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Abstract

We propose a classification method based on a decision
tree whose nodes consist of linear Support Vector Machines
(SVMs). Each node defines a decision hyperplane that clas-
sifies part of the feature space. For large classification prob-
lems (with many Support Vectors (SVs)) it has the advantage
that the classification time does not depend on the num-
ber of SVs. Here, the classification of a new sample can
be calculated by the dot product with the orthogonal vec-
tor of each hyperplane. The number of nodes in the tree
has shown to be much smaller than the number of SVs in a
non-linear SVM, thus, a significant speedup in classification
time can be achieved. For non-linear separable problems,
the trivial solution (zero vector) of a linear SVM is analyzed
and a new formulation of the optimization problem is given
to avoid it.

1. Introduction

In terms of classification-speed, SVMs [13] are still out-
performed by many standard classifiers when used in large
problems. For non-linear kernels k£, the classification func-
tion can be written as in Eq. (1), thus, the classification
complexity lies in £2(n) for a problem with n SVs. How-
ever, for linear problems, the classification function has the
form of Eq. (2), allowing classification in £2(1) by calculat-
ing the dot product with the normal vector w of the hyper-
plane. In order to achieve a classification speedup we pro-
pose a classification method based on a tree whose nodes
consist of linear SVM (Fig.(1)).

f(x) = sign (Z yicik (x4, %) + b) (1)
i=1

f(x) = sign  ({(w,x) +b) 2)

This paper is structured as follows: first we give a brief
overview of related work. Section 2 describes our algo-
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rithm in detail including a discussion of the zero solution
problem. Experiments are presented in Section 3, followed
by conclusions in Section 4.
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Figure 1. Decision tree with linear SVM

1.1. Related Work

Recent work on SVM classification speedup mainly focused
on the reduction of the decision problem: A method called
RSVM (Reduced Support Vector Machines) was proposed
by Lee [10], it preselects a subset of training samples as
SVs and solves a smaller Quadratic Programming problem.
Lei and Govindaraju [11] introduced a reduction of the fea-
ture space using principal component analysis and Recur-
sive Feature Elimination. Burges and Scholkopf [3] pro-
posed a method to approximate w by a list of vectors as-
sociated with coefficients ;. All these methods yield good



speedup, but are fairly complex and computationally expen-
sive. Our approach on the other hand, was endorsed by the
work of Bennett et al. [1] who experimentally proved that
inducing a large margin in decision trees with linear deci-
sion functions improved the generalization ability.

2. SVM Trees

The algorithm is described for binary problems, an exten-
sion to multiple-class problems can be realized with differ-
ent techniques like one vs. one or one vs. rest [7].

Basic Algorithm At each node ¢ of the tree, a hyperplane
is found that correctly classifies all samples in one class
(this class will be called the “hard” class, denoted hc;).
Then, all correctly classified samples of the other class (the
“soft” class) are removed from the problem, Fig. (2). The
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Figure 2. Problem fourclass [6]. Left: hyper-
plane for the first node. Right: Problem after
first node (“hard” class = triangles).

decision which class is to be assigned “hard” is taken in a
greedy manner for every node (see Section 2.2). The al-
gorithm terminates when the remaining samples all belong
to the same class. Fig.(3) shows a training sequence. Sec-
tion 2.3 further improves the approach, but first we give a
formalization of the basic approach.

Definition 1 Let m,my and m_; € N, ¢ = {1,...,m}
and m = my + m_;. Without loss of generality we can
define samples x; € R™ and labels y;, i € ¢, such that:

Class 1 (Positive Class) ¢1 = {1,...,m1}, y; = 1 for
all i € %, center of gravity s; = mil > i, Xi» With
a global penalization value D; and individual penalization
values C; = D4 foralli € €;.

Class -1 (Negative Class) €1 = {mi + 1,....,m1 +
m_1},y; = —1 forall i € €_1, center of gravity s_; =
ﬁ > icw., Xi» with a global penalization value D_; and
individual penalization values C; = D_; foralli € €_;.

Training In order to train a SVM that classifies perfectly
one class, different weights of the slack-variables C; are
set for each class in Equations (3) and (7). We define a
“hard” class ¢}, with D;, — oo and one “soft” class ¢;
with D << Dy, in each node, where k£ = 1 and E=—1,
or k= —1and k = 1. For large D}, most samples of the

class k will be correctly classified, while the errors of the
“soft” class will be minimized.
Linear SVM Primal Problem

~ Liwl2 + 5™ e,
LS (> ST
subject to  y;({x;,w) +b0)>1—-&,i€%, 4
£>0,i€%. 5)

Linear SVM Dual Formulation

Jnax 3Ty a5 307 ey (Xi X;) (6)
subject to 0<q; <C;, i €F, @)
S iy = 0. 3

2.1. Zero Solution

The described algorithm works fine for many problems,
but in some cases the optimization process converges
to a trivial solution: the zero vector. In order to get a
deeper understanding of the zero solution problem, we
take advantage of the convex hull interpretation of SVMs
[1], where the solution of a SVM is interpreted as the
orthogonal hyperplane to the segment between the two
closest points of a reduced convex hull of the classes.

Theorem 1 If the convex hull of the “hard” class &}
intersects the convex hull of the “soft” class %_q, then
w = 0 is a feasible point for the primal Problem (3) if
D_; > max;eq, {\i} - D1, where

P=> Ax,

S

is a convex combination for a point p that belongs to both
convex hulls.

Proof Sketch This can be easily shown by setting Vi €
¢ : ap = \;D1 < Dy and Vj € 61 : oy = /\le <
max;es, {\; }D1 < D_; by assumption. It can be checked
that these values produce a feasible point for the dual prob-
lem. Calculation of the orthogonal vector w of the primal
problem with these values leads to the zero solution.

Theorem 2 1f the center of gravity s_; of class 1 is
inside of the convex hull of class %7, then it can be writen
as

S_1 = ZA,;X,; and s_; = Z ! X,

m_
1E€EGL JEC -1 1

with \; > 0 for all 7 € 4} and Zie% A= 1.

If additionally, D1 > ApaxD_1m_1, where Apax =
max;es, {\i}, then w = 0 is a feasible point for the pri-
mal Problem (3).



Proof Sketch By setting o; = \;D; for all i € %, and
aj = AjDq forall j € €_4, checking if this is a feasible
solution for the dual problem and calculating the orthogonal
vector w of the primal problem with these values, the zero
solution will be obtained.
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Figure 3. Sequence of hyperplanes for nodes
1-6 of the tree.

2.2. H1-SVM Problem Formulation

To avoid the zero vector, the penalization value for the hard
class can be reduced. Another solution is proposed by the
modification of the original SVM optimization problem:

H1-SVM Primal Problem

1 2 (Uxs
we%lr},rllzeR slwl® = Zle‘gk yi({xi, w) +0) ©)

subject to  y;((x;,w) +b) > 1foralli € €, (10)

where k =landk=—1,ork=—1land k = 1.
This new formulation constraints Eq. (10) to classify all
samples in the class %}, perfectly, forcing a “hard” convex
hull (H1) for %%. The number of misclassification on the
other class 47, is added to the objective function, so, the so-
lution is a trade off between a maximal margin and a mini-
mal of misclassification in the “soft” class ¢7.

H1-SVM Dual Formulation

max ZZI oy — % Zzljzl aiajyiyj <Xi, Xj) (1 1)

acR™
subject to 0<a; <Cy, i € Gk, (12)
a; =1, j €%, (13)
S iy =0, (14)

where k = landk = —1,ork = —1land k = 1.

This problem can be similarly solved as Problem (6) by us-
ing the same algorithm (SMO [12]), and adding some mod-
ifications to force a; = 1 Vi € 6.

Theorem 3 For the HI-SVM the zero solution can only
occur if || > (n—1) and there exists a linear combination
of the sample vectors in the “hard” class x; € %} and the
sum of the sample vectors in the “soft” class, Zie% X;.

Proof Without loss of generality, let the “hard” class be

class ;. Then,
m

W= E QYiX; = E ;X — E ;X

i=1 €61 i€E6_1

Z X — Z X;. (15)

1€EC 1E€EC_1

If we define z;, = > ., x; and [€1| > (n — 1) =
dim(z;) — 1, there exist {a; },7 € 61, o # 0 such that

w o= E a;x; —z; = 0.

S O

The usual threshold calculation ([9] and [12]) can no longer
be used to define the hyperplane since this will give some
mistakes in the “hard” class. For this approach, letting the
“hard” class = 1, the threshold is calculated as in Eq. (16).

_ mingice, 1 (W, X;) + MaXgiew_, (w,x;)<0} (W, X;)

16
5 (16)
If the “hard” class = -1, b is calculated as in Eq. (17).

_ maxrice, } <Wa Xi> + min{je‘ffl,<wyxj>>0} <W’ Xj) (17)

2

Four hyperplanes are calculated at each node i: two with the
solution of the Linear-SVM Problem (one with he; = %1,
other with he; = %_1) and similarly, two more with the
HI-SVM Problem.The hyperplane that reduces the problem
most is added to the tree. Further analysis has to be done to
avoid calculating unnecessary hyperplanes since each one
has a computational cost equivalent to one SMO resolution.

2.3. Tree Optimization Heuristics

The basic algorithm can be improved with some heuristics.
First, a greedy heuristic (Gr-Heu) of choosing the “hard”



class for each node can be extended with hyperplanes or-
thogonal to the solution of the previous node. Experiments
(Table 1) have shown that this can lead out of local opti-
mization minimum. Within these orthogonal hyperplanes
and the four previous ones, the solution that reduces the
problem the most is added to the tree as node.

Second, after training, redundant nodes are pruned from
the tree to avoid some overfitting. Further pruning is not
done since important information can lie in the middle of
the space (area corresponding to the last leaves).

3. Experiments

The experiments were conducted on several problems'.
DNA sequences [2] (1330 training samples, 1446 test sam-
ples, 180 features); Faces [4] (9172 training samples, 4262
test samples, 576 features); Heart disease [S] (90 train-
ing samples, 190 test samples, 13 features); Isolated Let-
ter Speech [5] (155950 training samples, 1559 test samples,
617 features); USPS [8] (18063 training samples, 7291 test
samples, 256 features). The data was split into training and

test sets and normalized to minimum and maximum feature
values (Min-Max) or standard deviation (Std-Dev).

DNA RBF HI-SVM HI-SVM RBF/HI RBF/H1
(Min-Max) Kernel Gr-Heu Gr-Heu
Nr. SVs or 798 3 3 266 266
Hyperplanes
Training Time 00:02.35 00:01.84 00:03.74 1.28 0.63
Classification Time 00:06.70 00:01.86 00:01.81 3.6 3.7
Classif. Accuracy % 93.64 % 90.25 % 90.25 % 1.04 1.04
Faces RBF HI-SVM HI-SVM RBF/HI RBF/HI
(Min-Max) Kernel Gr-Heu Gr-Heu
Nr. SVs or 2206 4 4 551.5 551.5
Hyperplanes
Training Time 14:55.23 10:55.70 14:21.99 1.37 1.04
Classification Time 03:13.60 00:14.73 00:14.63 13.14 13.23
Classif. Accuracy % 95.78 % 91.01 % 91.01 % 1.05 1.05
Heart RBF HI-SVM HI-SVM RBF/HI RBF/H1
(Std-Dev) Kernel Gr-Heu Gr-Heu
Nr. SVs or 51 13 8 9.38 18.75
Hyperplanes
Training Time 00:00.04 00:00.07 00:00.03 0.57 1.33
Classification Time 00:00.06 00:00.05 00:00.09 1.6 1.6
Classif. Accuracy % 81.05 % 70.53 % 72.11 % 1.15 1.12
Isolet RBF HI-SVM HI-SVM RBF/HI RBF/HI
(Std-Dev) Kernel Gr-Heu Gr-Heu
Nr. SVs or 35340 344 344 102.73 102.73
Hyperplanes
Training Time 07:13.75 18:51.98 1:04:11.3 0.38 0.11
Classification Time 03:01.99 00:32.85 00:36.43 5.54 5
Classif. Accuracy % 96.15 % 94.42 % 94.42 % 1.02 1.02
USPS RBF HI-SVM HI-SVM RBF/H1 RBF/H1
(Min-Max) Kernel Gr-Heu Gr-Heu
Nr. SVs or 3597 49 49 73.41 73.41
Hyperplanes
Training Time 00:44.74 00:22.70 02:09.58 1.97 0.35
Classification Time 01:58.59 00:19.99 00:20.07 5.93 5.91
Classif. Accuracy % 95.82 % 93.76 % 93.76 % 1.02 1.02

Table 1. Experiments with different datasets.
Last two columns: ratio between methods.

IThese experiments were run in a computer with a P4, 2.8 GHz and 1G
in Ram.

Speedup comparison with similar works is difficult to state
since most publications ([1], [10]) used datasets with less
than 1000 samples, where the training and testing time are
negligibles.

4. Conclusion

We have presented a new method for fast SVM classifica-
tion. Compared to non-linear SVM and speedup methods
our experiments showed a competitive speedup (up to fac-
tor 13 - see Faces Table 1) while achieving reasonable clas-
sification results (loosing about 2% compared to non-linear
methods). The advantages of this approach clearly lies in its
simplicity since no parameter has to be tuned. A possible
extension would be the introduction of non-linear kernels at
a lower level of the tree to improve the classification rate.
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