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Abstract

When representing textual documents by feature
vectors for the purposes of further processing (e.g.
for categorization, clustering, or visualization), one
possible representation is based on “loose phrases”
(also known as “proximity features”). This is a gen-
eralization of n-grams: a loose phrase is considered
to appear in a document if all the words from the
phrase occur sufficiently close to each other. We
describe a kernel that corresponds to the dot prod-
uct of documents under a loose phrase representa-
tion. This kernel can be plugged into any kernel
method to deal with documents in the loose phrase
representation instead of the bag of words repre-
sentation.

1 Introduction

When processing textual documents using data
mining techniques (such as categorization, cluster-
ing, or visualization), each document must typi-
cally be represented by a feature vector. In this
vector, each component indicates the number of oc-
currences of the feature in the document. (Various
weighting and normalization schemes can be ap-
plied on top of that, such as the well-known TF-IDF
weighting.) The features can be defined in various
ways; the most common approach is to define one
feature for each term that occurs anywhere in our
corpus of documents. The corresponding compo-
nent of the vector is simply the number of occur-
rences of the term in the document. This represen-
tation is known as the “bag of words” or the “vector
space model”.

However, several other kinds of features have also

been proposed, for example n-grams, which are se-
quences of n adjacent words. An n-gram is said to
have occurred in the document if all of its words
occur one immediately after another in the cor-
rect order. n-grams have been shown to improve
performance vis-a-vis the bag of words model for
some text categorization tasks [5]. The motivation
for using n-grams is that an n-gram, since it con-
sists of several adjacent words, may correspond to
a phrase, which can be more informative than if
each of its individual words is considered in isola-
tion of the others. As an alternative to n-grams,
phrases defined on linguistic principles (e.g.ñoun
phrases, adjective phrases, etc.; or subjects, ob-
jects, predicates, etc.) can be used if a suitable
natural-language parser is available.

One possible criticism of n-grams is that they can
be too rigid since they insist that the words must
appear in a particular order and with no words in-
tervening in between. This rigidity can be said to
be at odds with linguistic reality. The occurrence
conditions can be relaxed in various ways, for ex-
ample by removing the requirement that the words
of the phrase must occur in a particular order (thus
the phrase is treated as a bag of words rather than
a sequence of words), and by allowing the words
of the phrase to be interspersed by other words
that are not part of the phrase. These relaxed re-
quirements lead to “loose phrases”, sometimes also
known as “proximity features” since the only re-
maining condition is that the words of the phrase
must occur sufficiently close to one another.

A downside of both n-gram representation is the
large number of possible features; the resulting vec-
tors can be huge and are only tractable because
they are also very sparse. Care must be taken



to generate these vectors in an efficient manner
[5]. The problem of such a representation is ex-
acerbated if it leads to non-sparse vectors in the
same (and very high-dimensional) vector space,
which can easily happen during classification or
clustering. If loose phrases are used instead of n-
grams, the problem becomes even worse because
the relaxed occurrence requirements mean that a
lot more phrases now occur in a document than
was the case under the stricter occurrence require-
ments of the traditional n-grams.

Thus, n-gram and loose phrase representations
are good candidates to benefit from kernelization.
Let X be the space of our documents and F be the
vector space of our document representations (e.g.
based on n-grams or loose phrases), in which a doc-
ument x ∈ X is represented by the vector φ(x) ∈ F .
A kernel is a function K(x, x̂) = 〈φ(x), φ(x̂)〉F ,
where 〈·, ·〉F is an inner product on F (e.g. the
usual dot product of vectors). Many data mining
methods, such as support vector machines [4], do
not require us to be able to do anything more with
the data except compute a kernel over it. They are
collectively known as “kernel methods” [1]. This en-
ables us to avoid the unwieldy explicit representa-
tions of very high-dimensional vectors φ(x) as long
as we can compute a suitable kernel K(x, x̂) with-
out constructing φ(x) and φ(x̂) explicitly.

For the n-gram representation, a suitable kernel
(the “string kernel”) has been described by Lodhi et
al. in [3]. Kernels for various other discrete struc-
tures besides strings have also been considered [2].
In this paper we present a kernel that corresponds
to the loose phrase representation.

2 Definitions

Consider a document d = d1 . . . dn, where di is the
i’th word. A number of windows are defined over
the document, W (d) = {w1, . . . , wr}. For each win-
dow wk ∈ W (d) we have a set of indices, Ik ⊆ 1..n,
and a set of distinguished indices Jk ⊆ Ik such
that the set {Jk : wk ∈ W (d)} is a partition of
1..n. We will also impose the requirement that Jk

must be disjoint with ∪κ>kIκ; this requirement will
be helpful later when dealing with occurrences of
phrases on a window-by-window basis while making
sure that no occurrence is counted more than once.
We will discuss some concrete examples of window

families, and the corresponding distinguished index
sets, at the end of the next section.

Given a phrase t = bag(t1, . . . , tm), we define its
occurrences thus:

occursd(t, I) ⇔ t = bag(di : i ∈ I)
∧ ∃w ∈ W (d) : I ⊆ Iw.

Then the frequency of t in d is

φd(t) = |{I ⊆ 1..n : occursd(t, I)}|.

A document can now be represented by a vector
φ(d) := (φd(t))t∈T , where T is the set of all phrases
of length at most M . We would like to compute
the kernel K(d, d̃) = 〈φ(d), φ(d̃)〉 as efficiently as
possible.

3 The Loose Phrase String
Kernel

Each occurrence I of t in d must be wholly located
in some window; but it may actually be wholly lo-
cated in several different windows. In any case, we
can find the first window such that not only is I
contained in that window but it but also contains
one of the distinguished indices of that window.
This can be used to partition the occurrences of
t in d.

Occd(t, wk) := {I : occursd(t, I)∧
k = arg min{κ ∈ 1..r : I ⊆ Iκ ∧ I ∩ Jκ 6= ∅}}.

Each group of occurrences can be counted sepa-
rately,

φd(t, wk) = |Occd(t, wk)|.

Clearly, φd(t) =
∑r

k=1 φd(t, wk). Thus we get

K(d, d̃) =
∑

t∈T φd(t)φd̃(t)
=

∑
t∈T

∑r
k=1

∑r̃
k̃=1 φd(t, wk)φd̃(t, w̃k̃)

=
∑r

k=1

∑r̃
k̃=1 K(d, d̃, k, k̃)

if we define

K(d, d̃, k, k̃) =
∑

t∈T φd(t, wk)φd̃(t, w̃k̃).

It turns out that

I ∈ Occd(t, wk) ⇔ t = bag(di : i ∈ I)
∧ I ⊆ Ik ∧ I ∩ Jk 6= ∅.



Proof: (⇒) The fact that I ∈ Occd(t, wk) im-
plies that k is the smallest κ such that I ⊆ Iκ

and I ∩ Jκ 6= ∅, which means that I ⊆ Ik and
I ∩ Jk 6= ∅. Additionally, I ∈ Occd(t, wk) implies
occursd(t, I), which implies t = bag(di : i ∈ I).
(⇐) From t = bag(di : i ∈ I) and I ⊆ Ik it follows
that occursd(t, I). To show that I ∈ Occd(t, wk), it
remains to prove that k is the smallest κ such that
I ⊆ Iκ and I ∩ Jκ 6= ∅. Clearly these two state-
ments are true for κ = k. Suppose that they were
true for some κ < k; but for such a κ, we know
that Jκ ∩ Ik = ∅; so I, being non-disjoint with Jκ,
contains some element from Jκ, which (because Jκ

is disjoint with Ik) cannot belong to Ik; but this
contradicts our assumption that I ⊆ Ik. �

Thus, we see that to compute K(d, d̃, k, k̃), we
need look only at those phrases that occur entirely
in the window wk of d and contain some distin-
guished index from wk. A similar condition can be
stated regarding the occurrence of these phrases in
d̃.

We will define the following bags:

Ak = bag(di : i ∈ Ik), Rk = bag(di : i ∈ Jk),
Ãk̃ = bag(d̃i : i ∈ Ĩk̃), R̃k̃ = bag(d̃i : i ∈ J̃k̃).

For a phrase t to contribute towards φd(t, wk), it
must be a sub-bag of Ak and non-disjoint with Rk

(and analogously regarding the other document).
Let U = {d1, . . . , dn, d̃1, . . . , d̃ñ} be the set of all

words appearing in the two documents. Let us or-
der the set U in an arbitrary manner, writing it as
U = {u1, . . . , uS}. Now any bag B constructed over
U can be thought of as a function B : 1..S → Z+

0 ,
where B(s) is the number of times that the word
us is an element of B.

This notation can be further generalized to count
the number of times that a bag B̃ is a sub-bag of
B: B(B̃) :=

∏S
s=1

(B(s)

B̃(s)

)
.

For a phrase t, we will be interested in φd(t, wk),
which is the number of times that t is a sub-bag
of Ak but excluding occurrences located wholly in
Ak − Rk. Thus we see that φd(t, wk) = Ak(t) −
Fk(t), where Fk = Ak −Rk. This means that

K(d, d̃, k, k̃) =
∑
t∈T

(Ak(t)− Fk(t))(Ãk̃(t)− F̃k̃(t)),

which can clearly be split into four sums∑
t∈T B(t)B̃(t), where B is either Ak or Fk and

B̃ is either Ãk̃ or F̃k̃.

The remaining problem is how to compute, given
two bags B and B̃, the sum

K(B, B̃) :=
∑
t∈T

B(t)B̃(t) =
∑
t∈T

S∏
s=1

(
B(s)
t(s)

)(
B̃(s)
t(s)

)
.

Remember that T contains all phrases of at most
M words. (Even if we set M = ∞ to avoid any
explicit constraint on the word length, this will
be equivalent to using M = min{|B|, |B̃|} since
no phrase longer than that could possibly occur in
both B and B̃.) T can be partitioned into several
sets based on the number of occurrences of the first
word: T = ∪M

c=0Tc, where Tc = {t ∈ T : t(1) = c}.

K(B, B̃) =
∑M

c=0

∑
t∈Tc

∏S
s=1

(
B(s)
t(s)

)(
B̃(s)
t(s)

)
=

∑M
c=0

∑
t∈Tc

(
B(1)

c

)(
B̃(1)

c

) ∏S
s=2

(
B(s)
t(s)

)(
B̃(s)
t(s)

)
=

∑M
c=0

(
B(1)

c

)(
B̃(1)

c

) ∑
t∈Tc

∏S
s=2

(
B(s)
t(s)

)(
B̃(s)
t(s)

)
.

In the last expression, the inner sum∑
t∈Tc

∏S
s=2

(
B(s)
t(s)

)(
B̃(s)
t(s)

)
= (†)

does not make any use of the word u1 whatso-
ever. If we remove all occurrences of u1 from all
the phrases of Tc, we obtain the set of all phrases
containing at most M − c words and using only
{u2, . . . , uS} as the base set, rather than the en-
tire U = {u1, u2, . . . , uS}. We will denote this set
of phrases by TM−c,2. The original T is actually
TM,1 in this new notation. In general, we will use
Tm,s to refer to the set of all bags of at most m
elements constructed over the set {us, . . . , uS}. We
thus see that (†) remains unchanged if we sum over
t ∈ TM−c,2 rather than over t ∈ Tc. This leaves
us with a problem very similar to the original one.
Defining

Km,s(B, B̃) :=
∑

t∈T m,s B(t)B̃(t),

we see that

Km,s(B, B̃) =
∑m

c=0

(
B(s)

c

)(
B̃(s)

c

)
Km−c,s+1(B, B̃).

This recursive formula is useful for s ≤ S, while
the case for s = S + 1 is actually trivial: by
then we are constructing bags over an empty set,
therefore only an empty bag can be constructed,
and it occurs exactly once in both B and B̃.
Thus we have Km,s(B, B̃) = 0 for m < 0 and



Km,S+1(B, B̃) = 1 for m ≥ 0. In this way we can
compute K(B, B̃) = KM,1(B, B̃) using dynamic
programming in O(M2S) time. (But keep in mind
that there is no need to use M ≥ min{|B|, |B̃|}.)

Note that we could also generalize our kernel by
assigning length-dependent weights to the phrases.
The difference

K̂m,1(B, B̃) := Km,1(B, B̃)−Km−1,1(B, B̃)

is actually the sum of B(t)B̃(t) computed over all
phrases t with exactly m words (rather than at most
m words). If we want the kernel to act as if all the
frequencies φd(t) (and φd̃(t)) for phrases t of exactly
m words have been multiplied by some constant
weight ωm, we can compute this kernel thus:

Kω(B, B̃) :=
∑M

m=0

∑M
m=0 ω2

mK̂m,1(B, B̃).

(Alternatively, K̂m,s could be obtained using the
same recurrence as Km,s, except that the trivial
case K̂m,S+1 would be set to 1 only for m = 0,
while for m > 1 it would be set to 0.)

Now that we know how to compute K(B, B̃), we
can use this algorithm in the previously derived ex-
pressions for K(d, d̃, k, k̃) and finally K(d, d̃). We
can compute K(d, d̃) in O(M2Srr̃) time, where M
need only be as large as the length of the longest
window in the two documents d and d̃. As for S, it
can in fact also be defined separately for each pair
of windows, so that it needs only contain as many
words as the combined length of the two windows.
Some examples of practical interest include:

• Classical sliding windows of length l, i.e. r = n,
Ik = {k, k+1, . . . ,min{k+l−1, n}}, Jk = {k}.
In this case we can use M ≤ l, S = l, yielding
O(M2ln2). In practice one would typically not
be interested in very small phrases, limiting M
to e.g. 5 or less. Thus the time complexity is
practically O(ln2).

• Ignoring proximity altogether. In this case we
have one window of length n: r = 1, l = n,
I1 = J1 = 1..n, and thus the time complex-
ity is O(M2n3). For quite long documents it
would actually be more reasonable to assume
S � n, because not all words will be different;
S = O(

√
n) would be a typical observation in

practice.

• Nonoverlapping windows of average length l
(e.g. one sentence per window), with Jk = Ik

for all k. In this case we have O(M2l(n/l)2) =
O(M2n2/l).

• Sliding windows on the sentence level: each
window consists of p contiguous sentences,
each sentence being l words long on average.
Words from the first sentence of the window
are distinguished indices for that window. In
this case we have r = n/l windows, each be-
ing lp words long, for a time complexity of
O(M2pn2/l).

4 Conclusions and future work
In this paper we presented a kernel that computes
the dot product of two documents under the loose-
phrase representation. The kernel is a natural gen-
eralization of the string kernels that have been pre-
viously described in the literature. In future work,
we intend to use this kernel in text classification
tasks to compare the performance of the loose-
phrase representation with that of the traditional
bag-of-words model.
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