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ABSTRACTEStimating a non-uniformly sampled function from a set afiiéng points is a clas-
sical regression problem. Kernel methods have been widgdy un this context, but every
problem leads to two major tasks: optimizing the kernel agitirsgy the fithess-regularization
compromise. This article presents a new method to estimét@ction from noisy learning
points in the context of RKHS (Reproducing Kernel Hilberac®y). We introduce the Kernel
Basis Pursuit algorithm, which enables us to build aregularized-multiple-kernel estimator.
The general idea is to decompose the function to learn on esepaptimal set of spanning
functions. Our implementation relies on the Least AbsdBitenkage and Selection Operator
(LASSO) formulation and on the Least Angle Regression &eflwARS) solver. The compu-
tation of the full regularization path, through the LARSIlwhable us to propose new adaptive
criteria to find an optimal fitness-regularization compremi Finally, we aim at proposing a
fast parameter-free method to estimate non-uniform-sadifainctions.

RESUME Estimer une fonction échantillonnée irrégulierement atjpafun ensemble de points
constitue un probléme de régression classique. Des sokibasées sur les méthodes a noyaux
existent mais leur mise en ceuvre conduit a deux problemesreéts de sélection de mo-
deles : I'optimisation des parameétres du noyau et le régligeompromis biais-variance. Cet
article présente une méthode novatrice pour estimer unetifoma partir d'un ensemble de
points bruités dans le contexte des espaces de Hilbert aneypmoduisant. Nous avons congu
I'algorithme du Kernel Basis Pursuit pour construire undwimn reposant sur des noyaux
multiples et une régularisatiod;. Notre idée est de décomposer la fonction a apprendre dans
I'espace engendré par un dictionnaire de fonctions exglies, a la maniére des statégies de
poursuite. La mise en ceuvre repose sur la formulation du DAS8&8ast Absolute Shrinkage and
Selection Operator) et nous avons utilisé I'algorithme $teangle Regression Stepwise pour la
résolution. Le calcul du chemin complet de régularisationsipermet d’utiliser des nouveaux
critéres pour déterminer automatiquement le compromishiariance optimal.
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1. Introduction

The context of our work is the following: we wish to estimate functional de-
pendency between an inputand an outpuy of a system given a set of examples
{(zi,y:),z; € RYy; € Rji = 1...n} which have been drawn i.i.d from an un-
known probability distribution?(X, Y")%. Thus, our aim is to recover the functigh
belonging to a hypothesis spatewhich minimizes the following risk:

R[f] =E{(f(X) - Y)*} (1]

but asP(X,Y’) is unknown, we have to look for the functighwhich minimizes the
empirical risk:

:IP—‘
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Depending orH, this problem can be ill-posed and a classical way to turntd &
well-posed one is to use regularization theory (Tikhoetwal, 1977; Girosiet al.,,
1995). In this framework, the solution of the problem is thedtion f € H that
minimizes the regularized empirical risk:

emp
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Z 12 471/ 170) [3]

whereQ is a functional which measures the smoothnegsarfd) a regularization pa-
rameter (Wahba, 1990). Under general conditiong{ofReproducing Kernel Hilbert
Space) (Kimeldorfet al, 1971), the solution of this minimization problem can be
written as:

Z BiK I’La (4]

whereK is the reproducing kernel 61.

The objective of the Kernel Basis Pursuit (KBP) is two-fololiilding a sparse
multi-kernel-based solution for this regression problem mtroducing new solutions
for the bias-variance compromise problem. The multiple&kapproach has two ad-
vantages: it allows us to build adapted solutions for mestis problems and it leads
to an easier setting of the kernel hyperparameters. In thispte kernel setting, the
set of functionsi; (x;, ) can be seen as a dictionary of spanning functibnand
the KBP solution will be a sparse decomposition of the funrctd be estimated based
on this family of functions. The question of sparsity is aak$ed by using the Least
Absolute Shrinkage and Selection Operator (LASSO) fortmng Tibshirani, 1996),
namely using? = ||| as a regularization term in equation (3). Using the Step-
wise Least Angle Regression (LARS)(Efrenal., 2004) as a solver of optimization

1. Whenz € R we estimate a non-uniformly sampled signal.
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problem (3) enables us to compute the full set of regressitutiens with varying\.
This set of optimal solutions is the so-called regularatath (Backet al., 2004).
We use this property to introduce some heuristics whichtbetdias-variance com-
promise dynamically. Combining a forward-iterative sol{eARS) with efficient
early-stopping heuristics makes the KBP both sparse and fas

The paper is organized as follows: in section 2, we will coregao common
strategies to face the problem of building a sparse remﬁshctionf: the Matching
Pursuit and the Basis Pursuit. We will explain the buildind éhe use of the multiple
kernels, combined with the LARS in section 3. Section 4 dedlk the setting of
the bias-variance compromise and the kernel parameterse8uits on synthetic and
real data are presented in section 5. Section 6 gives oufusioas and perspectives
on this work.

2. General approach: Basis/s Matching Pursuit

The question of the sparsity of the solutigncan be addressed in two different
ways. The first approach is based on stepwise method caogsistadding functions
from a dictionary whereas the second one is to use a regatianiterm in equation (3)
that imposes sparsity of coefficients.

Mallat and Zhang introduced the Matching Pursuit algoritivhallat et al., 1993):
they proposed to construct a regression funcfi@s a linear combination of elemen-
tary functionsy; picked from a finite redundant dictionafy = {g;}. This algorithm
is iterative and one new functigp is introduced at each step, associated with a weight
0;. At stepk, we get the following approximation of: f(’“ = Zle Big:- Given
R®) | the residue generated §{*), the functiong,; and its associated weight, 1
are selected according to:

(g1, Brar) = argmin, cp genl|RE) — 012 -

The improvements described by Pati et al. (Orthogonal MatcRursuit algorithm)
(Patiet al, 1993) keep the same framework, but optimize all the weighas each
step. A third algorithm called pre-fitting (Vincest al., 2002) enables us to choose
(911, Bry1) according toRF+1) . All those methods are iterative and greedy. The
different variations improve the weights or the choice & fanctiong,; but the
main characteristic remains unchanged. Matching Purseis dot allow to get rid of

a previously selected functiap, which means that its solution is sub-optimal.

The Basis Pursuit approach proposed by Chen et al. (Etan 1998) is different:
they consider the whole dictionary of functions and looktfoe best linear solution
to estimatef, namely, the solution which minimizes the regularized aiogl risk
usingQ = || 3]|1. This leads to the so-called LASSO formulation. Such a fdation
requires costly and complex linear programming (Chen, 1893nodified EM im-
plementation (Grandvalet, 1998) to be solved. Finally dldas them to find an exact
solution to the regularized learning problem.
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The Stepwise Least Angle Regression (LARS) offers new dppdies, by com-
bining an iterative and efficient approach with the exaatisoh of the LASSO. The
fact that the LARS begins with an empty set of variables, doebwith the sparsity
of the solution explains the efficiency of such method. Thétalof deleting dynam-
ically useless variables enables the method to converdeetexact solution of the
LASSO problem.

3. Learning with multiple kernels and £, regularization
3.1. LASSO

The Least Absolute Shrinkage and Selection Operator (LAS@®@nulation
(Tibshirani, 1996) relies on the combination of’a loss function (we will use least
squares) and’; regularization (we will penalize the sum of the absoluteffidents
of the estimator). The LASSO is often written as a Tikhonoyutarized problem
(equation (3)) with2 = ||3]|1. But LASSO can also be written as:

Ininn i—a:-T 2
ﬁ;(y i B) (6]

d
i 1Bl <t

wheret becomes the regularization parameter. The algorithm Ssepkeast Angle
Regression (LARS) uses this last formulation.

3.2. LARS: linear case

Givenz; € R? the vectorial representation of a learning point, we buikimatrix
T
11

of the learning points: X = : € R"*4 . Each columni of the matrix X

2T

is a variable denoted hy;. ThenLARS (Efronet al,, 2004) is a stepwise iterative
algorithm which provides an exact solution to the LASSO fisec3.1). When the
variablesX; are normalized (standard deviation equals one), LARS tilningearning
problem into a variable selection problem.

3.2.1. Algorithm

Alg. 3.1 sums up LARS algorithm. We not the set of indexes of the active
variables andX 4 the learning set reduced to the variables that atd.i\t each step
k, given the residuk® = y — f*) the LARS selects the variable which is most
correlated withR*) and add its index tel. The ability of dynamically suppressing a
source of information which becomes useless enables toeithlg to fit the LASSO
solution. f(*+1) belongs to the space spanned.¥y;, the 5(**1) are computed to
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minimize | R*+1 — f(k+1)]12 under the constraints that each variablé¥of is equi-
correlated withR(*+1). This leads to the property that eagH) corresponds to an
optimal solution of (6) for a given value 6f LARS computes the whole regularization
path.

Alg. 3.1Least Angle Regression Stepwadgorithm
We noteA the set of indexes of the active variables ang the learning set reduced
to the variables that are id.

1) Initialize: A =, A= {1,...,n},Vi,3; =0

2) Find the variable to add id (most correlated with the residue).

3) ComputeX | X 4 inverse to findw 4 so thatf *+1) = () 4477 4.

4) Compute the step so that:3i € A, j € A, X RF+D = X TR,

5) Updates coefficients.

6) Check that the signs gf coefficients remain the same, otherwise, reduse
that concerned becomes null.

3.2.2. Efficiency

Solving the LASSO is really fast with this method, due to thetfthat it is both
forward and sparse. The first steps are not expensive, becduike small size of
A, then it becomes more and more time-consuming with itematitlowever, owing
to the £, regularization, the sparsity of the solutions limits themer of required
iterations. LARS begins with an empty active set whereasratlackward methods
(Grandvalet, 1998; Chen, 1995) begin with @lbeing non-zero and require to solve
high dimensional linear system to set irrelevant coeffiséa zero. Given the fact
that only one point is added (or removed) during an iteratiis possible to update
the solution at each step instead of fully computing it. Teads to a simple-LARS
algorithm, similar to the simple-SVM formulation (Loosl al, 2004), which also
increases the speed of the method.

3.2.3. Modification of the LARS

In order to improve sparsity as well as error rate, we intoeda slight modifica-
tion of the LARS algorithm. We compute the step accordingrttirary least square
criterion in the last iteration of the method. The figure @istrates this modification
and the resulting improvement on an toy example.

In that case, the LARS is used as a variable selection aligor@nd the resulting
estimator is the partial least square solution reducediscstibset of variables. Con-
cerning the implementation in the LARS algorithm, we onlgdeo modify the last
iteration of the algorithm and the requested time compands not alteredf *+1) is
then designed so that the correIatiKﬁR(’““) is null (modification ofy in step 4 of
Alg. 3.1).
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Figure 1. Differences between LARS regression and partial leastreqde function

to learn iscos(exp(wt)) and the learning points are noisy. The two pictures show the
results at iterations 5, 10 and 20 using the LARS (left figoreg)artial least square
(right figure)

3.3. Multiple kernelsand LARS

3.3.1. Building a multiple kernel regression function

In their Kernel Matching Pursuit algorithm, Vincent and Bén(Vincentet al,
2002) proposed to treat the kerngl exactly in the same way as the matrix of the
learning pointsX. Each column of is then considered as a variable or a source of
information that can be added to the active set in order tlol lauinear estimation of
I f(a:) = >, BiK(z;,x). This functionf is S-linear in the Reproducing Kernel
Hilbert Space (RKHS}H spanned byx', and non-linear in the original data space.

To deal with the multiple kernel setting, we propose here xeresion of this
framework : it consists in building a set of kerngk; },—1,... n, which respectively
spans the spacés;. Each source of informatioR’;(z;, -) is characterized by a point
x; of the learning set and a kernel parameéterence, the multiple kernét” can be
written as:

K=[Ki...K;...Kny | K eR" withs=nN. (7]

Assuming that each column &f is normalized so that its standard deviation is 1,
the LARS will pick automatically the most relevaht;(z;, -) among the whole set of
sources of informatioh The solutionf is a weighted sum ok;(z;, -):

N n
fa)y =323 fiKi(r;,a) feMi+ . +Hy 8]

2. At each iteration, LARS selects the variable which is mastelated with the residue. This
normalization makes the comparison fair.
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The Kernel Basis Pursuit algorithm consists in solving ti®fving problem:
min [y — KB

(9]
> 1Bl <t

It is important to note that no assumption is made on the keddgwhich can be
non-positive. K’ can associate kernels of the same type (e.g. Gaussian) iffitredt
parameter values as well as different types of kernels (@agissian and polynomial).
The resulting matri¥s is neither positive definite nor square. As a consequenge, an
dictionary of functions could be used. The introduction efriels enables us to build
easily an efficient dictionary and to compare the resultstgqreators with SVM ones.

3.3.2. Examples of multiple kernels

The first idea was to build a series of kernéls based on popular kernel formu-
lations. We implemented some polynomial kern&ls based on a series of power
parameterg; € N:

Ki(m’ ‘rl) = (<x,x'> + 1)1)1 [10]
and some Gaussian kernels, based on a series of Gaussiarefssa;:
2
Ki(z,o) = exp (—M) [11]
207

The resulting matrix and some functions corresponding fiergint bandwidths are
illustrated on figure 2. We will see further that the largexbaidth functions will be
used to reconstruct the low frequency regions and the doaalthwidth-functions will
be used to reconstruct the high frequency regions of thénaligignal.

s

.

4 |

2 / j [\ ‘

o B 7 3 ] 10 12
1/o

Figure 2. Multiple Gaussian kernel matrix. This matrix is obtained dpncatena-
tion of different Gaussian kernels with decreasing bandhéd The corresponding
functions will enable us to reconstruct different partsted briginal signal

Another approach to build a multiple kernels relies on nsatile analysis. The
general idea is to build a kernel from a series a analytictfans. (Rakotomamonjgt
al., 2005) proposed a method to perform this kind of operatiduitdl a reproducing
kernel, they use any family of functiod#,, },—1.. ., satisfying:
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— any set of function§y,, },—1 .. ,, of H is a frame of the spanned subspace (Mallat,
1997),

— if eachy,, of the set is bounded and its norm is finite%f) then the spanned
space is a RKHS.

In that case, the kernel of this RKHS can be written as:
K(x,2') =Y ix)p(a’) [12]
=1

where); is the dual frame of);. Finally, a finite family of wavelet functions always
generates a RKHS.

The figure 3 shows the building of such a kernel. Given a wavaitrily of func-
tions{v,; } where index;j indicates the scale and indéxndicates the time location
of the analytic function, we compute the kernel matiiy, such as:

Kjk(z,2") = g (x) e (2) [13]

We perform this operation for all the wavelet functions. fitvee build the kernel
matrix K ; according to (12):

Kj=Y K [14]
k

K is the sum of all the translations of a given mother wavelgtfor a given scalg.
Finally, each kernek; is related to one scale and each source of information can be
written as:

Kj(z,) =Y (@) () (15]
k

As shown on figure 3, the rank &f ;;, is 1 whereas the rank df ; is n.

4. Setting of regularization and kernel parameters

The optimization problem (9) requires the setting of seMayperparameters: the
bias-variance compromiges well as theV kernel hyperparameters. ConsideriNg
kernels with a single parameter, this would leadte 1 parameters selection problem.
It can be solved by cross-validation but it is very expengivéme-computation. In
the following section, we propose some strategies to tabideproblem.

4.1. Optimization of regularization parameter

Finding a good setting farin equation (9) is very important: wheérbecomes too
large, the LARS becomes equivalent to Ordinary Least Sq@I&) and it requires
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Figure 3. Building of K; based on wavelets. The left picture shows the computation of
a pointin the kernel matris;; (z, z') = 1, (z)v;x (2), the learning points: and’

are drawn as stars. The second picture presents the kerrtebafar a given function

¥;x, each line is related to a value afand each column is related to a valueadt

The right picture is the sum of many kernels, correspondingjltthe translations of

a given wavelet;

the resolution of linear system of sizex s. Early stopping enables us to decrease the
time computation (which is linked to the sparsity of the $iolo) as well as to improve
the generalization of the learning (by regularizing).

One of the most interesting property of the LARS is the faat thcomputes the
whole regularization path (section 3.2). The LARS enabksoucompute a set of
optimal solutions corresponding to different values,afith only one learning stage.
We are going to take advantage of this property to selectpltinal ¢ dynamically.

4.1.1. Different compromise parameters

The original formulation of the LARS relies on the comproeygrameterwhich
is a bound on the sum of the absolute values of gheefficients. ¢ is difficult to
set because it is somewhat meaningless. We look for diffengpressions of the
regularization parameteér The aim is to find the most meaningful one, namely the
easiest way to set this parameter.

— LC-KBP. It is possible to apply Ljung Criterion (Ljung, 18Bon the autocor-
relation of the residue. The parameter is then a thresholdhnadecides when the
residue can be considered as white noise.

— v-KBP. Another solution consists in defining a criterion oe flize of4, namely
on the number of support vectors or on the rate of supporbv&emong the learning
set. It is important to note thatis then a threshold, whereas in thesVM method
wherev can be seen as an upper bound on the rate of support vectbEKSuf et
al., 2002).

However, all these methods require theriori setting of a parameter which is
usually estimated by cross-validation.
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4.1.2. Trap source

We propose a novel method to select dynamically the reguaitioin parameter
based on a trap parameter. The idea is to introduce one orsoanges of information
that we do not want to use. When the most correlated sourbtethgtresidue belongs
to the trap set, the learning procedure is stopped. We usé&éwadstics to build the
trap sources:

2
— KBP-s,: we build a Gaussian kernél,,_(z;,z;) = exp (—%) and we
add it to the information sources; is a very small bandwidth.

— KBP-RV: we add iid Gaussian random variables among thecssuof in-
formation. This heuristic has already been used succéssfulariable selection
methods(Bet al,, 2003).

The use of a trap scale is closely linked to the way that LAR&c$&the sources of
information (section 3.2). We illustrate the behavior & thap scale during the learn-
ing of a toy function:cos(exp(wx)) (figure 4(a)). The correlation with the residue is
an energetic criterion, that is why the first selected véembxplain the low frequency
regions of thecos(exp(wz)) function. The selected sources of information belong to
higher and higher scales with iterations (figure 4(c)). Iffmeher assume thatcon-
tains white noise, then there is no correlation betweeresascurring at two different
instants: the noise is a local phenomenon. As a consequiiecsources of informa-
tion that explain the noise will belong to narrow bandwidtauSsian kernek(,. and
will be selected at the end of the learning procedure. Maggahe selection of a
source fromK,, means that there are no more correlated sources of infamaii
otherK;, namely the residue is only composed of components coedblaith noise.

The use of Gaussian random variables as a trap scale is noite/én it supposes
that when a random variable is selected as the most comelatece with the residue,
it remains no more interesting information in the residugufe 4(b) illustrates the
evolution of the residue with iterations, th&?3picture shows the residue when a
random variable is selected.

4.2. Optimizing Gaussian kernel parameters

In this section, we propose a new method to set the kernaiieas of the KBP in
the Gaussian case, without using cross-validation. We afinding a key parameter
ok representing the smallest bandwidth which can be usefid fiiven problem. In
this case:K,, ~ I, and f will interpolatey and overfit. Then, we propose to build
a series of larger and larger Gaussian parameters fromekisdale to improve the
generalization of the learning.

o is obtained according to the following steps: a one neareisthibor is per-
formed on the training data. Then, we focus on the shortestmties between neigh-



Kernel Basis Pursuit 767

KBP for Cos(Exp(w t)) Estimation
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(a) Learning of the:os(exp(wz)) function.
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(b) Residues at iteration 10, 26) Scale of the variable se-
and 30. lected at each step of the
LARS.
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Figure 4. Evolution of the solution with iterations

bors. The key distancB;, is the distance between andz;, the two nearest points
in the input space. The corresponding key Gaussian paramete defined so that:

D
K, (z;, ;) =exp <_2Tr,%> =0.1 [16]
that is to say, the bandwidthy, is designed so that a learning point in high density
regions has little influence on its neighbors. For more roimss, it is recommended
to use an improved definition dD,. GivenS the set of the one-nearest-neighbor
distances. We definB;, as the mean distance of the 0.01 quantilé& of

Then, a series of bandwidth is build as follow (figure 2):
o = {ok, op, 0kp”, 0kp”, okp*, okp®, okp®}  With: p > 1 [17]

A small value oy provides more accuracy for the design of the sources oftimdition,
whenp becomes close to 1, the family becomes exhaustive. Howasnall value
of p leads to a more redundant family of functions, which pemrslthe sparsity of the
solution. In fact, when two sources of information are clatied, they are both almost
equi-correlated to the residue and the LARS often seledtsdmurces of information
in two successive iterations. Th&?line of table 1 shows that the number of support
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vectors first decreases wighdue to this phenomenon. On the contrary, wheis
too large, the accuracy of the sources of information dee®and the LARS requires
many sources of information to describe a single region efsignal. That is why in
our example the size of the optimal active geincreases withh whenp > 2.

[p [ 12[15] 2 [25] 3 [ 4 [ 5 [ 6 |
MSE |/0.0225 0.0222 0.0223 0.0219 0.0209 0.0205 0.0249 0.0254
|A] 45.33| 44.66| 39.0 | 40.25| 44.5 | 48.33 | 48.66| 48.33

Table 1. Estimation of the functiomos(exp(wz)) (10 runs). Evolution of the best
solution in terms of sparsity (means of used support vectees 10 runs) and Mean
Square Error (MSE) in function of parameter

Cross-validations over synthetic and real data lead tpset3. We choose to
set the cardinality of to 6, given the fact that experimental results are not imgdov
beyond this value.

KBP results presented in the next section rely on this patemfieee Gaussian
strategy, but it is also possible to build multiple kerneigwlifferent degrees of poly-
nomial kernels or to mix different kernels.

5. Experiments

We illustrate the efficiency of the methodology on synthatid real data. Tables
2, 3 and 4 present the results with two different algoriththe:SVM and the KBP. We
use two kinds of kernels (Gaussian and wavelet) and foutesfies to stop the learning
stage of the KBP. All results use the modification of LARS preed in section 3.2.3.

— KBP-)_, |3;] is the classical method where a bound is defined on the sune of th
regression coefficients. This bound is estimated by crasidation.

—v-KBP is based on the fraction of support vectarss also estimated by cross-
validation.

— KBP-RV relies on the introduction of Gaussian random \@eis as sources of
information!

— KBP-o, relies on a Gaussian trap scale with very small bandwidth. ugée
o, = oy of equation (16¥. In the wavelet kernel case, we swap from KBPo
KBP-HF (High Frequency) and we use the kernel corresporiditige smallest scale
as trap scale.

To validate this approach, we compare the results with idals&aussian-SVM
regression. Parametets C' and o are optimized by cross validation. In order to
distinguish the benefits of the early stopping methods fluarbenefits of the multiple

3. To make KBPes; and KBP-RV methods more robust, we wait until 3 informationrses
from the trap-scale are selected to stop the learning stage.
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kernel learning, we also give the results of KBP algorithnewhsing a single kerrfel
In this case, the kernel is chosen by cross-validation. K&Pand KBPo are fully
parameter-free. We use the method described in the presemti®n 4.2 to build our
multiple kernels, withp = 3.

Blocks Doppler

HeaviSine

Figure 5. Toy signals and learning data

5.1. Synthetic data

We test our method for the learning @fs(exp(wx)) regression function. We try
to learn:

J() = cos(exp(wa)) + b(a) [18]

whereb(z) is a Gaussian white noise of varianeg = 0.15. We also tested the
method over classical synthetic data described by Donotidannstone (Donohet
al., 1994).

For all signals, we use € [0, 1], drawn according to a uniform distribution. We
use 400 points for the learning set and 1000 points for thinteset. The noise
is added only on the learning set. Parametersy(, |3;|...) are computed by cross
validation on the learning set. Table 2 presents the resuis30 runs for each dataset.

These results point out the sparsity and the efficiency of K&Btions both with
Gaussian or wavelet kernels. Figure 4(a) illustrates hovtiphel kernels learning
enables the regression function to fit the local frequencthefmodel. The results
with different Donoho’s synthetic signals enable us toidgtish the benefits of the
KBP method from the benefits of the multiple kernels. The KBiprioves the sparsity
of the solution, whereas the multiple kernels improve tiselts on signals that require
a multi-scale approach.

4. Even with the single kernel case, the KBP relies on a meltiglrnel architecture to add the
trap scales.
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Nb kerne 1
Algorithm| ¢ - SVM | KBP->". |3 | v-KBP | KBP-RV | KBP-o,
0.032 £ 0.0086 | 0.028 £ 0.0051 [0.028 £ 0.0052 |0.026 £ 0.0047 | 0.029 £ 0.0062
cos(ev?) 105.4 87.3 85 95.3 95.3
0 0 0 0 0
0.023 £ 0.0071 | 0.010 & 0.0068 [0.019 £ 0.0060 |0.020 + 0.0053 | 0.019 &+ 0.0056
Doppler 59.3 47.1 47 48.8 51.3
0 0 0 0 0
0.030 £ 0.0020 | 0.025 £ 0.0013 [0.026 £ 0.0015 |0.024 £ 0.0012 | 0.024 £ 0.0012
Blocks 75.3 65.1 65 69.4 65.2
0 0 0 0 0
0.0072 £ 0.0034 0.0114 & 0.0013 [0.0112 & 0.0022[0.0107 =£ 0.0020|0.0108 £ 0.0015
Ramp 54.2 45.6 48 45.9 49.7
16 0 0 0 0
—__ |[0.0028 £ 0.0002[0.0028 £ 0.0002[0.0030 £ 0.0002[0.0029 & 0.0002|0.0028 £ 0.0002
HeaviSing 51.4 17.2 20 21.1 19.5
11 15 5 8 11
Nb kernel 6 (Multiple Kernels)
Algorithm || KBP- " | 3] | v-KBP | KBP-RV | KBP-o,
0.020 £ 0.0039 [0.023 £ 0.0059 [0.020 £ 0.0039] 0.021 £ 0.0035
cos(exp(t)) 47.4 46 48.4 47.8
14 5 15 10
0.011 £ 0.0052 |0.013 £ 0.0060 [0.010 £ 0.0059| 0.013 £ 0.0055
Doppler 46.1 46 52.70 49.80
13 3 17 5
0.020 £ 0.0011 [0.020 £ 0.0012 |0.020 £ 0.0012 [0.019 £ 0.0011
Blocks 64.6 65 67.5 66.3
13 10 9 17
0.0072 & 0.0033(0.0073 £ 0.0035|0.0080 £ 0.0030 |0.0077 & 0.0029
Ramp 20.1 18 22.5 20.3
12 11 5 4
— 0.0035 & 0.0003 [0.0036 & 0.0003[0.0032 £ 0.0003 [0.0032 £ 0.0003
HeaviSine 44.30 45 48.2 49.0
0 0 0 0

Table 2. Results of SVM and KBP for the estimationco§(exp(z)) and Donoho’s
classical functions with single and multiple Gaussian leésn Means and standard
deviations of MSE on the test set (30 runs), number of supgetobrs used for each
solution, number of best performances. The total of bedbpaances sometimes
exceeds 30 due to the fact the 2 different KBP can lead to tine salution

e-SVM achieves the best results for Ramp and HeaviSine signshis can be
explained by the fact that the Ramp and HeaviSine signalalarest uniform in term
of frequency. The tube algorithm of the SVM regression is especially efficient
this kind of problem.

The results from the different KBP are very close (and ofienilar), that is why
the total of best performances sometimes exceeds 30 (thé@eruof run). Then,
KBP-RV and KBPe, or KBP-HF become very attractive, due to the fact that they
are parameter-free methods. KBP obtains the best result$ é&xperiments, and
parameter-free-KBP for 3 experiments on a total of 5 expenits
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[Algorithm]  «SVM__ [KBP-3_,[3,] »-KBP | KBP-RV | KBP-HF |
0.029 £ 0.0056 [|0.020 £ 0.0047|0.020 £ 0.0048 [0.021 £ 0.0049 [0.020 + 0.0047

cos(e?) 111.1 42.3 42 48.7 43.4
0 24 19 16 20
0.025 £ 0.0056 || 0.014 & 0.0042 |0.013 & 0.0037|0.014 & 0.0045 | 0.013 £ 0.0038
Doppler 110.7 44.1 42 47.1 42.5
0 11 24 9 21
0.026 £ 0.0045 || 0.021 & 0.0033 |0.020 & 0.0034]0.023 & 0.0039 | 0.022 £ 0.0036
Blocks 107.7 50.3 54 60.8 49.2
0 17 21 5 8
0.014 £ 0.0037 ||0.008 & 0.0035]0.008 & 0.0035]0.009 & 0.0037 | 0.010 £ 0.0035
Ramp 57.6 19.2 17 21.4 15.8
2 19 20 13 8
—{[0.0028 £ 0.0005[0.0034 & 0.0008 [0.0033 & 0.0008 [0.0033 £ 0.0007|0.0034 & 0.0008
HeavySing 29 17.4 18 19.6 20.7
28 0 2 0 2

Table 3. Results of SVM and KBP for the estimationco§(exp(z)) and Donoho’s
classical functions with multiple wavelet kernels. Meand atandard deviations of
MSE on the test set (30 runs), number of support vectors ese@th solution, num-
ber of best performances. The total of best performancestimes exceeds 30 due
to the fact the 2 different KBP can lead to the same solution

5.2. Real data

Experiments are carried out over regression data basdalaedan the UCI repos-
itory (Blakeet al,, 1998). We compare our results with (Chaetal., 2005).

The experimental procedure for real data is the following:ofmhirty train-
ing/testing sets are randomly produced. Respectively 80&620% of the points
are used for training and testing. Hyperparameters(, |3;]...) are computed by
cross-validation on the learning set. Table 4 presents snead standard deviations
of MSE (mean square error) on the test set.

e-SVM solution is not really competitive but it gives an irgsting information
on the number of support vectors required for each solutiBP-RV and KBPe,
results are very interesting: they are parameter free ubiadneuristic described in
section 4.2, moreover the KBP-RV achieves the best resuttyfiom.

6. Conclusion

The Kernel Basis Pursuit algorithm enables us to meet tweatibes: proposing
a sparse multi-kernel-based solution for the regressiohlpm and introducing new
solutions for the bias-variance compromise problem andéheel setting.

The sparsity is due t&; regularization, and the interpretation of thg(x;,-)
as simple source of information enables the KBP to deal witltipie kernels. The
heuristics proposed to set the different parameters or oomipes of the KBP rely
both on the LARS properties and the multiple kernel: muttigérnels allow easy
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Table 4. Results of SVM and KBP for the different regression datahaskans and
standard deviations of MSE on the test set (30 runs), numigrgport vectors used
for each solution, number of best performances. The totaésf performances some-

Nb kerne 1
Algo SVM KBP
(Changet al, 2005)  e-SVM >l | RV os
] 0.007 £ 0.007 _ ]0.008 £ 0.010 [[0.010 &£ 0.011]0.011 &£ 0.009]0.010 & 0.011
pyrim - 47.1 29.7 31.2 33.6
— 0 0 0 0
. 0.021 £ 0.005 _ |0.022 &£ 0.006 [[0.021 & 0.006[0.021 &£ 0.0050.021 & 0.006
triazines - 60.8 27.0 32.4 29.0
— 0 0 0 0
9.19 £ 2.73 17.54 £ 4.18 ||12.83 * 3.31 | 14.12 £ 3.17 | 12.33 * 3.04
housing - 405.4 289.0 295.2 304.2
- 0 0 0 0
5.071 £ 0.678 [12.871 £ 0.461||9.293 & 0.518|9.181 & 0.421]10.311 £ 0.513
abalone - 652.2 491.9 502.3 546.2
- 0 0 0 0
Nb kerne 6 (Multiple Kernels)
Algo KBP
Sl | RV | o
0.006 =+ 0.006 0.006 & 0.006]0.005 + 0.006
pyrim 47.0 48.1 49.3
13 17 18
. 0.019 & 0.0060.020 & 0.005] 0.020 + 0.008
triazines 23.0 27.1 27.8
22 8 9
] 10.52 £ 3.56 |11.03 + 3.31 | 10.13 £ 3.23
housing 305.4 317.3 315.2
12 9 17
7.189  0.568 |8.363 £ 0.616| 8.127 & 0.620
abalone 607.4 512.8 548.3
17 7 10

times exceeds 30 due to the fact the 2 different KBP can letebtsame solution

and efficient setting for the kernel parameters and the fadtltARS computes the
whole regularization path enables us to implement powedtlly-stopping strategies.
The KBP gives good results on synthetic and real data. In #entime, the required
time computation is reduced compared with SVM, due to thesfyaf the obtained
solutions. Moreover, the KBP becomes fully parameterdifieke KBP-RV and KBP-

o cases and though they achieve very competitive results.

The perspectives of this work are the following ones: we ndawn o use this
description of the data for signal classification purposker, the idea would be to

optimize the representation of the data for the classiticatsk.
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