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Abstract : In this paper, we show that the hinge loss can be interpreted as
the neg-log-likelihood of a semi-parametric model of posterior probabilities.
From this point of view, SVMs represent the parametric component of a semi-
parametric model fitted by a maximum a posteriori estimation procedure. This
connection enables to derive a mapping from SVM scores to estimated poste-
rior probabilities. Unlike previous proposals, the suggested mapping is interval-
valued, providing a set of posterior probabilities compatible with each SVM
score. This framework offers a new way to adapt the SVM optimization prob-
lem to unbalanced classification, when decisions result in unequal (asymmetric)
losses. Experiments show improvements over state-of-the-art procedures.

Mots-clés: Semi-Parametric Estimation, SVM Probabilistic Model, SVM Score,
Asymmetric Loss, Unbalanced Classification.

1 Introduction

In this paper, we show that support vector machines (SVMs) are the solution of a relaxed
maximum a posteriori (MAP) estimation problem. This relaxed problem results from
fitting a semi-parametric model of posterior probabilities. This model is decomposed
into two components: the parametric component, which is a function of the SVM score,
and the non-parametric component which we call a nuisance function. Given a proper
binding of the nuisance function adapted to the considered problem, this decomposition
enables to concentrate on selected ranges of the probability spectrum. The estimation
process can thus allocate model capacity to the neighborhoods of decision boundaries.

*This work was supported in part by the IST Programme of the European Community, under the PASCAL
Network of Excellence 1ST-2002-506778. This publication only reflects the authors’ views.
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The connection to semi-parametric models provides a probabilistic interpretation of
SVM scores, which may have several applications, such as estimating confidences over
the predictions, or dealing with unbalanced losses. (which occur in domains such as di-
agnosis, intruder detection, etc). Several mappings relating SVM scores to probabilities
have already been proposed (Sollich 2000, Platt 2000), but they are subject to arbitrary
choices, which are avoided here by their integration to the nuisance function.

The paper is organized as follows. Section 2 presents the semi-parametric model-
ing approach; Section 3 shows how we reformulate SVM in this framework; Section 4
proposes several outcomes of this formulation, including a new method to handle un-
balanced losses, which is tested empirically in Section 5. Finally, Section 6 briefly
concludes the paper.

2 Semi-Parametric Classification

We address the binary classification problem of estimating a decision rule from a learn-
ing setl,, = {(xi, )}, Wwhere theith example is described by the pattetne X

and the associated respongsec {—1,1}. In the framework of maximum likelihood
estimation, classification can be addressed either via generative nmagleispdels of

the joint distributionP (X, Y"), or via discriminative methods modeling the conditional
P(Y|X).

2.1 Complete and Marginal Likelihood, Nuisance Functions

Let p(1|x; @) denote the model aP(Y = 1|X = x), p(x; 1) the model ofP(X) and
t; the binary response variable such that 1 wheny; = 1 andt; = 0 wheny; = —1.
Assuming independent examples, the complete log-likelihood can be decomposed as

L(0,vy; L) = Zti log(p(1]x;0)) + (1 —t;) log(1 — p(1[x:; 8)) + log(p(xi;v)) ,
Z )

where the two first terms of the right-hand side represent the marginal or conditional
likelihood, that is, the likelihood gf(1|x; 6).

For classification purposes, the paramefgs not relevant, and may thus be qualified
as a nuisance parameter (Lindsay 1985). Whean be estimated independentlyaf
maximizing the marginal likelihood provides the estimate returned by maximizing the
complete likelihood with respect # and1). In particular, when no assumption what-
soever is made off(X), maximizing the conditional likelihood amounts to maximize
the joint likelihood (McLachlan 1992). The density of inputs is then considered as a
nuisance function.

2.2 Semi-Parametric Models

Again, for classification purposes, estimatiRgY |X) may be considered as too de-
manding. Indeed, taking a decision only requires the knowledgégaf2P(Y =
1]X = x) — 1). We may thus consider looking for the decision rule minimizing the
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empirical classification error, but this problem is intractable for non-trivial models of
discriminant functions.

Here, we briefly explore how semi-parametric models (Oakes 1988) may be used to
reduce the modelization effort as compared to the standard likelihood approach. For
this, we consider a two-component semi-parametric modeP@f = 1|X = x),
defined ap(1|x;0) = g(x;0) + ¢(x), where the parametric componeyiix; 6) is
the function of interest, and where the non-parametric companént constrained
nuisance function. Then, we address the maximum likelihood estimation of the semi-
parametric modeb(1|x; )

Hgl,if —> tilog(p(1]xi;0)) + (1 —t;)log(1 — p(1]x; 0))

st p(lfx:8) = g(x:0) + =(x) @)
0<p(llx;0) <1
e7(x) <e(x) <et(x)

wheree~ and et are user-defined functions, which place constraints on the non-
parametric component According to these constraints, one pursues different objec-
tives, which can be interpreted as either weakened or focused versions of the original
problem of estimating precisely(Y|X) on the whole rang@, 1].

At the one extreme, whea~ = £, one recovers a parametric maximum likeli-
hood problem, where the estimate of posterior probabilitie$x; 8) is simply g(x; 0)
shifted by the baseline function At the other extreme, whest (x) < —g(x) and
et(x) > 1 — g(x), p(1]-; 0) perfectly explains (interpolates) any training sample for
any @, and the optimization problem #is ill-posed. Note that the optimization prob-
lem ine is always ill-posed, but this is not of concern as we do not wish to estimate the
nuisance function.

Generally, ag is not estimated, the estimate of posterior probabilitieldx; 0) is
only known to lie within the intervalg(x; 0) + ¢~ (x), g(x;0) + " (x)]. In what
follows, we only consider functions™ ands™ expressed as functions of the argument
g(x), for which the interval can be recovered fraifx) alone. We also require (x) <
0 < e™(x), in order to ensure that(x; 0) is an admissible value gf(1|x; ).

Two simple examples are displayed in Figure 1. The two first graphs repeesant
eT designed to estimate posterior probabilities up to precisiand the corresponding
e-tube of admissible estimates knowipgx). The two last graphs represent the same
functions fore~ and<* defined to focus on the only relevant piece of information
regarding decision: estimating whelgY'| X ) is abovel /2.

2.3 Estimation of the Parametric Component

The definitions o=~ ande™ affect the estimation of the parametric component. Re-
gardingd, when the values of(x; ) + £~ (x) andg(x; ) + ™ (x) lie within [0, 1],

10f course, this naive attempt to minimize the training classification error is doomed to failure. Reformu-
lating the problem does not affect its convexity: it remains NP-hard.
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Figure 1. Two examples of~ (x) (dashed) and™(x) (plain) vs. g(x) and resulting
e-tube of possible values for the estimateRift” = 1| X = x) (gray zoneys. g(x).

problem (2) is equivalent to the following relaxed maximum likelihood problem

min — Zti log(g(xi;0) + ;) + (1 —t;) log(1 — g(x;;0) — ;)
0., Z

s.t. e (x;) <eg <ef(xs) i=1,...,n

3

wheree is ann-dimensional vector of slack variables. The problem is qualified as re-
laxed compared to the the maximum likelihood estimation of posterior probabilities by
g(x;; 0), because modeling posterior probabilitiesgiy;; @) +<; is a looser objective.
The monotonicity of the objective function with respectstoimplies that the con-
straintse~(x;) < g; ande; < et (x;) are saturated at the solution of (3) fgr= 0
or t; = 1 respectively. Thus, the loss in (3) is the neg-log-likelihood of the lower or
the upper bound op(1|x;; 8) respectively. Provided that, e~ ande™ are defined
such that~(x) < et (x), 0 < g(x) + e (x) < 1 and0 < g(x) + et (x) < 1, the
optimization problem with respect threduces to

min — Z tilog(g(xi;0) + e (x:)) + (1 —t;) log(1 — g(x50) — ™ (xi)) . (4)

Figure 2 displays the losses for positive examples corresponding to the choices of
e~ ande™ depicted in Figure 1 (the losses are symmetrical around 0.5 for negative
examples). Note that the convexity of the objective function with respectiepends
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Figure 2: Losses for positive examples (plain) and neg-log-likelihoagf (dotted)
vs. g(x). Left: for the functions™ displayed on the left-hand side of Figure 1; right:
for the functions* displayed on the right-hand side of Figure 1.

on the choices of~ ande™. One can show that, providing™ ands~ are respectively
concave and convex functions gfthen the loss (4) is convex in

Whene~(x) < 0 < e¥(x), g(x) is an admissible estimate &f(Y = 1|x). How-
ever, the relaxed loss (4) is optimistic, below the neg-log-likelihoog.of his opti-
mism usually results in a non-consistent estimation of posterior probabiligeg)
does not converge toward3(Y = 1|X = x) as the sample size goes to infinity), a
common situation in semi-parametric modeling (Lindsay 1985). This lack of consis-
tency should not be a concern here, since the non-parametric component is purposely
introduced to address a looser estimation problem. We should therefore restrict consis-
tency requirements to the primary goal of having posterior probabilities im-thbe

[9(x) + 7 (x),9(x) + " (x)].

3 Semi-Parametric Formulation of SVMs

Several authors pointed the closeness of SVM and the MAP approach to Gaussian pro-
cesses (Sollich (2000) and references therein). However, this similarity does not pro-
vide a proper mapping from SVM scores to posterior probabilities. Here, we resolve
this difficulty thanks to the additional degrees of freedom provided by semi-parametric
modelling.

3.1 SVMs and Gaussian Processes
In its primal Lagrangian formulation, the SVM optimization problem reads

H}}bn%HfH%-FOZ[l—yi(,f(xi)+b)]+ , ()

whereH is a reproducing kernel Hilbert space with nofim||+, C is a regularization
parameter anflf]+ = max(f,0).

The penalization term in (5) can be interpreted as a Gaussian prigr, aith a
covariance function proportional to the reproducing kernét(dfSollich 2000). Then,
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the interpretation of the hinge loss as a marginal log-likelihood requires to identify an
affine function of the last term of (5) with the two first terms of (1). We thus look for
two constants, andc; # 0, such that, for all values of(x) + b, there exists a value

0 < p(1|x) < 1 such that

{ p(lx
1—-p(1x
The system (6) has a solution over the whole range of possible valugscpft b if
and only ifcg = log(2) andc; = 0, that is, if and onlyC' = 0 in (5). Thus, the SVM
optimization problem does not implement the MAP approach to Gaussian processes.
To proceed with a probabilistic interpretation of SVMs, Sollich (2000) proposed a
normalized probability model. The normalization functional was chosen arbitrarily, and
the consequences of this choice on the probabilistic interpretation was not evaluated.
In what follows, we derive an imprecise mapping, with interval-valued estimates of

probabilities, representing the set of all admissible semi-parametric formulations of
SVM scores.

exp —(co + er[l = (f(x) + b)]4) ©)
= exp—(co+all+(f(x)+)]+)

~— —
|

3.2 SVMs and Semi-Parametric Models

With the semi-parametric models of Section 2.2, one has to identify an affine function
of the hinge loss with the two terms of (4). Compared to the previous situation, one has
the freedom to define the slack functiansande™. The identification problem is now

9(X)+6+( ) = exp—(co+ el = (f(x) +0)]4)
l-g(x)—e(x) = p—(60+01[1+(f(><)+b)]+)
st 0<g(x)+ e()Sl . ()
0<g(x)+ef(x)<1
e (x) <ef(x)

Providedc, = 0 and0 < ¢; < log(2), there are functiong, e~ ande™ such that the
above problem has a solution. Hence, we obtain a set of probabilistic interpretations
fully compatible with SVM scores. The solutions indexeddare nested, in the sense
that, for anyx, the length of the uncertainty intervalt (x) — £~ (x), is monotonically
decreasing im; : the interpretation of SVM scores as posterior probabilities gets tighter
asc; increases.

In the MAP interpretation of the SVM optimization problem (5), the covariance func-
tion is proportional ta”/c¢;. Hence, maximum likelihood estimation is achieved in the
limit of ¢; — 0. In this limit, the interpretation of SVM scores becomes almost unin-
formative, except that(1|x) > 0if f(x) + b > —1 and conversely that(1|x) < 1 if
f(x)+b<1

The most restricted subset of admissible interpretations, with the shortest uncertainty
intervals, obtained fof; = log(2), is represented in the left-hand side of Figure 3. The
loss incurred by a positive example is represented on the central graph, where the gray
zone represents the neg-log-likelihood of all admissible solutiop&of Note that the
hinge loss is proportional to the neg-log-likelihood of the upper posterior probability
g(x) + 1 (x), which is the loss for positive examples in the semi-parametric model in
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Figure 3: Left: lower (dashed) and upper (plain) posterior probabiliti€¢s) +
7 (x),g9(x) + e*(x)] vs. SVM scoresf(x) + b; center: corresponding neg-log-
likelihood of g(x) for positive exampless. f(x) + b. right: lower (dashed) and upper
(plain) posterior probabilitiess. g(x), for g defined in (8).

(4). Conversely, the hinge loss for negative examples is reachedsfor- ¢~ (x). An
important observation, that will be useful in Section 4.2 is that the neg-log-likelihood
of any admissible functiong(x) is tangent to the hinge loss Afx) + b = 0.

The solution is unique in terms of the admissible intefyal ¢ ~, g + ], but many
definitions of(s~, ™, g) solve (7). For example; may be defined as

9~ [1-(fG)+b)]+
9(%:0) = i G TPl o -G ®

which is essentially the posterior probability model proposed by Sollich (2000), repre-
sented dotted in the first two graphs of Figure 3.

The last graph of Figure 3 displays the mapping frgfr) to admissible values of
p(1]x) which results from the choice described in (8). Although the interpretation of
SVM scores does not require to specifyit may worth to list some features common
to all options. Firstg(x) + ¢~ (x) = 0 for all g(x) below some thresholg, > 0, and
converselyg(x) + et (x) = 1 for all g(x) above some thresholg < 1. These two
features are responsible for the sparsity of the SVM solution. Second, the estimation
of posterior probabilities is accurate @, and the length of the uncertainty inter-
val onp(1|x) monotonically increases iigo, 0.5] and then monotonically decreases in
[0.5,¢1]. Hence, the training objective of SVMs is intermediate between the accurate
estimation of posterior probabilities on the whole rafi@d] and the minimization of
the classification risk.

4 Outcomes of the Probabilistic Interpretation

This section gives two consequences of our probabilistic interpretation of SVMs. Fur-
ther outcomes, still reserved for future research are listed in Section 6.
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4.1 Pointwise Posterior Probabilities from SVM Scores

Platt (2000) proposed to estimate posterior probabilities from SVM scores by fitting a
logistic function over the SVM scores. The only logistic function compatible with the
most stringent interpretation of SVMs in the semi-parametric framework,

1

1+ 4-UG0+) ©)

9(x;0) =
is identical to the model of Sollich (2000) (8) wh¢fix) + b lies in the interva[—1, 1].

Other logistic functions are compatible with the looser interpretations obtained by
letting ¢; < log(2), but their use as pointwise estimates is questionable, since the
associated confidence interval is wider. In particular, the looser interpretations do not
ensure thaf (x) + b = 0 corresponds tg(x) = 0.5. Then, the decision function based
on the estimated posterior probabilities §fx) may differ from the SVM decision
function.

Being based on an arbitrary choicegdk), pointwise estimates of posterior probabil-
ities derived from SVM scores should be handled with caution. As discussed by Zhang
(2004), they may only be consistentfdtx) + b = 0, where they may converge towards
0.5.

4.2 Unbalanced Classification Losses

SVMs are known to perform well regarding misclassification error, but they provide
skewed decision boundaries for unbalanced classification losses, where the losses as-
sociated with incorrect decisions differ according to the true label. The mainstream
approach used to address this problem consists in using different losses for positive and
negative examples (Morik et al. 1999, Veropoulos et al. 1999),

1
min I FI5 40T 0 M=) 0L +CT 3 [+ () B
{ilyi=1} {ilyi=—1}

(10)
where the coefficient&€'+ andC~ are constants, whose ratio is equal to the ratio of
the lossedry and/pp pertaining to false negatives and false positives, respectively
(Lin et al. 2002) Bayes’ decision theory defines the optimal decision rule by positive
classification wherP(y = 1|x) > Py, whereP, = ZFP‘ZT;FN. We may thus rewrite
Ct =C-(1-PR)andC~ = C - P,. With such definitions, the optimization prob-
lem may be interpreted as an upper-bound on the classification risk definedgfxom
and/rp. However, the machinery of Section 3.2 unveils a major problem: the SVM
decision function provided byign(f(x;) + b) is not consistent with the probabilistic
interpretation of SVM scores.

We address this problem by deriving another criterion, by requiring that the neg-log-
likelihood of any admissible functiongx) is tangent to the hinge loss Atx) +b = 0.

2False negatives/positives respectively designate positive/negative examples incorrectly classified.



A Probabilistic Interpretation of SVMs

%
N
IS

p(LKY)
LE®.D

20 0 025 05 075 1

20 7010 0 1
f(x)+b a(x)

S0 0 10
f(x)+b

Figure 4: Left: lower (dashed) and upper (plain) posterior probabiliti€¢s) +
€7 (x),g(x) + T (x)] vs. SVM scoresf(x) + b obtained from (11) withP, = 0.25;
center: corresponding neg-log-likelihood gifx) for positive exampless. f(x) + b.
right: lower (dashed) and upper (plain) posterior probabiliti®sg(x), for g defined
bye™(x) = 0for f(x) + b < 0ande~(x) = 0 for f(x) +b > 0.

This leads to the following problem:

n}ugl%”fﬂ% + C ( Z [—log(Po) — (1 = Po)(f(x:) +b)], +
’ {ilyi=1}

> [=log(l — Py) + Po(f(xi) + b)]+) : (11)

{ilyi=—1}

This loss differs from (10), in the respect that the margin for positive examples is
smaller than the one for negative examples wRer< 0.5. In particular, (10) does not
affect the SVM solution for separable problems, while in (11), the decision boundary
moves towards positive support vectors whigndecreases. The analogue of Figure 3,
displayed on Figure 4, shows that one recovers the characteristics of the standard SVM
loss, except that the focus is now on the posterior probabifitydefined by Bayes’
decision rule.

5 Experiments with Unbalanced Classifications Losses

It is straightforward to implement (11) in standard SVM pack-

ages. For experimenting with difficult unbalanced two-class prob-
lems, we used the Forest database, the largest available UCI dataset
(http://kdd.ics.uci.edu/databases/covertype/ ). We consider

the subproblem of discriminating the positive class Krummholz (20510 examples)
against the negative class Spruce/Fir (211840 examples). The ratio of negative to posi-
tive examples is high, a feature commonly encountered with unbalanced classification
losses.

The training set was built by random selection of size 11 000 (1000 and 10 000
examples from the positive and negative class respectively); a validation set, of size
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11 000 was drawn identically among the other examples; finally, the test set, of size
99 000, was drawn among the remaining examples.

The performance was measured by the weighted risk fundtioa %(NFNEFN +
Nrplrp), WhereNpy and Npp are the number of false negatives and false positives,
respectively. The los&:p was set to one, anf§y was successively setto 1, 10 and 100,
in order to penalize more and more heavily errors from the under-represented class.

All approaches were tested using SVMs with a Gaussian kernel on normalized data.
The hyper-parameters were tuned on the validation set for each 6fgthealues. We
additionally considered three tuning for the bias is the bias returned by the algo-
rithm; b, the bias returned by minimizing on the validation set, which is an optimistic
estimate of the bias that could be computed by cross-validation. We also provide re-
sults forb*, the optimal bias computed on the test set. This “crystal ball” tuning may
not represent an achievable goal, but it shows how far we are from the optimum. Table 1
compares the risk obtained with the three approaches for the different valuésof

Table 1: Errors for 3 different criteria and for 3 different models over the Forest database

/rx || Baseline, problem (5) C*/C~, problem (10) Py, problem (11)

b b* b by b* b by b*
1 0.027 0.026 0.027 0.027 0.026 0.027 0.027 0.026
10 || 0.167 0.108 0.105 0.104 0.094 0.095 0.104 0.094
100 || 1.664 0.406 0.403 0.291 0.289 0.295 0.291 0.289

The first line, with/gy = 1 corresponds to the standard classification error, where
all training criteria are equivalent in theory and in practice. The bias returned by the
algorithm is very close to the optimal one. gty = 10 and/rpx = 100, the models
obtained by optimizing’* /C~ (10) andP, (11) achieve better results than the baseline
with the crystal ball bias. While the solutions returnedy/C~ can be significantly
improved by tuning the bias, our criterion provides results that are very close to the
optimum, in the range of the performances obtained with the bias optimized on an in-
dependant validation set. The new optimization criterion can thus outperform standard
approaches for highly unbalanced problems.

6 Conclusion

This paper introduced a semi-parametric model for classification which provides an
interesting viewpoint on SVMs. The non-parametric component provides an intuitive
means of transforming the likelihood into a decision-oriented criterion. This frame-
work was used here to propose a new parameterization of the hinge loss, dedicated to
unbalanced classification problems, yielding significant improvements over the classi-
cal procedure.

Among other prospectives, we plan to apply the same framework to investigate hinge-
like criteria for decision rules including a reject option, where the classifier abstains
when a pattern is ambiguous. We also aim at defining losses encouraging sparsity in
probabilistic models, such as kernelized logistic regression. We could thus build sparse
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probabilistic classifiers, providing an accurate estimation of posterior probabilities on
a (limited) predefined range of posterior probabilities. In particular, we could derive
decision-oriented criteria for multi-class probabilistic classifiers. For example, mini-
mizing classification error only requires to find the class with highest posterior prob-
ability, and this search does not require precise estimates of probabilities outside the
interval[1/K,1/2], whereK is the number of classes.
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