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Abstract. Most of the existing active learning algorithms are based on
the realizability assumption: The learner's hypothesis cl ass is assumed
to contain a target function that perfectly classi�es all tr aining and test
examples. This assumption can hardly ever be justi�ed in pra ctice. In
this paper, we study how relaxing the realizability assumpt ion a�ects
the sample complexity of active learning. First, we extend e xisting re-
sults on query learning to show that any active learning algo rithm for
the realizable case can be transformed to tolerate random bounded rate
class noise. Thus, bounded rate class noise adds little extra complica-
tions to active learning, and in particular exponential lab el complexity
savings over passive learning are still possible. However,it is questionable
whether this noise model is any more realistic in practice th an assuming
no noise at all.
Our second result shows that if we move to the truly non-reali zable model
of statistical learning theory, then the label complexity o f active learning
has the same dependence
 (1=�2) on the accuracy parameter � as the
passive learning label complexity. More speci�cally, we sh ow that under
the assumption that the best classi�er in the learner's hypo thesis class
has generalization error at most � > 0, the label complexity of active
learning is 
 (� 2=�2 log(1=� )), where the accuracy parameter � measures
how close to optimal within the hypothesis class the active l earner has
to get and � is the con�dence parameter. The implication of this lower
bound is that exponential savings should not be expected in realistic
models of active learning, and thus the label complexity goals in active
learning should be re�ned.

1 Introduction

In standard passive (semi)supervised learning, the labeled (sub)sample of train-
ing examples is generated randomly by an unknown distribution de�ning the
learning problem. In contrast, an active learner has some control over which ex-
amples are to be labeled during the training phase. Depending on the speci�cs of
the learning model, the examples to be labeled can be selected from a pool of un-
labeled data, �ltered online from a stream of unlabeled examples, or synthesized
by the learner. The motivation for active learning is that la bel information is
often expensive, and so training costs can potentially be reduced signi�cantly by
concentrating the labeling e�orts on examples that the learner considers useful.



This hope is supported by both theoretical and practical evidence: There exist
active learning algorithms that in certain restricted sett ings give provably expo-
nential savings in label complexity [1{4], and also a variety of heuristic methods
that at least sometimes give signi�cant label complexity savings in practice (see,
e.g., [5] and the references therein).

Unfortunately, there is a huge gap between the theory and thepractice of
active learning, even without considering computational complexity issues. The
theoretical methods rely on unrealistic assumptions that render them (or at least
their analysis) inapplicable to real life learning problems, while the practically
motivated heuristics have no associated theoretical guarantees and indeed often
fail miserably. One of the most unrealistic assumptions common to virtually all
theoretical work in active learning is the realizability (o r PAC) assumption, i.e.,
the assumption that the correct labeling is given by a target function belonging
to a known hypothesis classF . The realizability assumption is never true in
practice | at least we are aware of no real world problem in whi ch it could be
justi�ed | and seems to lead to fragile learning algorithms t hat may and often
do completely break down when the problem turns out to be non-realizable.
Thus, relaxing the realizability assumption is a necessary�rst step in making
the theory of active learning relevant to practice.

Many relaxations to the realizability assumption have beenstudied in passive
learning, but it is not at all clear which of them leads to the best model for
active learning. If the assumptions are relaxed too little, the theory may remain
inapplicable. On the other hand, if no restrictions on noiseare imposed, learning
becomes impossible. In this paper, we try to chart where exactly the fruitful
regime for active learning resides on the on the range between full realizability
and arbitrary adversarial noise. To this end, we study two relaxations to the
realizability assumption, both adapted to active learning from passive learning.

First, we show that in the model of bounded rate class noise [6], active
learning is essentially as easy as in the realizable case, provided that the noise
is non-persistent, i.e., each label query is corrupted independently at random.
The key idea is to cancel out the noise by repeating each querya su�cient
number of times and using the majority of the answers as a proxy for the true
label. This way, any active learning algorithm for the realizable case can be
transformed to tolerate bounded rate class noise with the cost of increasing the
label complexity by a factor that has optimal dependence on the noise rate
and logarithmic dependence on the original label complexity in the realizable
case. Applying the transformation to an optimal algorithm f or the realizable
case yields a close to optimal algorithm for the bounded rateclass noise case,
so there is no need to design active learning algorithms for the bounded rate
class noise model separately. Our strategy of repeated queries is a simpli�cation
of a similar strategy independently proposed in the query learning context [7],
but unlike the earlier solution, our adaptive sampling based strategy requires no
prior knowledge on the noise rate nor a separate step for estimating an upper
bound for it.



The noise cancelling transformation makes the bounded rateclass noise
model look quite suspicious: In theory, the strategy of repeated queries is close
to optimal, yet in practice it would most likely fail. The rea son for the likely
failure is of course that in reality non-realizability is ra rely caused by random
noise alone. Instead, non-realizability typically arisesalso from the aspects of
the learning problem that are not su�ciently well understoo d or well-behaved
to be modelled accurately. In case none of the models �ts the learning prob-
lem perfectly, justifying assumptions on how exactly the modelling assumptions
(say, linear separability in feature space) are violated ishard. To cope with such
deviations, a more general model for non-realizability is needed.

In the model of statistical learning theory [8] the data is assumed to be gener-
ated iid by some unknown distribution that de�nes the learni ng problem, but the
relationship between the objects and the labels is only implicitly assumed to be
approximately representable by some classi�er in the learner's hypothesis class.
This model has been very fruitful in passive learning: Not only has it resulted in
a body of new interesting theory, but also in many successfulalgorithms (e.g.,
soft-margin SVMs) that indeed seem to handle the types of non-realizability
encountered in practice quite nicely. We believe similar success is possible also
in active learning. Firstly, the empirical observation tha t the statistical learning
theory model �ts nicely into many real learning problems (in the sense that the
algorithms developed within the model work well in practice) remains true in
the active learning case, as the learning problems are more or less the same.
Secondly, recent results show that the model is benevolent enough to make non-
trivial positive results in active learning possible. In particular, [4] presents an
algorithm for the statistical learning theory framework th at exhibits exponential
label complexity savings, but only until a certain accuracy threshold is reached.
Whether exponential savings are possible on all accuracy levels, i.e., whether
active learning can improve the learning rate in the statistical learning theory
framework, is an open question.

The main contribution of this paper is to show that the kind of exponential
label complexity savings that can sometimes be obtained in the realizable case1

are not possible if true non-realizable as in the statistical learning theory model is
allowed. We show that if the realizability assumption is relaxed by assuming that
the learning problem is such that the generalization error of the best classi�er in
the hypothesis classF is at most � , then the expected label complexity on some
such problems has to be at least
 (� 2=�2) to guarantee that the generalization
error of the hypothesis output by the active learner is within � of optimal in F .
We show this even in the noise-free case, i.e., when the labels are fully determined
by a target function (possibly outside F ), thus showing that the lower bound
arises from non-realizability per se and not random noise asis the case with the
lower bound for learning with membership queries in [9]. Also, the lower bound
remains true even when the unlabeled examples are uniformlydistributed.

If only the dependence on� is concerned, the lower bound matches the upper
bound O(1=�2) for passive learning. Thus, allowing true non-realizability makes

1 And in the bounded rate class noise case by our noise-cancelling transformation.



active learning require the same order of labeled examples as passive learning
does, which is in huge contrast to the realizable case in which exponential sav-
ings are sometimes known to be possible. This justi�es our choice of not studying
the more adversarial models of malicious noise that have been studied in pas-
sive learning, since already allowing arbitrary non-malicious errors seems to kill
most of the potential of active learning. Our lower bound matches the above
mentioned upper bound proved in [4] that shows that active learning can drop
the label complexity exponentially even in the truly non-realizable case when
the target accuracy � is large in comparison to � . Combined, the results show
that active learning can indeed help exponentially much in the initial phase of
learning, after which the gains deteriorate and the speed oflearning drops to
match that of passive learning. This prediction is well in line with the empirical
observations that active learning heuristics tend to initially clearly outperform
passive learning algorithms, but become less useful or evenharmful as the learn-
ing progresses.

In contrast to the recent label complexity lower bounds of 
 (1=�) for active
learning in the realizable case [3], our lower bound does notdepend on special
properties of F or the data distribution, but applies whenever F contains at
least two classi�ers that sometimes agree and that disagreeon an unbounded
set. Also, our lower bound is better by a factor of 1=�, which is to be expected
due to non-realizability.

The rest of the paper is organized as follows. In Section 2, weintroduce
the active learning framework used in this paper. Section 3 is devoted to our
positive result, showing how bounded rate class noise can bedealt with. Then,
we move on to the more realistic full non-realizability assumption and prove our
lower bound for that case in Section 4. Finally, the conclusions are presented in
Section 5.

2 Learning Model

Throughout the following, we assume that the learning problem is modeled by
a probability distribution P on (object; label) pairs (X; Y ) 2 X � Y , whose
marginal on X is denoted by PX . The goal of the active learning algorithm
is to �nd a classi�er f with small generalization error " (f ) = P(f (X ) 6= Y )
with respect to this distribution. We compare the generalization error of the
learned classi�er to minf 2 F " (f ). Here, the hypothesis classF is used only as a
comparison class, so the learner is not restricted to selectits classi�er from F .
The realizable case is the special case whereP(Y = f (X )) = 1 for some f 2 F .

What di�erentiates active learning from passive learning is that we assume
that the active learner can choose the examples whose labelsit wants to query.
The amount and type of control in choosing the queries variesamong di�erent
active learning models and ranges from complete freedom (query learning with
membership queries), to selecting the query points from a pool of unlabeled data
(pool-based active learning), to deciding online which queries to make while
observing a stream of unlabeled data (�ltering based activelearning). Out of



these variants, di�erent 
avors of the last two are considered the central active
learning models.

Each variant of active learning has its own motivation, and since we do not
have to, we will not commit to any one of them. Instead, we formulate our re-
sults so that they apply to a template active learning algorithm that is 
exible
enough to cover all the above mentioned active learning models simultaneously.
The template is presented in Figure 1. Here, Teacher(x) denotes the label or-
acle, which according to our assumption of the data being iidsamples fromP
implies that Teacher(x) � P(Y jX = x), and that the answers of the teacher are
independent given the query points.

ActiveLearn (�; � )
U = pool of unlabeled data sampled iid from PX

do
choose query point x 2 U
query y = Teacher( x)
add more points to U by sampling from PX

while (!stopping condition)
output f 2 F

Fig. 1. Template for active learning algorithms.

The template de�nes how the active learner can accessP. As long as P
is not accessed except as seen in Figure 1, the active learnercan be completely
arbitrary and possibly randomized. The gray parts are optional, and the inclusion
or exclusion thereof leads to di�erent restricted models ofactive learning. More
speci�cally, including all the gray parts corresponds to the general active learning
algorithm in [3], including the constraint on query points b eing chosen fromU
which itself is not updated corresponds to pool-based active learning, and the
case in which arbitrary label queries are allowed corresponds to query learning.

An active learning algorithm is de�ned to be ( �; � )-successful with respect
to a class of learning problemsP and a hypothesis classF if, for all learning
problems P 2 P , the generalization error of the classi�er f output by the active
learner is with probability at least 1 � � (over the examples and the randomness
in the learner) within � of the generalization error of the best classi�er in F .
The key quantities of interest to us are the random numbern(�; � ) of queries
to Teacher, also known as the active learning label complexity, and the number
of unlabeled examplesm(�; � ) the active learner samples fromPX . Even though
labeled examples are typically assumed to be far more expensive than unlabeled
examples, the latter cannot be assumed to be completely free(since already
processing them costs something). Thus, the goal is to be successful with as
small (expected) n(�; � ) as possible, while keeping the (expectation of)m(�; � )
non-astronomical.

Of course, the di�culty of active learning depends on what we assume of
the underlying task P and also on what we compare our performance to. In our
de�nition, these are controlled by the choice of P and the comparison classF .
One extreme is the realizability assumption that corresponds to the assumption



that
PF = f P j 9f 2 F : P(f (X ) = Y ) = 1 g;

and choosing the comparison class to be the sameF in which the target is as-
sumed to reside. As already mentioned, in this special case exponential savings
are possible in caseF is the class of threshold functions in one dimension [1].
Also, if F is the class of linear separators going through the origin inRd, and in
addition to realizability we assume that the distribution PX is uniform on the
unit sphere ofRd, successful active learning is possible with andn = O(log(1=�))
label queries andm = O(1=�) unlabeled examples, whereas the same task re-
quires n = 
 (1=�) labeled examples in passive learning. Here, the dependence
on all other parameters like d and � has been abstracted away, so only the rate
as a function of the accuracy parameter� is considered. For algorithms achieving
the above mentioned rates, see [2, 3].

The above cited results for the realizable case show that active learning can in
some special cases give exponential savings, and this has lead some researchers to
believe that such savings might be possible also for other function classes, with-
out assumptions onPX , and also without the realizability assumption. However,
there is little concrete evidence supporting such beliefs.

3 Positive Result

Let us �rst replace the realizability assumption by the bounded rate class noise
assumption introduced in the case of passive learning in [6]. More speci�cally, we
assume that there exists a functionf 2 F such that P(Y = f (X )jX ) = 1 � � (X ),
where� (X ) < 1=2 is the noise rate givenX . Since� (X ) < 1=2, the optimal Bayes
classi�er is in F .

The main technique we use to deal with the noise is applying anadaptive
sampler to �nd out the \true" labels based on the teacher's noisy answers. In
contrast to passive sampling, the sample size in adaptive sampling is a random
quantity that may depend on the already seen samples (more technically, a
stopping time). Adaptive samplers have been studied beforein [10] in more
generality, but they give no explicit bounds on the number of samples needed
in the special case of interest to us here. To get such, we present a re�ned and
simpli�ed version of their general results that applies to our setting.

Lemma 1. Suppose we have a coin with an unknown probabilityp of heads.
Let � > 0. There is an adaptive procedure for tossing the coin such that, with
probability at least 1 � �

1. The number of coin tosses is at most

ln(2=� )
4(1=2 � p)2 log

�
ln(2=� )

4(1=2 � p)2

�
= ~O

�
ln(2=� )

4(1=2 � p)2

�
:

2. The procedure reports correctly whether heads or tails ismore likely.



AdaptiveQuery (� )
set n0 = 1 and toss the coin once;
for k = 0 ; 1; : : :

pk = frequency of heads in all tosses so far

I k = [ pk �
q

( k +1) ln(2 =� )
2k ; pk +

q
( k +1) ln(2 =� )

2k ]
if (0:5 62I k ) break
toss the coin nk more times, and set nk +1 = 2 nk

end
if (I k � [�1 ; 0:5]) output TAILS
else output HEADS

Fig. 2. Procedure for determining the more likely outcome of a coin.

Proof. Consider the algorithm of Figure 2. By the Hoe�ding bound, p 2 I k with
probability at least 1 � �=2k+1 , and thus by the union bound the invariant p 2 I k

is true for all k with probability at least 1 � � . Provided that this invariant is
true, the algorithm clearly cannot output an incorrect answer. And by the same
invariant, due to the length of I k decreasing toward zero, the algorithm will
output something after at most the claimed number of coin tosses (in the special
casep = 1 =2 the algorithm will keep tossing the coin inde�nitely, but i n this
case the bound on the number of tosses is also in�nite). ut

Note that the adaptive sampler of the above lemma is almost ase�cient as
passive sampling would be ifjp� 1=2j was known in advance. Our positive result
presented in the next theorem uses the adaptive sampler as a noise-cancelling
subroutine. A similar method for cancelling class noise by repeated queries was
independently presented in the query learning context in [7]. However, their
strategy uses passive sampling, and thus either requires prior knowledge onjp �
1=2j or a separate step for estimating a lower bound for it. Due to their method
needing extra samples in this separate estimation step, ourproposed solution
will have a smaller total sample complexity.

Theorem 1. Let A be an active learning algorithm for F that requires n(�; � )
label queries andm(�; � ) unlabeled examples to be(�; � )-successful in the realizable
case. Then A can be transformed into a noise-tolerant (�; � )-successful active
learner A0 for the class of distributions obtained by adding bounded rate class
noise to the distributions on whichA is successful. With probability at least1� � ,
the unlabeled sample complexitym0(�; � ) of A0 is m(�; �= 3), and if the noise rate
is upper bounded by� < 1=2, then the label complexityn0(�; � ) of A0 is at most

n0(�; � ) = ~O

 
ln( 18E[n ( �;�= 3)]

� 2 )
4(1=2 � � )2

!

n(�; �= 3):

Proof. We transform A to A0 by replacing each label query Teacher(x) made by
A by a call to AdaptiveQuery (� 0), where the role of the coin is played by the
teacher that is corrupted by noise. By choosing� 0 appropriately, we can ensure
that if A does not make too many label queries, then all calls toAdaptiveQuery
give the correct answer with su�ciently high probability, a nd thus A0 outputs



exactly the same answer in the noisy case asA would have done in the realizable
case. We next show how this can be done in detail.

First split � into three equal parts, covering the three ways in which the
modi�ed active learner A0 simulating the behavior of A may fail. The simulation
A0 may fail becauseA fails in the realizable case,A makes dramatically more
label queries than expected, or one or more invocations to the adaptive sampling
procedure of Lemma 1 used in the simulation fails. The �rst case can be covered
by setting the parameters ofA in the simulation to ( �; �= 3). For the second case,
we use Markov's inequality which implies that the probability of the inequality
n(�; �= 3) � 3=� � E[n(�; �= 3)] failing is at most �=3. In case it does not fail, we
have an upper bound for the number of invocations to Lemma 1, and so splitting
the remaining �=3 to the invocations of the adaptive sampler lets us choose
its con�dence parameter to be � 0 = � 2=(9E[n(�; �= 3)]). A simple application of
the union bound then shows that the total probability of any o f the failures
happening is at most � .

In case the no bad event happens, Lemma 1 shows that each of itsinvocations
requires at most

~O

 
ln( 18E[n ( �;�= 3)]

� 2 )
4(1=2 � � )2

!

calls to the noisy teacher. Also, if all these invocations give the correct answer,
then A0 behaves exactly asA, so the total number of label queries will be the
label complexity n(�; �= 3) of A in the realizable case times the above, giving the
label complexity in the theorem statement. By the same argument of identical
behavior, the number of unlabeled examplesm0(�; � ) required by A0 is m(�; �= 3).

To complete the proof, it remains to observe that since the noise rate is
bounded, the true target f 2 F in the realizable case is still the best possible
classi�er in the bounded class noise rate case. Thus, provided that none of the
bad events happens, the fact thatA provides an � -approximation to the target
in the realizable case directly implies thatA0 provides an� -approximation to the
best function in F in the noisy case. ut

The above theorem shows that allowing bounded rate class noise increases the
active learning label complexity only by at most a multiplic ative factor deter-
mined by the bound on the noise rate� and the logarithm of the label complexity
of the active learning algorithm for the realizable case. Thus, for � < 1=2 and
neglecting logarithmic factors, the order of label complexity as a function of �
is una�ected by this kind of noise, so exponentially small label complexity is
still possible. As the lower bound presented in the next section shows that the
dependence on� is optimal, at most a logarithmic factor could be gained by
designing active learners for the bounded rate class noise model directly instead
of using the transformation.

Interestingly, it has been recently shown that if the noise rate is not bounded
away from 1=2 but may approach it near the class boundary, then exponential
label complexity savings are no longer possible [11]. Thus,relaxing the conditions
on the noise in this dimension any more is not possible without sacri�cing the



exponential savings: the optimal classi�er being inF is not enough, but the noise
rate really has to be bounded.

It can be claimed that the way A0 deals with class noise is an abuse of
the learning and/or noise model, that is, that A0 cheats by making repeated
queries. It may be, for example, that repeated queries are not possible due to
practical reasons (e.g., teacher destroys the objects as a side e�ect of determining
the label). Also, it might be more natural to assume that the teacher makes
random errors, but is persistent in the sense that it always gives the same answer
when asked the same question. However, such persistently noisy answers de�ne
a deterministic labelling rule for all objects, so once the teacher is �xed, there
is no randomness left in the noise. Thus, this kind of persistent noise is more
naturally dealt with in the model of statistical learning th eory that allows true
non-realizability.

While the strategy of repeated queries looks suspicious andunlikely to have
wide applicability in practice, we believe it is an artifact of suspicious modelling
assumptions and should not be prohibited explicitly without additional reasons.
It seems to us that even strategies that are not explicitly designed to use re-
peated queries may actually choose to do so, and thus great care should be
taken in their analysis if repetitions are not permissible in the intended applica-
tions. As a special case, the number of times an object appears in the pool or
stream of unlabeled data should not be automatically taken as an upper bound
for the number of queries to the object's label | the original motivation for re-
stricting label queries to unlabeled objects that occur in the sample fromPX

was to control the di�culty of the queries [1], and repetitio ns hardly make a
query more di�cult. It is also noteworthy that in the regress ion setting the anal-
ogous phenomenon of repeated experiments is more a rule thanan exception in
optimal solutions to experimental and sequential design problems [12], whereas
nonrepeatable experiments are handled as a separate special case [13]. The suc-
cess of the experimental design approach suggests that maybe there is place for
repeatable queries in active learning, too, and that repeatable and nonrepeat-
able queries de�nitely deserve separate treatment. While it is unclear to us how
the case of nonrepeatable queries can be dealt with e�ciently, the next section
provides some idea of the di�culties arising there.

4 Negative Result

Let's now move on to true non-realizability and assume only that the learning
task P is such that F contains a classi�er with a small generalization error of
at most � on P. That is, the class of distributions on which we wish the active
learner to be successful is

PF;� = f P j 9f 2 F : P(f (X ) 6= Y) � � g:

This class allows the targetY to behave completely arbitrarily at least on a set
of objects with probability � . A related class of interest to us is

Pdet
F;� = f P 2 P F;� j 9g : P(Y = g(X )) = 1 g;



in which random noise is excluded by postulating that Y is a function of X .
This class models a situation in which the phenomenon to be learned is known
to be deterministic, but only approximable by F (e.g., learning the conditions
on inputs under which a deterministic computer program crashes).

The role of � is very similar to the role of the bound � on the noise rate in the
previous section. While� has a natural interpretation as the best generalization
performance achievable byF , it should not be thought of as a parameter known
to the learner. Rather, the idea is to study active learning under the unrestricted
non-realizability assumption (corresponding to the case� = 1), and just express
the lower bounds of such methods in terms of� .

The question we analyze in this section is the following: Assuming P 2 P F;�

or P 2 P det
F;� , what is the expected number of label queries needed to actively

learn a classi�er from F whose generalization error is with probability at least
1 � � within � from the optimum in F ?

4.1 Lower Bound for the Noisy Case

In this section we introduce the ideas needed for the lower bound in the case of
deterministic non-realizability by considering the simpler case in which random
noise is allowed. The special case� = 1 =2� � follows directly from lower bounds
for learning with membership queries presented in [9], but the case of general
� > 0 is to our knowledge new even when random noise is allowed.

The problem we study is predicting whether a coin with bias 1=2� � is biased
toward heads or tails2. This corresponds to the case where� = 1 =2� � and PX is
concentrated on a single pointx0 2 X on which not all the classi�ers in F agree.
We further assume that P(Y jX = x) for x 6= x0 is the same for both possibilities
of P(Y jX = x0) and that the learner knows it only has to distinguish between
the two remaining alternative distributions P, so queries to objects other than
x0 provide no new information.

Intuitively, it seems clear that an active learner cannot do much here, since
there is nothing but x0 to query and so the only control the learner has is the
number of queries. Indeed, by a known result from adaptive sampling mentioned
in [10], an active learner still needs an expected number of
 (1=�2) label queries
in this case, and thus has no advantage over passive learning.

The above argument gives a lower bound for the special caseP 2 P F; 1=2,
provided jF j � 2. Adapting the argument for general � can be done as follows.
SupposeF contains two classi�ers, say, f 0 and f 1, that sometimes agree and
sometimes disagree with each other | this is always true if jF j > 2. Place PX -
probability 2 � on an object x0 on which f 0 and f 1 disagree, and the remaining
PX -probability 1 � 2� on an object x1 on which they agree. Now, embed the
above coin tossing problem with�=� in place of � to the object x0 on which f 0

and f 1 disagree, and let bothf 0 and f 1 be always correct onx1. This way, the
best classi�er in F has error at most � | the better of the classi�ers f 0 and f 1

2 This learning problem is also a simple example of a case in which prohibiting repeated
queries or insisting on persistence of noise makes no sense.



errs at most half the time on x0 and neither errs onx1. By the coin tossing lower
bound, 
 (� 2=�2) label queries are needed to �nd out whetherf 0 or f 1 is better,
even assuming the learner never wastes e�orts on querying any other points. As
the active learner fails to achieve accuracy� if it chooses incorrectly betweenf 0

and f 1, a lower bound 
 (� 2=�2) for active learning for P 2 P F;� follows.
The above lower bound leaves open the possibility that the di�culties for

active learning are caused by high noise rates, not by non-realizability per se.
This is a signi�cant weakness, since even though non-realizability can rarely be
circumvented in practice, noise-free problems are quite common, e.g., in the ver-
i�cation domain. In such cases, it is reasonable to assume that there really exists
a deterministic target, but that it cannot be expected to lie in any su�ciently
small F . In the next section, we will extend our lower bound to such cases by
essentially derandomizing the arguments outlined above.

4.2 Lower Bound for Deterministic Targets

The lower bound for deterministic targets builds on the techniques used in prob-
ing a lower bound for adaptive sampling [14]. In adaptive sampling, the task is to
estimate the fraction of inputs that make an unknown booleanfunction output 1
by querying the values of the function on inputs chosen by an arbitrary adaptive
randomized algorithm. Such adaptive samplers can be used, e.g., to estimate the
number of rows returned by a query to a database without goingthrough the
whole database.

By viewing the unknown boolean function whose bias is to be estimated
as the target and assumingPX is uniform on the domain of this function, it
can be seen that adaptive sampling is very close to active learning with queries
under uniform distribution. The only di�erence is that to be (�; � )-successful,
an adaptive sampler is required to output an� -approximation of the bias of the
unknown function with probability at least 1 � � , whereas an active learner has
to approximate the unknown function and not only its bias.

It is clear that an active learner can be used to solve the seemingly easier
task of adaptive sampling, but the other direction that we would need here is
less obvious. Hence, we take a di�erent route and instead look directly at the
problem that underlies the di�culty of adaptive sampling ac cording to the proof
in [14]. Using our terminology, the lower bound for adaptivesampling is proved
there through the following result:

Theorem 2. Let � � 1
8 , � � 1

6 , and assume the sample complexityn of the
sampler is at most

p
M=4 for some large enoughM . Let PX be the uniform

distribution on a set X of size M . Consider target functions

g 2 G =
�

g: X ! f 0; 1g j PX (g(X ) = 1) =
1
2

� �
�

Then any randomized adaptive sampling algorithm for the task of determining
the bias of any such targetg 2 G correctly with probability at least 1 � � requires
on someg 2 G an expected sample complexity of at least


�
1
� 2 ln 1

�

�
.



Theorem 2 implies a lower bound for adaptive sampling, sincean (�; � )-successful
adaptive sampler solves the above decision problem as a special case. However,
in case of active learning, we need a strengthened version ofTheorem 2 that is
fortunately also implied by exactly the same proof presented in [14] (see espe-
cially the beginning of the proof of Theorem 1 therein). Namely, the proof in [14]
shows that the lower bound applies also to the version of the decision problem
in which the adaptive sampler is required only to give the correct answer with
probability at least 1 � � with respect to its internal randomnessand the choice
of g from the uniform distribution on G. To solve this modi�ed problem, even
the simplistic strategy of �rst running an active learner th at outputs an f and
then predicting that PX (g(X ) = 1) = 1 =2 + � i� PX (f (X ) = 1) > 1=2 su�ces.
More exactly, it can be shown that the probability of the event that the bias
of the learned f di�ers from that of the randomly chosen target g 2 G is at
most � . This is accomplished by the following lemma, in which the boundedness
assumption on label complexity can be replaced by an application of Markov's
inequality if desired.

Lemma 2. Let A be an(�=2; �=2)-successful active learning algorithm forPdet
F; 1=2� � ,

where F contains the constant classi�ers 0 and 1. Suppose that the label com-
plexity n(�=2; �=2) of A is bounded byN < 1 . SupposeX is in�nite and PX

is a uniform distribution on a su�ciently large �nite set X0 � X . Then, the
probability that the bias of the classi�er f output by A is the same as the bias of
the target chosen uniformly at random from

G0 = f g: X ! f 0; 1g j PX (g(X ) = 1) =
1
2

� � and g(x) = 0 for x 62 X0 g

is at most � .

Proof (Sketch). As F contains the constant classi�ers 0 and 1, the minimal
generalization error achievable usingF is always at most 1=2� � on any target g 2
G0. Thus, for each suchg 2 G0, A can output a classi�er f with generalization
error larger than 1=2 � �=2 on the learning problem de�ned by PX and g with
probability at most � . Since this holds for eachg 2 G0, we can let g be chosen
randomly to get P(" (f ) � 1=2 � �=2) � � , whereP now denotes probability with
respect to randomness inA (internal and that caused by the random choice of
U if such is used) and the choice ofg from the uniform distribution over G0.

Let B denote whether a classi�er is biased toward 0 or 1, i.e.,B (f ) = 1
i� PX (f (X ) = 1) � 1=2 and B (f ) = 0 otherwise. Conditioning on whether
B (f ) = B (g) or not, we get from the previous inequality that

� � P
�

" (f ) �
1
2

�
�
2

�
= P

�
" (f ) �

1
2

�
�
2

�
�B (f ) = B (g)

�
P(B (f ) = B (g))

+ P
�

" (f ) �
1
2

�
�
2

�
�B (f ) 6= B (g)

�
P(B (f ) 6= B (g))

� P
�

" (f ) �
1
2

�
�
2

�
�B (f ) 6= B (g)

�
P(B (f ) 6= B (g)) ;



implying P(B (f ) 6= B (g)) � �
P( " ( f ) � 1=2� �= 2jB ( f )6= B (g)) . Thus, to show that the

probability of the event B (f ) 6= B (g) | that is, the event that using the strategy
of predicting that the bias of g is that of f fails | has probability at most 2 � , it
su�ces to show that

P(" (f ) � 1=2 � �=2jB (f ) 6= B (g)) � 1=2: (1)

We outline an argument showing this next.
Let S � X denote the (random) set of points that A queries. We can assume

that S � X 0, since points outsideX0 provide no information about g and can
thus be ignored in the analysis. Also, since we assumejSj � N , we can takeX0

so large that fraction of jSj=jX0j is arbitrarily small. Note that f can depend on
the values of the target g on S only, but not on its values outside S as these
are never observed byA. Thus, for each choice off , S, and the values ofg on
S observed byA, the number of errors f makes onX0 n S is a random variable
whose distribution is induced by the distribution of g conditioned on the values
of g on S and the underlying conditioning event B (g) 6= B (f ).

Now we apply the fact that X0 can be made so large in comparison toS that
the values ofg and f on S do not a�ect their biases on X0 nS by much. Consider
any x 2 X 0 nS. If f (x) = B (f ), the probability over the choice of g of the event
f (x) 6= g(x) is (about) 1=2+ � , and if f (x) 6= B (f ), the corresponding probability
is (about) 1=2 � � . Thus, since the former case is more probable providedX0 is
large, the expected error off on X0 nS is at least almost 1=2. The contribution
of the error of f on S to its overall error can be made arbitrarily small again by
taking X0 large enough, from which it follows that the expected generalization
error of f is, say, at least 1=2� �=4 for large enoughX0. Furthermore, by noting
that the distribution of the error of f on X0 n S can be expressed in terms of
a hypergeometric distribution whose variance goes to zero as X0 is increased,
it �nally follows by Chebysev's inequality that the probabi lity of the error of
f being larger than 1=2 � �=2 can be made to be at least 1=2. The details in
all these arguments can be made precise by �lling in the calculations on how
much the behavior of f and g on S can a�ect their behavior outside S given
that jSj=jX0j is small, but we omit the tedious details in this draft.

Since the above is true whatever setS the algorithm A decides to query,
whatever answers it receives, and what classi�erf it chooses, we get inequal-
ity (1), �nally concluding the proof. ut

The above lemma shows how an (�=2; �=2)-successful active learner for the class
of distributions Pdet

F; 1=2� � can be used to solve the average-case version of the
decision problem of Theorem 2 discussed after the theorem statement, provided
that F contains the constant classi�ers 0 and 1. This assumption can be replaced
by assumingF contains any two classi�ers that are complements of each other,
since detecting which of these is closer to the target is equivalent to detecting
the bias. Furthermore, we can move the target to within � of F by the same
trick we used in Section 3 by embedding the bias detection problem to a subset
of X that has probability 2 � , and putting the rest of the probability mass on



a point on which the classi�ers agree. These steps together give us the desired
lower bound stated below:

Theorem 3. Let A be an active learning algorithm. Let � � 1=8, � � 1=6,
suppose the label complexityn(�; � ) of A is uniformly bounded for each(�; � ),
and let the unlabeled label complexitym(�; � ) be arbitrary. SupposeF is such
that it contains two functions f 0, f 1 that agree at least on one point and disagree
on in�nitely many points. Let � > 0 and supposeA is successful forPdet

F;� . Then,
for some PX and target function g, the expected number ofn(�; � ) is



�

� 2

� 2 ln
1
�

�
:

The lower bound applies to all active learning algorithms and is not speci�c
to, say, empirical risk minimization, or to any speci�c hypo thesis class. Also, it
is easy to see by replacing the point masses inX0 by a partition of f x 2 X j
f 0(x) 6= f 1(x)g into equiprobable sets that the lower bound immediately extends
to a wide range of distributions PX (including, e.g., all continuous distributions),
and remains true even ifPX is known in advance. Thus, the lower bound does
not result from any speci�c properties of PX , and cannot be circumvented by
any amount of unlabeled data. As an interesting special case, the lower bound
applies to learning linear separators with uniform distribution, the best known
case in which exponential savings are possible under the realizability assumption.
However, the lower bound becomes interesting only when� � � , so it does not
rule out exponential speed-ups in the low accuracy regime. This �ts perfectly
together with the label complexity upper bounds for an active learning algorithm
for linear thresholds presented in [4], where it is shown that exponential speed-
ups are indeed possible when� > const� � , after which their upper bound on the
learning speed degrades to match the above lower bound (up toconstants).

The fact that the lower bound depends on � is unavoidable, since if the
target is only slightly outside F , the learner will with high probability fail to
even notice the non-realizability. This case is of real importance when using
the covering approach for active learning in the realizablecase [3]. Making the
covering �ner as a function of � corresponds to enlarging the covering of the
underlying F that the algorithm uses as its hypothesis class so that� goes to
zero as the accuracy requirements get stricter. This eliminates the e�ects of the
lower bound, but is of course only possible if we know a suitably small classF for
which the problem is realizable in advance. In case the target is truly unknown,
circumventing the lower bound by extending F is not possible.

5 Conclusions

We have shown that bounded rate class noise can be relativelyeasily dealt with
by using repeated label queries to cancel the e�ects of the noise, but that in
the truly non-realizable case active learning does not givebetter rates of sample
complexity than passive learning when only the dependence on the accuracy



and con�dence parameters is considered. However, even though the lower bound
rules out exponential savings in the non-realizable case, the bound leaves open
the possibility of reducing the label complexity by at least a factor of � 2 or more
as the complexity ofF is not re
ected in the lower bound. In practice, even such
savings would be of great value. Thus, the lower bound shouldnot be interpreted
to mean that active learning does not help in reducing the label complexity in
the non-realizable case. Instead, the lower bound only means that the reductions
will not be exponential, and that the goal of active learning should be readjusted
accordingly.

The results in this paper are only a �rst step toward a full und erstanding of
the label complexity of active learning under various noisemodels. In particular,
it would be interesting to see how the complexity ofF and other kinds of noise
(noise in objects, malicious noise, . . . ) a�ect the active learning label complexity.
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