarianceo Euclideartransformation,LMNN
outperformsboththe KNN-E andthe LMNN classi er. Fig. 7
shavs examplesof true positivesfor eachof the 11 charac-
tersobtainedusingthe ILMNN classi er. Most of the errors
in recognitionoccurdueto the smallsizeor inaccuratdocal-
izationof theface.

Figure7. Examplesf true positivedfor the 11 characters presenin
theepisodeobtainedusingiLMNN-2.

The D-ILMNN classi er was also trained under further
constraintsthat all dimensionsof the featurevector corre-
spondingto the samefacial featuresharea commonweight.
Although this is sub-optimal,it indicateswhich facial fea-
turesweremostusefulfor the taskof classi cation. For this
purposewe used10 differenttraining datasetdy randomly
selecting60% of the facesin the original dataset.The aver-
ageweightslearntfor eachfeaturevector, togethemith their
standarddeviations,areshawn in table 3. The two features
with the lowestweightsarethe inner eye corner(feature3)



1 2 3 4 5 6 7 8 9 10 11 12 13
Weight 119 071 | 049 | 1.32 | 0.87 | 1.25 | 1.04 | 1.14 | 1.15| 0.67 | 1.51 | 1.18 | 0.48
Std.Dev. | 0.14 | 0.11 | 0.11 | 0.12 | 0.10 | 0.09 | 0.14 | 0.10 | 0.14 | 0.13 | 0.13 | 0.12 | 0.18

Table3. Theavelage weightsandthe standad deviation obtainedusingb-ILMNN whenall dimensionsorrespondingo a facial featue
shake thesameweight. Thetop row lists the featuie numbes which correspondo thoseshownin Fig. 3.
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Secondxperiment. The ILMNN classi®eroutperformshe stateof

theart classi®es on our dataset.
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which is often occludedby the nose,andthe mouth corner
(featurel3) whoseappearancegariesdueto differentfacial
expressionsThelocationof theeye centre(feature?) is com-
putedasthe averageof positionsof the eye cornerg(features
1 and3). Hence,its low weight may be relatedto the prob-
lemswith feature3.

(c) Comparison:We comparedheperformancef ILMNN
with two otherstateof theartclassi ers,namelym-svm and
SVM-KNN [23]. TheM-svM classi er wastrainedusingthe
entire training setinsteadof just the cluster centres. The
valueof k for the svM-KNN classi er is choserusingcross-
validation (with a lower boundof k = 5 to preventit from
reducingto the kKNN-E classi er). Fig. 8 providesa compari-
sonof the precision-recalturvesobtainedusingour method
andthe abose mentionedclassi ers. Sincethe rst experi-
mentis moresuitablefor KNN classi cation,M-svM hasthe
worstaccurag. For the secondexperiment,it providesbet-
ter resultsthankNN-E, D-LMNN and SVM-KNN. However,
notethatby incorporatinginvariance b-ILMNN outperforms
all theclassi ersin bothexperiments.

6. Discussion

The LMNN andiLMNN formulationspresentedn this pa-
perarequite genericandcanpossiblyimprove distancemet-
ricsfor otherstandardeaturessuchassiFT [16]. Thisneeds
furtherinvestigation. The LMNN frameawork canbe usedto
learnamappingin nonlinearspaceausingthekerneltrick [9].
For a large and useful classof polynomialtransformations,
thekerneltrick canalsobe appliedwithin theILMNN frame-
work. BoththeLMNN andthelL MNN formulationscanbeex-
tendedo handlemissingor noisydata(similar to themethod
describedn [20]). FurthertheD-LMNN classi ercanbeeas-
ily modi ed to learnadiagonalparametet. whichoptimizes

2 distance(insteadof the Euclideandistancepresentedn
this paper). However, the practicalbene ts of theseexten-
sionshave not beenevaluated. An interestingdirection for
futureresearclis to learnmary localmappingsnsteacof the
globalmappinglearntby LMNN andiLMNN.
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